
universe

Article

The Black Hole Radiation in Massive Gravity

Ivan Arraut 1,2

1 Department of Physics, Faculty of Science, Tokyo University of Science, 1-3 Kagurazaka, Shinjuku-ku,
Tokyo 162-8601, Japan; ivanarraut05@gmail.com

2 Department of Physics, Osaka University, Toyonaka, Osaka 560-0043, Japan

Received: 12 October 2017; Accepted: 1 February 2018; Published: 7 February 2018

Abstract: We apply the Bogoliubov transformations in order to connect two different vacuums,
one located at past infinity and another located at future infinity around a black hole inside the
scenario of the nonlinear theory of massive gravity. The presence of the extra degrees of freedom
changes the behavior of the logarithmic singularity and, as a consequence, the relation between the
two Bogoliubov coefficients. This has an effect on the number of particles, or equivalently, on the
black hole temperature perceived by observers defining the time arbitrarily.
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1. Introduction

In massive gravity theories, the modifications of gravity appear effectively at large scales such
that it is possible to reproduce the accelerated expansion of the universe. The effects of accelerated
expansion can be perceived at scales larger than the Vainshtein radius (rV) as a result of the effects of
the extra degrees of freedom of the theory [1]. The mechanism able to recover general relativity (GR) at
short scales is the “Vainshtein mechanism”, which was proposed originally in [2,3]. The linear version
of massive gravity is excluded at the solar system scale as a result of the extra contribution coming
from the coupling between the scalar component and the trace of the energy–momentum tensor [4–6].
The Vainshtein mechanism appears as a consequence of the nonlinearities of the theory below the
Vainshtein scale rV . The nonlinearities are able to create a screening effect for the contributions coming
from the extra degrees of freedom, and then GR is restored at scales satisfying r << rV [1]. The black
hole solutions in the nonlinear theory of massive gravity have been proposed previously in [7–11].
Because the extra degrees of freedom are screened whenever the gravitational field is strong, then it is
expected that the black hole radiation coming from the event horizon of the black holes in massive
gravity is exactly the same as it is in the case of ordinary gravity (GR). Then the number of particles
effectively produced by a black hole in massive gravity will not differ from the number of particles
produced by the analogous solution inside GR. However, the way in which the observers located at
large scales perceive the number of particles might be different in both theories. These effects appear
as modifications in the behavior of the logarithmic singularity appearing during the calculation of
the Bogoliubov coefficients. This will change the relation between the two Bogolibov coefficients,
and as a consequence, it will change the number of particles perceived by different observers located
at large scales. This will also change the way in which the observers located at large scales define
the black hole temperature. The paper is organized as follows. In Section 2, we make a brief review
of the theory of massive gravity, which will provide the necessary machinery for developing our
results. In Section 3, we make a review of the two points of view necessary for understanding the
role of the extra degrees of freedom in massive gravity: The first is with all the degrees of freedom
inside the dynamical metric. In such a case, it (the metric) becomes invariant under diffeomorphism
transformations. The second is with all the degrees of freedom inside the fiducial metric. Both points
of view are equivalent. In Section 4, we introduce the Schwarzschild de-Sitter (S-dS) solution, obtained

Universe 2018, 4, 27; doi:10.3390/universe4020027 www.mdpi.com/journal/universe

http://www.mdpi.com/journal/universe
http://www.mdpi.com
http://dx.doi.org/10.3390/universe4020027
http://www.mdpi.com/journal/universe


Universe 2018, 4, 27 2 of 14

originally in [12]. In Section 5, we make the derivation of the black hole radiation by finding the
Bogoliubov coefficients for two different cases. The first case corresponds to the observers defining the
time in agreement with the Stückelberg function T0(r, t), and the second corresponds to the observers
defining the time arbitrarily. Finally, in Section 6, we conclude.

2. Massive Gravity Formulation

In the standard formalism of the de-Rham-Gabadadze-Tolley (dRGT) theory of massive gravity,
the action is given by the following [12,13]:

S =
1

2κ2

∫
d4x
√
−g(R + m2U(g, φ)) (1)

with the effective potential depending on two free parameters by

U(g, φ) = U2 + α3U3 + α4U4 (2)

where
U2 = Q2 −Q2 (3)

U3 = Q3 − 3QQ2 + 2Q3 (4)

U4 = Q4 − 6Q2Q2 + 8QQ3 + 3Q2
2 − 6Q4 (5)

Q = Q1, Qn = Tr(Qn)
µ

ν (6)

Qµ
ν = δ

µ
ν −Mµ

ν (7)

(M2)
µ

ν = gµα fαν (8)

fµν = ηab∂µφa∂νφb (9)

Here φa are the Stückelberg fields, which in general are defined as

φa = xa + πa(r, t) (10)

However, in this paper, we work in the unitary gauge, such that πa(r, t) = 0 and φa = xa.
Under such conditions, the fiducial metric becomes Minkowskian: fµν = ηµν. We note that the
metric fµν is invariant under the Galilean symmetry defined as φa → φa + ca

µxµ, with ca defined as
constants [1]. We can the compute the field equations as follows [6,12,13]:

Eµν = −m2Xµν (11)

where
Xµν =

δU
δgµν −

1
2

Ugµν (12)

Here fµν is the fiducial metric, and Q is the trace of the matrix Qµ
ν. The potential (U) defined

above is the only combination able to reproduce a ghost-free theory [13]. After variation, the field
equations are defined as in Equation (11) (excluding the cosmological constant). Here Eµν is the
well-known Einstein tensor obtained from the standard Einstein–Hilbert action (the curvature part in
Equation (1)), and Xµν has been defined in Equation (12).
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3. The Stückelberg Trick: The Two Points of View

3.1. Stückelberg Fields Appearing in the Dynamical Metric

The Stückelberg trick as has been formulated in massive gravity gives us the opportunity of
working under two different points of view. The first corresponds to the introduction of the extra
degrees of freedom inside the dynamical metric. In such a case, the Stückelberg degrees of freedom
enter through the metric as follows [6]:

gµν → Zµν =
∂Yα

∂xµ

∂Yβ

∂xν
gαβ(Y(x)) (13)

where Yα contains the information of the extra degrees of freedom. The previous equation resembles the
standard gauge transformation in GR. However, it represents in reality the introduction of redundant
variables in order to restore the diffeomorphism invariance of the theory. These redundant variables
contain in general the information of the extra degrees of freedom of the theory. In fact, the tensorial
object written in Equation (13) is gauge invariant, as can be easily proved. The graviton mass term
in massive gravity explicitly breaks the diffeomorphism invariance. However, after introducing the
Stückelberg fields in the form given in Equation (13), the massive term is gauge invariant under the
following transformation:

gµν →
∂ f α

∂xµ

∂ f β

∂xν
gαβ( f (x)), Yµ(x)→ f−1(Y(x))µ (14)

It is easy to verify that under this transformation, Equation (13) is gauge invariant, as is
demonstrated in [6]. The infinitesimal Stückelberg expansion defined as

Yα(x) = xα + Aα(x) (15)

provides the following result:

Zµν ≈gµν + Aλ∂λgµν + ∂µ Aαgαν + ∂ν Aαgαµ +
1
2

Aα Aβ∂α∂βgµν + ∂µ Aα∂ν Aβgαβ

+ ∂µ Aα Aβ∂βgαν + ∂ν Aα Aβ∂βgµα + ...
(16)

If we make the infinitesimal expansion f (x) = x + ζ(x) inside Equation (14) then we obtain the
following results

δgµν = ζλ∂λgµν + ∂µζλgλν + ∂νζλgµλ (17)

δY(x) = −ζµ(Y), δAµ = −ζµ − Aα∂αζµ − 1
2

Aα Aβ∂α∂βζµ − ... (18)

The Aµ-term corresponds to the Goldstone bosons that at the nonlinear level carry the broken
symmetries in massive gravity. It can be verified again that under the previous infinitesimal gauge
transformations, Equation (16) gives the result

δZµν = 0 (19)

In massive gravity, we replace the ordinary perturbation object hµν = gµν − g(0)µν by the object

Hµν = Zµν − g(0)µν (20)
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where g(0)µν is the absolute metric. In this case, it also corresponds to the background metric.
Equation (20), when expanded infinitesimally, becomes

Hµν = hµν +∇(0)
µ Aν +∇(0)

ν Aµ (21)

where the indices for Aµ are lowered with the background metric. It can be verified that Equation (21)
has the standard structure of the Stückelberg replacement. If the background metric is Minkowskian,
then Equation (21) can be expanded as

Hµν = hµν + ∂µ Aν + ∂ν Aµ + ∂µ Aα∂ν Aα + ... (22)

In this case, the indices for Aµ are lowered by using the Minkowskian metric ηµν. It is standard
inside the formulation of the Sückelberg trick to introduce the U(1) gauge symmetry transformation
by making the following replacement:

Aµ → Aµ + ∂µφ (23)

Then the expansion Equation (22) takes the form

Hµν = hµν + ∂µ Aν + ∂ν Aµ + 2∂µ∂νφ + ∂µ Aα∂ν Aα + ∂µ Aα∂ν∂αφ + ∂µ∂αφ∂ν Aα + ∂µ∂αφ∂ν∂αφ (24)

and the gauge transformation becomes

δhµν = ∂µζν + ∂νζµ + £ζ hµν

δAµ = ∂µΛ− ζµ − Aα∂αζµ −
1
2

Aα Aβ∂α∂βζµ − ...

δφ = −Λ

(25)

More details about the Stückelberg method and its extensions can be found in [14–17].

3.2. Stückelberg Fields Appearing in the Fiducial Metric

Another way of exploring the Stückelberg formalism is by introducing the fields inside the fiducial
metric. In such a case, the dynamical metric transforms covariantly as usual [6]. The idea is to make
the following replacement:

g(0)µν → fµν = g(0)αβ ∂µYα∂νYβ (26)

where the Stückelberg fields transform as scalars under diffeomorphism transformations:

Yα(x)→ Yα( f (x)) (27)

or infinitesimally
δYα(x) = ζβ∂βYα(x) (28)

Then the fiducial metric behaves as a tensor under diffeomorphism transformations.
The perturbation hµν = gµν − g(0)µν can then be replaced by

Hµν = gµν − fµν (29)

with fµν defined as in Equation (26). Using again the transformation Equation (15), together with

hµν = gµν − g(0)µν , we obtain

Hµν = hµν + g(0)να ∂µ Aα + g(0)µα ∂ν Aα − g(0)αβ ∂µ Aα∂ν Aβ (30)
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Again, using the replacement Equation (23), we obtain

Hµν = hµν + ∂µ Aν + ∂ν Aµ + 2∂µ∂νφ + ∂µ Aα∂ν Aα + ∂µ Aα∂ν∂αφ + ∂µ∂αφ∂ν Aα + ∂µ∂αφ∂ν∂αφ (31)

Under infinitesimal gauge transformations, we have

δhµν = ∂µζν + ∂νζµ + £ζ hµν

δAµ = ∂µΛ− ζµ + ζν∂ν Aµ

δφ = −Λ

(32)

Another way of introducing the Stückelberg fields can be found in [18,19].

4. The Schwarzschild de-Sitter Solution in dRGT

In [12], the S-dS solution was derived for two different cases. The first corresponds to the family of
solutions satisfying the condition β = α2, where β and α correspond to the two free parameters of the
theory. In such a case, the Stückelberg function T0(r, t) becomes arbitrary. The second corresponds to
the family of solutions with two free parameters satisfying the condition β ≤ α2 with the Stückelberg
function constrained. The generic black hole solution is given explicitly as

ds2 = Zttdt2 + ZrrS2
0dr2 + Zrt(drdt + dtdr) + S2

0r2dΩ2
2 (33)

where

Ztt = − f (S0r)(∂tT0(r, t))2, Zrr = − f (S0r)(∂rT0(r, t))2 +
1

f (S0r)
, Ztr = − f (S0r)∂tT0(r, t)∂rT0(r, t) (34)

Here we define f (S0r) = 1− 2GM
S0r −

1
3 ΛS2

0r2. In this previous solution, all the degrees of freedom
are inside the dynamical metric. Because we are working in unitary gauge, then the fiducial metric in
this case is the Minkowski metric:

fµνdxµdxν = −dt2 + dr2 + r2(dθ2 + r2sin2θ) (35)

where S0 =
α

α + 1
is just a scale factor depending on the free parameters of the theory, namely, the two

appearing in the potential term defined in Equation (2) [12]. The Stückleberg fields take the standard
form defined in [12]. The solution Equation (34) can be equivalently written in a generic form:

ds2 = − f (S0r)dT0(r, t)2 +
S2

0dr2

f (S0r)
+ S2

0r2dΩ2 (36)

where T0(r, t) corresponds to the Stückelberg function. In this case however, this function contains
the information of the extra degrees of freedom in agreement with the formulation of Section 3.1.
In other words, T0(r, t) is not the ordinary time coordinate. In fact, the metric Equation (36), with the
definitions of Equation (34), is gauge invariant under the transformations defined in Equation (14)
with T0(r, t) = f (Y(r, t)). The functions Yα are explicitly given by

T0 = Y0 = S0t + A(r, t), Yr = S0r (37)

by using the same notation as in [12] and the conventions of Section 3.1.

5. The Particle Creation Process

The particle creation process in black holes is a consequence of the fact that in curved spacetimes,
the concept of a vacuum is not absolute. The vacuum can only be defined locally. Two different
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vacuums are connected through the Bogoliubov transformations. Because the concept of a vacuum
is ambiguous for the case of curved spacetimes, then the concept of particles will be equivalently
ambiguous. The definition of a vacuum is connected to the way in which the time-like Killing vector is
defined locally. The definition of this vector is related to the way in which the positive frequencies
for the different modes are taken. The first derivation of the black hole radiation was done in [20,21].
Here we follow the same arguments, and then we give their extension in order to include the effects of
the extra degrees of freedom in the theory of massive gravity. We divide the analysis into two different
cases. The first corresponds to the case in which the observers take the time in agreement with T0(r, t).
This case is exactly the same as in GR. The second corresponds to that in which the observers define
the time arbitrarily.

5.1. Observers Defining the Time in Agreement with T0(r, t)

For simplicity, in this analysis, we omit the cosmological constant term Λ, such that we can focus
on the role of the extra degrees of freedom in the black hole radiation, as is perceived by observers
located at large scales. However, this particular case will correspond to a review of the situation
described inside the scenario of GR. This is the case because the observers, moving such that their time
coordinate is equivalent to T0(r, t), will perceive the same physics as in GR (they will not be able to
perceive the effect of the extra degrees of freedom). Here we consider the standard expansion for a
scalar field in terms of positive and negative frequencies:

φ = ∑
i

(
fi âi + f̄i â+i

)
(38)

Here we take the functions fi as a complete family forming an orthonormal set over past infinity
defined as I − in the Penrose diagram shown in the Figure 1. The orthonormality condition is
defined as

1
2

i
∫

S

(
fi f̄ j;a − f̄ j fi;a

)
dΣa = δij (39)

1 
 

 

Figure 1. The Penrose diagram for the Schwarzschild geometry in general relativity (GR) as is shown
in [22]. In massive gravity, the same diagram is valid if we express the black hole solutions in
terms of the Stückelberg functions, defining then the time coordinate in agreement with T0(r, t).
We note that for arbitrary time definitions, the same diagram will not be valid even if we have a zero
cosmological constant.

The integration is done over the surface S, which in this case corresponds to the surface defined
by I −. The semicolons denote the derivative with respect to the variable changing along I −, and the
upper bar denotes complex conjugation. The previous equation defines the inner product for the
orthonormal basis defined by fi and f̄i. This is in fact the conserved inner product of the Klein–Gordon
equation. In the expansion Equation (38), the operators â and â+ are the annihilation and creation
operators for particles at past null infinity I −. Particles at past null infinity are ingoing particles.
We note that in agreement with the definition of Equation (39), the functions fi would have positive
frequency only with respect to the affine parameter along past null infinity I −. The expansion
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Equation (38) for the scalar field is defined in terms of the data at past null infinity. However, we can
also expand the scalar field in terms of the functions, defining their data at future null infinity I +,
and the data at the event horizon. Then we can define the scalar field as

φ = ∑
i

(
pi b̂i + p̄i b̂+i + qi ĉi + q̄i ĉ+i

)
(40)

Here the functions pi define an orthonormal set over future null infinity I +, and then they will
have positive frequencies only with respect to the affine parameter along I +. The sets at future
infinity are outgoing modes, and they have zero Cauchy data at the event horizon. Then the operators
b̂i and b̂+i are the annihilation and creation operators for the particles on I + (for outgoing particles).
On the other hand, the functions qi have zero Cauchy data at future null infinity. They form a complete
orthonormal set along the future event horizon. The exact definition of the modes qi is not relevant.
The interpretation of the operators ĉ and ĉ+ is unknown at this level but still irrelevant. At this point,
it becomes important to define the relations between the modes fi and the modes pi, as well as the
relations between the corresponding annihilation and creation operators. In order to keep the canonical
commutation relations unchanged when the fields are quantized, namely,

[âi, â+j ] = [b̂i, b̂+j ] = iδij (41)

then we have to connect the fields and operators through the Bogoliubov transformations as follows:

pi = ∑
j

(
αij f j + βij f̄ j

)
(42)

for the functions and
b̂i = ∑

j

(
ᾱij âj − β̄ij â+j

)
(43)

for the operators. We note that here the relations for the creation operators can be found by taking the
adjoint operation over the annihilation operator. In order to find the Bogoliubov coefficients, we have
to define the modes at past null infinity I − ( fi), and we also have to define the modes over I + (pi).
These correspond to the ingoing and outgoing modes respectively, and in spherical coordinates they are

fω′ ,l,m = (2π)−1/2r−1(ω′)−1/2Fω′(r)e
iω′VYl,m(θ, φ)

pω,l,m = (2π)−1/2r−1(ω)−1/2Pω(r)eiωUYl,m(θ, φ)
(44)

Here U(r, T0(r, t)) and V(r, T0(r, t)) are the Stückelberg functions expressed in terms of advanced
and retarded coordinates. They are defined here as

U(r, T0(r, t)) = T0(r, t) + S0r + 2MLog
∣∣∣∣ S0r
2M
− 1
∣∣∣∣ = u + A(r, u)

V(r, T0(r, t)) = T0(r, t)− S0r− 2MLog
∣∣∣∣ S0r
2M
− 1
∣∣∣∣ = v + A(r, v)

(45)

taking into account Equation (37). We note that here the nontrivial part of the Stückelberg function is
expressed as a function of the advanced and retarded coordinates for each case. Having defined the
advanced and retarded Stückelberg functions, we have to define the relation between them. From the
definition of the Stückelberg trick given in Equation (13), which resembles a standard coordinate
transformation from the GR perspective, we conclude that the Penrose diagrams of the standard
GR will be valid as far as we use the Stückelberg functions defined appropriately. Near the event
horizons, it is always expected that the Stückelberg functions converge to ordinary coordinates, that is,
U(r, T0(r, t)) ≈ u and V(r, T0(r, t)) ≈ v, because A(r, t)→ 0 for strong gravitational fields. Far away
from the horizons, the causal structure of the spacetime might change if we express the results in
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terms of standard coordinates u and v. This point is important, as later we see that for this reason the
Hawking radiation perceived by observers located at large scales changes when they define their local
time arbitrarily. We can assume, without loss of generality, that the spacetime is asymptotically flat
when it is expressed in terms of the Stückelberg functions. Then we can keep the relation between the
advanced and retarded Stückelberg functions in the same way as we keep it for the related coordinates
in GR for the asymptotically flat case. Then the surfaces of constant phase ωU(r, T0(r, t)) are

ωU = − ω

κe f f
(log(V0 −V)− logD− logC) (46)

This is just the same relation inside GR, which is expected, as we have remarked that the observers
defining the time in agreement with the Stückelberg function will perceive gravity as GR and as a
consequence will perceive the standard black hole radiation. Having then this relation, we can then
express the mode p(2)ω in terms of the function V(r, T0(r, t)) by using Equations (44) and (46). Here
we ignore the angular components represented by the Harmonic functions, which we assume to be
normalized in a standard way. Then we can define

p(2)ω ≈ (2π)−1/2r−1(ω)−1/2P−ω

(
V0 −V

CD

)−i ω
κe f f

(47)

Here p(2)ω represents the portion of pω that can enter the black hole and that is not scattered by
the body. This solution is only valid for V0 −V small and positive. These modes can enter the body
because its effective frequency will be very high, obeying then the geometric optics. This means that
we can ignore the effects of the potential barrier in the Schwarzschild metric, as it will only scatter
low-frequency modes. More details about this argument can be found in [20,21]. By taking into account
the Bogoliubov relations defined in Equation (42), we can use the Fourier transformation in order to
find the Bogoliubov coefficients. This is done by taking into account the definition of orthonormality
introduced in Equation (39) and if we take as conjugate variables under the Fourier transformation the
quantities ω′ and V. Without any surprise, here the results are

β
(2)
ω,ω′ ≈ −iα(2)

ω,(−ω′)

α
(2)
ω,ω′ ≈ (2π)−1P−ω (CD)

i ω
κe f f ei(ω−ω′)V0

(
ω′

ω

)1/2

Γ

(
1− iω

κe f f

)
(−iω′)

−1+i ω
κe f f

(48)

In addition, the relation between α(2) and β(2) is defined by the way in which the logarithmic

singularity, given by the term (−iω′)
−1+i ω

κe f f , is avoided when we try to connect the two coefficients
by analytical extension [20,21]. The final result is

|α(2)ω,ω′ | = e
πω

κe f f |β(2)
ω,ω′ | (49)

which is well known. In what follows, we consider the case in which the observers define the time
arbitrarily, which is the interesting case for our purposes. We note that here we have defined the surface
gravity as κe f f , which we consider as the effective surface gravity perceived by an observer defining the
time in agreement with T0(r, t). Later we see that the observers defining the time coordinate arbitrarily
perceive a different temperature for the black hole.

5.2. Observers Defining the Time Arbitrarily

For this case, the results are different with respect to the GR case. The difference comes from the
presence of the term A(r, u) defined in Equation (45). The presence of the term A(r, v) is irrelevant,
as we see soon. We note that A(r, u) can be expressed in terms of v if we take into account the
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well-known relation between advanced and retarded coordinates in the Penrose diagram. The relation
between the Stückelberg function U(r, T0(r, t)) and the affine parameter, which helps to connect the
future event horizon and the surfaces of constant U(r, T0(r, t)), is

ε = Ce−κU(r,T0) (50)

This is just an extension of the well-known relation obtained in the scenario of GR. The difference
is that in this case, U(r, T0(r, t)) = u + A(r, u). We note that the previous relation is obtained when
we parallel transport the family of null vectors satisfying the condition lana = −1. Here la is a null
vector parallel to the future event horizon, and na is a future directed null vector, directed inwards.
Then the vector−εna connects the future event horizon with the surface of constant phase U(r, T0(r, t)).
We note that in the neighborhood of the event horizon, U(r, T0(r, t)) ≈ u, because A(r, u) → 0 for
strong gravitational fields. However, very far from the future event horizon, we have A(r, u) 6= 0,
and this is the case in which we are located at past null infinity I −. This is a true event if we are
located near the past event horizon, which we take here as the surfaces of constant V0 ≈ v0. With this
change, we find that for observers defining the time arbitrarily, the surfaces of constant phase are
defined by the relation

ωu = −ω

κ
(logε− logC)−ωA(r, u) (51)

From here we can find that the surfaces of constant phase ωu are defined as

ωu = −ω

κ

(
log(v0 − v− A(r, v))− logD− logC− log(eκA(r,u))

)
(52)

Here we can see explicitly the distortion of time produced by the extra degrees of freedom of the
theory through the terms A(r, v) and A(r, u). If we want to express A(r, u) as a function of v instead
of u, then we need to use Equation (52) inside this function. This will give us a result of the form

A(r, u) = A

(
r,

{
log
(

v0 − v− A(r, v)
CDeκA(r,u)

)− 1
κ

})
(53)

We note that in this equation, A(r, u) appears again on the right-hand side. This means that the
surfaces of constant phase represented by Equation (52) have an iterative solution. Here however we
simplify the result by considering that the iteration is not necessary and that on the right-hand side of
the previous equation, the approximation κA(r, u)→ 0 is valid. This simplification is done with the
purpose of finding compact results, but the method developed here is general. We can now replace
Equation (52) inside Equation (44), thus obtaining

p(2)ω v (2π)−1/2ω−1/2r−1P−ω

(
v0 − v− A(r, v)

CDeκA(r,u)

)− iω
κ

(54)

If we want to obtain the Bogoliubov coefficients, again we need to use the Fourier transformation
by taking the variables ω′ and v as the conjugate variables. Then we have to solve the integral

α
(2)
ω,ω′ ≈− (2π)−1P−ω (CD)i ω

κ

(
ω′

ω

)1/2 ∫
(v0 − v− A(r, v))−i ω

κ eiωA(r,u)

× (1 + ∂v A(r, v)) e−iω′(v+A(r,v))dv

(55)

We note that this previous result is obtained after using the orthonormality condition Equation (39),
applied to Equation (42) and taking into account Equation (54). The expansion Equation (42) can be
expressed as

pω =
∫ ∞

0
dω′

(
αω,ω′ fω′ + βω,ω′ f̄ω′

)
(56)
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by replacing the sum by the integral operation, taking into account that the frequency is a continuous
variable. The application of the orthonormality condition requires the evaluation of the derivative over
f̄ ′ω, here defined as

f̄ω′ ;v = −i(1 + ∂v A(r, v))(2π)−1/2r−1(ω′)1/2Fω′(r)e
−iω′(v+A(r,v)) (57)

By multiplying this result with the mode in Equation (54), we then obtain Equation (55) after
integration over the variable v. We note that the integration depends on how the function A(r, u) is
expressed as a function of v. We know that the relation between u and v is given by Equation (50).
Without loss of generality, we can assume that A(r, u) is a polynomial expansion of u given by

A(r, u) ≈
∞

∑
n=0

anun (58)

We note that this functional dependence is general enough but is not the only possibility for the
functional dependence of A(r, u). The possible radial dependence of this function is irrelevant as it
does not contribute to the integration in Equation (55). If we introduce the relation Equation (52),
we then obtain

A(r, u) ≈
∞

∑
n=0

an

(
−1

κ
Log

(
v0 − v− A(r, v)

DC

))n
(59)

We note that the solution for this equation is iterative. However, in order to develop an example
for what happens when the observers define the time arbitrarily, we have ignored the iterative process
by taking eκA(r,u) → 1, as we have explained previously.

5.2.1. Specific Example of the Modification of the Temperature Perceived by Observers Defining the
Time Arbitrarily

In order to develop an example for what happens when the observers define the time arbitrarily,
we have selected some specific functional dependence of A(r, u). We have selected a polynomial
expansion with respect to u. This has the advantage that we can factorize the terms in the integral
in an easier way. Then for example, by assuming κA(r, u) << 1, we obtain in Equation (55) the
following result:

α
(2)
ω,ω′ ≈− (2π)−1P−ω (CD)iω ∑n

nan
κn

(
ω′

ω

)1/2 ∫
(v0 − v− A(r, v))−iω ∑n

nan
κn

× (1 + ∂v A(r, v)) e−iω′(v+A(r,v))dv

(60)

Here the linear term in the expansion (n = 1) has absorbed the original factor. If we make the
substitution j = v0 − v− A(r, v), the integral to be evaluated in Equation (60) becomes

α
(2)
ω,ω′ ≈ (2π)−1P−ω (CD)iω ∑n

nan
κn e−iω′v0

(
ω′

ω

)1/2 ∫
j−iω ∑n

nan
κn eiω′ jdj (61)

In order to obtain the Gamma function form, we need to make the following substitution:

x = −iω′ j (62)

Then the previous expression becomes

α
(2)
ω,ω′ ≈ (2π)−1P−ω (CD)

iω ∑n
nan

κn e−iω′v0

(
ω′

ω

)1/2
∫ x

−iω ∑n
nan

κn e−xdx

 (−iω′)
−1+iω ∑n

nan

κn (63)
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The integral inside the parentheses corresponds to a Gamma function, and thus we obtain
the result

β
(2)
ω,ω′ ≈ −iα(2)

ω,(−ω′)

α
(2)
ω,ω′ ≈ (2π)−1P−ω (CD)

iω ∑n
nan

κn ei(ω−ω′)v0

(
ω′

ω

)1/2

Γ

(
1− iω ∑

n

nan

κn

)
(−iω′)

−1+iω ∑n
nan

κn
(64)

If we want to obtain α(2) from β(2) by analytically extending ω′ through the logarithmic singularity,
we obtain the modified relation

|α(2)ω,ω′ | = eπω ∑n
nan
κn |β(2)

ω,ω′ | (65)

We note that here we have assumed some explicit dependence for the function A(r, u). The relation
between the coefficients might change depending on the behavior of this function. We note also that the
function A(r, v) is irrelevant for the purposes of calculation because it disappears in the substitution of
variables. Equation (65) is just equivalent to Equation (49) but shows the decomposition of the effective
surface gravity κe f f , which the observers defining the time in agreement with T0(r, t) perceive, in terms
of the surface gravity κ, which observers defining the time arbitrarily perceive. A direct comparison of
the mentioned results gives

κe f f =

(
∑
n

nan

κn

)−1

=
1

4GM
(66)

Here κe f f is the surface gravity for the observers defining the time in agreement with T0(r, t).
On the other hand, κ is the surface gravity for observers defining an arbitrary time. The previous
expression shows that if κe f f = 1/4GM, as in the standard case, then the surface gravity κ is obtained
from the solution of a polynomial equation defined in agreement with Equation (66). The order of the
polynomial expansion depends on how the function A(r, u) is defined. The definition for this function
will change for different observers defining the time in a different way. The larger the deviation of
the coordinate time t with respect to the time defined by the Stückelberg function T0(r, t) as it is
perceived by the observers, the larger the contribution coming from the function A(r, u) will be, and as
a consequence, the deviations of the black hole temperature perceived by an observer will be larger.
Equation (66) can change if the functional dependence defined in Equation (58) for the function A(r, u)
changes. In more general situations, the result will not be as simple as that obtained in Equation (66).

5.2.2. Discussion of the Results: The Concepts of Time

The previous results were based on the way in which the observers define their time locally. In this
paper, we have defined two possible coordinate times, namely, the ordinary time coordinate t 6= T0(r, t)
and the Stückelberg function t = T0(r, t). In general, t 6= T0(r, t), but for some observers it can happen
that t = T0(r, t). These special observers will not perceive the effects of the graviton mass. For them,
A(r, t) = 0 in Equation (37). Selecting an arbitrary time t 6= T0(r, t) or the Stückelberg function
t = T0(r, t) as a time coordinate will depend on how each observer defines the relation between the
time coordinate and the proper time. The relation between the proper time and the coordinate time is
defined by the symmetry under time translations. In GR, we have a unique definition of a constant,
defined as a conserved quantity appearing when there is symmetry under time translations. This is
related to the definition of the time-like Killing vector. In massive gravity however, in general it is not
possible to define the same symmetry under time translations in a conventional way. It is possible
to demonstrate however, that we can define a conserved quantity in the direction of the Stückelberg
function T0(r, t) as has been explained in [23–26]. Then we can define a Killing vector in the direction
of T0(r, t). It turns out that the relation between the proper time and the Stückelberg function in
massive gravity is equivalent to the relation between the proper time and the ordinary coordinate
time t in GR. However, in general, the relation between the proper time and an arbitrary coordinate
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time (t 6= T0(r, t)) in massive gravity is different to the unique relation defined in GR. Then when
we are talking about observers defining the time arbitrarily, we are talking about those observers
defining an arbitrary relation between their proper time and the coordinate time t. On the other hand,
when we talk about observers defining the time in agreement with T0(r, t), we are talking about those
observers defining the relation between the proper time and the coordinate time in agreement with GR,
but inside the theory of massive gravity. The results found in this paper represent a first step in the
unification of the concepts of Hawking radiation and the Unruh effect [27] from a different perspective.
From the results reported here, we can think in a possible generalization of them in order to explain,
in a unified way, both effects, namely, Hawking radiation and the Unruh effect, as distortions of the
notion of the time coordinate. We consider distortions of the time coordinate, those able to create
ambiguities in the concept of a vacuum. Important results proving the link between the Hawking
radiation and the Unruh effect have been explored in [28,29].

6. Conclusions

In this paper, we have evaluated the black hole temperature for the spherically symmetric
case inside the scenario of the dRGT massive gravity. We have used the method of the Bogoliubov
transformations, and we have taken into account the relations between vacuums defined at future
null infinity and past null infinity in agreement with the Penrose diagram. The Penrose diagram
in massive gravity is the same as in the case of GR, where we express the solutions in terms of the
Stückelberg functions. When expressed in terms of the ordinary coordinates, deviations of the causal
structure with respect to the GR case are expected. Here we introduce these possible deviations by
considering the behavior of the function A(r, u), which represents the deviation of the Stückelberg
function with respect to the ordinary definition of time. The observers defining the time in agreement
with T0(r, t), or in other words, defining the relation between the proper time τ and the coordinate
time t as a relation between the proper time and the Stückelberg function T0(r, t), will not perceive
the contributions coming from the function A(r, u); they will perceive the standard result obtained
in GR, here called κe f f . This quantity can be expanded as a series expansion with respect to the
surface gravity (κ) perceived by an observer defining the time arbitrarily. The difference between κe f f
and κ makes sense, as the causal structure of the spacetime changes at large scales for the observers
defining the time arbitrarily as a result of the presence of the function A(r, u). Defining the time
arbitrarily is equivalent to defining an arbitrary relation between the proper time and the coordinate
time t 6= T0(r, t). In addition, we wish to remark that if we want to obtain the surface gravity for
an observer defining the time arbitrarily (t 6= T0(r, t)), then we have to solve a polynomial equation
for κ, as is shown in Equation (66). Then the result is not trivial at all. If the functional behavior
of A(r, u) is different, this changes the relation between κ and κe f f , as well as the relation between
the two Bogoliubov coefficients for the case of observers defining the time arbitrarily. The methods
developed in this paper can be repeated with other theories of massive gravity, such as, for example,
those breaking Lorentz symmetry [30,31]. We also expect these methods to be a first step in finding a
novel way of unifying the Hawking radiation effect and the Unruh effect. Other methods explaining
the common origin of the Hawking radiation with the Unruh effect have been analyzed in [28,29].
Alternative methods for calculating the black hole temperature in massive gravity theories have been
given in [23–25]. It is also important to remark that the result obtained in [26] suggests that the effective
mass perceived by an observer located at large scales in massive gravity depends on how the observers
define the time coordinate locally. Although the result obtained in [26] was not oriented to the analysis
of black hole radiation, it is evidently connected with the black hole temperature perceived by the
observers in massive gravity. However, the notion of effective mass is not enough in order to find
a relation between the surface gravity κ and the effective gravity κe f f , unless we are able to define
the functional relation between the mass defined by an observer taking the time as t = T0(r, t) and
the observer defining the time as t 6= T0(r, t), which was not possible to develop in [26]. Then the
Bogoliubov method is more general; it extracts the relevant physics of the system, and it is the cleanest
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way of deriving the statistics of black body radiation when we know the relation between the two
coefficients [20,21].
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