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Abstract: We compute the principal non-radial oscillation mode frequencies of Neutron Stars
described with a Skyrme-like Equation of State (EoS), taking into account the possibility of neutron
and proton superfluidity. Using the CompOSE database and interpolation routines to obtain the
needed thermodynamic quantities, we solve the fluid oscillation equations numerically in the
background of a fully relativistic star, and identify imprints of the superfluid state. Though these
modes cannot be observed with current technology, increased sensitivity of future Gravitational-Wave
Observatories could allow us to observe these oscillations and potentially constrain or refine models
of dense matter relevant to the interior of neutron stars.
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1. Introduction

The Laser Interferometer Gravitational-Wave Observatory (LIGO) recently detected gravitational
waves emitted from the merger of two neutron stars, heralding a new era of compact star physics [1].
As the sensitivity of gravitational wave detectors increases, we may expect to directly observe the
gravitational waves even from isolated neutron stars. Neutron star oscillations allow us to probe the
nature of ultra-dense nuclear matter, since the equation of state (EoS) plays a central role in determining
the spectrum of oscillation modes. Thus, in the event that actual oscillation modes can be observed,
comparison to theoretical templates based on models of dense matter can help to refine or constrain
the EoS. For calculating the spectrum of oscillation modes theoretically, we require tabulated EoS from
realistic microscopic models of dense matter. The CompOSE database [2] provides an array of such
models with thermodynamically consistent interpolation. In these proceedings, we report results from
a calculation of the spectrum of non-radial oscillation modes of neutron stars based on Skyrme-like
EoS in the CompOSE database, and compare the results to the polytropic equation of state. We also
consider the effects of superfluidity in neutron stars on the oscillation modes, using the same family
of EoS. After establishing the background structure of the neutron star in Section 2, we present the
main equations and numerical results from solving the oscillation equations in Section 3, including
the extension to superfluidity. In Section 4, we summarize our findings and comment on further
extensions of this work in Section 5.

2. EoS Models and Superfluid Neutron Star Structure

One of the simplest models of a neutron star assumes a polytropic equation of state P = Kρ(n+1)/n

with polytropic index n and a proportionality constant K. In this work, we choose n = 1 and
K = 63.66 km2 in G = c = 1 units, which simplifies the numerics of the Tolman-Oppenheimer-Volkov
(TOV) equations for the mass and radius of the neutron star. There is a limitation of the n = 1 polytrope:
the structure of such a star in General Relativity can only provide a maximum mass of about 1.2 M�.
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We therefore employ Newtonian structure equations for the polytrope, in which case, for n = 1,
the mass is independent of the radius [3]. This allows us to study the model for stars as heavy as 2 M�
while keeping the radius fixed at a canonical value (e.g., 10 km). We emphasize that the polytropic
equation of state is only used here as a simple model for a rough estimate of the non-radial oscillation
spectra of neutron stars, and the Skyrme-like model [4,5] is used for more realistic calculations. For the
latter case, the CompOSE database provides appropriate tables of thermodynamic quantities based
on the baryon number density within the star. While the structure of the star can be solved from the
standard TOV equations using the energy and pressure alone, finding the oscillation modes for the
normal and superfluid cases requires knowing the chemical potentials and densities of the neutrons,
protons, and electrons in the star from center to surface. The CompOSE database provides these
for various EoS along with consistent interpolation routines. From this database, we choose three
Skyrme models with interaction parameters provided by the KDE0, KDE0v1 and the SK255 dataset,
as calculated by Agrawal [4,6]. We refer to these three sets of parameters as Skyrme Model A, B and C
respectively. These interaction parameters can be thought of as specifying a nucleon energy density [7]
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h̄2
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b(n
2
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p)

(1)

where nn, np, and nb refer to neutron, proton, and baryon number densities respectively; the τ are
based on these densities; and the Bi and α are specific to the interaction.

A neutron star may be considered to have three major regions: the outer crust, the inner crust,
and the core. In the outer crust, the density ranges from 104 to 1011 g/cm3. This part of the star consists
mostly of nuclei and electrons. The inner crust ranges from 1011 to 1014 g/cm3. Here, the temperature
is below the critical temperature for neutron pairing, and a neutron superfluid can form. The core
of the neutron star has densities greater than 1014 g/cm3, and consists of both neutrons and protons
in a superfluid state, with electrons present to satisfy charge neutrality. For this work, we adopt a
simplified two-layer model of core and inner crust, applying a Skyrme effective force model to describe
the nucleon-nucleon interactions. This is similar to previous works such as [8], where the fluid below
a certain critical density is treated as normal (i.e, the inner crust), and above the critical density is
treated as a superfluid (i.e, the core). In a more complete treatment, the location of fluid and superfluid
regions would be determined by a profile of the density-dependent critical temperature Tc(ρ); however,
we limit ourselves to a T = 0 calculation. It is important to state the possible consequences of this
assumption on our results. It is known that non-zero temperatures can shift the frequency of the
superfluid mode by approximately (5–10)%, without affecting the non-superfluid modes [9]. This is
because the entrainment matrix depends on the critical temperature profile of the superfluids through
its density dependence. We choose a simpler form of entrainment that applies only at T = 0. Studying
the temperature effects requires models of the critical temperature which are currently not available
within the EoS models we use, but this would certainly be interesting to explore with a self-consistent
finite temperature model of the neutron star. Although entropy entrainment does not arise in the case
of zero temperature [10], entrainment in the cores of superfluid neutron stars between neutrons and
protons can still arise at T = 0 due to the Andreev-Bashkin effect [11], which is encoded in the ρ12

terms in the set of equations in Section 3.2 below.
The plots in Figures 1 and 2 show the run of interior variables such as pressure and density in

the star for one of the Skyrme EoS (Model A), as well as the mass-radius curves for all three of the
Skymre models.
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(a) (b)

Figure 1. (a): Pressure vs. radial distance and (b): enclosed mass vs. radial distance for the Skyrme
(Model A) equation of state. These curves both correspond to the same star with a central density of
1.102 ×1015 g/cm3, which yields a mass of 1.69 M� and radius of 11.68 km.

Figure 2. (a): Density profile vs. radius of the Skyrme (Model A) equation of state, with a central
density of 1.102 ×1015 g/cm3, corresponding to a mass of 1.69 M� and radius of 11.68 km. The density
decrease is not smooth near the surface of the star. This feature requires special care in the solution of
the oscillation equations. (b): Mass-radius curves for the Skyrme A, B, and C models. All three models
can support a maximum mass of more than 2 M�.

3. Fluid Oscillation Equations

3.1. Normal Fluid

We assume the neutron and proton fluids to be ideal in nature, neglecting dissipative effects
due to viscous drag, which is negligible for a superfluid at T � Tc. This is the case for cold
neutron stars with T ∼ 107 K. However, there can still be dissipation and damping of various
oscillation modes due to mutual friction and other microscopic processes such as electron-electron
scattering that dominate the shear viscosity when both neutrons and protons are superfluid [12].
Previous works [13] lead us to believe that these effects are not expected to change the real part of the
frequency, which is the quantity calculated in this work. For the case of the polytropic EoS, we use
a coupled system of differential equations for the radial displacement and pressure perturbation of
the fluid [14] to find the oscillation modes of the star. For the polytrope, the stellar structure and
the fluid perturbation equations are being described in Newtonian gravity, for the reason explained
in Section 2. The structure of the star for the Skyrme models will be treated in General Relativity,
although we still employ Newtonian hydrodynamics for the oscillation equations. It is convenient to
use the Dziembowski parameterization [14], with non-dimensional variables to efficiently solve for the
oscillation eigenfrequencies. The relevant equations in the Cowling approximation, which neglects the
back-reaction of the fluid perturbations on the gravitational potential, are:



Universe 2018, 4, 53 4 of 8

r
dy1

dr
=

(
V
Γ1
− 3

)
y1 +

[
l(l + 1)

c1σ̄2 − V
Γ1

]
y2 (2)

r
dy2

dr
= (c1σ̄2 + rA)y1 + (1−U − rA)y2 (3)

where y1, y2 are related respectively to the perturbations in the radial component of the fluid motion
and the fluid pressure; V, U, and A are derived from logarithmic derivatives of the pressure, mass,
and density; l is an angular momentum parameter, c1 is a combination of the mass and radius of
the star, and σ̄ is the normalized frequency of oscillation. For the Skyrme models with superfluidity,
we employ a more complicated system of equations given in Section 3.2 that can be applied to the
entrained neutron and proton superfluids.

In Figure 3 below, we compare the f - and p-modes for the polytropic EoS and the Skyrme
(Model A) EoS. While we have only taken one fixed configuration (n = 1, K = 63.66 km2) for the
polytrope, the f - and p-mode frequencies for larger n values are even higher [15]. A larger value of
K for the same n would make the star less compact and lower the mode frequencies. In any case,
the Newtonian polytrope is meant to provide a rough estimate only. The f -modes scale with the mean
density

√
M/R3 in both cases. The p-modes scale with the compactness M/R rather than the mean

density, though a general increase with mean density is still evident since increased compactness
leads to increased mean density. It follows that the oscillation frequencies of the realistic models is
lower than the n = 1 polytrope with our chosen value of K, since these stars are less compact and less
dense on average than the polytrope. The modes for the polytrope would be lower if the structure
was computed in General Relativity, but as previously mentioned, this cannot meet the observational
constraint of at least 2 M� maximum mass. The X-axis range is different for the two figures, since we
spanned the same mass range for the two EoS, which leads to different ranges for the mean density.
The data in the right panel of Figure 3 is for Skyrme Model A.

(a) (b)

Figure 3. The trend of f- and p-modes with the square root of the mean density of the neutron star,
given a polytropic equation of state (a) and a Skyrme (Model A) equation of state (b).

3.2. Oscillation Equations: Extension to Superfluidity

Since both neutron and proton fluids can undergo pairing, the extension to superfluidity leads to
the following equations for determining the oscillation modes, as given in [16]
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where the ρ matrix components (ρ11, ρ12 = ρ21, ρ22) and the parameter ∆ are based on the
particle densities ρp and ρn and the nucleon effective masses m∗n and m∗p; the Q matrix components
(Q11, Q12 = Q21, Q22) are derivatives of the particle chemical potentials with respect to the particle
densities; and g is the gravitational field. As mentioned before, entrainment is included through ρ12.
All other parameters take the same definitions as in the normal fluid.

We determine the effective masses self-consistently from the Skyrme EoS model, following
Chamel’s theoretical treatment of superfluidity [7]. The effective masses and all other required
thermodynamic quantities are consistently determined at each grid point in the star using inbuilt
interpolation routines in CompOSE. It is important to note that the effective masses are included
self-consistently in the calculation of the oscillation spectrum. Though the extension to superfluidity
is ultimately straightforward, we find that a minimal fraction of normal fluid is needed to tame the
discontinuities in the density profile near the surface of the star, which otherwise cause numerical
problems. This is particularly the case for Model A (KDE0 interaction), suggesting that either the
model or the interpolation routine needs to be further investigated at low densities. For this work,
we confine our calculations to the case of a superfluid core surrounded by a normal envelope with a
transition density at nearly half the radius of the star.

4. Results

In this section, we present our numerical results and summarize the main findings from our work.
In Table 1, we show the oscillation mode frequencies for neutron stars of mass {1.4, 1.8, 2.2} M� with
normal fluid and superfluid components.

Table 1. Mode Frequency in kHz (l = 2).

Mode Polytrope Model A Model B Model C

1.4 M�

f 4.77 2.74 (2.73) 2.69 (2.69) 2.41 (2.41)
p 8.34 4.42 (4.40) 4.29 (4.27) 3.98 (3.97)
s – 3.66 3.59 3.34

1.8 M�

f 5.67 2.91 (2.88) 2.87 (2.85) 2.55 (2.54)
p 9.52 5.05 (5.02) 4.96 (4.94) 4.76 (4.74)
s – 4.21 4.18 3.87

2.2 M�

f 6.26 3.52 (3.50) 3.37 (3.34) 3.05 (3.03)
p 10.55 6.28 (6.24) 6.18 (6.15) 5.66 (5.65)
s – 5.13 5.07 4.75
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The polytropic model has only a normal component, while the Skyrme EoS admits both normal
and superfluid components. For the latter case, the numbers in brackets are the mode frequencies if
only the normal component exists in the star, showing that these modes ( f and p) remain approximately
unchanged even in the presence of superfluidity. The last row is the frequency of the superfluid mode.
Similar to previous works with other EoS [8,16], we find that the modes of the two-fluid star support f -
and p-modes that are very close to the corresponding normal fluid star, with the addition of one or two
superfluid modes, the lower one of which is intermediate between the f and p modes and is denoted
by “s" in Table 1. The superfluid mode frequency also decreases with decreasing compactness, though
no simple scaling with global stellar properties as for normal fluid modes could be determined. It is
likely that the superfluid mode is quite sensitive to the details of the EoS such as the effective masses,
and the superfluid fraction, which must ideally be determined by the critical temperature profile in
the star. The systematic thoeretical study of the superfluid modes with variable superfluid fraction,
EoS models and including non-zero temperature certainly deserves more study. Nevertheless, even in
our simple framework, the appearance of these distinct modes in the spectrum indicating superfluidity
in the cores of neutron stars is an exciting observational possibility for gravitational wave detectors of
increased sensitivity. At this stage, it is useful to summarize the main new developments in this work:

• The appearance of a new superfluid mode, while leaving the frequencies of the normal modes
almost unchanged, was already noted in [8], but they used a much older EoS [17] based on the
Walecka model. We have used the Skyrme EoS which obeys modern constraints from isospin
diffusion data and the slope of the symmetry energy. In addition, we employ neutron and proton
effective masses that are obtained consistently within the model [7]. This was not the case, for e.g.,
in all other previous computations of the superfluid oscillation modes [8,16]. This is an important
point since the entrainment matrix depends on the effective masses, and different models for
the density dependent effective mass yield different numerical values for the modes [8]. In this
way, our results are based on an EoS that is built from a unified treatment of terrestrial nuclear
experiments and the astrophysics of compact stars, and our results are more consistent from a
quantitative standpoint.

• We have reported the mode frequencies for a 1.8 M� and 2 M� configuration, which is a new
result since earlier works [8,16] that considered configurations of 1.4 M� predate the discovery of
the presently observed heaviest neutron star.

• We demonstrate the utility of the CompOSE database in using modern EoS for studies of neutron
star oscillations and gravitational waves. The EoS models taken from CompOSE calculate
the nucleon effective masses consistently, which is important in superfluid mode calculations.
This database also provides easy-to-use interpolation routines that are necessary since the
computational grid for the oscillation equations requires more points than are typically provided
in tabulated EoS. Readers interested in using the CompOSE repository for compact star and
supernova studies may consult the manual [18] or write to the authors of this manuscript.

5. Future Work

The results presented here are part of an ongoing, more systematic study of the effects of
superfluidity in dense matter on the oscillation modes of compact stars. We made some approximations
for the structure of the neutron star that can, and should be improved upon. For example, the EoS
models adopted here assume that the interior consists primarily of nucleons, with the addition of
electrons to satisfy charge neutrality. If hyperons are included, the entrainment matrix must be
modified [19] and this will affect the superfluid modes. The normal fluid modes will also change,
since the addition of hyperons softens the EoS at high density, making the star more compact.
We expect, as shown in previous studies with polytropic models [20], that with increasing compactness
(i.e., decreasing R/M), the f and p-mode frequencies will also increase. We are currently working
on extensions to include quark matter, which has a relativistic dispersion and additional neutrality
conditions. In such a case, the superfluid equations become more complicated: instead of dealing with
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the two species of nucleon, one would likely have to account for the entrainment between up, down
and possibly strange quarks. Thus, not only does the equation of state have to be modified, but the
fluid equations must be altered as well. The non-radial oscillations of a superconducting quark fluid
have been recently discussed in [21], although its superfluid modes have not been calculated. Further
improvements such as extending the analysis to finite temperature and including viscous dissipation
that damps the oscillation modes are needed to provide a more complete picture of the spectrum and
damping times of oscillations in a neutron star. As shown in this work, the CompOSE database can
serve as a useful repository for studies in this direction.
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