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Abstract: We discuss the importance of the color reflection symmetry of the Abelian decomposition
in QCD. The Abelian decomposition breaks up the color gauge field to three parts, the neuron,
chromon, and the topological monopole, gauge independently. Moreover, it refines the Feynman
diagram in such a way that the conservation of color is explicit. This leads us to generalize the
quark model to the quark and chromon model. We show how the Abelian decomposition reduces
the non-Abelian color gauge symmetry to the simple discrete 24 element color reflection symmetry
which assumes the role of the color gauge symmetry and plays the central role in the quark and
chromon model.
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1. Introduction

One of the widely held misunderstandings in gauge theory is that the non-Abelian gauge
symmetry is so tight that it defines the theory almost uniquely, and thus does not allow any
simplification. The Abelian decomposition of QCD tells that this popular wisdom is not true [1–4].
It shows that QCD has a non-trivial core, the restricted QCD (RCD), which describes the Abelian
sub-dynamics of QCD but has the full non-Abelian gauge symmetry. Moreover, we can separate it
from QCD gauge independently.

Before we discuss the Abelian decomposition, it is important to understand why we need this.
Consider the proton, which is made of three valence quarks. However, obviously we need the gluons
to bind the quarks in the proton. However, the quark model tells that the proton has no valence gluon.
If so, what is the binding gluon which bind the quarks in proton, and how do we distinguish it from
the valence gluon? To answer this we need the Abelian decomposition.

Another motivation for the Abelian decomposition is to understand the color confinement
problem in QCD. Two popular approaches proposed to resolve this problem are the monopole
condensation and the Abelian dominance. Nambu and Mandelstam proposed that the monopole
condensation could generate the dual Meissner effect and confine the color in QCD [5–7]. On the other
hand ’tHooft proposed that the Abelian part of gluons could be responsible for the color confinement
in QCD [8]. To prove the monopole condensation, however, we first have to separate out the monopole
part from the QCD gauge potential gauge independently. Similarly, to prove the Abelian dominance
we have to know what is the Abelian part and how to separate it. To do this we need the Abelian
decomposition.
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The Abelian decomposition breaks up the non-Abelian gauge potential to two different parts,
the color neutral restricted (Abelian) part which has the full non-Abelian gauge symmetry and
describes the Abelian sub-dynamics of QCD, and the gauge covariant valence (non-Abelian) part
which describes the colored gluons (the chromons) and plays the role of the colored source of QCD,
gauge independently [1–4]. Moreover, it separates the restricted part to the non-topological Maxwell
part which describes the genuine Abelian potential which represents the color neutral binding gluons
(the neurons) and topological Dirac part which describes the non-Abelian monopole potential gauge
independently [1–4].

The Abelian decomposition has deep physical consequences. First of all, it shows that there is
a simpler QCD called RCD made of the restricted potential, which describes the Abelian sub-dynamics
of QCD. Moreover, it tells that QCD can be viewed as RCD which has the chromons as the colored
source. So we can tell exactly what is the Abelian part of QCD without ambiguity, and separate it
gauge independently.

This allows us to prove the Abelian dominance; that indeed RCD (i.e., the Abelian part of QCD)
is responsible for the confinement [8,9]. Since the non-Abelian part describes the colored chromons
which have to be confined, it cannot play any role in the confinement. This is because the confined
prisoner cannot be the confining agent. So only the Abelian part of the gluons must be responsible for
the confinement.

This can be proved rigorously. Theoretically it can be shown that only the restricted potential
contributes to the Wilson loop integral that generates the confining force [9]. Moreover, we can
demonstrate this numerically in lattice QCD [10–15]. Actually we can establish not just the Abelian
dominance but the monopole dominance, which tells that the monopole part of the restricted potential
is responsible for the confinement. Implementing the Abelian decomposition on lattice, we can
calculate the Wilson loop integral with the full potential, the restricted potential, and the monopole
potential separately, and show that all three potentials give us exactly the same linear confining force.
This explicates the monopole dominance, that the monopole potential is enough to generate the
confining force.

The monopole dominance is not incompatible with the Abelian dominance, because the monopole
is a part of the restricted potential. Indeed the monopole dominance assures the Abelian dominance.
However, it does not tell how the monopole confines the color. To tell how, we have to prove the
monopole condensation. The Abelian decomposition allows us to do that.

Savvidy first tried to prove the monopole condensation, and has almost succeeded [16].
He obtained the magnetic condensation known as the Savvidy vacuum. Unfortunately, it was unstable.
Worse, it was not gauge invariant. Many people tried to remove these defects unsuccessfully [17–25].
There are two critical defects in these calculations. They could not separate the monopole part gauge
independently, and could not implement the gauge invariance properly in the calculations [26–29].

The Abelian decomposition can solve these problems and demonstrate the monopole
condensation gauge independently. It separates the monopole part gauge independently and puts
QCD to the background field formalism. So, choosing the monopole potential as the background and
integrating out the chromons gauge invariantly, we can calculate the QCD effective potential and
prove that the true QCD vacuum is given by the gauge invariant monopole condensation [30,31].

As importantly, the Abelian decomposition explains that there are actually two different types
of gluons in QCD which play totally different roles, the color neutral neurons which provide the
binding of the colored source and the colored chromons which become the constituent of hadrons [1–4].
This plays an important role in hadron spectroscopy. This is because the chromons (just like the
quarks) become the constituent of hadrons, while the neurons play the role of the binding gluons.
This generalizes the quark model to the quark and chromon model. In particular, this plays the
essential role for us to understand the glueball spectrum and its mixing with quarkonium [32–34].
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This neatly answers the question on the binding gluon and the valence gluon in the proton.
Clearly the binding gluons in the proton are the neurons, and the proton has no colored chromons as
the valence gluon which can change the position of the proton in the hadron spectroscopy.

Moreover, with two types of gluons we can refine and decompose the gluon propagators in the
Feynman diagram to the neuron and chromon propagators in such a way that the color conservation
is explicit. This sheds a new light to the QCD Feynman diagrams, and makes a deep impact on the
perturbative QCD [30–34].

The Abelian decomposition raises a fundamental question. In the conventional QCD where all
gluons are treated equally, the gluons form an SU(3) octet. However, the Abelian decomposition tells
that there are two types of gluons which play different roles. If so, what is the symmetry which
describes the neurons and chromons? Is the SU(3) symmetry still valid, and do they still form an octet?
If not, how are they classified?

To answer these questions, we have to understand that after the Abelian decomposition the
non-Abelian SU(3) symmetry is reduced to a simple discrete symmetry called the color reflection
symmetry [1–4]. This means that after the Abelian decomposition the color reflection symmetry
replaces the complicated SU(3) color gauge symmetry, so that the color reflection invariance guarantees
the color gauge invariance. This greatly simplifies us to implement gauge invariance in the calculation
of the QCD effective potential [30,31].

Furthermore, this symmetry plays the fundamental role in the hadron spectroscopy in the quark
and chromon model [32–34]. To understand how the color reflection symmetry works, we must know
how the neurons and chromons transform under the color reflection. The purpose of this paper is to
discuss the origin of the color reflection symmetry and study how it affects the hadron spectroscopy.

The paper is organized as follows. In Section 2 we review the Abelian decomposition of QCD
for later purpose. In Section 3 we discuss how the color reflection symmetry originates after the
Abelian decomposition and how the neurons and chromons transform under the color reflection.
In Section 4 we discuss how the color reflection invariance allows us to demonstrate the monopole
condensation gauge independently. In Section 5 we discuss how the fundamental feature of the Abelian
decomposition, the existence of two types of gluons, can be tested experimentally at LHC. In the last
section we discuss the physical implications of our result.

2. Abelian Decomposition of QCD: A Review

To obtain the Abelian decomposition of SU(3) QCD we have to understand the Abelian
decomposition of SU(2) QCD first, because it plays an essential role in the SU(3) QCD. So we start from
the SU(2) QCD.

Let (n̂1, n̂2, n̂3 = n̂) be an arbitrary right-handed local orthonormal basis of SU(2) QCD. To make
the Abelian decomposition we choose any direction, for example n̂, to be the Abelian direction and
impose the isometry condition to project out the restricted potential Âµ [1–4]

Dµn̂ = (∂µ + g~Aµ×)n̂ = 0,

~Aµ → Âµ = Aµn̂− 1
g

n̂× ∂µn̂ = Ãµ + C̃µ, (1)

Ãµ = Aµn̂, Aµ = n̂ · ~Aµ, C̃µ = − 1
g

n̂× ∂µn̂.

This is the Abelian projection which projects out the restricted (i.e., Abelian) potential Âµ.
It has the following properites. First, it is the potential which leaves the Abelian direction

invariant (which makes the Abelian direction covariantly constant) under the parallel transport. Second,
it is made of two parts, the non-topological (Maxwellian) Ãµ which describes the color neutral Abelian
gluon (the neuron) and the topological (Diracian) C̃µ which describes the non-Abelian monopole [35,36].
Most importantly, the projection is gauge independent, because n̂ is arbitrary.
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With this we have

F̂µν = (Fµν + Hµν)n̂ = F′µνn̂,
Fµν = ∂µ Aν − ∂ν Aµ,

Hµν = − 1
g

n̂ · (∂µn̂× ∂νn̂) = ∂µCν − ∂νCµ, Cµ = − 1
g

n̂1 · ∂µn̂2,

F′µν = ∂µ A′ν − ∂ν A′µ, A′µ = Aµ + Cµ.

(2)

Please note that although F̂µν and F′µν are Abelian, they are made of two potentials,
the non-topological Aµ and topological Cµ. This dual structure shows that there are actually
two possible magnetic background to choose, the Savvidy background coming from Fµν and the
monopole background coming from Hµν, in the calculation of the QCD effective action [26–29].

With (2) we can construct the restricted QCD (RCD) which has the full non-Abelian gauge
symmetry yet much simpler than QCD,

LRCD = −1
4

F̂2
µν = −1

4
F2

µν +
1

2g
Fµνn̂ · (∂µn̂× ∂νn̂)− 1

4g2 (∂µn̂× ∂νn̂)2, (3)

which describes the Abelian sub-dynamics of QCD.
With the Abelian projection we can express the full SU(2) potential adding the non-Abelian part

~Xµ to Âµ [1–4]

~Aµ = Âµ + ~Xµ, n̂ · ~Xµ = 0. (4)

With this we can show that Âµ has the full gauge degrees of freedom, while ~Xµ transforms
gauge covariantly

δÂµ =
1
g

D̂µ~α, δ~Wµ = −~α× ~Wµ. (5)

This is because the connection space forms an Affine space. So ~Xµ can be viewed to describe
the colored gluon (the chromon) which becomes the gauge covariant source. This is the Abelian
decomposition. Moreover, with

~Fµν = F̂µν + D̂µ~Xν − D̂ν~Xµ + g~Xµ × ~Xν, (6)

we obtain the extended QCD (ECD)

LECD = −1
4
~F2

µν = −1
4

F̂2
µν −

1
4
(D̂µ~Xν − D̂ν~Xµ)

2 − g
2

F̂µν · (~Xµ × ~Xν)−
g2

4
(~Xµ × ~Xν)

2, (7)

to recover the full QCD. This shows that QCD can be viewed as RCD which has the chromon as the
colored source [1–4].

An important advantage of the Abelian decomposition is that it can actually “abelianize” the
non-Abelian gauge theory gauge independently [1–4]. To see this notice that with

~Xµ = X1
µ n̂1 + X2

µ n̂2,

we have

D̂µ~Xν = (∂µX1
ν − gA′µX2

ν)n̂1 + (∂µX2
ν + gA′µX1

ν)n̂2. (8)

So, expressing the chromon by the complex vector Xµ = (X1
µ + iX2

µ)/
√

2, we can put the
Lagrangian explicitly in the Abelian form,
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LYM = − 1
4 F′2µν − 1

2 |D′µXν − D′νXµ|2 + igF′µνX∗µXν +
g2

4 (X∗µXν − X∗ν Xµ)2,
D′µ = ∂µ + igA′µ.

(9)

One might wonder how the non-Abelian structure disappears in this Abelianization. Actually
the non-Abelian structure is not disappeared but hidden. To see this, first notice that the Abelian
formalism is expressed by the dual potential A′µ given by the sum of two potentials Aµ and Cµ. Clearly
Cµ represents the topological degrees of the non-Abelian symmetry which does not exist in the naive
Abelianization that one obtains by fixing the gauge [1–4].

To see how the non-Abelian gauge symmetry is realized in this Abelian formalism, let

~α = α1 n̂1 + α2 n̂2 + θ n̂, α = 1√
2
(α1 + i α2),

C̃µ = −C1
µn̂1 − C2

µn̂2, Cµ = 1√
2
(C1

µ + i C2
µ).

(10)

Certainly the Lagrangian (9) is invariant not only under the active (classical) gauge
transformation (5) given by

δAµ =
1
g

∂µθ − i(C∗µα− Cµα∗), δCµ = −δAµ, δXµ = 0, (11)

but also under the following passive (quantum) gauge transformation

δAµ =
1
g

∂µθ − i(X∗µα− Xµα∗), δC̃µ = 0, δXµ =
1
g

D′µα− iθXµ. (12)

This tells that the Abelian theory not only retains the original (classical) gauge symmetry,
but actually has an enlarged (quantum) gauge symmetry. It is this quantum gauge symmetry which
keeps the chromon massless.

The reason for this extra (quantum) gauge symmetry is that the Abelian decomposition
automatically put the theory in the background field formalism which doubles the gauge
symmetry [37,38]. This is because in this decomposition we can view the restricted and valence
parts A′µ and Wµ (or equivalently Âµ and ~Wµ in the non-Abelian formalism) as the classical and
quantum parts, so that we have freedom to assign the gauge symmetry to both classical and quantum
field.

Mathematically ECD is identical to QCD, but physically it provides a totally new meaning to
QCD. It tells that QCD has two types of gluons, the neuron and chromon, which plays different roles.
The neuron, together with the topological monopole potential, provides the binding. On the other
hand the chromon, just like the quarks, becomes the colored constituent of hadrons which has to be
confined [30–34].

The Abelian decomposition of SU(3) QCD is more complicated but straightforward [30,31].
Since SU(3) has rank two, it has two Abelian directions. Let n̂i (i = 1, 2, ..., 8) be the orthonormal SU(3)
basis, and choose n̂3 = n̂ and n̂8 = n̂′ to be the Abelian directions. To make the Abelian projection,
we impose the isometry

Dµn̂ = 0. (13)

This automatically guarantees [35]

Dµn̂′ = 0, n̂′ =
1√
3

n̂ ∗ n̂. (14)

where ∗ denotes the d-product. This tells that we actually need one λ3-like Abeiian direction to make
the Abelian decomposition, although SU(3) has two Abelian directions.
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Solving (13), we have the SU(3) Abelian projection,

~Aµ → Âµ = Aµn̂ + A′µn̂′ − 1
g

n̂× ∂µn̂− 1
g

n̂′ × ∂µn̂′ = ∑
p

2
3

Âp
µ, (p = 1, 2, 3),

Âp
µ = Ap

µn̂p − 1
g

n̂p × ∂µn̂p = Ap
µ + C p

µ ,

A1
µ = Aµ, A2

µ = − 1
2 Aµ +

√
3

2 A′µ, A3
µ = − 1

2 Aµ −
√

3
2 A′µ,

n̂1 = n̂, n̂2 = − 1
2 n̂ +

√
3

2 n̂′, n̂3 = − 1
2 n̂−

√
3

2 n̂′,

(15)

where Aµ and A′µ are two SU(3) neurons, and the sum is the sum of the three Abelian directions
(n̂1, n̂2, n̂3) of three SU(2) subgroups made of (n̂1, n̂2, n̂1), (n̂6, n̂7, n̂2), and (n̂4, n̂5, n̂3). Please note that
although SU(3) has two Abelian directions, Âµ is expressed by three SU(2) Âi

µ (i = 1, 2, 3) in a Weyl
symmetric way. The Weyl group of SU(N) is the permutation group of N colors of SU(N), which is
mathematically the symmetric group SN of order N.

Clearly the three SU(2) neurons Ai
µ are not linearly independent, because they are expressed

by two neurons Aµ and A′µ. However, the Weyl symmetric expression plays a very important role
because it allows us to calculate the SU(3) QCD effective action in terms of the SU(2) QCD effective
action [30,31].

From (15) we have the SU(3) RCD

LRCD = −1
4

F̂2
µν = −∑

p

1
6
(F̂p

µν)
2, (16)

which has the full SU(3) gauge symmetry. Again notice that it can be expressed in a Weyl
symmetric way.

With the Abelian projection we have the Abelian decomposition of the SU(3) gauge potential,

~Aµ = Âµ + ~Xµ = ∑p(
2
3

Âp
µ + ~Wp

µ ),
~W1

µ = X1
µn̂1 + X2

µn̂2, ~W2
µ = X6

µn̂6 + X7
µn̂7, ~W3

µ = X4
µn̂4 + X5

µn̂5.
(17)

Here again ~Xµ transforms covariantly. Moreover, it can be decomposed to the three chromons
of SU(2) subgroups (~W1

µ, ~W2
µ, ~W3

µ), which can be identified as the red, blue, and green chromons
(~Rµ,~Bµ, ~Gµ). From this we have

~Fµν = F̂µν + D̂µ~Xν − D̂ν~Xµ + g~Xµ × ~Xν

= ∑
p

[2
3

F̂p
µν + (D̂p

µ
~Wp

ν − D̂p
µ
~Wp

ν )
]
+ ∑

p,q

~Wp
µ × ~Wq

ν , (18)

D̂p
µ = ∂µ + gÂp

µ × .

With this we obtain the SU(3) ECD [30,31]

LECD = −1
4
~F2

µν = ∑
p

{
− 1

6
(F̂p

µν)
2 − 1

4
(D̂p

µ
~Wp

ν − D̂p
ν
~Wp

µ )
2 − g

2
F̂p

µν · (~W
p
µ × ~Wp

ν )
}

−∑
p,q

g2

4
(~Wp

µ × ~Wq
µ)

2 − ∑
p,q,r

g
2
(D̂p

µ
~Wp

ν − D̂p
ν
~Wp

µ ) · (~W
q
µ × ~Wr

µ) (19)

− ∑
p 6=q

g2

4

[
(~Wp

µ × ~Wq
ν ) · (~W

q
µ × ~Wp

ν ) + (~Wp
µ × ~Wp

ν ) · (~W
q
µ × ~Wq

ν )
]
,
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which puts QCD to a totally different expression. In the literature the Abelian decomposition has been
known as the Cho decomposition, Cho-Duan-Ge (CDG) decomposition, or Cho-Faddeev-Niemi (CFN)
decomposition [39–44].

There has been an assertion that the introduction of the Abelian direction n̂ adds a new dynamical
degree and thus changes QCD [39,40]. This is a gross misunderstanding of the Abelian decomposition.
Since we can change n̂ to any direction by a gauge transformation it represents the gauge degree,
not a propagating degree [45]. In fact, n̂ has no equation of motion to satisfy, so that cannot be a
physical degree.

Nevertheless n̂ plays very important role, since it represents the non-Abelian gauge degrees
of QCD which has the non-trivial topological structure which could change the physics drastically.
Indeed n̂ here represents not only the monopole topology π2(S2) but also the vacuum topology
π3(S3) ' π3(S2) of the SU(2) gauge theory, both of which are the essential characteristics of
QCD [35,36].

We can easily add quarks in the Abelian decomposition,

Lq = Ψ̄(iγµDµ −m)Ψ = Ψ̄(iγµD̂µ −m)Ψ +
g
2
~Xµ · Ψ̄(γµ~λ)Ψ

= ∑
p

[
Ψ̄p(iγµD̂p

µ −m)Ψp +
g
2
~Wp

µ · Ψ̄p(γµ~σ)Ψp
]
, (20)

D̂µ = ∂µ +
g
2i
~λ · Âµ, D̂p

µ = ∂µ +
g
2i
~σ · Âp

µ,

where m is the mass, p denotes the color of the quarks, and Ψp represents the three SU(2) quark
doublets (i.e., (r, b), (b, g), and (g, r) doublets) of the (r, b, g) quark triplet. Here we have suppressed
the flavour degrees, but notice that the quark Lagrangian is also written in the Weyl-symmetric way.

We can express the Abelian decomposition graphically. This is shown in Figure 1, where the gauge
potential is decomposed to the restricted potential which has the full gauge degrees of freedom and
the gauge covariant valence potential (the chromon) in (A), and the restricted potential is decomposed
further to the non-topological Maxwell part Ãµ (the neuron) and the topological Dirac part C̃µ

(the monopole) in (B).

Figure 1. The Abelian decomposition of the gauge potential. In (A) it is decomposed to the restricted
potential (kinked line) and the chromon (straight line). In (B) the restricted potential is further
decomposed to the neuron (wiggly line) and the monopole (spiked line).

Although the Abelian decomposition does not change QCD, it reveals the important hidden
characteristics of QCD. First, it shows that QCD has a non-trivial core RCD, which describes the
Abelian sub-dynamics but has the full non-Abelian gauge symmetry. Moreover, it shows that QCD
can be viewed as RCD which has the chromons as the colored source. Second, it shows the existence
of two types of gluons, the neuron and chromon, which play totally different roles. This has deep
implications. In the perturbative regime this tells that the Feynman diagram can be decomposed in
such a way that the color conservation is explicit. This is graphically shown in Figure 2. In (A) the
three-point gluon vertex is decomposed to two vertices, the one made of one neuron and two chromons
and the other made of three chromons. In (B) the four-point gluon vertex is decomposed to three
vertices made of one neuron and three chromons, two neurons and two chromons, and four chromons.
In (C) the quark-gluon vertex is decomposed to the quark-neuron vertex and quark-chromon vertex.
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Figure 2. The decomposition of the Feynman diagrams in SU(3) QCD. In (A,B) the three-point and
four-point gluon vertices are decomposed, and in (C) the quark-gluon vertices are decomposed.

It must be emphasized that this decomposition of the Feynman diagram is non-trivial. There is
no three point vertex made of one chromon and two neurons, or three neurons. Similarly, there is
no four point vertex made of one chromon and three neurons, or four neurons. They are forbidden
by the conservation of color. In the conventional approach where all gluons are treated equal, there
is no way to find this kind of hidden features of Feynman diagram. Please note that the monopole
does not appear in the Feynman diagram, because it does not represent a dynamical degree. In fact
we can always choose the trivial gauge (i.e., the gauge n̂ becomes a constant) where the monopole
disappears completely.

The fact that the neurons and chromons play totally different roles is evident in (2) and (7). Clearly
they show that the gauge covariant non-Abelian chromons, like the quarks, become the colored source
of RCD. On the other hand the Abelian neurons, just like the photons in QED, play the role of the
gauge potential which provides the binding for the colored source. This means that the neurons play
the role of the binding gluons, while the chromons can be viewed as the valence gluons which become
the constituent of hadrons. This naturally allows us to generalize the quark model to the quark and
chromon model [32–34].

This plays important role to resolve the glueball problem in QCD. It has generally been
believed that QCD has the glueballs made of gluons [46–48]. Several models of glueball have been
proposed [49–55], and the Particle Data Group (PDG) has accumulated large number of hadronic states
which do not seem to fit to the simple quark model as the glueball candidates [56].

Despite the huge efforts to identify the glueballs experimentally, however, so far the search for
the glueballs has not been so successful for the following reasons [57–61]. First, theoretically there
has been no consensus on how to construct the glueballs. This has made it difficult to predict what
kind of glueballs we could expect. Second, it is not clear how to identify the glueballs experimentally.
This is because they could mix with quarkoniums, so that we must take care of the possible mixing to
identify the glueballs experimentally. This is why we have very few candidates of the glueballs so far,
compared to huge hadron spectrum made of quarks listed in PDG.

The quark and chromon model based on the Abelian decomposition provides a different picture
of glueball, and could allow us to resolve the long-standing glueball problem. To see this consider
the Feynman diagrams of two neurons, two chromons, and quark-antiquark pair shown in Figure 3.
Remarkably, the neuron binding looks very much like the two photon binding in QED, while the
chromon binding look just like the quark-antiquark binding in QCD. This strongly implies that the
neurons can hardly make a bound state, so that they may not be viewed as the constituent of hadrons.
However, the chromon binding shown in (B) strongly implies that they, just like the quarks, become
the constituent of hadrons and form hadronic bound states which can be identified as the chromoballs.
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Moreover, together with quarks they could form new hybrid baryons. This leads us to the quark and
chromon model which could provide a new picture of hadrons [32–34].

Figure 3. The possible Feynman diagrams of the neurons and chromons. Two neuron interaction is
shown in (A), two chromon interaction is shown in (B), and quark-antiquark interaction is shown in (C).

In particular, it provides a new picture of glueball different from all existing glueball models.
In existing glueball models, all gluons are treated equally. However, the quark and chromon model tells
that actually the chromoballs, the bound states of chromons, are identified as the glueballs [1–4,32–34].
Moreover, the model could describe the glueball-quarkonium mixing successfully. The numerical
analysis of the mixing in 0++, 2++, and 0−+ sectors below 2 GeV shows that in the 0++ sector
f0(1500), in the 2++ sector f2(1950), and in the 0−+ sector η(1405) and η(1475) could be identified as
predominantly the glueball states [32–34].

To make the quark and chromon model work, however, we must tell what is the symmetry of the
neurons and chromons, and how do they transform. Clearly the neurons and chromons cannot form
the SU(3) octet, because they should not mix. This is the subject of the next section.

3. Color Reflection Symmetry

The Abelian decomposition is gauge independent. However, the selection of the Abelian direction
amounts to the gauge fixing. So, once we fix the Abelian direction the gauge symmetry is broken.
However, this does not break the gauge symmetry completely, so that we have the residual discrete
symmetry called the color reflection symmetry after the Abelian decomposition [1–4].

The importance of this residual symmetry comes from the following observation. First, this plays
the role of the gauge symmetry after the Abelian decomposition. Second, this symmetry is much
simpler than the color gauge symmetry. This tells that the Abelian decomposition reduces the
complicated non-Abelian gauge symmetry to a simple discrete symmetry which is much easier
to handle. This greatly helps us to implement the gauge invariance in the calculation of the QCD
effective action. So we discuss the color reflection symmetry first.

Consider the SU(2) QCD first, and make the color reflection, the π-rotation of the SU(2) basis
along the n̂2-direction which inverts the color direction n̂,

(n̂1, n̂2, n̂)→ (−n̂1, n̂2,−n̂). (21)

Obviously this is a gauge transformation which should not change the physics. On the other hand,
under the color reflection (21) we have [30,32–34]

Âµ → Â(c)
µ = −Aµn̂− 1

g
n̂× ∂µn̂, Aµ → A(c)

µ = −n̂ · ~Aµ = −Aµ. (22)
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Moreover,

~Xµ → ~X(c)
µ = −(X1

µ n̂1 − X2
µ n̂2),

or by

Xµ → X(c)
µ = −X̄µ, (23)

in the complex notation.
However, since the isometry condition (2) is insensitive to (21), we have two different Abelian

decompositions imposing the same isometry,

~Aµ = Âµ + ~Xµ, ~Aµ = Â(c)
µ + ~X(c)

µ , (24)

without changing the physics. This is why the color reflection (21) becomes a discrete symmetry of
QCD after the Abelian decomposition [1–4].

To understand the meaning of this, notice that the neuron potential Aµ change the signature,
while the topological part remains invariant. Moreover the chromon changes to the complex conjugate
partner (together with the change of the signature), which changes the chromon to anti-chromon and
flips the sign of the chromon charge. This is not surprising. In the absence of the topological part (7)
describes QED which is coupled to the massless charged vector field where the neuron plays the role
of the photon. In addition, in QED it is well known that the photon has negative charge conjugation.
So it is natural that Aµ in SU(2) QCD changes the signature under the color reflection. Similarly we
can argue that Aµ changes the signature under the parity [30,31].

On the other hand the monopole potential remains unchanged under the color reflection.
This means that the monopole and anti-monopole are physically undistinguishable in QCD [35,36].
This should be contrasted with the monopole in spontaneously broken gauge theories, where the
monopole and anti-monopole are physically different.

This confirms that although there are two possible magnetic backgrounds, only the monopole
background coming from Cµ is qualified to be the legitimate background we can choose in the
calculation of the QCD effective action. This is because Aµ changes the signature under the color
reflection and thus fails to be gauge invariant. Indeed this is the reason the Savvidy vacuum is not
gauge invariant.

As importantly, (23) tells that the physics should not change when we change the chromon to
anti-chromon. In fact (23) tells that the chromon and anti-chromon are the color reflection partner.
This means that they cannot be separately discussed in QCD and should always play exactly the
same amount of role. This is the reason the color should become unphysical and confined, which
makes QCD totally different from QED. This point plays a crucial role when we implement the gauge
invariance in the calculation of the effective action [26–31].

In the fundamental representation the color reflection (21) is given by the 4 element subgroup of
SU(2) made of [1–4]

C1 =

(
1 0
0 1

)
, C2 =

(
−1 0
0 −1

)
, C3 =

(
0 1
−1 0

)
, C4 =

(
0 −1
1 0

)
. (25)

This can be expressed by

Ck = DaRb, (a = 1, 2; b = 1, 2; k = 1, 2, ..., 4),

D1 =

(
1 0
0 1

)
, D2 =

(
−1 0
0 −1

)
, R1 =

(
1 0
0 1

)
, R2 =

(
0 1
−1 0

)
,

(26)
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which contains the diagonal subgroup made of D1 and D2. This becomes the residual symmetry of the
SU(2) quark doublet (r, b) after the Abelian decomposition. Please note that R2 plays the role of the
generator of the color reflection group.

As for the gluons which form the adjoint representation the color reflection can be simplified
further for the following reasons. First, the diagonal subgroup has no effect on the adjoint
representation. Second, the color reflection changes n̂ to −n̂ and (n̂1, n̂2) to (−n̂1, n̂2). So, the gluon
triplet is decomposed to two independent representations. Indeed, for the neuron we have

R2 : Aµ → −Aµ. (27)

However, for the chromon we have

R2 : (~Xµ, ~X(c)
µ )→ −(~X(c)

µ , ~Xµ),

or equivalently

R2 : (Xµ, X̄µ)→ −(X̄µ, Xµ), (28)

in the complex notation. This confirms that the neuron and chromon transform independently, forming
one-dimensional and two-dimensional representations under the color reflection. This drastically
simplifies the non-Abelian gauge symmetry.

For SU(3) the fundamental representation the color reflection group is made of 24 elements
subgroup of SU(3) given by [1–4,62]

Ck = DaRb, (a = 1, 2, 3, 4; b = 1, 2, ..., 6; k = 1, 2, ..., 24),

D1 =

 1 0 0
0 1 0
0 0 1

 , D2 =

 −1 0 0
0 −1 0
0 0 1

 , D3 =

 1 0 0
0 −1 0
0 0 −1

 , D4 =

 −1 0 0
0 1 0
0 0 −1

 ,

R1 =

 1 0 0
0 1 0
0 0 1

 , R2 =

 0 1 0
−1 0 0
0 0 1

 , R3 =

 1 0 0
0 0 1
0 −1 0

 ,

R4 =

 0 0 1
0 −1 0
1 0 0

 , R5 =

 0 1 0
0 0 1
1 0 0

 , R6 =

 0 0 1
−1 0 0
0 −1 0

 ,

(29)

where the four D-matrices form the diagonal subgroup. This describes the residual symmetry of the
quark triplet (r, b, g) after the Abelian decomposition. Please note that here R2 and R3 play the role of
the generator. For example, we have R5 = R3 · R2, R6 = R2 · R3, and R4 = R2 · R3 · R2.

For the gluon octet which form the adjoint representation of SU(3) the color reflection can be
simplified further. Just as in SU(2) QCD, the neurons and chromons transform separately, among
themself. To see exactly how they transform notice that the two neurons Aµ and A′µ transform as

R2 :

(
Aµ

A′µ

)
→
(
−1 0
0 1

)(
Aµ

A′µ

)
, R3 :

(
Aµ

A′µ

)
→
(

1/2
√

3/2√
3/2 −1/2

)(
Aµ

A′µ

)
. (30)

In terms of the (mutually dependent) triplet (A1
µ, A2

µ, A3
µ) this translates to

R2 : (A1
µ, A2

µ, A3
µ)→ −(A1

µ, A3
µ, A2

µ), R3 : (A1
µ, A2

µ, A3
µ)→ −(A3

µ, A2
µ, A1

µ),

R4 : (A1
µ, A2

µ, A3
µ)→ −(A2

µ, A1
µ, A3

µ), (31)

R5 : (A1
µ, A2

µ, A3
µ)→ (A3

µ, A1
µ, A2

µ), R6 : (A1
µ, A2

µ, A3
µ)→ (A2

µ, A3
µ, A1

µ).
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This tells that basically R2, R3, R4 represent the permutations of two SU(2) neurons with the
signature change, but R5, R6 represent the cyclic permutations of three SU(2) neurons.

To find how the chromons transform we introduce the complex notation

Rµ =
1√
2
(X1

µ + iX2
µ), Bµ =

1√
2
(X6

µ + iX7
µ), Gµ =

1√
2
(X4

µ + iX5
µ), (32)

and express the chromon sextet by (Rµ, Bµ, Gµ, R̄µ, B̄µ, Ḡµ). For the sextet we can show that the color
reflection acts as follows,

R2 : (Rµ, Bµ, Gµ, R̄µ, B̄µ, Ḡµ) −→ (R̄µ, Ḡµ, B̄µ, Rµ, Gµ, Bµ),

R3 : (Rµ, Bµ, Gµ, R̄µ, B̄µ, Ḡµ) −→ −(Ḡµ, B̄µ, R̄µ, Gµ, Bµ, Rµ),

R4 : (Rµ, Bµ, Gµ, R̄µ, B̄µ, Ḡµ) −→ −(B̄µ, R̄µ, Ḡµ, Bµ, Rµ, Gµ), (33)

R5 : (Rµ, Bµ, Gµ, R̄µ, B̄µ, Ḡµ) −→ −(Gµ, Rµ, Bµ, Ḡµ, R̄µ, B̄µ),

R6 : (Rµ, Bµ, Gµ, R̄µ, B̄µ, Ḡµ) −→ −(Bµ, Gµ, Rµ, B̄µ, Ḡµ, R̄µ).

Here R2, R3, R4 denote the anti-chromon transformation (complex conjugation) plus
permutations of two chromons, but R5, R6 denote the cyclic permutations of three chromons (up to the
signature change). Just as in SU(2) QCD here the complex conjugation (anti-chromon transformation)
of the chromons in the color reflection plays the crucial role in the calculation of the effective action.

The above analysis reveals another important difference between the neuron and chromon.
Clearly (3) tells that the neurons permute amomg themself, but (3) tells that the chromons transform to
anti-chromons, under the color reflection. In other words, just like the photon in QED the neurons
have no anti-neurons. In comparison the chromons have the anti-chromon partners. This is because
the neurons are color neutral, while the chromons are colored.

At this point one might wonder if there is any relation between the color reflection group and
Weyl group. For SU(3), the Weyl group is the six elements permutation group of three colors which
has a three-dimensional representation given by

W1 =

 1 0 0
0 1 0
0 0 1

 , W2 =

 0 1 0
1 0 0
0 0 1

 , W3 =

 1 0 0
0 0 1
0 1 0

 ,

W4 =

 0 0 1
0 1 0
1 0 0

 , W5 =

 0 1 0
0 0 1
1 0 0

 , W6 =

 0 0 1
1 0 0
0 1 0

 ,

(34)

which contains the cyclic Z3 made of W1, W5, and W6.
This tells that the two groups are different. They have different origin. The Weyl group comes

as the symmetry of the Abelian decomposition, but the color reflection group comes as the residual
symmetry of the Abelian decomposition. Unlike the color reflection group (29), the Weyl group (34)
is not a subgroup of SU(3). Moreover, the Weyl group has no complex conjugation operation which
transforms the chromons to anti-chromons. On the other hand they have a common subgroup Z3,
the cyclic permutation group of three colors.

Both the color reflection group and the Weyl group play a fundamental role in hadron spectroscopy.
Only the color reflection invariant and Weyl invariant combinations of quarks and gluons can become
physical in the quark and chromon model [32–34]. Moreover, they play the crucial role for us to
demonstrate the monopole condensation gauge independently.
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4. Color Reflection Invariance and Monopole Condensation

We have shown that in the perturbative regime, the Abelian decomposition plays important roles.
It also plays the crucial role in the non-perturbative regime. First of all, it allows us to prove not only
the Abelian dominance but also the monopole dominance in QCD rigorously. Obviously the chromons
cannot play any role in the confinement, because they themselves have to be confined. This can be
proved theoretically. First, we can prove that only the restricted potential contributes to the Wilson
loop integral which generates the linear confining potential [9]. This is the Abelian dominance.

Furthermore, we can show that actually the monopole part of the restricted potential is responsible
for the confining potential. Intuitively this is easy to understand. The Maxwell part (the neuron) plays
the role of the electromagnetic potential in QED, which is known to have no confinement. This strongly
implies the monopole dominance; that the monopole is responsible for the confinement.

This is backed up numerically in the lattice QCD. Implementing the Abelian decomposition
on the lattice, we can show that the confining force comes from the monopole part of the restricted
potential [10–15]. The recent result of SU(3) lattice calculation is shown in Figure 4, which clearly
shows that all three potentials, the full potential, the Abelian potential, and the monopole potential
generate the same confining force. This establishes the monopole dominance.

The monopole dominance, however, does not tell us how the monopole confines the color. To tell
how, we have to demonstrate the monopole condensation gauge independently. There have been many
attempts to calculate the QCD effective action to prove the monopole condensation, which produced
the magnetic condensation known as the Savvidy vacuum [16–25].

Figure 4. The SU(3) lattice QCD calculation which establishes the monopole dominance in the confining
force in Wilson loop integral. Here the confining forces shown in full, dashed, and dotted lines are
obtained with the full potential, the Abelian potential, and the monopole potential, respectively.

However, these calculations have many shortcomings. For example the separation of the classical
part and the quantum part was not gauge independent. More seriously they have two critical mistakes.
First, the Savvidy vacuum was unstable. This SNO instability was because they did not implement the
gauge invariance properly in the calculation of the chromon functional determinant [26–29].

Second, the Savvidy vacuum was not gauge invariant, and thus cannot be the QCD vacuum.
This was more critical than the SNO instability. This was because the old calculations did not
understand the dual structure of RCD, and have chosen the non-topological Maxwell part as the
background. This is not the monopole background. Worse, this is not gauge invariant [26–31].

The Abelian decomposition allows us to correct these defects and obtain the monopole
condensation gauge independently. To show this it is important to understand that field theoretically
ECD puts QCD in the background field formalism [37,38,45,63,64]. The background field formalism
provides us an ideal platform to calculate the QCD effective action gauge independently. This is
because the restricted potential and the valence potential can be treated as the slow varying classical
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field and the fluctuating quantum field, so that we can obtain the one-loop effective action of QCD
integrating out the quantum part.

Specifically, the Abelian decomposition allows us to do the followings. First, it tells that RCD is
made of two field strengths, the non-topological Maxwell part and the topological monopole part, and
allows us to separate the monopole part gauge independently. As importantly, it tells that only the
monopole part is gauge invariant and parity conserving, and thus is qualified to be the QCD vacuum.
This was impossible in the old calculations because they could not separate the monopole part gauge
independently.

Second, the Abelian decomposition simplifies the complicated non-Abelian gauge symmetry to
the finite element color reflection symmetry as we have shown [1–4]. This makes the implementation
of the gauge invariance much easier in the calculation of the chromon functional determinant when
we integrate out the chromons. In particular, the the color reflection symmetry allows us to remove
the tachyonic mode in the chromon functional determinant which made the SNO vacuum unstable.
This makes the monopole condensation stable.

Moreover, the Abelian decomposition allows us to calculate the SU(3) QCD effective action
directly from the SU(2) QCD effective action [30,31]. This is because the Abelian decomposition of
SU(3) QCD transforms it to a Weyl symmetric form of three SU(2) QCD. This is evident in (2). This Weyl
symmetry greatly simplifies the calculation of the SU(3) QCD effective action, and allows us to obtain
the SU(3) QCD (or in general SU(N) QCD) effective action directly from the SU(2) QCD effective action.

Indeed, treating RCD as the classical part and choosing the monopole background, we can
integrate out the chromons gauge independently and obtain the effective potential of RCD. The result
shows that the true minimum of the RCD effective potential is given by the Weyl symmetric monopole
condensation, with H̄1 = H̄2 = H̄3 [30–32,34]. The SU(3) RCD effective potential is shown in Figure 5.

Figure 5. The SU(3) RCD effective potential which has a unique minimum at H = H′ = H0. Here H
and H′ represent the monopole field strength of two Abelian directions n̂ and n̂′. When they are
orthogonal in real space, the potential has the true minimum.

5. Neuron Jet and Chromon Jet at LHC

The Abelian decomposition is not just a theoretical proposition. It can be tested experimentally.
There are various ways, but a straightforward and direct way is to confirm the existence of two types
of gluons, the neurons and chromons, experimentally.

Theoretically there is no doubt that there exist two types of gluons which play totally different roles.
Two types of gluons means two types of gluon jets, the neuron jet and chromon jet. As we have seen the
neurons behave like photons in QED, while the chromons behave like the quarks in QCD. This implies
that in the perturbative regime (i.e., in short distance) the neuron jet should behave like the photon
jet, but the chromon jet should behave like the quark jet. So we could distinguish them and prove the
existence of two types of gluon jets experimentally at LHC [32–34].



Universe 2019, 5, 62 15 of 19

The gluons and quarks emitted in the p-p collisions evolve into hadron jets in two steps, the parton
shower described by the perturbative process and the hadronization described by the non-perturbative
process. The neuron and chromon behave differently in the first step. This is shown in Figure 6. Clearly
the chromon jet shown in (B) and the quark jet shown in (C) look almost the same. However, the neuron
jet shown in (A) has no parton shower made by neuron emission which exists in (B) and (C). This is
because the three-point vertex made of three neurons is forbidden in QCD. This strongly suggests that
the neuron jet must be sharper and has smaller radius.

Figure 6. The perturbative diagrams of neuron, chromon, and quark jets. The neuron jet described in
(A) is qualitatively different from the chromon jet and the quark jet shown in (B,C), while the chromon
jet in (B) and the quark jet in (C) are qualitatively similar.

To quantify the differences, we have to know the color factors of neurons and chromons, a most
important quantity which characterizes the jet. We can argue that the color factor CA = 3 of the adjoint
representation of SU(3) is divided to Cn = 3/4 for the neurons and Cc = 9/4 for the chromons, while the
color factor of quarks remain the same. This means that Cn; Cq : Cc = 3/4 : 4/3 : 9/4 = 9/16 : 1 : 27/16.

There are other differences. Clearly the chromons and quarks carry color charge, but the neurons
are color neutral. So the neuron jet must have different color factor and different color flow. Moreover, it
could have different charged particle multiplicity. This means that the neuron jet must be qualitatively
different from the chromon and quark jets, although we need theoretical calculations to tell the
difference in detail.

Recently there has been huge progress on jet physics. Theoretically new features of the jet
substructure have been known which can tell how to differentiate the gluon jet from the quark
jet [65–74]. It is generally believed that because of different color factors in ggg and qqg vertices,
the gluons have more parton radiation and thus make broader jets. Moreover, ATLAS and CMS have
succeeded to separate the gluon jets and quark jets experimentally [75–81].

Now, the Abelian decomposition tells that we must have two different gluon jets. If so, what are
the gluon jets identified by ATLAS and CMS? Probably they are the chromon jets. However, why have
they not found two different gluon jets? Most likely they have not searched for the neuron jet yet,
because they had no motivation do do that. LHC produces billions of hadron jets in a second, so that
just by analizing the existing data they could find the neuron jets. They have succeeded the differentiate
the chromon jets from the quark jets. Our analysis tells that it might be much easier to identify the
neuron jets. This is clear from Figure 6. The Abelian decomposition provides a real motivation for
them to do so.

The confirmation of the gluon jet has justifed the asymptotic freedom in QCD and extended our
knowledge of QCD very much [82,83]. The experimental confirmation of two types of gluon jets would
be at least as important. It will shed a new light on QCD revealing the hidden structures of QCD,
and justify the quark and chromon model [32–34].
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6. Discussion

In this paper we have discussed the color reflection symmetry, the fundamental symmetry of
the quark and chromon model in QCD, which replaces the color gauge symmetry after the Abelian
decomposition and plays the crucial role in hadron spectroscopy.

The Abelian decomposition reveals important hidden structures of QCD. In the perturbative
regime it decomposes the gluons to the color neutral neurons and the colored chromons, and
decomposes the Feynman diagrams in such a way that the conservation of color is manifest [1–4]. In the
non-perturbative regime it puts QCD to the background field formalism by decomposing QCD to the
classical background (the restricted Abelian part) and fluctuating quantum part (the gauge covariant
valence part), and allows us to demonstrate the monopole condensation gauge independently [26–31].

This has a deep impact on hadron spectroscopy. It generalizes the quark model to the quark
and chromon model which provides a new picture of hadrons, in particular the glueballs and
glueball-quarkonium mixing [32–34]. This is because the colored chromons (just like the quarks)
become the constituent of hadrons, but the colorless neurons (just like the photons in QCD) plays the
role of the binding gluons.

The Abelian decomposition provides a different picture of glueball. First, it separates the
colored chromons from the color neutral neurons gauge independently. Second, it tells that the
chromons, just like the quarks, become the colored constituent of hadrons while the neurons play
the role of the binding gluons. This naturally generalizes the quark model to the quark and chromon
model, and provides a simple picture of the glueball and glueball-quarkonium mixing. In particular,
the glueballs become the color singlet bound states of chromons. This helps us to resolve the long
standing glueball problem and to identify the glueballs experimentally [1–4,32,33].

To show how the quark and chromon model works, however, we have to tell how they form the
color singlet hadrons. To do this we have to know how the quark and chromons transform under the
color gauge group. Since the eight gluons are decomposed to two neurons and six chromons under
the Abelian decomposition, the color SU(3) cannot describe the symmetry of neurons and chromons.
They have a new symmetry, the color reflection symmetry which becomes the fundamental symmetry
of the hadron spectroscopy.

Before we close, we emphasize that the Abelian decomposition is not just a theoretical proposition.
It can be tested directly by experiments at LHC. The experimental confirmation of two types of gluons
will be a most important achievement of QCD.
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