

  universe-06-00006




universe-06-00006







Universe 2020, 6(1), 6; doi:10.3390/universe6010006




Article



Baryon Physics and Tight Coupling Approximation in Boltzmann Codes



Masroor C. Pookkillath 1,*, Antonio De Felice 1 and Shinji Mukohyama 1,2





1



Center for Gravitational Physics, Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan






2



Kavli Institute for the Physics and Mathematics of the Universe (WPI), The University of Tokyo, Institutes for Advanced Study, The University of Tokyo, Kashiwa, Chiba 277-8583, Japan









*



Correspondence: masroorcp@gmail.com or masroor.cp@yukawa.kyoto-u.ac.jp







Received: 25 November 2019 / Accepted: 28 December 2019 / Published: 31 December 2019



Abstract

:

We provide two derivations of the baryonic equations that can be straightforwardly implemented in existing Einstein–Boltzmann solvers. One of the derivations begins with an action principle, while the other exploits the conservation of the stress-energy tensor. While our result is manifestly covariant and satisfies the Bianchi identities, we point out that this is not the case for the implementation of the seminal work by Ma and Bertschinger and in the existing Boltzmann codes. We also study the tight coupling approximation up to the second order without choosing any gauge using the covariant full baryon equations. We implement the improved baryon equations in a Boltzmann code and investigate the change in the estimate of cosmological parameters by performing an MCMC analysis. With the covariantly correct baryon equations of motion, we find   1 %   deviation for the best fit values of the cosmological parameters that should be taken into account. While in this paper, we study the  Λ CDM model only, our baryon equations can be easily implemented in other models and various modified gravity theories.
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1. Introduction


Studies in modern cosmology heavily rely on cosmological linear perturbation theory [1,2]. To understand the evolution of these linear perturbations, Einstein’s equations are solved numerically at the linear order in perturbations around a homogeneous and isotropic background. These numerical solvers are often referred to as Boltzmann solvers or Boltzmann codes. There are several open-source linear Boltzmann solvers available, namely the Cosmic Linear Anisotropy Solving System (CLASS) [3], Code for Anisotropies in the Microwave Background (CAMB) [4], CMBEASY [5], CMBFAST [6], etc. Among them, CAMB and CLASS are maintained frequently. These codes provide us with a platform to test any theory against observations.appropriate.



To understand the nature of the dark sector of our universe, there are several future experiments planned, such as EUCLID [7], the Dark Energy Spectroscopic Instrument (DESI) [8], and Large Synoptic Survey Telescope (LSST) [9]. All these experiments focus on higher precision than the current dataset like Planck, for the estimate of cosmological parameters. In order to take full advantage of these experiments, the Boltzmann codes need to be precise enough, and any inconsistencies present in the implementation of the codes need to be fixed. Otherwise, theoretical predictions cannot be matched with the observations.



The first calculation of cosmological perturbation theory was performed by Lifshitz [10]. Later, Bardeen [11] and Kodama and Sasaki [1] fixed the gauge issues in the scalar sector. CMBFAST [6] makes use of the line-of-sight integration method to compute anisotropies, and their code was made publicly available. This could reduce the time for computation up to two times. There were two other Boltzmann codes available before, one developed by Sugiyama [12,13], based on gauge invariant formalism, and the other developed by White, based on the synchronous gauge [14,15,16]. CMBFAST is also based on the synchronous gauge. CMBEASY and CAMB are basically formulated based on CMBFAST. The Boltzmann equations in CMBFAST are taken from COSMIC [17], which is based on the seminal work by Ma and Bertschinger [18]. CLASS is also based on it, implemented in Newtonian and synchronous gauges.



However, in [18], there appeared to be at least three possible problems in the evolution equation for the baryon fluid.




	
First, there is a gauge incompatibility, that is the equations break general covariance. In particular, the equations of motion in the Newtonian gauge and those in the synchronous gauge are not related to each other by a gauge transformation. This results in different physical outcomes for different gauge choices. The consequence is that it is not clear which gauge one should choose from the beginning to study baryons. This should not happen in a covariant theory, as a gauge choice merely represents a choice of coordinates and does not affect physical results.



	
Second, it breaks the Bianchi identity. This aspect also leads to inconsistencies. For example, breaking the Bianchi identity implies that solving all components of the Einstein equations would lead in general to a solution that is not consistent with the conservation equation for the matter fields.



	
Third, in the limit of no interaction between the baryon fluid and the photon gas, we have an equation of motion for the baryons in which the squared sound speed   c  s  2   is present. It is difficult to understand the nature of this term with   c  s  2  , as no known covariant action for matter would lead to such a term in the dynamical equation of motion.








As mentioned above, these equations are taken for code implementation in almost all existing Boltzmann solvers. We feel that in this era of precision cosmology, the Boltzmann solvers should have these issues fixed. These issues cause artificial deviations from general relativity. These problems appeared also in [15]. We find that there are terms missing at the order of   c  s  2   in the baryon evolution equation. In this work, we derive the correct equations of motion for baryons from an action. The resulting equations are devoid of the above mentioned issues. We shall see that our new terms do not modify strongly the final results (and this is a bit reassuring); nonetheless, we believe our corrections are to be made for Boltzmann solvers, especially at early times, when the sound speed of the baryon fluid (though small) cannot be neglected completely.



In fact, in the regime before recombination, photons and baryons coupled to form a stiff baryon-photon fluid. Since, in this case, the equations for this photon-baryon fluid are numerically stiff, in order to study this regime, both CLASS and CAMB make use of the so-called tight coupling approximations. These were first developed by Peebles and Yu [19]. In [18], the authors developed this approximation up to the first order, and they further assumed    τ c  ∝  a 2    (where    τ  c   − 1   ≡ a  n e   σ T   , a is the scale factor,   n e   is the electron density, and   σ T   is the Thomson cross-section) and    c  s  2  ∝  a  − 1     (where   c  s  2   is the speed of propagation for the baryon fluid). The full first order tight coupling approximation was implemented in [4] with an additional approximation,    τ c  ∝  a 2  .   For CMBEASY, tight coupling approximation is calculated for the Newtonian gauge in which they considered terms beyond the first order [5]. CLASS developed both first order and second order tight coupling approximation without assuming any further assumptions like in COSMIC and CAMB. Several other authors have worked on the tight coupling approximation. For example, the tight coupling approximation up to the second order was implemented for the calculation in the synchronous gauge in [20]. An extension of the tight coupling approximation to second order in the perturbation was developed in [21]. The approximation depends on the baryon equations. Hence, also the approximation methods used to solve the baryon-photon system need to be revised.



In order to fix the covariance issues, we find it useful to understand the baryon physics, starting from a newly written Lagrangian, which up to a field redefinition is equivalent to the Schutz–Sorkin Lagrangian [22], which was studied also in [23,24] in the context of perfect fluids, with general equations of state. We then consider the baryon fluid as an ideal gas. This is in fact a gas model for non-relativistic particles with a non-zero speed of propagation, i.e.,    c  s  2  ≠ 0  . This system then allows us to find covariant equations of motion for the perturbation variables (we also give an alternative derivation of the same set of equations based on the conservation of the stress-energy tensor). We find that there is an extra term of the order of   c  s  2   in both the evolution of energy density and velocity perturbations for the baryon fluid. This fix solves all three problems mentioned above. We then use these new baryon equations of motion in order to derive the tight coupling approximation equations up to the second order. We implement these corrections for the baryon evolution, in the CLASS code. Finally, we make a parameter estimation for the  Λ CDM model with these new corrections, using the Monte Carlo sampler Monte Python [25,26]. We find that the new equations, solved by CLASS, give some deviations from the previous results, but for the parameter estimation of the   Λ CDM   model, such deviations are inside the statistical error bars (on the other hand, we do not know whether the deviation remains within the statistical error bars in other models and various modified gravity theories).



For the clarity of the reader, we would like to summarize the main difference between Ma and Bertschinger’s paper [18] and our paper. Ma and Bertschinger’s starting equations, i.e., Equations (29–30) (MB29–30) of [18], are compatible with ours, but are not ready to be implemented for baryons in Boltzmann codes. In fact, the equations that instead have been implemented in existing Boltzmann codes are different from ours and consequently incompatible with MB29–30. This is because the equations of motion used in existing Boltzmann codes, which correspond instead to Equations (66–67) of [18] (MB66–67), have some terms removed from the correct equations, which make them incompatible with MB29–30. In our code, we have instead implemented the correct equations of motion that are compatible with MB29–301.



Since the baryon equations of motion MB66–67 (the ones used in Boltzmann codes) are not compatible with MB29–30 (which instead follow from conservation of energy-momentum), they end up breaking general covariance. Therefore, MB66–67 equations describe a system, baryons, which does not satisfy the energy-momentum conservation.



In the following sections, we also argue that some of the terms removed from MB29–30 are not a priori small enough before dust domination (i.e., during the times when the pressure of the baryon cannot be neglected) and should not be ignored).



Furthermore, manipulating equations MB66–67, instead of MB29–30, makes this non-conservation of energy-momentum error propagate in other contexts, especially when we discuss the tight coupling approximation.



As a result, for the first time, we are able to fix energy-momentum conservation in the baryon sector in Boltzmann codes and, at the same time, improve the validity of the tight coupling approximation scheme.



The fact that the equations of motion implemented for the baryon in existing Boltzmann codes do not satisfy the stress-energy-momentum conservation (and general covariance) is due to an approximation (which modified equations MB29–30 into MB66–67) that we want to discuss here. Inside MB66–67, all the terms that deal with baryonic pressure have been ignored except for the term    c  s  2   k 2   δ b   . Doing this, once more, leads to breaking of both general covariance and the conservation of energy-momentum for baryons.



Even if we were to agree with this covariance breaking approximation scheme, we are at least forced to conclude that whenever there is a combination    c  s  2   k 2  ×  perturbation  field   ; in general, such a term cannot be ignored a priori, as it may give non-negligible contributions at sufficiently high k.



A non-trivial consequence of this fact is the following. In the synchronous gauge, in Boltzmann codes, the metric perturbation field   h ˙  , is replaced on using the perturbed    G 0    0    Einstein equation. Such an equation replaces everywhere   h ˙   with other terms including a term proportional to    k 2  η  . On the other hand, one of the terms that is neglected in the baryon equations of motion MB29–30 is exactly    c  s  2   h ˙   . However, by removing this term, one will end up neglecting a term proportional to    c  s  2   k 2  η  . This term is absent only if we use the equations MB66–67 (but not with MB29–30)2. While this term during the matter dominated epoch is of the same order as    a 2   H 2   c  s  2   δ b    (the Poisson equation would set    k 2  η ≃  a 2   H 2   δ b   ), it can be comparable to and even larger than    c  s  2   k 2   δ b    during the radiation dominated epoch. Therefore, as far as we keep    c  s  2   k 2   δ b   , there is no a priori reason why one can ignore    c  s  2   k 2  η  .



In order to avoid all these problems, for us instead, in this paper, baryons are represented by a non-relativistic fluid for which   T ≪  μ g    (i.e.,    c  s  2  ≪ 1  ), and as such, we do not neglect any term up to first order in   c  s  2  . This is the reason why we call our equation for baryons exact (up to   c  s  2   order). Since we are not ignoring any term, our equation obeys general covariance and gauge compatibility (once again, up to   c  s  2  ).



While in the present paper, we restrict our consideration to the  Λ CDM model, our baryon equations can be easily implemented in other models and various modified gravity theories.



This paper is organized as follows. In Section 2, we study a baryon fluid from a Lagrangian and derive the equation of motion in the non-relativistic limit. Then, in Section 3, the tight coupling approximation up to the second order is discussed to overcome the stiffness problem for the new equations of motion of the coupled baryon-photon system. Subsequently, in Section 4, we discuss the key problems in the current Boltzmann codes and compare with our implementation. A brief code implementation is discussed in Section 5. Subsequently, we present the results of cosmological parameters after doing MCMC analysis in Section 6. Finally, we conclude in Section 7.




2. Baryon Equation of Motion


We assume that baryons are described by a non-relativistic fluid. In that case, we study the dynamics of the perturbations of an ideal gas, which is meant to represent a more realistic and covariant model for non-relativistic baryons at early times. For this goal, we introduce here an action for perfect fluids that is able to describe the scalar modes of a non-barotropic perfect fluid completely (a class to which an ideal gas belongs). The vector and tensor modes equations of motion implemented in Boltzmann codes do not require any corrections, so that we will only discuss here scalar modes. The needed action can be written as follows:


   S m  = − ∫  d 4  x    − g    [ ρ  ( n , s )  +  J μ    (  ∂ μ  ϕ + ϑ   ∂ μ  s )  ]   ,  



(1)




where  ρ  represents the fluid energy density, n its number density, and s its entropy per particle. The other fundamental variables are the timelike vector   J α  , the metric   g  μ ν   , and the scalars  ϕ ,  ϑ , s, whereas:


  n ≡   −  J μ   J ν   g  μ ν      ,  



(2)




and here, since the fluid is non-barotropic, we have   ρ = ρ ( n , s )  . Notice here that the minus sign in Equation (2) is needed, as   J μ   represents a timelike vector.



We still need to provide an equation of state, for the perfect fluid, because we have defined   ρ ≡ ρ  n , s   . Here, we consider a monoatomic ideal gas (a perfect fluid with non-zero, but small temperature, compared to the particle fluid mass) defined by the following two equations of state:


  p = n  T  ,  ρ =  μ g   n +  3 2   n  T  ,  



(3)




where p and T are the pressure and the temperature of the fluid, respectively. Furthermore,   μ g   is a constant and represents the mass of the fluid particle. Since the fluid is assumed to be non-relativistic, these equations of state hold only for   T ≪  μ g   .



The first law of thermodynamics for a general perfect fluid (see, e.g., [27]) can be written as:


  d ρ = μ  d n + n  T  d s  ,  



(4)




where the enthalpy per particle  μ  is defined as:


  μ =   ρ + p  n   .  



(5)







Although it is well known that these equations of state define an ideal gas, that is a non-relativistic fluid, we will discuss further the motivation and the implications of such a choice in Appendix B.



This action written in these variables, to the best of our knowledge, has not been introduced before. However, on redefining the vector variable   J α   in terms of a vector density, as in    J α  =   J ¯  α  /   − g    , the action reduces to the Schutz–Sorkin action of [22] (see also, e.g., [23,24]). The point of introducing the Lagrangian defined in Equation (1) is that it allows us to study general FLRW cosmology with curvature terms in terms of fields whose interpretation and dynamics are at the same time simpler and clearer.



The equation of motion for the field  ϕ  gives:


   ∇ μ   J μ  = 0  ,  



(6)




which is related to the conservation of the number of particles. In fact, on defining   u μ   so that:


   J μ  =  n   u μ   ,  



(7)




then Equation (2) leads to the following constraint on   u μ  :


   u μ   u μ  = − 1  .  



(8)







Therefore, the timelike vector   u α   represents the four-velocity of the fluid, and   J α   is such a four-velocity vector multiplied by the four-scalar n, the gas number density. This property, in particular, implies that on a general FLRW background,    J i  = 0  .



The equation of motion for the field  ϑ  leads instead to the conservation of entropy, namely:


   u μ   ∇ μ  s =  u μ   ∂ μ  s = 0  .  



(9)







The equation of motion for the field s leads to    u μ   ∂ μ  ϑ = T   (because     ( ∂ ρ / ∂ s )  n  = n T  , from the first law of thermodynamics), whereas the equations of motion for   J μ   relates   J μ   (or   u μ  ) to the other fields  ϕ ,  ϑ , s.



We can decompose the scalar contributions from the matter field action, at linear order in perturbation theory about a general FLRW background, as follows:


    s    =  s 0  + δ s  Y  ,     



(10)






    ϕ    = −  ∫ τ  d η  a  ( η )     ρ ¯   , n   + δ ϕ  Y  ,     



(11)






    ϑ    =  ∫ τ  d η   a 4     ρ ¯   , s   /  N 0  + δ ϑ  Y  ,     



(12)






     J 0     =   N 0   a 4    ( 1 +  W 0   Y )   ,     



(13)






     J i     =  W  a 2     γ  i j    Y  | j    ,     



(14)




where   N 0   represents the total number of fluid particles, and we have also defined:


  d  s 2  = −  ( 1 + 2 α Y )    a 2   d  τ 2  + 2 a χ   Y  | i    d τ  d  x i  +  [  a 2   ( 1 + 2 ζ Y )   γ  i j   + 2 E   Y  | i j   ]   d  x i  d  x j   .  



(15)







Here,   a = a ( τ )   is the scale factor,   γ  i j    is the metric of a three-dimensional constant-curvature space, the time-independent function Y is determined by the property    γ  i j    Y  | i j   = −  k 2  Y  , and the subscript   | i   represents the spatial covariant derivative compatible with the 3D metric   γ  i j   . All the coefficients (  δ s  , etc.) are functions of time only.



On an FLRW background, Equation (9) leads to   s = constant =  s 0   . As a consequence, the perturbation of entropy per particle   δ s   becomes gauge invariant and corresponds to a non-adiabatic mode. On perturbing Equation (9) at the first order, we find:


  δ  u μ   ∂ μ   s 0  +  u 0   ∂ 0  δ s = 0  ,  



(16)




which, in the real space, implies that:


   ∂  ∂ τ    δ s = 0  .  



(17)







This condition of adiabaticity, i.e., being constant, the entropy per baryon is a direct consequence of the equations of state and conservation of the stress-energy tensor, and it was also correctly considered in Ma and Bertschinger (see the statement before their Equation (96)). Only interactions with photons may affect this, as these may also affect the exchange of heat. However, quantum mechanically, the fluids only exchange relative-momentum (which is not zero in general, even without interactions) at the tree level and, in particular, do not generate momentum. Therefore, we do not expect the generation of entropy either. Actually, we can (and have to) choose the initial conditions for the entropy perturbations (at the end of inflation), so that we have an adiabatic fluid, namely   δ s (  x →  ) = 0  , having assumed that, at the end of inflation, no non-adiabatic mode was produced or present. In this case, since we impose   δ s   to vanish, then, because of this boundary condition, we find   δ p =  c  s  2  δ ρ +   ( ∂ p / ∂ s )  ρ   δ s =  c  s  2  δ ρ  .



Then, we further find it convenient to define new perturbation variables v,  δ ,   δ  ϑ v   , and  θ  so that:


     δ ϕ     =  ρ  , n    v − ϑ  ( τ )   δ s  ,     



(18)






     δ ϑ     = δ  ϑ v  −   ρ  , s   n   v  ,     



(19)






     W 0     =  ρ  n  ρ  , n      δ − α −   ρ  , s    n  ρ  , n      δ s  ,     



(20)






    v    = −  a  k 2    θ  ,     



(21)




where Equation (20) has been found on considering the definition of the variable  δ , namely   δ ≡ δ ρ /  ρ ¯   . As a result, the two main equations of motion coming from the matter Lagrangian can be written as:


     θ ˙     = −   a ˙  a   θ +  k 2  α +  ρ  ρ + p     c  s  2   k 2   δ + 3    a ˙  a     ρ + p  ρ    θ  k 2    ,     



(22)






      ∂  ∂ τ     ρ  ρ + p    δ      = − θ − 3  ζ ˙  +  k 2    ∂  ∂ τ     E  a 2    −   k 2  a   χ  ,     



(23)




where we have not fixed any gauge yet. Of course, the same equations can be derived from conservation of the stress-energy tensor, namely    T μ     ν ; μ   = 0  .



It can be noticed that, in the first equation, a gauge-invariant combination associated with  δ  is present, namely the comoving matter energy density perturbation:


   δ v  = δ + 3    a ˙  a     ρ + p  ρ    θ  k 2    ,  



(24)




whereas, in the second equation, another gauge-invariant combination associated again with  δ  appears, namely the flat-gauge energy density perturbation, or:


   δ FG  = δ +   3  ( ρ + p )  ρ   ζ  .  



(25)







In fact, the second equation can also be rewritten as:


   δ ˙  = −   ρ + p  ρ   θ + 3  ζ ˙  +   k 2  a   χ −  k 2    ∂  ∂ τ     E  a 2     − 3   a ˙  a    c  s  2  −  p ρ   δ  .  



(26)




where    c  s  2  =  p ˙  /  ρ ˙  = n  ρ  , n n   /  ρ  , n     is the speed of propagation for the fluid (See Appendix A for detailed discussions about the speed of propagation of matter fields). Equations (22) and (26) are the equations of motion for the fluid that we will consider from now on (in the Section 2.2, we give an alternative derivation of (22) and (26), based on the conservation of the stress-energy tensor).



In the above derivation the Einstein equation is not used. Therefore, for hold for each perfect fluid component, which is separately conserved and adiabatic, provided that  ρ , p, and perturbation variables are replaced with the corresponding quantities for the component.



2.1. Expansion in   T /  μ g   


Up to now, Equations (22) and (26) still hold for a general adiabatic perfect fluid, i.e., not only for an ideal gas. From now on, we will instead restrict our consideration to the case of an ideal gas with a non-zero collision term with a photon gas. We will fix the equations of motion by making an expansion in   T /  μ g  ≪ 1  , as the baryon particles are supposed to be non-relativistic. The dynamical equation for T, Equation (A19), reads (see Appendix B for further details):


   1  a H    d  d τ     T  μ g    = − 2   T  μ g   +  8 3     ρ γ  ρ      n e   σ T   H      T γ  − T   m e    ,  








where we have the Hubble expansion rate as   H =  a ˙  /  a 2    (the overdot denotes a derivative with respect to the conformal time), so that we will need to assume also that:


    ρ γ  ρ      n e   σ T   H      T γ  − T   m e   ≪ 1  .  



(27)







Besides, we have Equations (A11), which imply:


     c  s  2     =     ∂ p   ∂ ρ    s  =   10  T   3  ( 5 T + 2  μ g  )   ≈  5 3    T  μ g    .     



(28)







The Boltzmann equations, on introducing also the interaction term, can be written as:


     θ ˙     = −   a ˙  a   θ +  k 2  α +  ρ  ρ + p     c  s  2   k 2   δ + 3    a ˙  a     ρ + p  ρ    θ  k 2    +   4  ρ γ    3 ρ    a  n e   σ T   (  θ γ  − θ )  ,     



(29)






     δ ˙     = −   ρ + p  ρ   θ + 3  ζ ˙  +   k 2  a   χ −  k 2    ∂  ∂ τ     E  a 2     − 3    a ˙  a    c  s  2  −  p ρ   δ  .     



(30)







Then, at the lowest order in   T /  μ g   , we find:


     θ ˙     = −   a ˙  a   θ +  k 2  α  ,     



(31)






     δ ˙     = − θ − 3  ζ ˙  +  k 2    ∂  ∂ τ     E  a 2    −   k 2  a   χ  ,     



(32)




which represents the equations of motion of a cold dust component with no interactions.



At the first order in    c  s  2  ≃ T /  μ g   , these equations of motion can be rewritten so that they look as similar as possible to the ones present in [18], as follows:


      θ ˙  b     = −   a ˙  a    θ b  +  k 2  α +  c  s  2    k 2    δ b  + 3    a ˙  a     θ b   k 2    + R  a  n e   σ T   (  θ γ  −  θ b  )   ,     



(33)






      δ ˙  b     = −  6 5    c  s  2     a ˙  a    δ b  −  1 +  3 5    c  s  2     θ b  + 3  ζ ˙  −  k 2    ∂  ∂ τ     E  a 2    +   k 2  a   χ  ,     



(34)




where   R ≡  4 3    ρ γ  /  ρ b   ,   c  s  2   can be found by solving Equation (A17) and the subscripts b and  γ  denote the baryon and photon, respectively. Both of these equations of motion for the baryon perturbation variables are gauge invariant (up to the first order in   c  s  2  ). In case higher precision is needed, then one can further write down the equations of motion at any order in   T /  μ g   . In this work, we will only consider the first order approximation corrections to the dust fluid case, and we will apply them in a consistent and covariant way to a well-known Boltzmann code, CLASS.



Actually, the above two equations are equivalent to MB29–30, but indeed differ from the baryon equations of motion MB66–67 given in [18]: they have to be, as the latter ones are not covariant. In this work, we claim that, on introducing these covariant equations, we can solve all the problems we have already stated in the introduction. The solution here merely comes from the fact that our baryon equations of motion have been derived directly from a covariant action, and on top of that, we are expanding them in terms of    c  s  2  =   ( ∂ p / ∂ ρ )  s   , which is a scalar.




2.2. Baryon Covariant Equations of Motion from the Conservation Law


In this subsection, we show that the equations of motion for a non-barotropic perfect fluid obtained from the action can be also derived using a different approach, namely from the conservation law    ∇ μ   T μ    ν  = 0 .  



Let us suppose we have a perfect fluid in the conventional form:


   T μ    ν  =  ρ + p   u μ    u ν  + p   δ μ    ν  ,  



(35)




where   u μ   is the four-velocity of the perfect fluid. We have the usual constraint on the fluid velocity:


   u μ   u μ  = − 1 .  



(36)







The linear perturbations are defined as:


    ρ    =  ρ ¯  + δ ρ  ,     



(37)






    p    =  p ¯  + δ p  ,     



(38)






     u 0     = − a  1 + δ u   ,     



(39)






     u i     =  ∂ i   v s   ,     



(40)






     g 00     = −  a 2   1 + 2 α   ,     



(41)






     g  0 i      = a  ∂ i  χ  ,     



(42)






     g  i j      =  a 2    1 + 2 ζ   δ  i j   +   2  ∂ i   ∂ j  E   a 2      .     



(43)




where   δ u   (which is determined by the condition    u μ   u μ  = − 1  ) and   v s   are the scalar perturbations in the fluid velocity. Since p can be written in terms of two other thermodynamical variables, pressure perturbation   δ p =   ∂ p / ∂ ρ  s  δ ρ  +    ∂ p / ∂ ρ  ρ  δ s  , where     ∂ p / ∂ ρ  s  ≡  c  s  2   . Considering the adiabatic initial condition, we can choose   δ s = 0  . Hence,   δ p =   ∂ p / ∂ ρ  s  δ ρ =  c  s  2  δ ρ  . Notice that we have not chosen any gauge. Now, we have the component of energy-momentum tensor as:


      T 0     0      = −  ρ ¯   1 + δ   ,     



(44)






      T 0     i      =   ρ ¯  +  p ¯      ∂ i   v s   a   ,     



(45)






      T i     j      =   p ¯  + δ p   δ i     j   ,     



(46)




where   δ ≡ δ ρ / ρ  . Here, for simplicity, we do not consider anisotropic shear perturbations. Now, to find the equations of motion, the calculation is straight forward. From the conservation law:


   ∇ μ   T  μ ν   =  ∂ μ   T  μ ν   +  Γ μ     μ β     T  β ν   +  Γ ν     μ β     T  μ β   = 0 ,  



(47)




we find the equations of motion for linear perturbation in the Fourier space:


     δ ˙     = −   ρ + p  ρ   θ + 3  ζ ˙  +    k 2  χ  a  −  k 2   ∂  ∂ t     E  a 2     − 3   a ˙  a    c  s  2  −  p ρ   δ  ,     



(48)






     θ ˙     = −   a ˙  a  θ +  k 2  α +  c  s  2   3   a ˙  a  θ +  k 2   ρ  ρ + p   δ   ,     



(49)




where we have redefined    v s  = − θ a /  k 2    and    c  s  2  =   ( ∂ p / ∂ ρ )  s    evaluated at the background level. The above two equations of motion exactly match Equations (26) and (22), respectively, which are the resulting equations from the variation of the action (1). This ensures that the action discussed in Section 2 is a well defined covariant action for a perfect fluid. These equations are equivalent to MB29–30 equations of motion, after we implement the equations of state for the fluid.



We believe that these are the equations of motions that need to be implemented in any Boltzmann code; otherwise, baryon physics will be described out of general relativity.





3. Tight Coupling Approximation


In 1970, Peebles and Yu [19] introduced a technique to solve the cosmological evolution of a tightly coupled photon-baryon fluid. The interaction time scale of photons and baryons is given by    τ c  ≡   a  n e   σ T    − 1    , where   σ T   is the Thomson scattering amplitude. This time scale of the interaction is shorter than both sub-horizon and super-horizon scales, on which most of the modes of our interest are evolved. At the time when photons and baryons are tightly coupled together, the dynamical equations of motion become stiff, so that standard numerical integrators become invalid. They solved this system perturbatively in   τ c   for terms that are considerably small in the limit    τ c  → 0  . These perturbative solutions are implemented numerically in the Boltzmann code. Here, we recalculate the tight coupling approximation equations using the gauge invariant equation of motion of baryons derived in the previous section.



The first order tight coupling approximation was implemented in [18] by making two additional assumptions/approximations, namely    τ c  ∝  a 2    and    c  s  2  ∝  a  − 1    . CAMB [4] also has implemented the first order approximation, assuming only    τ c  ∝  a 2   . Here, we show our results of tight coupling approximation, with the covariance obeying the equations of motion for baryons. The detailed calculations up to second order are given in Appendix C.



At first order in tight coupling approximation, we have:


    Θ ˙   γ b   =     τ ˙  c   τ c   −   2 H   R + 1     Θ  γ b   +  T 1  + O  (  τ  c  2  )   ,  



(50)




where:


     T 1     ≡   τ c   R + 1      H 2  +  H ˙    θ b  +     δ ˙  γ  4  −  c  s  2    δ ˙  b  + H α +   H  δ γ   2  −   c ¯   s  2   δ b    k 2            −   3  τ c    R + 1       3  H 2   c  s  4  +  [  H ˙   R + 1  −  H 2  ]   c  s  2  + H   c ¯   s  2   R + 1    θ b    R + 1   + H  c  s  2   k 2    α +  1 4     R  δ γ    R + 1   +    c  s  2   δ b    R + 1      .     



(51)







Comparing our results to the ones in [3], the new parts of this equation consist of the following two parts: (1) in the  α  term in the first line (corresponding to the fact that a gauge has not been chosen yet) and (2) in the entire second line, which is due to gauge choice plus the corrections to the baryon dynamics.



In this last equation as well, even if we consider the high k limit, we should not neglect the new terms proportional to either  α  or   δ γ  . We stress once more here that the new terms we get appear only when we use the correct equations MB29–30. On using instead MB66–67, we would miss these terms all at once. In particular, as we will show in the results (compare Figure 3), we cannot neglect the term proportional to    c  s  2   k 2   δ γ   R /  ( R + 1 )  ≈  c  s  2   k 2   δ γ   .




4. Comparison between Current Boltzmann Codes and Covariance Full Equations


In this section, we want to show explicitly that MB66–67 equations of motion for the baryons do break general covariance. This should help also the potential problem for Boltzmann solvers, which implement these equation. The results would depend on the gauge, if general covariance is broken inside the equations of motion.



Let us focus our attention on the scalar perturbations of a flat Friedmann–Lemaître–Robertson–Walker (FLRW) metric, which can be written as follows:


  d  s 2  = −  1 + 2 α   a 2   d  τ 2  + 2 a  ∂ i  χ  d τ  d  x i  +  a 2    1 + 2 ζ   δ  i j   +   2  ∂ i   ∂ j  E   a 2     d  x i  d  x j   .  



(52)







In the above, we have not fixed any gauge yet.



Then, on choosing the Newtonian gauge, i.e., on setting   χ = 0   and   E = 0  , the equations of motion for the baryon fluid MB29–30 as given in [18] (their Equation (67)), which are also used in current Boltzmann codes, read in the Fourier space as follows:


      δ ˙  b     = −  θ b  − 3  ζ ˙  ,     



(53)






      θ ˙  b     = −   a ˙  a   θ b  +  k 2  α +  c  s  2   k 2   δ b  +   4   ρ ¯  γ    3   ρ ¯  b     a  n e   σ T    (  θ γ  −  θ b  )  ,     



(54)




where    δ b  ≡   ρ b  −   ρ ¯  b   /   ρ ¯  b    is the baryon density perturbation,   θ b   is the scalar part of the baryon velocity perturbation defined as      ρ ¯  b  +   P ¯  b    θ b  ≡ i  k j  δ  T  b  0    j   ,   θ γ   is the scalar part of the photon velocity perturbation, and the term   a  n e   σ T    (  θ γ  −  θ b  )    represents the momentum transfer into the photon gas. A dot here represents a derivative with respect to  τ , the conformal time. Equations (53) and (54) are written in the Newtonian gauge, but can be rewritten in terms of the gauge invariant variables (which reduce to the corresponding perturbation variables in the Newtonian gauge when   χ = E = 0  ):


     δ  b  GI     =  δ b  +     ρ ¯  ˙  b   a   ρ ¯  b    χ −     ρ ¯  ˙  b    ρ ¯  b    ∂  ∂ τ     E  a 2    ,     



(55)






     θ  b  GI     =  θ b  +   k 2  a  χ −  k 2   ∂  ∂ τ     E  a 2    ,     



(56)






     θ  γ  GI     =  θ γ  +   k 2  a  χ −  k 2   ∂  ∂ τ     E  a 2    ,     



(57)






     ζ GI     = ζ +   a ˙   a 2   χ −   a ˙  a   ∂  ∂ τ     E  a 2    ,     



(58)






     α GI     = α +  1 a   χ ˙  −   a ˙  a   ∂  ∂ τ     E  a 2    −   ∂ 2   ∂  τ 2      E  a 2    ,     



(59)




as:


      δ ˙   b  GI     = −  θ  b  GI  − 3   ζ ˙  GI  ,     



(60)






      θ ˙   b  GI     = −   a ˙  a   θ  b  GI  +  k 2   α GI  +  c  s  2   k 2   δ  b  GI  +   4   ρ ¯  γ    3   ρ ¯  b    a  n e   σ T    θ  γ  GI  −  θ  b  GI   ,     



(61)







Since the general covariance is supposed to hold (as we are discussing general relativity in the presence of standard matter), we are now able to rewrite the previous evolution equations in any other gauge, in particular in the synchronous gauge, for which   α = 0   and   χ = 0  . Then, the dynamical Equations (60) and (61) reduce to3:


      δ ˙  b     = −  θ b  +  k 2   ∂  ∂ τ     E  a 2    − 3  ζ ˙   ,     



(62)






      θ ˙  b     = −   a ˙  a   θ b  +  c  s  2   k 2    δ b  + 3   a ˙  a   ∂  ∂ τ     E  a 2     +   4   ρ ¯  γ    3   ρ ¯  b    a  n e   σ T    θ γ  −  θ b   ,     



(63)




where now the fields are all evaluated in the synchronous gauge. Notice that the interaction term proportional to   σ T   is gauge invariant since    θ γ  −  θ b  =  θ  γ  GI  −  θ  b  GI   .



Notice that the above differential equation for the velocity field, Equation (63), is different from the one written in MB66–67 (precisely Equation (66) of [18]), which is also supposed to be the baryon equation of motion written in the synchronous gauge. More precisely, the term proportional to    k 2   c  s  2    makes the baryon velocity equation incompatible between the two gauges. To look at this same problem from another point of view, we can start by writing the dynamical baryon equations of motion in the synchronous gauge, as given in Equation (66) of [18], and then transform them to the Newtonian gauge. However, on doing so, the resulting baryon-velocity equation of motion turns out to be once again different from the one shown in Equation (54) (or Equation (67) in [18]).



Therefore, up to now, solving Boltzmann equations in the two gauges leads to solving two intrinsically different equations of motion, so that the two gauges give rise to two physically different solutions. Then, one may wonder which of the two should be considered.



First of all, it is obvious from Equation (54) that setting   c  s  2   to vanish would make the baryon-velocity equation compatible among the two gauges; see also the results in [2] (and [28] to study its extension to second order perturbation theory).



One should now be convinced that Equations (53) and (54) break covariance, but may think this is due merely to an approximation. Let us then consider which approximation has been considered. We have already stated above that on top of considering baryons to be non-relativistic, a small scale limit has been taken, namely   k ≫ a H =  a ˙  / a ≡ H  , but we will show it here explicitly. As we shall see later on, the correct equations of motion for the baryon fluid, in the synchronous gauge (see Footnote 3 for the redefinition of field variables), can be written as (the subscript b indicates the baryon):


      θ ˙  b    =    −   a ˙  a    θ b  +  c  s  2    k 2    δ b  + R  a  n e   σ T   (  θ γ  −  θ b  )  + 3   c  s  2     a ˙  a    θ b   ,     



(64)






      δ ˙  b    =    −  θ b  −  1 2    h ˙  −  6 5    c  s  2     a ˙  a    δ b  −  3 5    c  s  2    θ b  +  1 2    h ˙   ,     



(65)




whereas the non-covariant equations of motion read     δ ˙  b  = − θ −   h ˙  2    and     θ ˙  b  = −   a ˙  a   θ b  +  c  s  2   k 2   δ b   . As stated in the previous section, in Boltzmann codes,   h ˙   is actually replaced by using the Hamiltonian constraint, which includes a term    c  s  2   k 2  η  , and so, we cannot remove the    c  s  2   h ˙    term a priori, even following the Ma and Bertschinger approximation choice for baryons.



Since we only want to know the approximation done and its meaning, let us switch off the coupling with the photons, take the time derivative of    δ ˙  b  , and represent this expression as     δ ¨  b  =  P ˙    where P corresponds to the rhs of Equation (65). Then, we can also write     δ ¨  b  + H    δ ˙  b  =  P ˙  + H  P   (where   H =  a ˙  / a   and time is conformal). Substituting in the rhs of such equation both    θ ˙  b   and    δ ˙  b   by the above given equations and replacing   h ˙   and   h ¨   (also, this latter term introduces terms proportional to    k 2  η  ) by the Einstein equations, we can write the second order baryon equation in the form4:


       δ ¨  b  + H   δ ˙  b     =    −   c  s  2    k  2  + 1 / 25   ( 120    H  2  + 30   H ˙  )   c  s  2  + 3  H   c  s  2  ˙    δ b          −   3  H  c  s  2  θ  5  +  12 5    c  s  2    k  2  η +   12 5   3   c  s  2  + 5  π  G N   a 2    ∑ i  δ  p i           +  4  ( 1 + 3   c  s  2  )  π  G N   a 2    ∑ i  δ  ρ i    .     



(66)







On comparing this last equation with the one given in [29] for baryon sector, namely:


    δ ¨  b  + H   δ ˙  b  +  c  s  2   k 2   δ b  = 4 π  G N   a 2   ∑ i   δ  ρ i   + 3 δ  p i   ,  



(67)




we see all the additional terms that have been neglected. As expected, a term proportional to    c  s  2   k 2  η   has appeared, and as we shall see later in Figure 3, it cannot be neglected a priori during the radiation domination era, up to dust domination.



Nonetheless, the missing terms correspond to the realization and the definition of the approximation itself. This approximation consists of taking   k ≫ a H  ,    δ b  ≫ η   (where   H =  a ˙  /  a 2    and time is conformal) and    k 2   δ b  ≫ a H θ  . However, during radiation domination (valid at least for the initial conditions taken in [18] at   z ≥  10 6   ) at which the speed of propagation for the baryons cannot be neglected (as    c  s  2  ∝  a  − 1     approximately), on considering   H ≈  H 0    Ω  r 0      ( 1 + z )  2   , where    H 0  ≈ h   Mpc   − 1   /  ( 2997.9 )   , we find that k is constrained to be   k ≫  ( 1 + z )    Ω  r 0    /  ( 3 ×  10 3  )   h   Mpc   − 1    . Furthermore, even considering the high k limit, in the equations, we should at least keep the term proportional to    c  s  2   k 2  η  .



We have another strong reason why one should not ignore the terms in   c  s  2   that instead we have kept. Let us explain this more in detail. When we study the tight coupling approximation scheme, on using the approximated baryon equations of motion of [18], one is bound to miss some relevant terms (relevant in the sense of the point of view of [18]), e.g.,    c  s  2   k 2  ψ   (in the Newtonian gauge) and    c  s  2   k 2   δ γ    (in any gauge), which are meant, a priori, to contribute at sufficiently high k, Equation (51). Removing these terms (as they do not appear in previous Boltzmann codes) leads in general to self inconsistencies inside the regime of the validity of Ma and Bertschinger’s approximation.



As we have seen before, in Section 2, introducing back the gauge compatibility and the general covariance ends up with considering a new set of equations of motion for the baryon fluid, which will give different results from the equations found in [18]. We have also observed that making the equations of motion explicitly covariant will not make the numerical code unstable, or slow. Therefore, we do not have a clear reason why the corrections that are introduced should not be implemented in today’s Boltzmann solvers. It is true that the corrections are not large enough to change the final results beyond the error bar, but in the equations of motion, we see that these corrections (of order of    k 2   c  s  2   ) are of a similar order as second order tight coupling approximation quantities. Therefore, implementing tight coupling approximation correctly for the aim of reaching precision cosmology should also lead to considering exact and covariant baryon equations of motion.



We point out here that there is another problem related to the gauge incompatibility of the equations of motion. In fact, since the equations of motion are not gauge compatible, we should conclude that the general covariance has been broken. In turn, this behavior leads to the fact that the equations of motion will not close in general. That is, the Bianchi identities will not hold any longer for the system of the perturbed Einstein equations. If Bianchi identities do not hold any longer, then in general, picking up a subset of equations will lead to a solution that does not solve the other remaining equations. This implies that in general, there is no solution to the full set of equations.



Finally, the new equations of motions introduced here should be considered as the basic baryon equations of motion. Therefore, any other additional physical phenomenon that has to do with baryon physics, such as reionization and higher order tight coupling approximation approximation schemes, should be considered as starting from the most basic level, i.e., from the equations of motion that we introduced in this paper.



To summarize here the whole philosophy of our research path, we introduce the following tree diagram in Figure 1.




5. Code Implementation


We chose the CLASS Boltzmann solver to implement the corrected baryon and tight coupling approximation equations. We will also make our notation as close as possible to that used in [3,18]. So far, we have not fixed any gauge, but in the code, we chose the synchronous gauge for the tight coupling approximation scheme. It is straightforward to implement our approximation schemes in any other gauge.



Since we chose the synchronous gauge,   α = 0 = χ  . Furthermore, we will make the following field redefinitions:


     −  ∂ τ     E  a 2        ≡  α CL  ,     



(68)






    ζ    = −  η CL   ,     



(69)






      k 2    E  a 2       = −  1 2    (  h CL  + 6   η CL  )   ,     



(70)






     α CL     =  1  2  k 2      (   h ˙  CL  + 6    η ˙  CL  )   ,     



(71)







CLASS has implemented five different tight coupling approximation schemes. In light of the new baryon equations, we also performed all these approximations except for the one named “second_order_CSR”. As mentioned above for the Ma & Bertschinger linear approximation scheme, we made the approximations    τ c  ∝  a 2    and    c  s  2  ∝  a  − 1    , for the slip parameter at first order. As for the first order CAMB, we only considered the approximation    c  s  2  ∝  a  − 1    . For both first order and second order class schemes, we did not make any approximation for   τ c   or   c  s  2  .



The parameter estimation using Monte Python was carried out in a super-computer, XC-40, having 64 nodes, each node having 64 cores. In total, 4096 cores were available. We chose to run three independent series5 of 1024 chains, each chain using four cores in parallel. For each chain, we performed 13,000 steps. We ran all four tight coupling approximation schemes we implemented and found that they were all compatible with each other. On running the code, we also found that all the tight coupling approximation approximation schemes we implemented did not make the code any slower or stiffer6. In particular, the time needed by each run to terminate differed by a few minutes over approximately eight hours. As for stability, we did not have to increase precision or reduce the time step in order to solve the perturbation equations of motion. It was also noted that the acceptance rate for MCMC analysis was increased by about 0.95% for our improved code implementation with respect to the old code. This fact usually implies that the system has found a lower minimum for the   χ 2  . The likelihood of the covariantly corrected code was slightly improved to   − ln  L min  = 5984.11   with respect to the old covariance breaking code for which the likelihood was   − ln  L min  = 5984.45  .




6. Results


Here, we present our results of running the Monte Carlo sampler for the cosmological parameter estimation. For analysis, we used the following datasets: Planck 2015 (high l, low l, and lensing) [30], JLA [31], BAOBOSS DR12 [32], BAO SMALLZ 2014 [33,34], and Hubble Space Telescope [35]. We compared the estimation for the cosmological parameters between the old baryon equations (which were non-covariant) and the new covariant ones. We ran the Monte Python sampler for all four different tight coupling approximation schemes we implemented in CLASS, namely first_order_Ma, first_order_CAMB, first_order_CLASS, and second_order_CLASS. Below, in Table 1, we show the results for the second order tight coupling approximation scheme given by the new covariant equations of motion and the results according to old covariance breaking baryon equations of motion for the same second order tight coupling approximation scheme. Furthermore, we give combined plots of the old and the new code for the second order tight coupling approximation scheme in Figure 2. Here, we only show the numerical results for this scheme, as this is the one whose code underwent the largest number of modifications.



We found that the new results for the cosmological parameters numerically agreed with the previous results within one percent, and this fact was reassuring. Nonetheless, our corrections to the equations of motion gave a contribution that was not completely negligible, and we believe this improvement could give a useful contribution in the context of “precision cosmology” [36,37].



The amount of changes in the estimation of the parameters was similar among the different tight coupling approximation schemes we implemented. In fact, the magnitude of such changes we obtained was of the same size of the difference in the results that the original non-covariant code was giving for the different tight coupling approximation schemes. This means that in order to address the needed precision in the context of the newest (and future) cosmological probes, we should use Boltzmann solvers with the corrected covariant baryon dynamical equations.



Now that we have the results, we are in the position to justify or not the approximation taken on writing the non-covariant equations of motion for the baryons, MB66–67. Once more, in those equations and in all the ones that further make use of them, only the term    c  s  2   k 2   δ b    was kept. As discussed before, this approximation leads to neglecting several different terms, e.g.,    c  s  2   k 2   δ γ  ,  c  s  2   k 2  η ,  c 2   k 2  ψ ,  c  s  2   a 2   H 2   δ b   . This approximation is justified only if we can ignore all these terms at all times at all scales. In particular, this implies that we should have    δ b  ≫ η   or    δ b  ≫  δ γ    at all times. To show that this approximation fails at times before dust domination, we show in Figure 3 a plot of the perturbations  η ,   δ b  ,   δ γ  ,    a 2   H 2   δ b  /  k 2   ,  ψ  (this latter one being relevant for tight coupling approximation in the Newtonian gauge), and   a H  θ b  /  k 2    in the high k regime, namely for   k = 0.1    Mpc   − 1     at all times for the default values of the parameters. We could see once and for all that keeping only the    c  s  2   k 2   δ b    term was not a good approximation during radiation domination and up to dust domination. Notice that this range of redshifts was exactly the era in the universe at which we should not neglect   c  s  2  .



Apart from the   1 %   difference in the parameter estimation (which in the end of the day, might be also correlated with finite-time parameter sampling), we also studied the relative difference in the matter power spectrum (see Figure 4) and various transfer functions (see Figure 5), at high redshifts (we chose   z = 1000  ), for which we expected the largest corrections (because only at early times, we could consider the baryon to be non-pressureless). Indeed, we could see a difference of up to    10  − 5   ∼  10  − 6     for the baryon energy-density transfer function between the two codes. Since during early times   z ∼  10 4   , second order tight coupling approximation was of order     [ a H /  (  n e   σ T  a )  ]  2  ∼  10  − 7    , then we could not neglect our corrections, as modern Boltzmann codes arrived to implement also such an approximation scheme/precision. We also give a relative difference for the perturbations   δ b  ,   δ γ   and  η  in Figure 6. This ensured that the difference we saw was not merely numerical artifacts. In other words, we think modern Boltzmann code should implement covariant equations of motion in the baryon sector in order to be consistent with second order tight coupling approximation schemes.



Furthermore, the results presented in this work and, e.g., in Figure 3 were calculated only for  Λ CDM. If we were to study the phenomenology of some modified theory of gravity, especially for early-time modified gravity theories (which in general are implemented as not affecting directly the matter equations of motion that come from conservation of the stress-energy tensor), we could expect non-trivial behavior from the metric field perturbations   h , η   (in the synchronous gauge) or   ϕ , ψ   (in the Newtonian gauge), which could change the results of Figure 3. A priori, we would not be sure that the gravitational perturbation field could be really neglected. This may result in missing relevant information in studying the cosmology of modified theories of gravity. Keeping equations that obey general covariance ensured we did not miss any information within the theory.




7. Conclusions


In this paper, we pointed out that there were at least three conceptual issues in the implementation of the seminal work by Ma and Bertschinger [18] in existing Boltzmann codes due to some missing terms. Those missing terms were numerically small and usually neglected, but led to the following conceptual issues: (i) the baryon equations were not gauge compatible; (ii) these equations violated the Bianchi identity; (iii) the origin of the term with   c  s  2   was not clear. To address all these issues, we imposed the free Lagrangian of baryons to be described by the covariant action of a non-relativistic ideal gas. We found that this model for the baryon fluid, which described a non-relativistic system of particles with a non-zero temperature and   c  s  2  , led to covariant equations of motion for the perturbations, which did not violate the Bianchi identities. We also derived the same equations from the conservation of the stress-energy tensor, without relying on the Lagrangian.



Since the new covariant equations of motion for baryons represent one of the main results of our paper, we will rewrite them here both in the synchronous and Newtonian gauge, in the notation of [18], as follows.



Synchronous gauge:


     (72a)     θ ˙  b   = −   a ˙  a    θ b  +  c  s  2    k 2    δ b  + R  a  n e   σ T   (  θ γ  −  θ b  )       (72b)      + 3   c  s  2     a ˙  a    θ b   ,      










     (73a)     δ ˙  b   = −  θ b  −  1 2    h ˙       (73b)     −  6 5    c  s  2     a ˙  a    δ b  −  3 5    c  s  2    θ b  +  1 2    h ˙   .     











Conformal Newtonian gauge:


     (74a)     θ ˙  b   = −   a ˙  a    θ b  +  k 2  ψ +  c  s  2    k 2    δ b  + R  a  n e   σ T   (  θ γ  −  θ b  )       (74b)     + 3   c  s  2     a ˙  a    θ b   ,     










     (75a)     δ ˙  b   = −  θ b  + 3  ϕ ˙       (75b)     −  6 5    c  s  2     a ˙  a    δ b  −  3 5    c  s  2    (  θ b  − 3  ϕ ˙  )  ,     








where the new contributions (with respect to [18]) come from Lines (72b), (73b), (74b), and (75b).



Furthermore, with our new equations, we can keep terms that were before completely omitted in the previous equations of motion. For example on taking the time derivative of Equation (73), which can be written schematically as     δ ˙  b  = P  , we find     δ ¨  b  + H   δ ˙  b  =  P ˙  + H  P  . On replacing into this new equation the value of    θ ˙  b   with its own equation of motion, Equation (72), together with the Einstein equations (to remove the fields   h ¨   and   h ˙  ), we get the standard term    k 2   c  s  2   δ b   , but also other terms, e.g., one proportional to    k 2    c  s  2   η   ( η  being the curvature perturbation in the synchronous gauge), which cannot be neglected a priori, but was absent in previous treatments of baryon physics. In this same equation, also other terms have been in the past neglected, e.g., terms proportional to    a 2   H 2   c  s  2   δ b   , and from Equation (72b), a term proportional to   a H  c  s  2   θ b   . Therefore, the approximations made in the past correspond to setting   k ≫ a H  ,    δ b  ≫ η  , and    k 2   δ b  ≫ a H  θ b   . However, during radiation domination (valid at least for the initial conditions taken in [18] at   z ≥  10 6   ), on approximating   H =  H 0    Ω  r 0      ( 1 + z )  2   , where    H 0  ≈ h   Mpc   − 1   /  ( 2997 . 9 )   , we find that k is constrained to be   k ≫  ( 1 + z )    Ω  r 0    /  ( 3 ×  10 3  )   h   Mpc   − 1    . Furthermore,   η ≪  δ b    (at any time and scale), and    k 2   δ b  ≫  ( 1 + z )    Ω  r 0    /  ( 3 ×  10 3  )   h   Mpc   − 1     θ b   . However, several authors, e.g., [18], considered a range for k given by   0.01    Mpc   − 1   ≤ k ≤ 10    Mpc   − 1    , so that inside this set, the previous approximations in general failed for large redshifts. One may wonder then why our numerical results were still similar to the previous ones. The reason was that   c  s  2   was anyhow a small quantity, which gave only a small correction to the baryon-dust fluid (i.e., a fluid with   c  s  2   identically equal to zero). Nonetheless, we claim that only our approximation can be trusted, as the   c  s  2   contributions we introduced restored general covariance and were the only terms consistent with cosmological linear perturbation theory. We believe that the percent level correction for the parameter estimation that we found is expected to be important for future surveys [36,37].



With the covariant action so introduced, we claim we fixed all three issues of [18] stated above. In fact, the new equations of motion for the baryon fluid possessed additional terms of order   c  s  2  , which made the system of differential equations gauge compatible, hence obeying the general covariance.



In order to understand the cosmological evolution at all relevant redshifts, we need to study the solution of the equations of motion before recombination. In this regime, photons and baryons are tightly coupled, leading in general to a stiff regime during which it is difficult to solve the equations of motion numerically. In order to overcome this problem, we adapted several approximate schemes, already introduced in the past, to our new dynamical equations of motion. We then found the solutions of the equations of motion for the perturbations up to the second order in the tight coupling approximation using the new corrected baryon dynamics. In fact, we implemented four different tight coupling approximation schemes without choosing any gauge, so that our code could then be immediately used in any gauge for modern Boltzmann solvers.



We therefore used a Monte Carlo sampler in order to re-estimate the values of the cosmological parameters, after having incorporated our covariant corrections into the baryon dynamical equations of motion. We found that there were some parameters, e.g.,   Ω m  , whose best fit values deviated from the previous code analysis by one percent. Moreover, we did not a priori know whether the deviation remained as small as one percent in other models and various modified gravity theories. In the age of precision cosmology, we therefore believe that these changes are to be considered. On top of that, we found that both the covariantly corrected baryon equations of motion and the baryon-photon fluid tight coupling approximation schemes did not make the code (implemented in CLASS) slower or stiffer than the previous code. Hence, we did not find any reason why the modifications presented in this paper to the code should not be included permanently into modern Boltzmann codes, so as to confront any gravity theory with the present and future observations in the era of precision cosmology.
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Appendix A. Speed of Propagation of Matter Fields in the Presence of Several Fluids


In the following, we want to consider the case of N different fluids. For simplicity, we will consider the case of several perfect fluids. For each of the fluids, we need to give equations of state, namely:


     p i    =     p i   (  ρ i  ,  s i  )   ,     



(A1)






     T i    =     T i   (  ρ i  ,  s i  )   ,     



(A2)




which together with the first principle of thermodynamics, namely:


  d  ρ i  =  μ i  d  n i  +  n i   T i  d  s i   ,  



(A3)




where    μ i  ≡  (  ρ i  +  p i  )  /  n i   , are enough to completely specify the thermodynamics of the ith fluid, provided the integrability condition holds, namely:


      ∂  μ i    ∂  s i      n i   =     ∂ (  n i   T i  )   ∂  n i      s i   .  



(A4)







For any of the fluids, we have then automatically the speed of propagation:


   c  s , i  2  ≡     ∂  p i    ∂  ρ i      s i   .  



(A5)







So far, the discussion holds in any environment, in particular in cosmology. In the latter, the equations of state hold at any order in perturbation theory, so that for relativistic degrees of freedom   p = ρ / 3  , not only at the level of the background, but at any order in perturbation theory. In particular, at first order of perturbation theory, we have:


  δ  p i  =      ∂  p i    ∂  ρ i      s i   ¯  δ  ρ i  +      ∂  p i    ∂  s i      ρ i   ¯  δ  s i  =   c  s , i  2  ¯   δ  ρ i  +      ∂  p i    ∂  s i      ρ i   ¯  δ  s i   ,  



(A6)




where the overline tells us we need to consider the quantities evaluated at the background level. Therefore, for fluids, whether or not in the presence of other fluids, the expression of the speed of propagation does not change. In particular, a dust fluid (for which   p = 0 = T  ) will have    c  s , dust  2  = 0  , whereas for a radiation fluid    c  s , rad  2  = 1 / 3  . The thermodynamical description of the fluid, well described in [27], is powerful in particular for non-barotropic fluids, such as ideal gas, for which p is not only a function of  ρ . The speed of propagation in any fluid does correspond to the adiabatic speed. It should be noticed that this holds for fluids. In the case of a general action for a scalar field, e.g., quintessence, this formalism cannot be applied, and the speed of propagation needs to be studied for the particular action at hand.



We want to add here a discussion on the equations of state for baryons in particular. One can choose several (but all equivalent to each other) equations of state for the baryon fluid. In particular, one can choose   p = p ( T , ρ )  , which is absolutely fine, because a thermodynamical equation of state can be written in terms of any two thermodynamical degrees of freedom, for example   p = p ( n , s )   or   p = p ( ρ , s )   as discussed, e.g., on p. 564 of [27]. Then, it is obvious that the pressure perturbation should be of the form:


  δ p =     ∂ p   ∂ ρ    T  δ ρ +     ∂ p   ∂ T    ρ  δ T .  



(A7)







Equivalently, we can consider as discussed in this paper   p = p  ρ , s   . These two descriptions are actually completely equivalent. In fact, since the thermodynamical degrees of freedom are two, we can also write   T = T ( ρ , s )  , and hence,   δ T =     ∂ T   ∂ ρ    s  δ ρ +     ∂ T   ∂ s    ρ  δ s  . Then, one can show that:


  δ p =     ∂ p   ∂ ρ    s  δ ρ +     ∂ p   ∂ s    ρ  δ s =      ∂ p   ∂ ρ    T  +     ∂ p   ∂ T    ρ      ∂ T   ∂ ρ    s   δ ρ +     ∂ p   ∂ T    ρ      ∂ T   ∂ s    ρ  δ s =  c  s  2   δ ρ  ,  



(A8)




for adiabaticity. This adiabaticity condition is also correctly considered in Ma and Bertschinger, being stated before their Equation (96).




Appendix B. Ideal Gas


One of the main points of our paper is to show indeed that the equations of motion used in Boltzmann codes for the baryon fluid do not satisfy energy-momentum conservation. Therefore, we find it appropriate to enucleate the problem from another point of view. Each equation of motion by itself defines automatically the system under study. Therefore, one could try to understand what kind of matter is described by the equations of motion for baryons used in Boltzmann codes.



To reach this goal, it is sufficient to consider these equations of motion (MB66–67) and set to zero the interaction with the photon gas. This should then define the self-gravitating physical system under consideration. Then, the covariance breaking equations of motion in the Newtonian gauge read as:


      δ ˙  b     = −  θ b  − 3  ζ ˙  ,     



(A9)






      θ ˙  b     = −   a ˙  a   θ b  +  k 2  α +  c  s  2   k 2   δ b   .     



(A10)







The problems is that in this limit, the fluid does not reduce either to a dust fluid or to any other perfect fluid equations of motions. The free equations describe an unknown system, which cannot be described in terms of a perfect fluid in general relativity. That is the reason why these same equations break general covariance. In this same case, we should also expect that these equations cannot come from a Lagrangian, and therefore, they cannot be found by any conservation law, i.e., they cannot come from considering    T  μ ν      ; ν   = 0  .



Therefore, in order to reintroduce general covariance, we impose that the free Lagrangian for the baryon reduces to the Lagrangian of an ideal gas, because we are interested in a non-zero sound speed of propagation, i.e.,    c  s  2  ≠ 0  . In fact, a perfect fluid for baryons may be modeled in two possible ways, with or without temperature. The model without temperature is described by a dust fluid. However, this model would lead to    c  s  2  = 0  , and this is not the model for which we are looking. Let us consider then the case of a baryon fluid with a tiny, but non-zero temperature, as only in this case, the baryon fluid will possess    c  s  2  ≠ 0  . The model for baryons considered here consists of an ideal gas, whose fluid particles are considered to be non-relativistic. To this fluid gas, a collision term with photons will be then added, as we do in the case of a dust-like baryon-gas without temperature.



A monoatomic ideal gas is defined by the following two equations of state:


  p = n  T  ,  ρ =  μ g   n +  3 2   n  T  ,  



(A11)




where   p , n , ρ   and T are the pressure, number density, energy density, and temperature of the fluid, respectively. Furthermore,   μ g   is a constant and represents the mass of the fluid particle. Since the fluid is assumed to be non-relativistic, these equations of state hold only for   T ≪  μ g   . Indeed, as shown in Section 2.1, we have performed an expansion of the equations of motion for the baryon sector with respect to this small parameter.



The first law of thermodynamics for a general perfect fluid (see, e.g., [27]) can be written as:


  d ρ = μ  d n + n  T  d s  ,  



(A12)




where the enthalpy per particle  μ  is defined as:


  μ =   ρ + p  n   ,  



(A13)




and s represents the entropy per particle. Therefore, on considering   ρ = ρ ( n , s )  , we find:


    μ    =     ∂ ρ   ∂ n    s  ,     



(A14)






    T    =  1 n      ∂ ρ   ∂ s    n  .     



(A15)







On combining the two equations of state (A11), it is easy to show that:


  p =   ρ T    μ g  + 3 T / 2    ,  



(A16)




which shows that an ideal gas does not represent a fluid with a barotropic equation of state because   p ≠ p ( ρ )  ; instead, we have   p = p ( ρ , T )  . Furthermore, this equation shows that for an ideal gas   p / ρ = O ( T /  μ g  ) ≪ 1  , so that at the zeroth order in   T /  μ g   , this fluid can be well approximated by a dust fluid. However, whenever in the history of the universe, on cosmological scales, the speed of propagation for the baryon fluid cannot be neglected, then we have7:


   c  s  2  =     ∂ p   ∂ ρ    s  =   p ˙   ρ ˙   ≈    ρ ˙  T    μ g   ρ ˙    +   ρ  T ˙     μ g   ρ ˙    ≈  T  μ g   −   a  T ˙     μ g   ( 3  a ˙  )    =  T  μ g    1 −  1 3    a T     T ˙   a ˙    =  T  μ g    1 −  1 3     d ln T   d ln a    ,  



(A17)




confirming Equation (68) in [18] at the first approximation. Hereafter, by an overdot, we represent the derivative with respect to the conformal time  τ .



In particular, this shows that we cannot in general neglect the pressure of such a fluid, and we have:


  p ≈  T  μ g    ρ  .  



(A18)







In the presence of a collision term with photons, there is an exchange of entropy with the photon fluid, which when combined with the first law of thermodynamics gives:


   T ˙  = − 2    a ˙  a   T +  8 3     ρ γ  ρ     μ g   m e    a  n e   σ T   (  T γ  − T )   ,  



(A19)




as shown in [18].




Appendix C. Tight Coupling Approximation: Detailed Calculation


Here, we discuss the tight coupling approximation up to the second order with corrected equations of baryons.



We have the following set of equations for the photon fluid, without fixing any gauge [18]8:


      δ ˙  γ    =    −  4 3    θ γ  −  4 3     k 2  a   χ +  4 3    ∂ τ       k 2  E   a 2    − 4  ζ ˙  ,     



(A20)






      θ ˙  γ    =      k 2  4    δ γ  −  k 2   σ γ  +  k 2  α −  1  τ c     (  θ γ  −  θ b  )   ,     



(A21)






     2   σ ˙  γ     =     8 15    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     −  3 5   k   F  γ 3   −  9  5  τ c      σ γ  +  1  10  τ c      (  G  γ 0   +  G  γ 2   )   ,     



(A22)






      F ˙   γ l     =     k  2 l + 1    l  F  γ  l − 1    −  l + 1   F  γ  l + 1     −  1  τ c    F  γ l    ,  l ≥ 3     



(A23)






      G ˙   γ l     =     k  2 l + 1    l  G  γ  l − 1    −  l + 1   G  γ  l + 1             +  1  τ c    −  G  γ l   +  1 2    F  γ 2   +  G  γ 0   +  G  γ 2      δ  l 0   +   δ  l 2   5     ,     



(A24)




where    F  γ 2   = 2  σ γ   ,   F  γ l    is higher multipoles of the photon Boltzmann hierarchical equations, and   G  γ l    is multipoles of Boltzmann hierarchical equations for the difference in the photon linear polarization components [2,18].



We can rewrite the two equations for the speed of photons and baryons, given respectively by (A21) and (33), as:


      τ c     θ ˙  γ  −   k 2  4    δ γ  +  k 2   σ γ  −  k 2  α  +  Θ  γ b       = 0  ,     



(A25)






      τ c   −   θ ˙  b  −   a ˙  a    θ b  +  k 2  α +  c  s  2    k 2    δ b  + 3    a ˙  a     θ b   k 2     + R   Θ  γ b       = 0  ,     



(A26)




where9:


   Θ  γ b   =  θ γ  −  θ b   .  



(A27)







Then, adding both of these equations, we obtain:


   τ c     Θ ˙   γ b   − H   θ b  +  c  s  2    k 2    δ b  + 3  H    θ b   k 2    −   k 2  4    δ γ  +  k 2   σ γ   +  ( 1 + R )    Θ  γ b   = 0  ,  



(A28)




where   H ≡   a ˙  a   .   The above equation determines the evolution of   Θ  γ b   , which is often referred to as the slip parameter. Equation (A28) involves the shear of photons. The shear Equation (A22) for the photon can be rewritten as,


   σ γ  =   τ c  9    8 3    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     − 3  k   F  γ 3   − 10   σ ˙  γ   +  1 18    (  G  γ 0   +  G  γ 2   )   .  



(A29)







We can consider linear combinations of Equations (A25) and (A26) in order to eliminate   Θ  γ b   , so that we find:


       θ ˙  b  + R   θ ˙  γ      = R  k 2    1 4    δ γ  −  σ γ   +  ( 1 + R )    k 2  α − H  1 − 3  c  s  2     θ b  +  c  s  2    k 2   δ b   .     



(A30)







From the above equation, we obtain the equation for    θ ˙  γ   as:


    θ ˙  γ  = −    θ ˙  b  R  +  k 2    1 4    δ γ  −  σ γ   +   1 + R  R    k 2  α −  H R   1 − 3  c  s  2     θ b  +    c  s  2    k 2   R   δ b   .  



(A31)







Since     Θ ˙   γ b   =   θ ˙  γ  −   θ ˙  b   ,   we can rewrite Equation (A30) as:


    θ ˙  b  + R  (   Θ ˙   γ b   +   θ ˙  b  )  = R  k 2    1 4    δ γ  −  σ γ   +  ( 1 + R )    k 2  α − H  1 − 3  c  s  2     θ b  +  c  s  2    k 2   δ b   ,  



(A32)




or:


      θ ˙  b     = −  1  1 + R    H   ( 1 − 3  c  s  2  )    θ b  −  ( 1 + R )    k 2  α − R  k 2    1 4    δ γ  −  σ γ   −  c  s  2    k 2   δ b  + R   Θ ˙   γ b    ,     



(A33)






      θ ˙  γ     =   Θ ˙   γ b   −  1  1 + R    H   ( 1 − 3  c  s  2  )    θ b  −  ( 1 + R )    k 2  α − R  k 2    1 4    δ γ  −  σ γ   −  c  s  2    k 2   δ b  + R   Θ ˙   γ b             = −  1  1 + R    H   ( 1 − 3  c  s  2  )    θ b  −  ( 1 + R )    k 2  α − R  k 2    1 4    δ γ  −  σ γ   −  c  s  2    k 2   δ b  −   Θ ˙   γ b    .     



(A34)







All these equations are exact. In what follows, we will mainly use Equations (A27)–(A29), and (A33) in order to find approximate solutions for   Θ  γ b    and   σ γ  .



Appendix C.1. Terms in G


In the equation of motion for the shear, Equation (A24), there appear terms in   G  γ 0    and   G  γ 2   . Let us first see the perturbative solution of these two terms. Consider the equation for   G  γ l    with   l = 1 , 3  ,


      τ c    G ˙   γ 1       =   k  τ c   3    [  G  γ 0   − 2  G  γ 2   ]  −  G  γ 1    ,     



(A35)






      τ c    G ˙   γ 3       =   k  τ c   7    [ 3  G  γ 2   − 4  G  γ 4   ]  −  G  γ 3    ,     



(A36)




with the assumption, to be confirmed later on, that    G  γ 0   = O  (  τ c  )    and    G  γ 2   = O  (  τ c  )    and that   G  γ 4    is even more suppressed. In this case, let us look for solutions of the kind:


   G  γ 1   =  G  γ 1   ( 0 )   +  τ c   G  γ 1   ( 1 )   +  τ  c  2   G  γ 1   ( 2 )    .  



(A37)







Then, we find:


   τ c   [   G ˙   γ 1   ( 0 )   +  τ c    G ˙   γ 1   ( 1 )   +   τ ˙  c   G  γ 1   ( 1 )   +  τ  c  2    G ˙   γ 1   ( 2 )   + 2  τ c    τ ˙  c   G  γ 1   ( 2 )   ]  = O  (  τ  c  2  )  −  (  G  γ 1   ( 0 )   +  τ c   G  γ 1   ( 1 )   +  τ  c  2   G  γ 1   ( 2 )   )   ,  



(A38)




where we have assumed that     τ c  ˙  /  ( a  τ c  )  ≃ H  , which is valid, as long as the tight coupling approximation is meaningful. This last equation leads to the lowest order to:


   G  γ 1   ( 0 )   = 0  .  



(A39)







Then:


   τ c   [  τ c    G ˙   γ 1   ( 1 )   +   τ ˙  c   G  γ 1   ( 1 )   +  τ  c  2    G ˙   γ 1   ( 2 )   + 2  τ c    τ ˙  c   G  γ 1   ( 2 )   ]  = O  (  τ  c  2  )  −  (  τ c   G  γ 1   ( 1 )   +  τ  c  2   G  γ 1   ( 2 )   )   ,  



(A40)




or, to the lowest order now:


   G  γ 1   ( 1 )   = 0  ,  



(A41)




and:


   τ c   [  τ  c  2    G ˙   γ 1   ( 2 )   + 2  τ c    τ ˙  c   G  γ 1   ( 2 )   ]  = O  (  τ  c  2  )  −  τ  c  2   G  γ 1   ( 2 )    ,  








so that:


   G  γ 1   ( 2 )   ≠ 0  ,  



(A42)




and:


   G  γ 1   = O  (  τ  c  2  )   .  



(A43)







A similar argument leads to:


   G  γ 3   = O  (  τ  c  2  )   .  



(A44)







Now, we need to verify that indeed    G  γ 0   = O  (  τ c  )    and    G  γ 2   = O  (  τ c  )   . In fact, we have:


      τ c    G ˙   γ 0       = k  τ c    [ −  G  γ 1   ]  −  G  γ 0   +  1 2    ( 2  σ γ  +  G  γ 0   +  G  γ 2   )   ,          ≈ −  1 2    G  γ 0   +  1 2    ( 2  σ γ  +  G  γ 2   )   ,     



(A45)






      τ c    G ˙   γ 2       =   k  τ c   5    [ 2  G  γ 1   − 3  G  γ 3   ]  −  G  γ 2   +  1 10    ( 2  σ γ  +  G  γ 0   +  G  γ 2   )   ,          ≈ −  9 10    G  γ 2   +  1 10    ( 2  σ γ  +  G  γ 0   )   ,     



(A46)




so that on looking for solutions of the kind    G  γ 0   =  G  γ 0   ( 1 )   +  τ c   G  γ 0   ( 2 )    ,   and    G  γ 2   =  G  γ 2   ( 1 )   +  τ c   G  γ 2   ( 2 )    ,   we find:


      τ c     G ˙   γ 0   ( 1 )   +  τ c     G ˙   γ 0   ( 2 )   +    τ ˙  c   τ c     G  γ 0   ( 2 )         = −  1 2    (  G  γ 0   ( 1 )   +  τ c   G  γ 0   ( 2 )   )  +  1 2    ( 2  σ γ  +  G  γ 2   ( 1 )   +  τ c   G  γ 2   ( 2 )   )   ,     



(A47)






      τ c     G ˙   γ 2   ( 1 )   +  τ c     G ˙   γ 2   ( 2 )   +    τ ˙  c   τ c     G  γ 2   ( 2 )         = −  9 10    (  G  γ 2   ( 1 )   +  τ c   G  γ 2   ( 2 )   )  +  1 10    ( 2  σ γ  +  G  γ 0   ( 1 )   +  τ c   G  γ 0   ( 2 )   )   ,     



(A48)




so that, at the lowest order, we find:


     −  1 2    G  γ 0   ( 1 )   +  1 2    ( 2  σ γ  +  G  γ 2   ( 1 )   )      = 0  ,     



(A49)






     −  9 10    G  γ 2   ( 1 )   +  1 10    ( 2  σ γ  +  G  γ 0   ( 1 )   )      = 0  ,     



(A50)




or:


     G  γ 2   ( 1 )      =  1 2    σ γ   ,     



(A51)






     G  γ 0   ( 1 )      =  5 2    σ γ   .     



(A52)







Here, we assume for the moment that    σ γ  = O  (  τ c  )   . We will check later on that this assumption is consistent. Then, at the next order:


      τ c   [   G ˙   γ 0   ( 1 )   ]      = −  1 2    (  τ c   G  γ 0   ( 2 )   )  +  1 2    (  τ c   G  γ 2   ( 2 )   )   ,     



(A53)






      τ c   [   G ˙   γ 2   ( 1 )   ]      = −  9 10    (  τ c   G  γ 2   ( 2 )   )  +  1 10    (  τ c   G  γ 0   ( 2 )   )   ,     



(A54)




or:


      5 2     σ ˙  γ      = −  1 2    G  γ 0   ( 2 )   +  1 2    G  γ 2   ( 2 )    ,     



(A55)






      1 2     σ ˙  γ      = −  9 10    G  γ 2   ( 2 )   +  1 10    G  γ 0   ( 2 )    ,     



(A56)




which leads to:


     G  γ 0   ( 2 )      = −  25 4     σ ˙  γ   ,     



(A57)






     G  γ 2   ( 2 )      = −  5 4     σ ˙  γ   ,     



(A58)




and to:


     G  γ 0      =  5 2    σ γ  −  25 4    τ c    σ ˙  γ   ,     



(A59)






     G  γ 2      =  1 2    σ γ  −  5 4    τ c    σ ˙  γ   .     



(A60)







For general   l ≥ 3  , we have:


   τ c    G ˙   γ l   =   k  τ c    2 l + 1     [ l  G  γ , l − 1   −  ( l + 1 )    G  γ , l + 1   ]  −  G  γ l    ,  



(A61)




and since there are no source terms, we will assume that each   ( l + 1 ) th   term is suppressed by   τ c   with respect to the   l th   term, that is:


   G  γ l   =  β l    τ c   G  γ , l − 1    ,  



(A62)




so that we find:


   β l    τ  c  2     G ˙   γ , l − 1   +    τ ˙  c   τ c     G  γ , l − 1    =   k  τ c    2 l + 1     [ l  G  γ , l − 1   −  ( l + 1 )    β  l + 1     τ c   G  γ , l   ]  −  β l    τ c   G  γ , l − 1    ,  



(A63)




or:


   β l    τ  c  2     G ˙   γ , l − 1   +    τ ˙  c   τ c     G  γ , l − 1    =   k  τ c    2 l + 1     [ l  G  γ , l − 1   −  ( l + 1 )    β  l + 1    β l    τ  c  2    G  γ , l − 1   ]  −  β l    τ c   G  γ , l − 1    ,  



(A64)




which leads, at leading order, to:


  0 =   k  τ c    2 l + 1    l  G  γ , l − 1   −  β l    τ c   G  γ , l − 1    ,  



(A65)




or:


   β l  =   k l   2 l + 1    ,  



(A66)




so that we find


   G  γ l   =  l  2 l + 1    k  τ c    G  γ , l − 1    ,  for  l ≥ 3 .  



(A67)







Since we obtain the same equations of motion for the terms   F  γ l    for   l ≥ 3  , then we also have:


   F  γ l   =  l  2 l + 1    k  τ c    F  γ , l − 1    ,  for  l ≥ 3 .  



(A68)







All Equations (A59), (A60), (A67), and (A68) agree with the results given in [3].




Appendix C.2. Shear Solution


Now, we need to look for an approximate solution for the shear. Using the solutions for   G  γ 0 , 2    and   F  γ 3   , we can rewrite Equation (A22) as:


  2  τ c    σ ˙  γ  =  8 15    τ c    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     −  3 5   k   τ c    F  γ 3   −  9 5    σ γ  +  1 10    5 2    σ γ  −  25 4    τ c    σ ˙  γ  +  1 2    σ γ  −  5 4    τ c    σ ˙  γ   ,  



(A69)




which leads to:


  2  τ c    σ ˙  γ  =  8 15    τ c    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     −  3 5   k   τ c    F  γ 3   −  9 5    σ γ  +  1 10   3   σ γ  −  15 2    τ c    σ ˙  γ   ,  



(A70)




and:


      2 +  3 4    τ c    σ ˙  γ      =  8 15    τ c    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     −  18 35    k 2    τ  c  2    σ γ  −  3 2    σ γ           =  8 15    τ c    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     −  3 2    σ γ  + O  (  τ  c  3  )   .     



(A71)







Now, let us assume that we have a solution of the form:


   σ γ  =  τ c   σ  γ   ( 1 )   +  τ  c  2   σ  γ   ( 2 )    ,  



(A72)




then we obtain:


   11 4    τ  c  2     σ ˙   γ   ( 1 )   +    τ ˙  c   τ c     σ  γ   ( 1 )   +  τ c     σ ˙   γ   ( 2 )   + 2    τ ˙  c   τ c    σ  γ   ( 2 )     =  8 15    τ c    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     −  3 2     τ c   σ  γ   ( 1 )   +  τ  c  2   σ  γ   ( 2 )    ,  



(A73)




which at the lowest order leads to:


   σ  γ   ( 1 )   =  16 45    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     ,  



(A74)




so that, at the next order, we have:


   11 4    τ  c  2     σ ˙   γ   ( 1 )   +    τ ˙  c   τ c     σ  γ   ( 1 )    = −  3 2    τ  c  2   σ  γ   ( 2 )    ,  



(A75)




or:


   σ  γ   ( 2 )   = −  11 6      σ ˙   γ   ( 1 )   +    τ ˙  c   τ c     σ  γ   ( 1 )    = −  88 135    d  d τ     θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     −   11 6      τ ˙  c   τ c     16 45    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2      .  



(A76)







Hence, we find the approximate solution as:


   σ γ  =  16 45    τ c    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2      1 −  11 6     τ ˙  c   −  88 135    τ  c  2    d  d τ      θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     .  



(A77)







This approximate solution agrees with the one found in [3].




Appendix C.3. Slip Equation


From now on, because we will make use of the new equations of motion for the baryon fluid, our results will start differing from the ones given in [3]. To find an approximate solution for the slip parameter, up to the second order in   τ c  , let us start with Equation (A28):


   τ c     Θ ˙   γ b   − H   θ b  +  c  s  2    k 2    δ b  + 3  H    θ b   k 2    −   k 2  4    δ γ  +  k 2    τ c   σ  γ   ( 1 )   +  τ  c  2   σ  γ   ( 2 )     +  ( 1 + R )    Θ  γ b   = 0  ,  



(A78)




and let us search for a solution for   Θ  γ b   . Then, we have, up to the second order:


   τ c     Θ ˙   γ b   ( 1 )   +   Θ ˙   γ b   ( 2 )   − H   θ b  +  c  s  2    k 2    δ b  + 3  H    θ b   k 2    −   k 2  4    δ γ  +  k 2    τ c   σ  γ   ( 1 )   +  τ  c  2   σ  γ   ( 2 )     = −  ( 1 + R )    Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )    .  



(A79)







At the lowest order, we find:


   τ c   − H   θ b  +  c  s  2    k 2    δ b  + 3  H    θ b   k 2    −   k 2  4    δ γ   = −  ( 1 + R )    Θ  γ b   ( 1 )   ,  



(A80)




or:


   Θ  γ b   ( 1 )   = −   τ c   1 + R    − H   θ b  +  c  s  2    k 2    δ b  + 3  H    θ b   k 2    −   k 2  4    δ γ   .  



(A81)







At the second order, we find:


   τ c     Θ ˙   γ b   ( 1 )   +  k 2   τ c   σ  γ   ( 1 )    = −  ( 1 + R )    Θ  γ b   ( 2 )   ,  



(A82)




or10:


   Θ  γ b   ( 2 )   = −   τ c   1 + R      Θ ˙   γ b   ( 1 )   +  k 2   τ c   σ  γ   ( 1 )    .  



(A83)







The solution is then found as:


    Θ ˙   γ b   =   Θ ˙   γ b   ( 1 )   +   Θ ˙   γ b   ( 2 )    .  



(A84)







In the following, we will rewrite the above solution for the slip parameter in such a way that we can easily implement them in the new CLASS code.




Appendix C.4. First Order Contribution


We first manipulate the first order solutions as follows:


      Θ ˙   γ b      =   Θ ˙   γ b   ( 1 )   =   Θ ˙   γ b   ( 1 )   −    τ ˙  c   τ c     Θ  γ b   ( 1 )   +    τ ˙  c   τ c     Θ  γ b   ( 1 )             =   Θ ˙   γ b   ( 1 )   −    τ ˙  c   τ c     Θ  γ b   ( 1 )   +    τ ˙  c   τ c     Θ  γ b            =   Θ ˙   γ b   ( 1 )   −    τ ˙  c   τ c     Θ  γ b   ( 1 )   +    β 1  H   1 + R     Θ  γ b   ( 1 )   −    β 1  H   1 + R     Θ  γ b   ( 1 )   +    τ ˙  c   τ c     Θ  γ b            =   Θ ˙   γ b   ( 1 )   −    τ ˙  c   τ c     Θ  γ b   ( 1 )   +    β 1  H   1 + R     Θ  γ b   ( 1 )   −    β 1  H   1 + R     Θ  γ b   +    τ ˙  c   τ c     Θ  γ b    ,     



(A85)







In this equation, we replace the quantity    θ ˙  b   (which appears inside    Θ ˙   γ b   ( 1 )   ) with its solution for Equation (A26),    R ˙  = − H R  ,     c ˙   s  2  =   c ¯   s  2  − H  c  s  2   , and the quantity   Θ  γ b   ( 1 )    with Equation (A81). It should be noticed that Equation (A26) comes in the form:


    θ ˙  b  = ⋯ + R    Θ  γ b    τ c    .  



(A86)







Therefore, when we replace    θ ˙  b  , and we will end up with an overall coefficient of   Θ  γ b    that partly depends on     τ ˙  c  /  τ c    and partly on another coefficient that, in turn, depends on the free function   β 1  . Then, we choose   β 1   so that the result looks as close as possible to the result given in [3] (Equation (2.19)), namely:


   β 1  = 2 + R − 3  c  s  2  R  .  



(A87)








Appendix C.5. Second Order Contribution


As we already know, at the second order, we find:


    Θ ˙   γ b   =   Θ ˙   γ b   ( 1 )   +   Θ ˙   γ b   ( 2 )    ,  



(A88)




where:


     Θ  γ b   ( 1 )      = −   τ c   1 + R    − H   θ b  +  c  s  2    k 2    δ b  + 3  H    θ b   k 2    −   k 2  4    δ γ   ,     



(A89)






     Θ  γ b   ( 2 )      = −   τ c   1 + R      Θ ˙   γ b   ( 1 )   +  k 2   τ c   σ  γ   ( 1 )    ,     



(A90)






     σ  γ   ( 1 )      =  16 45    θ γ  +   k 2  a   χ −  k 2    ∂ τ     E  a 2     .     



(A91)







Therefore, we can substitute all the terms inside Equation (A88). This will lead to substituting    Θ ¨   γ b   ( 1 )   ,    Θ ˙   γ b   ( 1 )   ,    σ ˙   γ   ( 1 )   ,   σ  γ   ( 1 )   ,    R ¨  = R   (  H 2  −  H ˙  )   ,    R ˙  = − H R  ,      c  s  2   ′  =   c ¯   s  2  − H  c  s  2   .



We then obtain a quite complicated expression that corresponds to the needed answer for the slip parameter valid up to the second order in   τ c  . However, once more, we try to write it as close as possible to the expression written in [3]. Then, we write:


      Θ ˙   γ b      =   Θ ˙   γ b   ( 1 )   +   Θ ˙   γ b   ( 2 )   −  1 −   2 H  τ c    R + 1       τ ˙  c   τ c     (  Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )   )  +  1 −   2 H  τ c    R + 1       τ ˙  c   τ c     (  Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )   )           =   Θ ˙   γ b   ( 1 )   +   Θ ˙   γ b   ( 2 )   −  1 −   2 H  τ c    R + 1       τ ˙  c   τ c     (  Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )   )  +  1 −   2 H  τ c    R + 1       τ ˙  c   τ c     Θ  γ b    .     



(A92)







In this last line, we should think that the quantities   Θ  γ b   ( i )    are given explicitly, whereas   Θ  γ b    is left as it is. Then, we still add new contributions:


      Θ ˙   γ b      =    Θ ˙   γ b   ( 1 )   +   Θ ˙   γ b   ( 2 )   −  1 −   2 H  τ c    R + 1       τ ˙  c   τ c     (  Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )   )   +  1 −   2 H  τ c    R + 1       τ ˙  c   τ c     Θ  γ b            +   β 2   R + 1    1 −   2 H  τ c    R + 1    H   (  Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )   )  −   β 2   R + 1    1 −   2 H  τ c    R + 1    H   (  Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )   )           +  β 3    τ c    Θ  γ b   ( 1 )   −  β 3    τ c    Θ  γ b   ( 1 )            =    Θ ˙   γ b   ( 1 )   +   Θ ˙   γ b   ( 2 )   −  1 −   2 H  τ c    R + 1       τ ˙  c   τ c     (  Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )   )   +  1 −   2 H  τ c    R + 1       τ ˙  c   τ c     Θ  γ b            −   β 2   R + 1    1 −   2 H  τ c    R + 1    H   (  Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )   )  +   β 2   R + 1    1 −   2 H  τ c    R + 1    H   Θ  γ b            +  β 3    τ c    Θ  γ b   ( 1 )   −  β 3    τ c    Θ  γ b    ,     



(A93)




where the functions   β  2 , 3    are supposed to be of order   O (  τ  c  0  )  , and in the very last line, the equality holds up to the second order in   τ c  . Therefore, we can rewrite:


    Θ ˙   γ b   = A +  1 −   2 H  τ c    R + 1        τ ˙  c   τ c   +    β 2  H   R + 1     Θ  γ b   −  β 3    τ c    Θ  γ b    ,  



(A94)




where:


  A ≡    Θ ˙   γ b   ( 1 )   +   Θ ˙   γ b   ( 2 )   −  1 −   2 H  τ c    R + 1       τ ˙  c   τ c     (  Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )   )   −   β 2   R + 1    1 −   2 H  τ c    R + 1    H   (  Θ  γ b   ( 1 )   +  Θ  γ b   ( 2 )   )  +  β 3    τ c    Θ  γ b   ( 1 )    .  



(A95)







Furthermore, we can easily find the decomposition of:


  A =  A  ( 1 )   +  A  ( 2 )    ,  



(A96)




into the linear and quadratic contributions.



Let us then focus on   A  ( 2 )   . This term will contain terms of the kind    θ ¨  γ  ,    θ ˙  γ  ,   θ γ  , and we replace them respectively by    θ ¨  b  ,    θ ˙  b  ,   θ b   as their difference appears at the cubic order. Once these terms are replaced, we can, in turn, replace the expressions of    θ ˙  b   and    θ ¨  b   by using the zeroth order approximation found by using Equation (A33), which can be written as:


      θ ˙  b     ≈   θ ˙   b   ( 0 )   ≡ −  1  1 + R    H   ( 1 − 3  c  s  2  )    θ b  −  ( 1 + R )    k 2  α −   R  k 2   4    δ γ  −  c  s  2    k 2   δ b   ,     



(A97)






      θ ¨  b     ≈   θ ¨   b   ( 0 )    .     



(A98)







This substitution is allowed because it is performed inside the quadratic term   A  ( 2 )   . It can be checked that now in    Θ ˙   γ b   , there is no more explicit term containing   θ γ   or any of its derivatives. Furthermore, there is no more explicit dependence on    θ ¨  b  . In the end, after all these substitutions, we have    A  ( 2 )   →   A ¯   ( 2 )    . However, in the linear contribution, we have a non-zero contribution from the term    θ ˙  b  . For such a term, we can replace the exact solution coming from solving Equation (A26), as in:


    θ ˙  b  = − H   ( 1 − 3  c  s  2  )    θ b  +  k 2  α +  c  s  2    k 2   δ b  +  R  τ c     Θ  γ b    .  



(A99)







This term will modify the coefficient of the term   Θ  γ b   . Then, we can choose the variables   β  2 , 3    so that the linear result looks as similar as possible to the one written in Equation (2.20) of [3]. Namely, we choose:


     β 2     = − 2 − R + 3 R  c  s  2   ,     



(A100)






     β 3     =   2 R  H 2     ( R + 1 )  2    ( 1 − 3  c  s  2  )   ,     



(A101)




so that in this case, the slip equation reduces to:


    Θ ˙   γ b   =  1 −   2 H  τ c    R + 1        τ ˙  c   τ c   −   2 H   R + 1     Θ  γ b   +  T 1  +   A ¯   ( 2 )    ,  



(A102)




so that the linear term (excluding the terms explicitly dependent on   Θ  γ b   ) exactly coincides with the quantity   T 1  . We can finally add and subtract a quadratic order term   2 H  τ c   T 1  /  ( 1 + R )    to end up with:


    Θ ˙   γ b   =  1 −   2 H  τ c    R + 1         τ ˙  c   τ c   −   2 H   R + 1     Θ  γ b   +  T 1   +  T 2   ,  



(A103)




where:


   T 2  =   A ¯   ( 2 )   +   2 H  τ c    R + 1     T 1   .  



(A104)







Here, the expressions for   β  2 , 3    have been replaced in    A ¯   ( 2 )   . Now, we are only left with the implementation of these results in the CLASS code.
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	1.
	
We provide our new code in the link http://www2.yukawa.kyoto-u.ac.jp/~antonio.defelice/new_baryon.zip.





	2.
	
Here, we have used the conventions of Ma and Bertschinger for the metric perturbation fields  η , h.





	3.
	
The relation between fields defined in this paper and definitions used in CLASS are   2 E /  a 2  = − 1 /  k 2   h + 6 η    and   ζ = − η  . For the synchronous gauge, we add the gauge choice   α = 0  ,   χ = 0  , which is actually incomplete. For a complete gauge fixing, we need to choose also the following two initial conditions at the time   τ =  τ ini   :    θ c   (  τ ini  )  = 0  ,    δ γ   (  τ ini  )  +  2 3  h  (  τ ini  )  = 0  , where   θ c   represents the field  θ  for the cold dark matter fluid and   δ γ   is the photon density perturbation. For the Newtonian gauge, the authors in [18] used the following field redefinition,   α = ψ  ,   ζ = − ϕ  , together with the complete gauge fixing,   E = 0  ,   χ = 0  .





	4.
	
The extra terms in   c  s  2   is due to the fact that Equations (64) and (65) have   c  s  2   terms that are not neglected a priori. On using Einstein equations in the synchronous gauge, one gets these extra terms; especially, the term    c  s  2   k 2  η  , which can never be neglected since    δ b  < η   in the relevant redshift range, as we show in Figure 3.





	5.
	
One for each author.





	6.
	
The code can be found at http://www2.yukawa.kyoto-u.ac.jp/~antonio.defelice/new_baryon.zip.





	7.
	
It should be noted that for a general perfect fluid, the notion of the sound speed is purely thermodynamical, so that once the equations of state are imposed, its expression is independent of the background. For an ideal gas, we find    c  s  2  = 10 T /  ( 6  μ g  + 15 T )   . Furthermore, since p can be written in terms of two other thermodynamical variables, we have that at linear order   δ p =   ( ∂ p / ∂ ρ )  s   δ ρ +   ( ∂ p / ∂ s )  ρ   δ s  , which can be rewritten as   δ p =  c  s  2   δ ρ + 4  μ g  p /  ( 6  μ g  + 15 T )   δ s  . In particular, we find that, in general,    c  s  2  ≠ δ p / δ ρ  .





	8.
	
In the case of non-flat 3D slices, the equations of motion need to be changed. For example, in Equation (A21), the shear field gets an extra factor,    σ γ  →  s  2  2    σ γ   , where, following the CLASS code notation,    s  2  2  ≡ 1 − 3 K /  k 2   .





	9.
	
We have neglected the contribution from the baryon pressure from the term   R =  (  ρ γ  +  p γ  )  /  (  ρ b  +  p b  )   , because the   c  s  2   correction term, typically of order of   Θ  γ b  2  , will affect the tight coupling approximation only at higher orders (e.g., the cubic order).





	10.
	
If the background spatial curvature is present, then, as already mentioned in Footnote 8, we need to replace    σ  γ   ( 1 )   →  s  2  2    σ  γ   ( 1 )    .
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Figure 1. Tree diagram that describes the logic followed in this paper to address the issue of non-conservation of energy-momentum in the equations of motion MB66–67 for baryons in existing Boltzmann codes. 






Figure 1. Tree diagram that describes the logic followed in this paper to address the issue of non-conservation of energy-momentum in the equations of motion MB66–67 for baryons in existing Boltzmann codes.



[image: Universe 06 00006 g001]







[image: Universe 06 00006 g002 550] 





Figure 2. Combined results given by the old, original CLASS code with covariance breaking equations of motion for the baryon and the new code with covariant equations of motion for the baryon fluid. The percent level differences shown in Table 1 are invisible in this figure, but will be important for future surveys. 
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Figure 3. Evolution of perturbations out of which we can test the motivation of our study in the high k regime (fixing   k = 0.1    Mpc   − 1    ) at all times for the default values of the parameters. During radiation domination (when   c  s  2   should not be neglected) and up to   z >  10 4   ,  η  typically dominates over   δ b  , so that    c  s  2   k 2  η >  c  s  2   k 2   δ b   , and this term cannot be neglected. Instead,   δ γ   dominates over   δ b   up to   z >  10 3   , so that in this range of redshift    c  s  2   k 2   δ γ  >  c  s  2   k 2   δ b   . Therefore, such a term cannot be neglected in tight coupling approximation schemes. Finally, even for this high k mode, the subhorizon approximation breaks down during radiation domination, as it is clear that for   z > 5 ×  10 4   , we have    c  s  2   k 2   δ b  ≪  c  s  2   a 2   H 2   δ b   . Since   c  s  2   cannot be neglected in this redshift range, also this term should be included in the equations of motion for the perturbations. All these new terms are terms that are imposed by conservation of the stress-energy tensor. 
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Figure 4. Relative difference in the matter power spectrum at   z = 1000  . We fixed the same background parameters for both codes, so that the error only depends on the difference in the equations of motion for the baryon-photon sector. 
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Figure 5. Relative difference in the transfer function for   δ b  ,   δ γ  ,   θ b  , and   θ γ   at   z = 1000  . The y-axis gives the relative error between covariant results and non-covariant results. The error increases at higher values of k and reaches values of order    10  − 6   ∼  10  − 5     for   δ b  . 
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Figure 6. Relative difference in various perturbation fields. The spikes are due to oscillations crossing zero. In order to obtain these figures, we increased the precision of CLASS (simply by setting a lower tolerance for integrating the equations of motion). Furthermore, we had to interpolate the numerical results in order to be able to evaluate and compare the fields at the same point. 
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Table 1. Best fit values of cosmological parameters given by MCMC analysis: old vs. new. The upper and lower limits are at the 95% confidence level.
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	Parameters
	Best Fit: New (Old)
	Relative % Change in the Best Fit





	   100   ω b    
	    2.236  − 0.038   + 0.041     2.24  − 0.04   + 0.04      
	   0.2 %   



	   ω cdm   
	    0.1176  − 0.0025   + 0.0021     0.117  − 0.002   + 0.003      
	   0.5 %   



	   100  θ s    
	    1.042  − 0.001   + 0.001     1.042  − 0.001   + 0.001      
	   0.0 %   



	   ln  10 10   A s    
	    3.086  − 0.051   + 0.046     3.085  − 0.05   + 0.047      
	   0.03 %   



	   n s   
	    0.969  − 0.007   + 0.010     0.9726  − 0.0111   + 0.0067      
	   0.4 %   



	   τ reio   
	    0.07879  − 0.02672   + 0.02461     0.08009  − 0.02841   + 0.02301      
	   1.6 %   



	   Ω Λ   
	    0.6989  − 0.0124   + 0.0144     0.7022  − 0.0157   + 0.0111      
	   0.5 %   



	   Y He   
	    0.2478  − 0.0001   + 0.0002     0.2478  − 0.0001   + 0.0002      
	   0.0 %   



	   H 0   
	    68.35  − 0.98   + 1.13     68.58  − 1.19   + 0.92      
	   0.3 %   



	   σ 8   
	    0.8209  − 0.0198   + 0.0174     0.8194  − 0.0184   + 0.0188      
	   0.2 %   



	   Ω m   
	    0.301  − 0.014   + 0.012     0.2977  − 0.0111   + 0.0158      
	   1.1 %   











© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
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