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Abstract: We analyze the semiclassical and quantum polymer dynamics of the isotropic Universe in
terms of both the standard Ashtekar-Barbero-Immirzi connection and its conjugate momentum and
also of the new generalized coordinate conjugate to the Universe volume. We study the properties
of the resulting bouncing cosmology that emerges in both the representations and we show that
the Big Bounce is an intrinsic cut-off on the cosmological dynamics only when the volume variable
is implemented, while in terms of the standard connection the Universe Bounce energy density is
fixed by the initial conditions on the prepared wavepacket. As a phenomenological implication,
we introduce particle creation as a dissipative term and study the production of entropy in the
two formulations. Then, we compare the obtained dynamics with what emerges in Loop Quantum
Cosmology, where the same difference in the nature of the Big Bounce is associated to fixing a
minimum area eigenvalue in a comoving or in a physical representation. We conclude that the
privileged character of the Ashtekar-Barbero-Immirzi connection suggests that the natural scenario
in the polymer framework is a Big Bounce that is not a Universal cut-off. However, by a parallelism
between the polymer and Loop Quantum Cosmology properties of the basic operators, we also
develop some considerations in favour of the viability of the µ̄ scheme of Loop Quantum Cosmology
on a semiclassical level.

Keywords: quantum cosmology; isotropic Universe; polymer quantum mechanics

1. Introduction

One of the most intriguing implications of Loop Quantum Gravity (LQG) [1–4] (for
recent reviews, see [5,6]) is the emergence of a bouncing cosmology in the reduced model
obtained when the symmetries of the cosmological principle are implemented. Such a
formulation of the full theory within a minisuperspace scenario is commonly dubbed
Loop Quantum Cosmology (LQC) [7–11] (for the anisotropic extension of this framework
see [12–16]) and it offers a non-singular framework to implement the cosmological history
of the Universe (actually, after the Planckian time the Universe thermal history remains
faithful to the original formulation [17–20]).

However, the minisuperspace implementation of LQG has the non-trivial limitation
that the basic SU(2) symmetry is essentially lost and the discretization of the area operator
spectrum is somewhat introduced ad hoc, in contrast with LQG where it takes place natu-
rally on a kinematical level [9,10]. The difficulties of LQC in reproducing the fundamental
character of the general quantum theory have been discussed in [21], and alternative Loop
quantization procedures have been proposed in [22–26]; for a more thorough criticism of
the whole cosmological setting of LQG see [27].

In this paper we face a specific question on the nature of the Bounce and we do it in the
framework of Polymer Quantum Mechanics (PQM) [28–30] implemented on the isotropic
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Universe. We analyze the resulting cosmological dynamics to make a comparison with the
properties of the bouncing cosmology that emerges in LQC. In particular, we study the
polymer quantum dynamics of Friedmann-Lemaitre-Robertson-Walker (FLRW) model both
when the basic variables are the Ashtekar connection and its conjugate momentum (the
flux operator) and also when the addressed phase-space variables are the new generalized
coordinate and its conjugate momentum (actually the volume-like variable). We see that
when the natural gauge connection is considered the density cut-off depends on the
energy-like eigenvalue (i.e., on the initial conditions for a given wavepacket) as in the
µ0 scheme of LQC [7,9], while in the new set of variables the critical energy density
is fixed by fundamental constants (i.e., the Immirzi parameter and the polymer one)
as in the improved µ̄ scheme presented in [10,31]. Moreover, in order to make some
comparison between the polymer semiclassical dynamics in the two sets of variables also
on a phenomenological level, we introduce in the model an additional matter component
that satisfies a continuity equation with a dissipative term, namely particle creation; this
way we can analyze on a semiclassical level the different behaviour of entropy and its
dependence on initial conditions.

The focus of the present analysis is not the existence of a bouncing cosmology in LQG
and hence in LQC (which is a consequence of the inclusion of the holonomy corrections
in the Hamiltonian constraint) and in Polymer Quantum Cosmology (PQC), but what is
the physical interpretation of the two schemes and the link between the improved analysis
performed in [10] and the original picture [9]. Furthermore, the analysis performed via the
improved Hamiltonian in [10] seems to be affected by an ambiguous change of variables,
which is required in order to restore a standard translational operator with constant step.
In fact, the Universe volume (i.e., the cubed cosmic scale factor) has its own conjugate
variable corresponding to a redefined generalized coordinate which does not implement
LQG features into the symmetries of the minisuperspace in the same way as with the
original SU(2) Ashtekar connection.

In this respect, from the point of view of PQM we show how, on a semiclassical level,
restoring the natural Ashtekar gauge connection after the lattice has been implemented
on the volume variable is formally equivalent to considering the basic lattice parameter
as a function of the momentum variable; accounting for this redefinition of the polymer
parameter, the Universe volume obeys the same dynamical equations in the two sets of
variables. Thus, the contribution of this paper is twofold: on one hand, the polymer
quantization of the isotropic Universe leads to say that, if we state that the privileged
variable is the connection induced by the full theory, we arrive to a bouncing dynamics
whose maximum density is not fixed a priori by fundamental constants; on the other hand,
we also provide a brief argument in favor of the viability of the µ̄ scheme of LQC in the
volume variable, by showing in the polymer framework its semiclassical equivalence to the
analysis in the natural Ashtekar-Barbero-Immirzi connection.

The paper is structured as follows. In Section 2 we introduce the polymer repre-
sentation of quantum mechanics. In Section 3 we apply the polymer framework to the
classical dynamics of the FLRW Universe and compare the behaviour of particle creation
and entropy production in the two sets of variables; in Section 4 we implement the full
quantum theory and analyze the wavepacket dynamics by calculating the expectation value
of the operators that best describe the evolution of this model, that are the energy density
and the volume. In Section 5 we discuss and compare the results of the previous sections
and argue that the two different sets of variables provide inequivalent theories; we further
suggest a possibility to recover the equivalence at a semiclassical level. Then we discuss
the implications of our semiclassical analysis of the equations of motion, in favour of the
viability of the µ̄ scheme in LQC. In Section 6 we conclude the paper with a brief summary
and we stress some remarks. Note that for our analysis we will use } = c = 8πG = 1.
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2. Polymer Quantum Mechanics

PQM is an alternative representation that is non-unitarily connected to the standard
Schrödinger representation. It implements a fundamental scale in the Hilbert space through
the introduction of a lattice structure. For a more detailed introduction to the polymer
representation see [28].

We consider a Hilbert space H′ with the orthonormal basis |βi〉 where βi ∈ R,
i = 1, . . . , N and such that

〈
βi
∣∣β j
〉
= δij. The polymer Hilbert space Hpoly is the com-

pletion ofH′. We can define two fundamental operators, the label operator ε̂|β〉 = β|β〉 and
the shift operator ŝ(ζ)|β〉 = |β + ζ〉; the latter is actually a family of parameter-dependent
unitary operators that however are discontinuous and cannot be generated by the exponen-
tiation of a self-adjoint operator.

In a Hamiltonian system with canonical variables Q and P in the momentum polar-
ization, states have wavefunctions ψβ(P) = 〈P|β〉 = eiβP; the two fundamental operators
can be identified with the differential coordinate operator Q̂ and with the multiplicative
operator T̂(ζ) = eiζP:

Q̂ψβ(P) = −i
∂

∂P
ψβ(P) = βψβ(P), T̂(ζ)ψβ(P) = eiζPeiβP = ψβ+ζ(P). (1)

The Hilbert space becomesHpoly = L2(RB, dµH), the same of kinematical LQC [7,9].
Since T̂(ζ) is now the shift operator in Hpoly, the momentum P cannot exist as the

generator of translations and cannot be promoted to a well-defined operator; it must
be regulated through the introduction of a lattice, i.e., a regular graph γβ0 = {Q ∈ R :
Q = βn = nβ0 with n ∈ Z}, where β0 is the constant lattice spacing. The Hilbert space is
then restricted to the subspace Hγβ0

⊂ Hpoly that contains all those states |ψ〉 such that
|ψ〉 = ∑n bn|βn〉, with ∑n |bn|2 < ∞. Now the translational operator must be restricted to
act only by discrete steps in order to remain on γβ0 by setting ζ = β0: T̂(β0)|βn〉 = |βn+1〉.

When the condition P� 1
β0

is satisfied, we can write:

P ≈ 1
β0

sin (β0P) =
1

2iβ0

(
eiβ0P − e−iβ0P) (2)

and in return we can approximate the action of the momentum operator by that of T̂(β0):

P̂β0 |βn〉 =
T̂(β0)− T̂(−β0)

2iβ0
|βn〉 =

|βn+1〉 − |βn−1〉
2iβ0

. (3)

For the squared momentum operator there are infinitely many approximations; we
will use

P̂2
β0
|βn〉 =

1
4β2

0

(
2− T̂(2β0)− T̂(−2β0)

)
|βn〉, (4a)

P2 ≈ 1
β2

0
sin2 (β0P). (4b)

Now we can implement a Hamiltonian operator on the graph as Ĉγβ0
= 1

2m P̂2
β0
+ Û(Q̂),

where Û(Q̂) is a potential.
When performing the quantization of a system using the momentum polarization of

the polymer representation, the regulated momentum operator (4a) must be used together
with the differential coordinate operator. Alternatively, it is possible to perform a semi-
classical analysis by using the formal substitution (4b) in the classical Hamiltonian, thus
including quantum modifications in the classical dynamics.
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3. Polymer Semiclassical Dynamics of the FLRW Universe

We will now apply the polymer representation to the FLRW Universe filled with
matter in the form of a scalar field φ. We will use both the Ashtekar variables (p, c) and the
volume variables (ν, c̃); the latter have been shown to be the suitable variables in order to
obtain a universal cut-off in polymer cosmology [32].

3.1. Dynamics in the Two Representations

The polymer paradigm is implemented on the classical Hamiltonian by considering the
“position” variables p ∝ a2 and ν ∝ a3 as discrete and therefore using the substitution (4b)
on the conjugate momenta c ∝ ȧ and c̃ ∝ ȧ/a. Thus the two polymer modified Hamiltonian
constraints are

Cpoly(p, c; φ, Pφ) = −
3

γ2β2
0

√
p sin2(β0c) + ρφ p

3
2 = 0, ρφ =

P2
φ

2p3 ; (5)

Cpoly(ν, c̃; φ, Pφ) = −
27

4γ2β2
0

ν sin2(β0 c̃) + ρφ ν = 0, ρφ =
P2

φ

2ν2 ; (6)

where γ is the Immirzi parameter [33,34], while Pφ is the momentum conjugate to the scalar
field φ and is a constant of motion.

Thanks to the equations of motion and the Hamiltonian constraint, we find analytic
expressions for the modified Friedmann equations:

H2
p =

( ṗ
2p

)2
=

ρφ

3

(
1−

ρφ

ρ̄p

)
, ρ̄p =

3
γ2β2

0 p
; (7)

H2
ν =

( ν̇

3ν

)2
=

ρφ

3

(
1−

ρφ

ρ̄ν

)
, ρ̄ν =

27
4γ2β2

0
= ρcrit. (8)

Two regularizing energy densities ρ̄ appear in the correction factors; both introduce
a critical point in the evolution of H2. On one hand, ρ̄p depends on time φ and on the
constant of motion Pφ through p, as we will see below, but its presence still makes it so that,
when ρφ = ρ̄p, the critical point is reached and a Big Bounce appears; on the other hand, ρ̄ν

depends only on fundamental constants and is a proper critical energy density.
Let us now consider the scalar field φ as the internal time for the dynamics by fixing

the gauge φ̇ = 1 [35,36]. The effective Friedmann equations can be solved analytically:

( 1
p

dp
dφ

)2
=

2
3

(
1−

γ2β2
0

6

P2
φ

p2

)
, p(φ) =

γβ0√
6

Pφ cosh

(√
2
3

φ

)
; (9)

(1
ν

dν

dφ

)2
=

3
2

(
1−

4γ2β2
0

54

P2
φ

ν2

)
, ν(φ) =

2γβ0

3
√

6
Pφ cosh

(√
3
2

φ

)
. (10)

As shown in Figure 1, the polymer trajectories of p and ν decrease (as expected
classically) until they reach the quantum era where the effects of quantum geometry become
dominant; they then reach a non-zero minimum and start to increase again. The resulting
dynamics is that of a bouncing Universe replacing the classical Big Bang. For all the figures
in this section we used the values β0 = 1/10, γ = 1 and Pφ = 10.
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Figure 1. The polymer trajectories of p (left) and ν (right) as functions of time φ.

3.2. Phenomenology with Particle Creation

Here we introduce particle creation with the aim of finding a phenomenological
signature of the two semiclassical schemes. Since this is a dissipative phenomenon, the as-
sumption of constant entropy is replaced by that of constant entropy per particle.

By introducing a non-zero chemical potential, a new term parametrizing particle
creation appears in the continuity equation for the energy density [20,37,38]:

ρ̇ + 3Hρ(1 + w) = 0 → ρ̇ + 3Hρ(1 + w)

(
1−

∣∣∣∣d lnN
d ln ν

∣∣∣∣) = 0, (11)

where N is the number of particles in the comoving volume. Given that a constant entropy
per particle s = S

N is assumed, the number of particles is directly proportional to the total
entropy S produced. This request ensures that the entropy production is strictly due to the
particle creation process, and it has no relation with the physics or the dynamics of each
single particle. Furthermore, the resulting proportionality between the entropy and the
particle number is immediately translated into the proportionality of the entropy density
s and the particle number density n = dN

dν . This feature preserves a property valid in
the standard cosmological picture [19], since, for instance, for the radiation component
considered in the numerical analysis below (whose presence is naturally expected in the
very early Universe), we have

sγ =
ργ + pγ

T
=

4
3

ργ

T
∝ nγ, (12)

where the subscript γ refers to the radiation fluid. There is no convincing physical reason
that the request of a constant entropy per particle be an assumption phenomenologically
inadequate to the quantum evolution of the Universe, especially in the present scenario,
in which the matter creation phenomenon is considered on an expanding polymer-modified
classical background.

With the addition of this new component, the Friedmann Equations (7) and (8)
rewrite as

H2
p =

ρφ + ργ

3

(
1−

ρφ + ργ

ρ̄p

)
, (13)

H2
ν =

ρφ + ργ

3

(
1−

ρφ + ργ

ρ̄ν

)
. (14)

In order to solve this equation, we make the usual ansatz [20]∣∣∣∣d lnN
d ln ν

∣∣∣∣ ∝ H2b, (15)
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where b is a free parameter. Therefore we can rewrite the continuity equation for ργ(ν) as

dργ(ν)

dν
+

ργ(ν)

ν
(1 + w)

(
1−

(H
H̄

)2b
)
= 0. (16)

The ansatz above has a phenomenological character and, by the direct proportionality
between the particle creation rate and the Universe expansion rate H, the physical origin of
particle creation is identified with the rapid time variation of the primordial gravitational
field. In the context of a bouncing cosmology, this proportionality has the significant
implication that near the Bounce, where the expansion rate H vanishes, the matter creation
is correspondingly suppressed. In other words, the process of matter creation has a
major impact on the Universe dynamics in an intermediate region between the minimal
volume and the late Universe. However, this maximum of matter creation concerns a very
primordial phase, when the energy is still of comparable order to the critical value.

The ansatz (15) and the corresponding continuity Equation (16) contain two phe-
nomenological parameters b and H̄. The first is taken in the numerical analysis below of
order unity, since there are no reasonable indications for its deviation from the classical set-
ting. For what concerns H̄, the only important constraint comes from avoiding that matter
creation affects the de-Sitter phase of an inflationary scenario. Otherwise, in the opposite
case, we could obtain a spectrum of inhomogeneous perturbations that is different than the
natural scale invariant one [18]. This consideration suggests that the value of H̄ must be
such that the matter creation is strongly suppressed before inflation starts, for example for a
Universe temperature of order .1015 GeV. However, in our study the value of H̄ is chosen
to obtain a maximum of the matter creation nearby the Planckian phase of the Universe
(where the polymer modifications are relevant), as stressed above. Finally, we consider
the contribution of all relativistic species as a single effect, and therefore the value of H̄ is
actually meant to represent an average effect over all ultrarelativistic matter species.

Note that modifying the continuity equation as in (11) while keeping the same form
for the modified Friedmann equations (except for the presence of the new radiation compo-
nent), unavoidably leads to a modified form of the acceleration equations as follows:

p̈
2p

=
ρ

2

(
1
3
− w(1− 2

ρ

ρ̄p
) +

∣∣∣∣d lnN
d ln ν

∣∣∣∣(1 + w)(1− 2
ρ

ρ̄p
)

)
, (17)

ν̈

3ν
=

ρ

2

(
1− w(1− 2

ρ

ρ̄ν
) +

∣∣∣∣d lnN
d ln ν

∣∣∣∣(1 + w)(1− 2
ρ

ρ̄ν
)

)
. (18)

The new term
∣∣∣d lnN

d ln ν

∣∣∣ acts as a positive energy density and could therefore drive

the acceleration when ρ < ρ̄
2 , that is away from the Planck regime; however, given the

ansatz (15), in the late universe the Hubble parameter decays and particle creation is
strongly suppressed, so the additional term cannot act as a suitable candidate to explain a
de-Sitter-like phase of expansion, as suggested for example in [39–41].

Now it is possible to numerically solve Equation (16) for ργ(ν) and to find ν(φ) and
N (φ) from the Friedmann Equations (13) and (14) and from the ansatz (15) respectively.
In Figure 2 we see the evolution of the total number of particles as function of time φ for
two different values of the initial condition Pφ; as we can see, in the case of the Ashtekar
variables the production of particles (and therefore of entropy) is negligible with respect
to the volume representation. In Figure 3 we see the final number of particles in the two
cases and the ratio between them as function of the initial condition Pφ; we see how a
greater value of Pφ (and therefore a more dominant scalar field density) suppresses the
creation of particles in both cases, and the ratio reaches an asymptotic value, while on the
other hand for small values of Pφ the ratio grows appreciably. It is worth stressing that the
different behaviour outlined above between the entropy creation in the polymerization of
the Ashtekar-Barbero-Immirzi connection or of the volume variable has a precise physical
meaning in the polymer paradigm only. However, since in the considered semiclassical
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dynamics when matter creation is absent the two polymer pictures mimic the µ0 and µ̄
schemes of LQC respectively, we are legitimated to suppose that our results might be valid
also in the LQC theory and could represent an important phenomenological difference
between the two schemes.

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
ϕ

1

10

100

1000

104

(ϕ)

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
ϕ

1

2

5

(ϕ)

Figure 2. Number of particles as function of time φ (Ashtekar variables in blue, volume variables in
red) for two different values of the initial condition (Pφ = 4.5 on the left, Pφ = 5.5 on the right).

5 10 50 100
Pϕ

1

5

10

maxPϕ

10 50 100
Pϕ

2

3

4

5

max
ν

max
p

Pϕ

Figure 3. (Left): number of final particles as function of the initial condition Pφ; blue and red dots
refer respectively to the Ashtekar variables and the volume variables. (Right): ratio between the
numbers of final particles in the two cases.

4. Polymer Quantum Dynamics of the FLRW Universe

In this section the main purpose is to promote the system to a quantum level, starting
from the Hamiltonian constraint in its quantum counterpart and applying Dirac quan-
tization [42] directly to quantum wavefunctions in order to obtain the WDW equation.
The variables are directly promoted to a quantum level, the Poisson brackets to commuta-
tors and the constraints to operators; the latter, when applied to the quantum states, will
select physical states and yield the WDW equation Ĉ|Ψ〉 = 0. This procedure will lead
to the dynamics whereby the system will fix Ψ as an eigenstate for the Hamiltonian with
vanishing eigenvalue.

4.1. Quantum Analysis in the Ashtekar Variables

To implement Dirac quantization method we promote variables to quantum opera-
tors as

p̂ = −i
γ

3
d
dc

, ĉ =
1
β0

sin(β0c), P̂φ = −i
d

dφ
. (19)

Given the modified Hamiltonian (5), the Hamiltonian constraint operator in the mo-
mentum representation is

ĈpolyΨ(c, φ) =
[
− 2

3β2
0

(
sin(β0c)

d
dc

)2
+

d2

dφ2

]
Ψ(c, φ) = 0. (20)
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This mixed factor ordering allows us to interpret this differential equation as a Klein-
Gordon-like equation; indeed it admits a conserved current and we can write the scalar
product as

〈Ψ|Ô|Ψ〉 =
∫ π

β0

− π
β0

dc
√

2
β0
√

3
sin(β0c)

i
(
Ψ∗ ∂φ(ÔΨ)− (ÔΨ) ∂φΨ∗

)
. (21)

Thanks to the substitution to the auxiliary variable x =
√

3
2 ln

∣∣∣tan
(

β0c
2

)∣∣∣ + x0,
Equation (20) becomes a massless Klein-Gordon equation:

d2

dx2 Ψ(x, φ) =
d2

dφ2 Ψ(x, φ), (22)

where Ψ can be written as a planewave superposition: Ψ(x, φ) = χ(x)e−ikφφ. The solution
to this equation can be stated in the form of a Gaussian-like localized wavepacket:

Ψ(x, φ) =
∫ ∞

0
dkφ

e−
(kφ−kφ)

2

2σ2

√
4πσ2

kφ eikφxe−ikφφ. (23)

Here kφ is the energy-like eigenvalue of the operator P̂φ, and its positive or negative
values select collapsing or expanding solutions respectively.

Now, in order to investigate the non-singular behaviour of the model, we can compute

the expectation value of the energy density operator ρ̂φ =
P̂2

φ

2p̂3 . In what follows, all the
mean values and variances of the relevant operators will be computed using the auxiliary
variable x inside the scalar product (21), so that the results are given by

〈Ψ|Ô|Ψ〉 =
∫ ∞

−∞
dx i

(
Ψ∗ ∂φ(ÔΨ)− (ÔΨ) ∂φΨ∗

)
, (24)

where we assumed normalized wavefunctions. We remark that the transformation from c
to x in the minisuperspace preserves the expectation values of the physical observables.

In Figure 4 we show the time dependence of
〈
ρ̂φ(φ)

〉
for a fixed value of kφ and

the maximum
〈
ρ̂φ(φB)

〉
, i.e., the expectation value of the Bounce density, that results

to be inversely proportional to kφ, in accordance with the semiclassical critical energy
density (7). The points representing the quantum expectation values were obtained through
numerical integration and have been fitted with the full lines; they are in accordance with
the semiclassical trajectories when taking into account numerical effects and quantum
fluctuations. Note that the action of the energy density operator expressed as function of x
has been simplified thanks to the hypothesis of a sufficiently localized wavepacket. For the
figures in this section we used the values σ = 3.5, β0 = 1/10, γ = 1 and, when needing a
fixed value, kφ = 10.

The non-diverging nature of the energy density of the primordial Universe clearly
implies, in view of its scalar and physical nature, the existence of a minimum non-zero
volume (although strongly dependent on the initial conditions), thus confirming the re-
placement of the singularity with a Bounce also in the quantum system. A more precise
assessment of the nature of the Bounce would require also a careful analysis of the variance
of the density and the moments of the quantum probability, as done for instance in [43],
but already at this level the existence of a Bounce is a solid prediction of our model.
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Figure 4. (Left): the expectation value of the energy density as function of time for kφ = 10 (blue
dots); (right): the expectation value of the energy density at the time φB of the Bounce as function of
kφ (blue dots). Both have been fitted with a function in accordance with the semiclassical evolution
(full red line).

4.2. Quantum Analysis in the Volume Variable

We now implement the quantization procedure on the system expressed in the volume
variable ν and its conjugate momentum c̃. This procedure is very similar to the previous
one and to the equivalent Loop quantization performed in [10,11,31]. Therefore we will
again report only the most relevant results.

The fundamental variables, when promoted to operators, act as

ν̂ = −i
γ

3
d
dc̃

, ˆ̃c =
1
β0

sin(β0 c̃), P̂φ = −i
d

dφ
, (25)

and the quantum Hamiltonian constraint becomes

ˆ̃CpolyΨ(c̃, φ) =
[
− 3

2β2
0

(
sin(β0 c̃)

d
dc̃

)2
+

d2

dφ2

]
Ψ(c̃, φ) = 0. (26)

In this case the appropriate substitution to use is simply x̃ =
√

2
3 ln

∣∣∣tan
(

β0 c̃
2

)∣∣∣+ x̃0;
this leads us to the same massless Klein-Gordon equation of the previous case and allows
us to write its solution in the x̃-representation as a Gaussian-like wavepacket in the form

Ψ(x̃, φ) =
∫ ∞

0
dkφ

e−
(kφ−kφ)

2

2σ2

√
4πσ2

kφ eikφ x̃e−ikφφ. (27)

Now the procedure is exactly the same as before; the operators of interest in this case
are both the volume and the energy density, that in this representation act as V̂ = ν̂ and

ρ̂φ =
P̂2

φ

2ν̂2 . Again we use the same Klein-Gordon scalar product (21) (except for a numerical
constant) to calculate their expectation value; their action is derived from (25). In Figure 5
we can see the expectation values of the volume 〈V̂(φ)〉 and density

〈
ρ̂φ(φ)

〉
as functions of

time. In the left panel of Figure 6 the value 〈V̂(φB)〉 of the volume at the Bounce is shown
as function of the initial value kφ; the minimum volume scales linearly with the energy-like
eigenvalue, in accordance with the semiclassical expression for ν(φ) given in (10). Then in
the right panel of the same figure we see the Bounce density

〈
ρ̂φ(φB)

〉
for different values

of kφ; in accordance with the semiclassical critical energy density (8), the density at the
Bounce in the new variables does not depend on the initial conditions of the system (or of
the wavepacket in the quantum analysis). For the parameters we used the same values as
before (σ = 3.5, β0 = 1/10, γ = 1 and kφ = 10 when necessary).
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Figure 5. Expectation values of the volume (left) and of the energy density (right) as functions of
time for kφ = 10 (blue dots), fitted with functions in accordance with the semiclassical evolution (full
red lines). The error bars are calculated as the standard deviation of the corresponding operator.
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Figure 6. Expectation values of the volume (left) and of the density (right) at the time φB of the
Bounce as functions of kφ (blue dots), fitted with functions in accordance with the semiclassical
evolution (full red lines).

The fact that in this set of variables the critical energy density of the Universe is fixed
and does not depend on initial conditions is related to the volume itself being chosen as
the configurational variable for the polymer quantization of the system. However, even if
this representation is preferable on the grounds that it yields an universal Bounce scenario
that is physically more acceptable, this choice is clearly dynamically inequivalent to the
Ashtekar variables (p, c) that are the only SU(2) choice in LQC. Actually, in the next section
we will show that, although it is possible on a semiclassical level to recover the physical
equivalence between the two sets of variables, this leads in the polymer representation to a
translational operator whose implementation on the states constitutes a non-trivial issue.

5. Discussion of the Results

Above we stressed that in the polymer framework the Universe always possesses
a bouncing point in the past both in a semiclassical and in a pure quantum description,
with the difference that when the natural connection c is used the maximal density is
fixed by the initial conditions on the system, while when using the redefined variable ν
the Bounce density depends on fundamental constants and the Immirzi parameter only.
In this respect, we observe that the polymer quantization introduces a minimal value to the
geometrical operators area and volume when p ∝ a2 and ν ∝ a3 respectively. In the first case,
by discretizing the area element also the volume results to be regularized since a bouncing
cosmology emerges, but with different implications on the behaviour of the critical energy
density. Consequently, these two representations clearly appear dynamically and physically
not equivalent (see [32,44–46] for similar not equivalent behaviours in polymer cosmology).
However, we want to stress that both the polymerization procedures, in terms of the
Ashtekar-Barbero-Immirzi connection and the volume variable, have some physical link to
the background LQC kinematics. The first is justified by the direct interpretation in terms
of the right SU(2) connection adopted in LQC, while the latter refers to the kinematical
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result about its spectrum discretization [2]. In other words, polymerizing the Ashtekar-
Barbero-Immirzi connection means giving LQG features to the natural variable in which
the Loop setup is formulated; on the same footing, polymerizing the volume corresponds to
attributing a discrete structure to the quantum representation of this geometrical operator,
as in the original LQG theory.

5.1. Linking the Two Pictures

Let us now compare the semiclassical dynamics in both sets of variables in search of
a physical link between the two representations. If we start with the polymer-modified
system in the (ν, c̃) representation, the canonical transformation to the natural Ashtekar
connection is

p = ν
2
3 c =

3
2

c̃ν
1
3 . (28)

However, to realize a canonical transformation in the polymer construction, we have
to introduce the condition β0 c̃ = β′0c in order to map the polymer Hamiltonian written in
the variables (ν, c̃) to that one (5) written in the new variables (p, c) and make the polymer-

modified Poisson brackets formally invariant: {c̃, ν} = γ
3

√
1− (β0 c̃)2 = γ

3

√
1− (β′0c)2 =

{c, p}, where the substitution (2) has been used on both c and c̃. In other words, we have
to deal with a new polymer parameter that depends on the configurational variable as
follows [32]:

β′0 =
2
3

β0ν−
1
3 =

2
3

β0√
p

. (29)

The last dependence of β′0 on p is the same of µ̄(p) in the µ̄ scheme of LQC [10,11,31].
After introducing a dependence of the polymer parameter from the configurational

variable under a canonical transformation, it is commutative to write the transformed
Hamiltonian and to introduce the polymer substitution (4b). Therefore we expect that also
the equations of motion for the two different sets of variables will be mapped using (28)
and (29): we have

ṗ =
2
3

ν−
1
3 ν̇ =

Nγ

3
∂Cpoly(c, p)

∂c
= − 2N

γβ′0

√
p sin

(
β′0c
)

cos
(

β′0c
)
, (30a)

ċ =
3
2

˙̃cν
1
3 +

1
2

c̃ν−
2
3 ν̇ = −Nγ

3
∂Cpoly(c, p)

∂p
=

N
√

p

(
sin2(β′0c)

2γβ′20
− c

γβ′0
sin
(

β′0c
)

cos
(

β′0c
)
+

γP2
φ

4p2

)
. (30b)

For comparison, the equations of motion in the (p, c) representation are

ṗ = − 2N
γβ0

√
p sin(β0c)cos(β0c), (31a)

ċ =
N
3

( 3
γβ2

0

1
2
√

p
sin2(β0c) +

3γ

4

P2
φ

p5/2

)
. (31b)

We note that (30a) is formally the same as (31a), but the relation β′0 = 2
3 β0

1√
p changes

the solution, while (30b) for the connection c results to be different from (31b) because of
the dependence of the polymer parameter β′0 on p. Therefore, on a semiclassical level,
there exists a physical equivalence in the evolution of p and ν. Indeed, thanks to (29),
the regularizing density ρ̄p in (7) turns out to be the same critical energy density ρcrit of (8):

ρ̄p =
3

γ2β′0
2 p

=
27

4γ2β0
2 = ρcrit . (32)
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Also the effective Friedmann equation in the time gauge φ̇ = 1 reads as

( 1
p

dp
dφ

)2
=

2
3

(
1−

4γ2β2
0

54

P2
φ

p3

)
(33)

and it clearly reduces to (10) using (28). The Bounce of the Universe volume has the same
properties in the two sets of variables only if we consider the polymer parameter β′0 to be
dependent on p.

However, in its natural formulation PQM is associated to a lattice (that has a constant
spacing by construction) only after the dynamics is assigned and after the change of
variables in the classical Hamiltonian has been performed, and indeed the difference
between the two schemes consists in choosing the variable for which the lattice parameter
is constant: if we transform into the natural Ashtekar connection from the volume-like
momentum after the polymer framework has been implemented, we have to deal with a
polymer parameter depending on the configurational coordinate, and unfortunately this
request prevents a full quantum analysis of the problem since it produces a translational
operator that cannot be implemented. This analysis highlights the privileged nature of
the variable for which the polymer parameter is taken constant, since the physical results
depend on it. In particular, if in polymer semiclassical cosmology one starts from assigning
a lattice in the Ashtekar variables and then canonically transforms to the volume ones,
obtaining a non-constant spacing, the resulting cosmology would still be a bouncing one
whose cut-off energy density depends on the initial conditions; on the other hand, starting
from the volume variables, one would have a universal bouncing cosmology in both sets,
with the difference that the polymer parameter would not be constant in the Ashtekar ones.
Hence in PQC the use of the Ashtekar or volume variables leads to two different physical
pictures. Far from defining an equivalence between the µ0 and the µ̄ schemes, we simply
stress that the latter would just correspond to dealing with a polymer parameter depending
on the configurational variable when seen in the Ashtekar-Barbero-Immirzi connection
instead of the volume one. This result encourages the thought that the conclusions gained
in [9] after a change of basis has been performed can be obtained on the semiclassical level
(and hopefully in the quantum too) also in the Ashtekar variables: the critical density of the
Universe takes an absolute value, independent on the initial conditions on the semiclassical
system or on the quantum wave packet.

We conclude by observing that the question we are addressing has a deep physical
meaning since it involves the real nature of the so-called Big Bounce: is it an intrinsic cut-off
on the cosmological dynamics or is it a primordial turning point fixed by initial conditions
on the quantum Universe? The present analysis suggests that the second case appears more
natural in PQC if it is referred to LQG, since the quantum implementation of the Ashtekar
connection produces results in accordance with the original analysis in [9].

5.2. Implications for LQC

Now we focus on the possible impact of the analysis above on LQC features. We
have clarified how PQM implemented on the Ashtekar-Barbero-Immirzi connection im-
plies a quantum cosmology which, similarly to the µ0 scheme of LQC, is characterized
by a maximum energy density dependent on the quantum number kφ. Differently, its
implementation on the volume-like variable reproduces a bouncing dynamics with the
same morphology of the µ̄ scheme of LQC. Despite this non-equivalence between the
two formulations, in the previous subsection we have demonstrated that the semiclassical
equations of motion can be mapped from the connection to volume-like variables by a
redefinition of the discretization parameter as a function of the coordinates. Even if this
issue of non-constant lattice step is not properly addressed in the full quantum polymer
picture, this scenario can be analogous to the change of basis used to obtain the µ̄ scheme
of LQC.
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In the original formulation of LQC the dynamics of the isotropic Universe is described
via the canonical couple (p, c). The fundamental states of the theory, denoted by |µ〉, are
eigenstates of the momentum operator:

p̂ |µ〉 = 1
6
|µ〉. (34)

While the operator ĉ remains undefined, we can define a translational operator via the
relation

êλc |µ〉 = |µ + λ〉, (35)

where λ is a constant step. Now, the choice of the µ0 or µ̄ scheme amounts to giving
the minimum area eigenvalue a kinematical or dynamical character [7,9–11,31]. In the µ̄
scheme of LQC the basic relation for the minimum area element is formulated as

µ̄2 p = ∆, (36)

where ∆ is the Area Gap from full LQG, and it states the necessity to deal with physical
values of the area spectrum properly scaled by the momentum (i.e., the squared scale factor).

Now, the translational operator would act on the states as

êiµ̄(p) c |µ〉 = eµ̄(µ) d
dµ |µ〉; (37)

its implementation becomes more natural when we change to the variable v = p
3
2 , i.e., to

a volume coordinate (this is immediate observing that µ̄ ∝ 1√
µ ). This change of basis

can be thought of as the passage from a translational operator with p-dependent step to
a representation that defines a natural constant spacing in the µ space. This situation is
similar to the case discussed in the polymer formulation, when in (29) the lattice step
was promoted to a function of the generalized coordinate to restore the invariance of the
semiclassical dynamics.

Since on a semiclassical level the polymer and LQC dynamics are comparable and we
have shown that the physical properties of the Universe are dictated by the representation
with a constant lattice step, we can infer an interesting feature of LQC. At least on a
semiclassical level, the use of the volume coordinate is legitimated on the same level as the
Ashtekar-Barbero-Immirzi connection (the privileged choice in LQG), because the universal
value of the critical energy density (that is independent from kφ), observed in the former
case, would remain valid also for the evolution of the latter framework as long as we take
into account the non-constant lattice parameter. In this respect, the proof of the complete
equivalence of the µ0 and µ̄ schemes of LQC (clearly absent in the quantum polymer picture,
as shown by our analysis, where a constant lattice step is considered) would require the
non-trivial technical question of addressing the action of a translational operator with a
coordinate-dependent step.

6. Conclusions

In this work we analyzed the dynamics of the isotropic Universe filled with a massless
scalar field in the framework of PQC. We performed the semiclassical analysis for both the
Ashtekar connection and the generalized coordinate conjugate to the volume, confirming
the existence of a bouncing early Universe. The main conclusion is that the Big Bounce
has different properties in the two sets of variables: an intrinsic cut-off emerges in the
cosmological dynamics only in terms of the volume variable; the treatment in terms
of the Ashtekar connection is still outlining a bouncing cosmology, but the scale of its
manifestation depends on the initial conditions on the system. As a phenomenological
comparison between the two schemes, we introduced in the semiclassical bouncing model
a dissipative particle creation term in order to analyze the different behaviour of entropy
over time and its dependence on the constant of motion Pφ; we found that this effect is
more relevant in the volume variables, while it is almost negligible in the Ashtekar ones.
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This discrepancy is more evident for small values of Pφ, where the evolution in the two
schemes is significantly different; indeed, in both cases the entropy production is strongly
suppressed for large values of the initial conditions, corresponding to a scalar field energy
density that becomes dominant over the dissipative radiation fluid.

We then proceeded to the full quantum analysis. We showed that, when using the
Ashtekar connection, the expectation value of the energy density has the same behaviour of
the semiclassical case and its maximum value is determined by the energy-like eigenvalue
kφ, while quantizing the volume variable yields an expectation value for the density opera-
tor dependent on fundamental constants only. As written above, a more thorough quantum
description would require the study of variance and moments of the relevant operators [43];
furthermore, a possible future extension of this work could be to include inhomogeneities
in the model and see whether PQC is affected by the same problems of LQC, such as the
signature change due to the implementation of holonomy corrections [47–49] (even though
in our framework these corrections are not present), but this goes beyond the scope of the
present work.

In the discussion we showed how taking into account a polymer parameter depending
on the momentum variable makes the equations of motion in the two settings equivalent,
and this leads to a physically equivalent description of the cosmological Bounce in both the
conjugate variables. Nonetheless, the nature of the Bounce is in any case fixed by the set of
variables for which the polymer parameter is taken constant.

Our analysis in Section 5.2 suggested a semiclassical argument for the viability of
the µ̄ scheme of LQC. In fact, if in such a formulation we interpret the change from the
natural Ashtekar-Barbero-Immirzi connection to the volume variable as the restoration of a
constant step in the translational operator from a momentum-depending one, we can apply
the results obtained for the semiclassical equations of the polymer analysis, which mimic
the semiclassical LQC dynamics. Therefore we can say that the universal critical energy
density, coming from the choice of the volume base and its conjugate variable, is expected
to remain constant also for the corresponding dynamics in terms of the natural SU(2)
connection, for which the translational operator has a non-constant step (we stress that the
polymer configurational coordinate corresponds exactly to the variable p of LQC, when the
first order minisuperspace is considered). This consideration suggests that a further effort
has to be made in this direction, from a quantum point of view, by solving the difficulties
in implementing a translational operator associated to a non-constant displacement.
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