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Abstract: Alternative cosmological models have been under deep scrutiny in recent years, aiming
to address the main shortcomings of the ACDM model. Moreover, as the accuracy of cosmological
surveys improved, new tensions have risen between the model-dependent analysis of the Cosmic
Microwave Background and lower redshift probes. Within this framework, we review two quantum-
inspired non-locally extended theories of gravity, whose main cosmological feature is a geometrically
driven accelerated expansion. The models are especially investigated in light of the Hubble and
growth tension, and promising features emerge for the Deser—-Woodard one. On the one hand, the
cosmological analysis of the phenomenological formulation of the model shows a lowered growth
of structures but an equivalent background with respect to ACDM. On the other hand, the study of
the lensing features at the galaxy cluster scale of a new formulation of non-local cosmology, based
on Noether symmetries, makes room for the possibility of alleviating both the Hy and oy tension.
However, the urgent need for a screening mechanism arises for this non-local theory of gravity.

Keywords: Hubble tension; growth tension; dark energy; alternative cosmological models; non-local
gravity; Noether symmetries; galaxy clusters; elliptical galaxies; S2 star; gravitational waves

1. Introduction

Recent astrophysical and cosmological surveys, both from ground-based and space
experiments, have provided extremely high-quality data. The observations point towards
a Universe in which the cosmological principle holds on large scales, namely the Universe
appears homogeneous and isotropic if averaged over scales of ~100 h~!Mpc or more [1,2].
Moreover, the Universe is undergoing an accelerated expansion phase [3,4], subsequent to
a decelerated era in which the structure formation occurred. All these features, together
with the nuclei abundances produced in the Big Bang Nucleosynthesis (BBN), the Baryon
Acoustic Oscillations (BAO) and many others, are well predicted by the Lambda Cold
Dark Matter (ACDM) model, which has been adopted as the standard cosmological model
accordingly. Such a model provides an effective description of the Universe, which relies
on the assumption that General Relativity (GR) is the final theory of gravitation that
governs the cosmic dynamics. As a consequence, two more fluids other than baryonic
matter and radiation must be inserted in the matter—energy content of the Universe in
order to adjust GR predictions to data: the Dark Energy (DE), responsible for the late time
cosmic acceleration, and the Dark Matter (DM), which accounts for the structure formation.
Together, they should represent ~95% of the matter-energy budget of the Universe [5-7],
thus dominating the cosmic dynamics at all scales.

Building on its capability to fit the whole cosmological and astrophysical dataset with
a relatively small number of parameters, the ACDM model stands as the pillar of our
comprehension of the Universe. However, several shortcomings [8] and recently risen
tensions [9-11] affect its reliability. On the one hand, we have a huge assortment of candi-
dates but no final solution for DM [12,13] and DE [14-16]. On the other hand, the presence
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of singularities, as well as the inconsistency at quantum level, undermine the credibility
of GR as the final theory of gravity. Even more puzzling are the cosmological tensions,
which have emerged in recent years as the result of the growing availability of a wide range
of extremely precise data. A multitude of independent observations appears indeed to
be in a 220 tension with the reference ACDM estimates by the Planck collaboration [5].
Even though systematic experimental errors may account for part of these tensions, their
statistical significance and their persistence after several check analyses have thrown up
some serious red flags. Since the Planck constraints for the cosmological parameters relies
on a strongly ACDM-model-dependent analysis of the Cosmic Microwave Background
(CMB), such tensions may be the signature of the brakedown of the concordance model,
hence of new physics. In this paper, we pay particular attention to the two most well-known
tensions: the Hy tension [10], which emerges from the comparison between early-time [5]
and late-time measurements [17] of the Hubble constant, and the growth tension [11] be-
tween the CMB value [5] of the cosmological parameters ()1 and g and those from lower
redshift probes, such as Weak Lensing (WL) [18], Cluster Counts (CC) [19] and Redshift
Space Distortion (RSD) [20].

In order to meet the challenges posed by ACDM theoretical shortcomings, as well as by
its observational tensions, a zoo of alternative cosmological models has been formulated in
recent years. The common feature of any proposed model is the introduction of additional
degrees of freedom, whether in the gravitational or the matter-energy Lagrangian. Several
approaches have been adopted: from the simple generalization of the Hilbert-Einstein
action to functions of the curvature scalar, namely f(R) theories [21-27], to the addition of
further geometric invariants such as the torsion scalar T [27-32] or the Gauss—-Bonnet scalar
G [33-36]. The introduction of scalar/vector fields minimally or non-minimally coupled to
gravity [37-41], as well as the emergence of non-trivial dynamics in the dark sector [42-46],
also represent intriguing possibilities in the extremely wide framework of the alternatives
to GR/ACDM (see [47,48] for the state of the art). In this paper, we want to inquire
into a specific class of alternative cosmological models ruled by non-local gravitational
interactions [49]. Among others, we investigate the cosmological implications of two
non-locally extended theories of gravity: the Deser-Woodard (DW) model [50] and the
Ricci-Transverse (RT) model [51]. These theories have drawn increasing attention in recent
years due to their capability to account for late-time cosmic acceleration, thus avoiding the
introduction of any form of unknown dark energy. Moreover, the non-local corrections
may provide a viable mechanism to alleviate some of the main cosmological tensions.

The paper is organized as follow: in Section 2, we outline the main motives for
formulating non-local theories of gravity, and we present the two ways in which dynamical
non-locality can be implemented. Then, we introduce the two chosen models and their
theoretical features. In Section 3, we investigate the mechanisms through which the DW
and the RT model account for the accelerated expansion of the Universe. In Section 4, we
present the non-locally driven evolution of cosmological perturbations for the two models
and the resulting impact on the o3 tension. Moreover, in Section 5, we assess the Hy tension
in light of the non-local theories. Finally, in Section 6, we present the main astrophysical
tests of the non-local gravity models. The conclusions are drawn in Section 7.

2. Non-Local Gravity

Non-locality naturally emerges in Quantum Physics, both as a kinematical and a
dynamical feature. On the other hand, locality is a key property of classical field theories,
and thus represents one of the main obstacles to overcome in order to merge gravitational
interaction formalism with that of Quantum Field Theory (QFT). As a consequence, the
introduction of non-locality in our theory of gravitation seems to be an unavoidable step
towards the unification of the fundamental interactions. There exist at least two ways
to achieve non-locality: at fundamental level, in which kinematical non-locality can be
implemented by discretizing spacetime and introducing a minimal length scale (usually
the Planck length); as an effective approach, in which non-local geometrical operators can
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be added to the gravitational Lagrangian to obtain a non-local dynamics in a continuum
background spacetime [52]. Here, we want to focus on the latter scenario, which is of great
interest for cosmological applications.

Two main classes of non-locally extended theories of gravity have been developed in
recent years [49]: Infinite Derivative theories of Gravity (IDGs), involving entire analytic
transcendental functions of a differential operator, and Integral Kernel theories of Gravity
(IKGs) based on integral kernels of differential operators, such as

O 1R(x) = / 44 G(x, ¥)R(x'), (1)

where G(x'x’) is the Green function associated to the inverse d’Alembertian. IDGs usually
address the ultraviolet (UV) problems of the ACDM model by ensuring classical asymptotic
freedom. The gravitational interaction is weakened on small scales and the singularities
disappear accordingly. Non-singular black holes [53], as well as inflationary [54] and
bouncing cosmologies [55], are indeed forecast in the IDG framework. On the other hand,
IKGs are introduced to account for the infrared (IR) shortcomings of the concordance model
of cosmology. The phenomenology of both dark fluids can be actually reproduced by
non-local corrections that switch on at large scales [50,56,57].

In this paper, we focus on two specific curvature-based IKGs [50,51] and their cos-
mological features. IKGs indeed have special relevance due to the fact that they combine
suitable cosmological behavior with welljustified Lagrangians at the fundamental level.
GR is actually plagued by quantum IR divergences that already appear for pure gravity
in flat space [58]. This pathological behavior implies that the long-range dynamics of the
gravitational interaction may be non-trivial, and non-perturbative techniques are thus
required. Applying such non-perturbative methods to the renormalization of the quantum
effective action of the gravity theory, non-local terms emerge both associated [59,60] or not
associated [61,62] to a dynamical mass scale. Analogous results can be recovered through
the trace anomaly [63].

2.1. The Deser—Woodard Model

The first model that we want to highlight is an IKG initially proposed in [50]. The
non-locally extended gravitational action of the Deser-Woodard model reads

§= ﬁ / d4fog{R[1 +f<D*1R)]}, )

where the non-local correction is given by the so-called distortion function, namely a
general function of the inverse box of the Ricci scalar, as in Equation (1). It is worth noticing
that the non-local theory reduces to GR as soon as f((J"'R) vanishes. The modified field
equations descending from Equation (2) are

Guv +AGuy = KTP(,:/”) , (3)

where the non-local correction reads

3Gy =( G+ 00— ¥,7. ) {(@R) + 07 kP (@ R))

4)
_|_

1 1
5 (5;55 + 5555) — 58"

a,x(m—lzz)aﬁ{m—l [Rf (O'R)] } .

Furthermore, the non-local gravitational action in Equation (2) can be easily rewritten
under the standard of local scalar—tensor theories by introducing an auxiliary scalar field

R(x) =D (x), ®)
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which does not carry any independent degree of freedom. The local canonical form of the
scalar—tensor action, equivalent to the non-local theory, thus reads [64]

S= L [atry/=g{R[1+ (1)) ~ 2,50" ~ R} ©

where §(x) is a Lagrangian multiplier which has been promoted to a position- and time-
dependent scalar field. In this formulation, the gravitational field equation is

1 1 1
G;n/ —W [KT&?) — ng,aa(:fa,ﬂ] + E (ay(:avﬂ + ayﬂavg)
@)
- (BT () - 5)
while the Klein—-Gordon equations for the two auxiliary scalar fields are
Uy =R, ®)
ne = —r20D | ©)

o
2.2. The Ricci-Transverse Model

The second non-local model that we investigate through this paper is a metric IKG
proposed in [51]. This is a quantum-inspired model, whose quantum effective action is

= gimg 4 {hwgw’“ﬂhw_ 2 (P’ (10)

where g,y = 17,y + Khy,y is the linearized metric tensor, £ 1P is the Lichnerowicz operator] ,
PH =yt — (oM9¥/0) is a projector operator and m is the mass of the conformal mode
of the gravitational field. Performing the covariantization of Equation (10), the modified
gravitational field equation reads

1 N
G — gm2(gwm R)T = «Ty, (11)

where we take the transverse part of the symmetric non-local tensor S,y = g0 1R

1
S = Sju + 5 (VySu + ViSy), (12)

and S, is an associated four-vector. The Bianchi identities are guaranteed accordingly, i.e.,
VHSE, =0.

In the same way as the DW model, the Ricci-Transverse model can be localized
through a scalar-tensor-vector formulation [51,65]. Here, we introduce two auxiliary
objects, namely

U(x) = _DilR(x)r Sw(x) = —Ll(x)gw(x) = g;ﬂ/(x)DilR(x)- (13)

An auxiliary four-vector field S, (x) therefore enters the localized equations because
of Equation (12). The gravitational field equation, Equation (11), turns into

2
m

plus the two equations of motions of the two auxiliary fields

OU = —R, (15)
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(6/O+VI'V,)S, = —29,U. (16)

3. The Late-Time Cosmic Acceleration

The Universe is currently undergoing an accelerated expansion. The first evidence of
this peculiar behavior dates back to the end of the twentieth century, when the observation
of several Type Ia Supernovae (SNla) [3,4] pointed out the unavoidable necessity of a
cosmological constant to fit the cosmic expansion history. On the one hand, these results
have been corroborated by the observations of all the recent surveys [5,66-68]. On the
other hand, the theoretical explanation of this issue has two main drawbacks: the fine
tuning problem [69] and the coincidence problem [70]. The former is related to the huge
discrepancy (~120 orders of magnitude) between the observed value of the cosmological
constant and the vacuum energy density calculated via QFT. The latter is linked with the
similar current values of Q25 and )y, despite their radically different evolution laws.

The next generation of cosmological surveys should boost the investigation of the
nature of the so-called cosmological constant, providing powerful data to discriminate
between DE solutions and extended theories of gravity. Within this framework, non-
local gravity provides viable mechanisms that could account for the observed accelerated
expansion of the Universe.

3.1. The DW Case: Delayed Response to Cosmic Events

The main reason why the DW model has been in the spotlight since its formulation is
its effective way to explain late-time cosmic acceleration without the introduction of any
form of dark energy. Computing the non-local correction of Equation (2) in the Friedmann—
Lemaitre—Robertson-Walker (FLRW) metric,

ds? = —dt* +a?(t)dx - d¥, (17)

one obtains a non-negligible geometrical contribution,

ORI = [ t dt’a32t,) I "t ()R ()

3s—1 18
IS VI Y G WS S S £ ’ 18)
o 3s-—1 teg) 3s—1 3s—1\ t ’

where a(t) ~ t°, and the integration constant is set to make the non-local correction vanish
before the radiation-matter equivalence time, t,;. Then, for t > t.; the non-local correction
starts to grow, becoming non-negligible at late time and driving the accelerated cosmic
expansion. Non-locality thus emerges in the cosmological framework as a delayed response
to the radiation-to-matter dominance transition, i.e., as a time-like non-local effect.

The introduction of non-locality may therefore have beneficial effects on cosmological
scales, both at background level and perturbations level. Two different approaches can be
adopted for the DW model: on the one hand, one can exploit the freedom guaranteed by
the undetermined form of the distortion function to fit the observed expansion history of
the universe. In such a scenario, the DW cosmology is made equivalent to ACDM at the
background level. However, different features emerge when perturbations are taken into
account, and the physics of structure formation is affected accordingly. On the other hand,
one can select the form of the distortion function building on some fundamental principles,
such as the Noether symmetries of the system. In this case, the non-local cosmology is
also modified at background level and stronger deviations from the concordance model
should rise.

In [71], the first method has been applied, and the ACDM expansion history of the
Universe has been accurately reproduced by matching the data through a non-trivial form
of the distortion function
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f(O7'R) = 0.245tanh (0.350X + 0.032X* + 0.003X°) — 1], (19)
where X = O071R + 16.5.

3.2. The RT Case: Dynamical Dark Energy

Considering a spatially flat FLRW metric, Equation (17), the equations of motion of
the RT model, Equations (14)—(16), become [72]

2 . 8nG
H? - (U - 8) = 2p, (20)
9 3
U+ 3HU = 6H + 12H?, (21)
Sy +3HSy — 3H2S, = U, (22)

where the spatial components of the vector field S, vanish to preserve the rotational invari-
ance of the FLRW metric, and the stress—energy tensor is taken to be T} =diag(—p, p, p, p)-
Defining Y = U — Sy, i = H/Hp and the dimensionless variable x = Ina(t), then the
modified Friedmann equation, Equation (20), reads

R2(x) = Qpe 2 4+ Y (x), (23)
with y = m?/(9H}). An effective dark energy thus appears

PpE(t) = porY(t), (24)

where pg = 3H5 / (87G). Once the initial conditions for the auxiliary fields are set (see [56]
for details), the evolution of ppg(t)/pror(t) can be studied: the non-local effective dark
energy is actually negligible until recent time and then starts to dominate the cosmic
expansion. Moreover, it is possible to study the DE equation of state

ppe +3H(1+ wpg)ppe =0, (25)

and different evolutions for ppg(z) follow from different choices for the initial conditions of
the auxiliary fields. For small values of the initial conditions, one obtains a fully phantom
DE, namely wpg(z) is always less than —1. For large values of the initial conditions, ppg/(z)
has a "phantom crossing" behavior, i.e., there is a transition from the phantom regime
to =1 < wpg < 0 of about z ~ 0.3. Regardless of the initial conditions, therefore, the
non-local model provides a dynamical DE density which drives the accelerated expansion
of the Universe.

4. The Growth of Perturbations and the og Tension

Building on the primordial density fluctuations emerged from the inflation, cosmic
structures have formed due to gravitational instability. Studying the large-scale structure of
the Universe and its evolution through the cosmic epochs, it is possible to trace the growth
of the so-called cosmological perturbations.

Associated to this observable, one of the main cosmological tensions has risen: the
growth tension. It has come about as the result of the discrepancy between the Planck value
of the cosmological parameters () and og and those from WL measurements, CC and RSD
data. The former dynamical probes point towards lower values of the amplitude (cg) or the
rate (fog = [Qu(z = 0)]%%°03) of growth of structures with respect to the CMB experiments,
giving rise to a 2 — 3¢ tension [9,11]. Moreover, the Planck 2018 value of the joint parameter
Sg = 0gv/Qp /0.3 (Sg = 0.834 £+ 0.016 [5]) is confirmed by another recent CMB analysis
by the ACT + WMAP collaboration (Sg = 0.840 £ 0.030 [66]), thus erasing the possibility
of a systematic error related to the excess of lensing amplitude measured by Planck [73].
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A 2.30 tension emerges accordingly with both the original WL analysis of KiDS-450 [74] and
KiDS-450 + VIKING data [75], while updated constraints from the same datasets [76,77]
show greater discrepancies. The same 2.3¢ tension also occurs with the data from DES’s
first year release (DESY1) [78], while the combination of KiDS-450 + VIKING + DESY1
weak lensing datasets results in a 2.5¢ [79] or 3.20 [80] tension depending on the analysis.
The most recent cosmic shear data release from both KiDS-1000 and DESY3 confirms the
previous estimates [18,81-84] (Sg = 0.759f8:8§‘1L from KiDS-1000 [18]). Analogous results
have been obtained with the 3 x 2 pt correlation function analysis (cosmic shear correlation
function, galaxy clustering angular auto-correlation function and galaxy—galaxy lensing
cross-correlation function) of KiDS-1000 + BOSS + 2dFLenS datset [85]. Additional results,
in agreement with those from WL surveys, have been achieved by number counting of
galaxy clusters, using multiwavelength datasets [19,86-91]. Supplementary observational
evidence for the weaker growth of structures is also given by the exploitation of RSD
data [20,92-95].

4.1. The Deser—Woodard Evolution of Scalar Perturbations

To investigate the growth of structures in the non-local DW model, we select the
phenomenological form of the distortion function given by Equation (19). As a consequence,
the non-local background evolution is made equivalent to that of ACDM, and any deviation
is enclosed in the cosmological perturbations.

Consider the field equations of the scalar—tensor equivalent of the DW model, Equa-
tions (7)—(9). Specializing to the cosmological case by assuming the FLRW metric, Equa-
tion (17), the field equations now read

H2[1+f—€]+H[f/f7—§]—%176:?;0, (26)
H[1+f-¢] - %w —¢l+ %ﬁé+ %[f”ﬁz +fij = ¢ = —4nG(p+p),  (27)
ij +3Hn = —6(H +2H?), (28)

&+3HE =6f (H+2H?), (29)

where the former two are the (0,0) and the (1,1) component of Equation (7), while the latter
two are the cosmological formulation of Equations (8) and (9).

The linear perturbation equations have been derived in [96] for the scalar—tensor
equivalent of the non-local theory, and then analogous results have been found in [97] for
the original formulation. Using the perturbed FLRW metric in the Newtonian gauge,

ds? = —(142¥)df + a*(t)(1 + 2®)d;dx'dx/ , (30)

the growth equation reads

_ BH3[1-&—38f'(n) + f(n)] QY oo
283H2 [1—¢—6f(n) + fop] [1+ fop) —¢]

where éy; = dpm/pm is the matter density perturbation in the sub-horizon limit.

Numerical results for the growth rate fog = 03d),/dp have been obtained in [96]
and [97] for both the formulations of the Deser-Woodard model, and good agreement with
the Redshift Space Distortion (RSD) data has emerged (O'é\] L' = 0.78). Moreover, when the
DW cosmological parameters are inferred by matching the CMB data [98], a lower growth
amplitude with respect to that of ACDM turns out. The non-local model thus alleviates the
growth tension, predicting compatible values of og both from Planck—-CMB and the other
dynamical probes, as shown in Figure 1.

om+(2—¢)om (31)
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r —e— - CMB Planck (DW non-local)

b—e— CMB Planck + RSD + JLA (DW non-local)
= ——e— - CMB Planck + BAO + Pantheon (RT-minimal non-local)
—e— CMB Planck + BAO + Pantheon (RT non-local, AN=64)

- f———@®———{- CMB Planck TT,TE,EE + lowE

f——e— CMB ACT + WMAP
r —e— 9 WL KiDS-1000
P WL DES-Y3
r f 4 { 7 WLCFHTLenS
o WL KiDS + VIKING + DES-Y1

WL + CMB lensing DES-Y3 + SPT + Planck

f———— WL + GC KiDS-1000 3x2pt
r ‘ _ ‘ ° 7 WL+ GC DES-Y3 3x2pt
f ° ! WL + GC KiDS + VIKING-450 + BOSS
C Il L L L L Il L L L L Il L L L L Il i
0.70 0.75 0.80 0.85

Figure 1. Estimates of Sg provided by the two non-local cosmological analyses [56,98], and the
ACDM fit of the CMB [5,66], the WL data [18,20,80,83,84,99], the combination of WL and galaxy
clustering observations [100-102], cluster counting [19,87,88] and RSD surveys [92,94]. The colored
band corresponds to the Sg value derived by the analysis of the Planck-CMB data in the ACDM
framework [5].

However, even though the non-local clustering of linear structures is weakened with
respect to ACDM, and the DW prediction for the matter power spectrum is about 10%
lower [98], the non-local lensing response is counterintuitively enhanced due to a severe
increase in the lensing potential. This peculiar behavior results in a slight tension between
CMB and RSD [98]: performing the joint fit, the RSD dataset tends to push the DW
predictions for the CMB lensing potential CZ)(P out of the 1¢ error bars at low-£. Applying
the Bayesian tools for the model selection, a “weak evidence” [103] for the ACDM model
consequently emerges.

4.2. The Ricci-Transverse Evolution of Scalar Perturbations

The scalar perturbations of the RT model have been investigated in [56,104], using the
FLRW metric in the Newtonian gauge, Equation (30), and perturbing the auxiliary fields as

U(t,x) = U(t) + oU(t,x), (32)

Su(t,x) = So(t) + 68u(t, x) = So(t) + 6So(t, x) +9;[6S(t,x)] , (33)

where the spatial part of the vector perturbation does not vanish and, for scalar perturba-
tions, only depends on JS. Building on the RT cosmological equations Equations (20)—(22),
the growth equation for the matter density perturbation in the sub-horizon limit reads [104]

_ 3G
T2 G

Sm +2Hb H2OM0um, (34)
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where in G, ff (‘Y, ®,0U,65), S ) is encoded the deviation of the non-local theory from GR.
In the sub-horizon modes, namely k > 1, such deviation is

Ge ff 1
1_G_O(]}2>' (35)
and the RT model is thus safe regarding the time variation of the effective Newton’s
constant. G, indeed reduces to G at the Solar System scale, while a deviation of ~1% rises
at cosmological scales.

In [56], the growth rate f(z,k) = dIndy;/dIna is also derived. The results do not
differ from those of ACDM cosmology: f(z, k) can be fitted with a k-independent function
f(z) = [Qm(z)]", where y =~ 0.55 is roughly constant. Accordingly, any possible deviation
in the growth of perturbations should be due to the amplitude cg. In order to find any
signature of the non-local model at perturbation level, which could account for the growth
tension, the theory was compared with cosmological observations: Planck-CMB, Pantheon
SNIa and SDSS-BAO. The Bayesian parameter estimation shows a full equivalence between
the RT non-local cosmology and the ACDM one. No statistically significant deviation in
the og parameter emerges for any of the tested versions of the Ricci-Transverse model.
Eventually, this theory cannot alleviate the growth tension, as shown in Figure 1.

5. Hubble Tension in Light of the Non-Local Models

Hubble tension is certainly the most renowned and significant tension of the ACDM
model. It emerges from the comparison between early-time and late-time measurements of the
Hubble constant. From one side, CMB analysis [5,66,105-108], BAO surveys [6,101,109,110] with
standard BBN constraints [111] and combinations of CMB, BAO, SNIa [112], RSD and cosmic
shear data [78,113,114] point towards lower values of Hy (Hy = 67.4 + 0.5 km s_lMpc_1 from
Planck 2018 [5]). On the other side, the local measurements based on standard candles prefer
higher values for the Hubble constant [115] (Hy = 73.04 4+ 1.04 km s 'Mpc~! from SHOES
2022 [17]). The main results are achieved by the SHOES collaboration using Hubble Space
Telescope observations: on the one hand, they analyzed SNIa data with distance calibration by
Cepheid variables in the host galaxies [116,117]; on the other hand, they targeted long-period
pulsating Cepheid variables [17,118], calibrating the geometric distance to the Large Magellanic
Cloud, both from eclipsing binaries and parallaxes from the Gaia satellite [119,120]. Moreover,
other independent local measurement of Hy have been performed by using time delays between
multiple images of strong lensed quasars [121,122], the tip of the Red Giant Branch [123] and
Miras (variable red giant stars) [124] with water megamaser as distance indicator [125]. All
these measurements agree on higher values of the Hubble constant, thus generating a 4 — 5¢
tension with early-time model-dependent estimates.

5.1. The Deser—Woodard Expansion History

The stat-of-the-art investigation of the DW non-local model does not allow any attempt
to address Hy tension. To make the model predictive, the form of the distortion function
needs to be specified, and most of the analyses have been focused on the phenomenological
ACDM form of Equation (19), until now (see [98] for the latest results). This choice
implies that the DW cosmology is made equivalent to that of the concordance model
at background level, and the same expansion history, as well as the same Hy, are thus
predicted (see Figure 2).
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Figure 2. Estimates of Hp provided by the two non-local cosmological analyses [56,98],
and the ACDM fit of the CMB [5,66,105,107], the matter power spectrum combined
with BAO [20,110,126] and RSD [127], the Large Scale Structure te; standard ruler [128,129],
the supernovae [17,121,124,130,131], the time-delay lensing [121,132,133], the gravitational
waves [134-136], the water megamasers [125,137], the Tully—Fisher relation [138] and the SBF [139].
The colored bands correspond to the Hy estimates derived by the Planck-CMB analysis in the ACDM
framework (purple) [5] and the SNIa-Cepheids analysis by SHOES (orange) [17].

However, another option is also available for the selection of the distortion func-
tion. In [57,140,141], a specific form of f(#) has been derived by exploiting the Noether
symmetries [142] of a spherically symmetric background spacetime

f(n)=1+e". (36)

The accurate cosmological analysis of this form of the DW model has yet to be carried
out, but some results have already been achieved, such as exact solutions [49] and a phase-
space view of solutions [143]. Furthermore, several astrophysical tests have been performed
on very different scales, and viable results turned out. In [141], the lensing properties of
the galaxy clusters have been investigated in light of the exponential DW model, and a
fully non-local regime with enhanced lensing strength has been highlighted. This feature
clearly resembles the improved lensing response of the phenomenological form of the DW
model, which is co-responsible for the lowered estimate of the og parameter. A promising
insight upon the cosmological behavior of the non-local theory based on Equation (36)
thus emerges. Therefore, this model may alleviate not only the growth tension but also
the Hubble tension, since it also deviates from GR at the background level [144]. Further
analysis of the exponential DW model should be carried out accordingly.

5.2. The Ricci-Transverse Expansion History

For what concerns the RT model, the most updated cosmological analysis is due to
Belgacem et al. [56]. As we saw in Section 4, different versions of the non-local model,
relying on different choices for initial conditions of the auxiliary fields, have been compared
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against Planck-CMB, Pantheon SNIa and SDSS-BAO data. Since the RT model has no
freedom with regard to the functional form of the action, the theory cannot be adjusted to
data, and no background equivalence to the ACDM cosmology can be established a priori.
In such a scenario, the solution to the Hubble tension may thus be possible. However,
the estimator tool defined in Equation (35), which accounts for the deviation from GR of
the non-local theory, only shows little discrepancies. This manifests in the values of the
cosmological parameters inferred via Markov Chain Monte Carlo (MCMC), which are
almost equivalent to those of the concordance model. The only model that exhibits some
slight discrepancies is the so-called "RT-minimal", which relies on the assumption that the
auxiliary scalar field U(x) starts its evolution during the radiation dominance era. On the
one hand, this model predict a non-vanishing value for the sum of neutrino masses, while
the ACDM model and the other versions of the RT model show a marginalized posterior
which is peaked in zero. On the other hand, the RT-minimal model provides a barely
higher estimate of the Hubble constant, i.e., Hy = 68.74f8:g? km s’lMpc’l. Accordingly,
the Hubble tension is just reduced to ~4c, as shown in Figure 2.

The RT model in its minimal setup thus provides a viable mechanism to account
for the late-time cosmic acceleration, as well as for the inclusion of non-zero neutrino
masses. However, the predictions for both the background evolution and the linear pertur-
bations are too similar to that of the ACDM model, hence the cosmological tensions cannot
be alleviated.

6. Astrophysical Tests of Non-Local Gravity

As we saw, good cosmological behavior emerges for both of the non-local models,
thus enabling the possibility to avoid the introduction of any form of unknown dark energy.
In order to further investigate the viability of such models as alternatives to GR, it is
then necessary to test the non-local predictions down to astrophysical scales. Moreover,
an accurate investigation of the possible screening mechanisms should be performed,
if necessary.

6.1. Testing the Deser—Woodard Model by Galaxy Clusters, Elliptical Galaxies and the S2 Star

The DW model has been tested on a wide range of astrophysical scales, from the
galaxy clusters [141] to the stellar orbits around Sagittarius A* [140]. Most of the tests have
been carried out for the exponential form of the non-local model, namely

5= ;—K/d‘*x\/fg[R(ere”) 0,59y — ¢R|, (37)

where the distortion function has been picked out by exploiting the Noether Symmetry
Approach [145]. The analyses presented are all performed in the post-Newtonian limit,
hence the non-local gravitational and metric potential are

(r)__GM;yC G2 M2 14 , 18rg—1lr,]r _G?’M3 507z — 7ry .

o) = 7 2022 |9 e 6ryre 243 12r,7 e
38
16 5 i1 5 >

+ ﬁnc - 2.2 r 4
1’771’6
GMy. G?*M?|2 ,  3ry—2r

YO = e | T Ty | %)

where 7 is set to 1 so as to recover GR in the limit of ¢(r). The two length scales r;, and
r¢ are the characteristic non-local parameters that define the scale at which the non-local
gravity corrections become effective.

The first test of this form of the DW model has been carried out in [140], where the
weak field non-local predictions have been compared against the NTT/VLT observations of
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S2 star orbit [146]. Exploiting a modified Marquardt-Levenberg algorithm, the fit between
the simulated orbit and the observed one has shown a slightly better agreement for the
non-local model with respect to the Keplerian orbit. Moreover, some constraints have been
set on the non-local length scales.

A further test has been subsequently performed in [141], exploiting the CLASH lensing
data from 19 massive clusters [147,148]. The point-mass potentials of Equations (38) and (39)
were extended to a spherically symmetric mass distribution, i.e., the Navarro-Frenk-White
density profile, and the non-local predictions for the lensing convergence were achieved.
Therefore, the MCMC analysis has highlighted two effective regimes in which the non-local
model is able to match the observations at the same level of statistical significance as GR. In
the high-value limit of the non-local parameters, the non-local model reduces to a GR-like
theory, whose lensing strength is 2 /3 of the standard one. In this scenario, the DW theory
is thus able to fit the data at the cost of increased cluster mass estimates. On the other hand,
approaching the low-value limit of the non-local length scales, the non-local corrections
to the lensing potential become larger and comparable to the zeroth-order terms. In this
regime, the non-local model is able to reproduce GR phenomenology, neither affecting the
mass estimates nor the statistical viability of the model. Furthermore, when the non-local
contributions becomes completely dominant, the non-local theory seems to be able to fit
the lensing observations with extremely low cluster masses. Accordingly, an intriguing
possibility to fit data with no dark matter emerges. Additional constraints on the non-local
parameters were also derived.

The most recent astrophysical test of the exponential-DW model was carried out
in [57], using the velocity distribution of elliptical galaxies [149]. Computing the non-local
velocity dispersion as a function of the galaxy effective radius, the empirical relation of the
so-called Fundamental Plane has been recovered so as to constrain the non-local gravity
parameters. The results of the fit highlight the possibility to recover the fundamental plane
without the dark matter hypothesis, setting new constraints for r,; and r¢.

It is worth noticing, however, that the non-local Deser-Woodard model exhibits
worrisome features at the scale of the Solar System. Indeed, in [150], it was demonstrated
that the screening mechanism proposed by the same authors of the non-local model does
not work. As a consequence, the DW model would show a time dependence of the effective
Newton constant in the small-scale limit, and it would be ruled out by Lunar Laser Ranging
(LLR) observations. This conclusion, however, seems to be too strong, since it is still not
clear how an FLRW background quantity behaves when evaluated from cosmological scales
down to Solar System ones, where the system decouples from the Hubble flow. In fact, a
full non-linear time- and scale-dependent solution around a non-linear structure would
be necessary. A number of proposals go in this direction, and the so-called Vainshtein
mechanism [151] can be regarded as the paradigm to realize the screening. Basically, any
screening mechanism requires a scalar field coupled to matter and mediating a fifth force
which might span from Solar System up to cosmological scales. Since non-local terms
can be “localized”, thus resulting in effective scalar fields depending on the scale, some
screening mechanism could naturally emerge so as to solve the above reported problems.

6.2. Testing the Ricci-Transverse Model by Solar System Observations and Gravitational
Waves Detection

The main astrophysical tests of the RT model are related to Solar System observations.
As we saw in the previous sub-section, any theory that extends GR has to reduce to
Einstein’s theory at small scales. However, this is highly non-trivial when additional
degrees of freedom are included, and screening mechanisms involving non-linear features
are required. The RT model, instead, smoothly reduces to GR already at linear level, and
no vDVZ discontinuity arises when m — 0 [56]. Note that such results are valid both in the
flat and the Schwarzschild spacetime. Moreover, the non-local model passes the LLR test
about the time variation of the effective Newton constant [150]. As stated in Equation (35),
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indeed, the deviation parameter G, reduces to Gy as soon as the system’s characteristic
scale decreases.

Another non-local feature of the RT model that has been investigated is the deviation
from GR of the predicted gravitational radiation [152,153]. The RT model, similarly to
some other extended theories of gravity such as f(R) gravity and DHOST theories, has
survived the GW170817 event, which set a stringent constraint on the Gravitational Waves
(GW) speed [154]. Indeed, this non-local model only modifies the friction term in the GW
propagation equation, thus predicting a massless graviton. Moreover, neither the coupling
with matter nor the gravitational interaction between the coalescing binaries are affected
(the RT model reduces to GR at short distances), and the only difference will therefore be
due to the free propagation of the GW from the source to the observer. The GW amplitude
indeed undergoes a modified dampening in the non-local model

1
ha(n,k) ~ dgwl(z) = [dim (z) exp { —/0 11122,5(2/)}1 , (40)
L

where

m*Sy(17)

(1) 6H(n) (41)
and /14 (7, k) are the Fourier modes of the GW amplitude, with A = x, + labeling the
polarization. Computing the ratio between the non-local behavior given by Equation (40)
and the GR behavior, f14(y7, k) ~ 1/d¢"(z), little deviation emerges for the RT-minimal
model, while a 20 — 80% deviation manifests at large z for the RT formulations in which
the auxiliary fields start their evolution during the de Sitter inflation. The more e-folds we
consider between the onset of the auxiliary fields and the end of the inflation, the greater
the deviation from GR. We can use a simple parametrization for the considered ratio

" (z) 1—3
" (z) (T4z)n’

where E is the asymptotic value reached by the ratio and # is the rate at which & is
approached. Then,

[1]

0+ (42)

_ 5(0)
1—Eo+Eo(1+2)""

with §(0) = n(1 — &), and the event GW170817 provided the following constraint for such

a parameter [153]: 6(0) = —7.81“?87:4. More stringent constraints will certainly be set with

the next generation of GW detectors by exploiting the observations of GW events with
electromagnetic counterparts.

d(z) (43)

7. Conclusions and Perspectives

In this paper, we reviewed the cosmological properties of two of the main proposals in
the framework of the non-locally extended theories of gravity. In particular, we considered
two metric IKGs that are inspired by quantum corrections and manifest a suitable cosmo-
logical behavior as well. Both the DW and RT models are able to reproduce the expansion
history of the Universe, exhibiting a late-time accelerated expansion driven by the onset
of the non-local corrections. The non-local extensions of the Hilbert-Einstein Lagrangian
thus provide a viable mechanism to avoid the introduction of any form of unknown dark
energy. Building on these appealing properties, we inquired into the chance of addressing
the two main cosmological tensions, namely the og and Hy tensions.

On the one hand, the non-local DW model has shown suitable features towards this
aim. The phenomenological formulation of the model indeed predicts a lowered amplitude
of growth of perturbations, therefore solving the o3 tension. However, this model is made
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equivalent to the ACDM cosmology at the background level, hence no chance to account
for the Hubble tension arises. Another formulation of the DW theory, based on the Noether
symmetries of the system, may address both the tensions. This model lacks a proper
cosmological analysis, but the investigation of its lensing properties at the galaxy clusters
scale has shown the same features that, in the phenomenological DW model, allow the
weakening of the growth of structures. Moreover, this formulation of the non-local theory
deviates from GR also at background level, thus enabling the possibility to alleviate the
Hubble tension as well. The model has been also tested on astrophysical scales, and
substantial statistical equivalence to GR has emerged in very different systems, such as the
52 star, the elliptical galaxies and the galaxy clusters. The main drawback of the DW model,
however, is the absence of an effective screening mechanism on small scales, which has to
be further investigated.

On the other hand, the non-local RT model perfectly reduces to GR at the Solar
System scale, thus avoiding the necessity of non-trivial screening mechanisms. Accordingly,
the model is not ruled out by the LLR test. Moreover, the non-minimal formulations of
the RT model show a strong deviation from GR for what concerns the GW propagation
at large redshift. A powerful tool to test the model with the next generation of GW
detectors thus emerges. However, this non-local model is not able to address any of the
cosmological tensions, as it mimics the ACDM evolution both at the background and linear
perturbations level.

In view of the fact that the next generation of cosmological surveys are expected
to provide sufficiently accurate data to reach a turning point in our comprehension of
the Universe, it is of great interest to further investigate the main alternatives to GR.
A complete cosmological analysis should especially be carried out for the non-local DW
model in its formulation based on the Noether Symmetry Approach. This model indeed
provides one of the most promising windows towards the solution of both the cosmological
tensions and the dark energy problem. The large-scale structure especially appears as a
privileged environment for testing the non-local models, since one of their main features is
the emergence of characteristic length scales. However, it must be stressed that as long as no
screening mechanism will be found for the DW model, its reliability will be compromised.
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Abbreviations

The following abbreviations are used in this manuscript:
BBN Big Bang Nucleosynethesis

BAO Baryon Acoustic Oscillations

ACDM Lambda Cold Dark Matter

GR General Relativity
DE Dark Energy
DM Dark Matter

CMB Cosmic Microwave Background
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WL Weak Lensing

CcC Cluster Counts

RSD Redshift Space Distortion

DW Deser-Woodard

RT Ricci-Transverse

QFT Quantum Field Theory

1IDG Infinite Derivative Theory of Gravity
IKG Integral Kernel Theory of Gravity
uv UltraViolet

IR InfraRed

SNIa Type Ia Supernovae

FLRW Friedmann-Lemaitre-Robertson-Walker
MCMC Markov Chain Monte Carlo

LLR Lunar Laser Ranging

GW Gravitational Waves

Notes

1
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