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Abstract: One of the recent attempts to address the Hubble and Sg tensions is to consider that the
Universe started out not as a de Sitter-like spacetime, but rather anti-de Sitter-like. That is, the
Universe underwent an “AdS-to-dS” transition at some point. We study the possibility that there are
two dark energy fluids, one of which gave rise to the anti-de Sitter-like early Universe. The interaction
is modeled by the Lotka—Volterra equations commonly used in population biology. We consider
“competition” models that are further classified as “unfair competition” and “fair competition”. The
former involves a quintessence in competition with a phantom, and the second involves two phantom
fluids. Surprisingly, even in the latter scenario it is possible for the overall dark energy to cross the
phantom divide. The latter model also allows a constant w “AdS-to-dS” transition, thus evading
the theorem that such a dark energy must possess a singular equation of state. We also consider a
“conversion” model in which a phantom fluid still manages to achieve “AdS-to-dS” transition even if
it is being converted into a negative energy density quintessence. In these models, the energy density
of the late time effective dark energy is related to the coefficient of the quadratic self-interaction term
of the fluids, which is analogous to the resource capacity in population biology.

Keywords: Hubble tension; interacting dark energy; sign-switching dark energy; Lotka—Volterra
equations

1. Introduction: Cosmology with Sign Switching Dark Energy

The Hubble tension [1-4] and the Sg tension [5-7] in cosmology continue to be highly
debated [8-17]. The former is the mismatch between the locally measured expansion
rate and the inferred rate via the cosmic microwave background (CMB), while the latter
concerns the measurement of galaxy clusters on a scale of 8 h~!Mpc, which revealed that
matter has not clumped as much as expected assuming the concordance ACDM cosmology
and its parameters constraints given by the CMB data (for a review on these issues, as
well as other challenges facing ACDM cosmology, see [18]; see [19] for an introduction
to various dark energy scenarios). If these effects are real, they could be due to modified
gravity or other new physics [20,21].

Note that in the ACDM model, the Hubble parameter as a function of the redshift
H(z) is specified by two constant fitting parameters [22] (Hy, Q) ), or equivalently (A, B),
as follows:

H(z)? = H2 [1 — QA+ Q1+ z)3] 1)
= A+B(1+2z),

where A is the term associated with dark energy. The aforementioned tensions could mean
that ACDM is not correct and thus the “constant” fitting parameters could evolve with
redshift (or equivalently, with time). See also [23,24].
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Indeed, one of the possible ways to ameliorate these tensions is to consider the possi-
bility that the Universe was originally more anti-de Sitter-(AdS)-like than de Sitter-(dS)-
like [25—41]. That is, the physics of dark energy (DE) might be more complicated than we
initially expected'. The main idea is to reduce the tension between the higher value of Hy
obtained from CMB with the lower value obtained by local measurements, by changing
cosmological models either at the recombination epoch or at late time [11]. For example, a
phantom energy at late time would accelerate cosmic expansion faster than a cosmological
constant would. In addition, Baryon Oscillation Spectroscopic Survey (BOSS) of SDSS-III
probing the Lya forest of quasars also indicates preference for a positive dark energy density
at late time but a negative one at early time [48]. Future observations such as SKA [49],
BINGO [50,51], and Euclid [52] could potentially further constrain this possibility. Another
observational support for negative energy density comes from Pantheon+ data of high
redshift supernovae [53].

Such a possibility can be realized by simply promoting the cosmological constant A
to? Ag = Asosgn[z+ — z|, where Ay is the present value of the cosmological constant, and
z4+ is the value of redshift at which the sign switching abruptly happened [34]. See also [54].
Another model considers a “graduated dark energy” with energy density and pressure
satisfying p + p o« p*, which provides a continuous transition (controlled by the parameter
A) from AdS-like to dS-like Universe [28]. Other options include the possibility that the
dark energy sector could consist of a negative cosmological constant and a phantom dark
energy [27] or a quintessence [35] (see, however, [55]). A different approach based on
fractal modification to the entropy via a running Barrow index [56] could also give rise to
an effective sign-changing dark energy [38].

In this work, we shall consider what happens if instead of a scalar field on top of a
negative cosmological constant, we have either (1) a quintessence with negative energy
density, which competes with a phantom dark energy with a positive energy density®, or
(2) a phantom with a negative energy density that competes with another phantom with
a positive energy density, or (3) a phantom with positive energy density being converted
into a negative energy density quintessence. We shall refer to these scenarios, respectively,
as “unfair competition”, “fair competition”, and “conversion” models. This is inspired by
the interacting models between dark matter (DM) and dark energy [59-64], as well as from
biological species interactions. In fact, the connection between these two subjects has been
noticed in the literature. For example, [65] Perez et al., as well as Aydiner [66], pointed
out that the DM-DE interaction can be re-written as the Lotka—Volterra equation, which is
commonly used in population biology to model the interactions between various species.
In cosmological contexts, the Lotka—Volterra equation was also studied in [67,68]. In the
population model, it is of course required that the numbers of the species involved are
non-negative, whereas in our model, the corresponding quantities are the energy densities
of the DE fluids, which can be negative by assumption. Indeed, one might expect that if
DM is converted into DE at late time, Hy can be increased, while the matter density (),
can be decreased, so that Sg o 1/Q),, also decreases. This is indeed true for some models,
but in others, the Sg tension can in fact worsen [69]. In [70], it is shown that generically,
allowing interactions between DE and DM does not allow both the Hubble and Sg tensions
to be ameliorated. Somewhat surprisingly, in the same work, it is argued that phantom
dark energy with energy flow from the opposite direction, i.e., from DE to DM, is slightly
preferred. In this work, we consider the alternative of non-minimal interaction between
two DE fields to obtain one effective DE that exhibits sign-switching energy density, which
might have a better chance at addressing both tensions simultaneously (as illustrated in [71]
with the DE sector consisting of multiple interacting axion-like particle species). Our work
is only meant to be an illustration of concept with the simplest models. Some assumptions
would need to be relaxed or improved before a more realistic model can be used for data
fitting the actual universe.

We will work out the conditions on the interactions between two dark energy fluids
(“DE-DE interaction”) in order to obtain a late time accelerated expansion with a very
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small but positive energy density. In our models, unlike the single fluid models in the
literature, neither fluid exhibits any singular behavior in their equation of state, although
if the phantom divide is crossed, the combined effective dark energy does exhibit such a
singular behavior during the AdS-to-dS transition. Remarkably, we found that in the fair
competition model, it is possible for the effective dark energy to cross the phantom divide
despite both component fluids satisfying w < —1. In addition, in this scenario, there are
evolutions that allow AdS-to-dS transition without crossing the phantom divide, which
therefore is free of singular behavior in its equation of state. Finally, it is often said that the
fact that the dark energy density is extremely small is “unnatural”. We shall see that in
the two-fluid model, this value is related to the coefficient of the quadratic self-interaction
term of the fluids, which mathematically plays the same role as the resource capacity of a
biological population.

2. The Unfair Competition Model
In [65,66], the authors considered a model in which dark energy is being converted
into dark matter via

2

{PDE + 3H(pDE + pDE) = —YPpePom,
Oom + 3H(PDM + an) = YPoePom/

where ¢ > 0. Likewise, dark matter can be converted into dark energy with 7y < 0. See [72]
for generalizations.
The equations of state considered in [66] are wpy > 0 and wy: < —1, i.e., dark matter is
a “normal matter” while dark energy is a phantom fluid. Thus, one can define two positive
quantities:
{Rl. 3H(1 + wpe) > 0, )

Ry = 3H(1 + wpy) > 0.

Furthermore, assuming that the Hubble parameter is slowly varying (so that R; and R,
are both approximately constant) and upon introducing* x1 := ypp: /72 and xa == Yoo /11,
Equation (2) can be re-written as

da _ Rixy = Ryxixa,
& )
2

I Rox1x3 — Roxa,
which is explicitly a Lotka—Volterra equation that describes a predator-prey dynamic with
x1 being the “prey” and x; the “predator”. The system thus displays an oscillatory behavior.
Such an interacting model could potentially help to resolve the coincidence problem.

In our case, we have two interacting dark energy fluids, which we will denote by
A1 < 0and Ay > 0 (despite the notation, they are not constant; the notation is meant
to remind us that they are mimicking cosmological constants). Their energy densities
would be denoted by p5, and p,,, respectively. The transition from an early time AdS-like
Universe to a late time dS-like spacetime thus amounts to A becoming subdominant to
Aj. Let us first consider an unrealistic model (to be improved upon later) that is analagous
to Equation (2), so we can point out the differences:
{pA1 +3H(pa, + Pay) = =100 )
Pr, T 3H(on, +Pay) = 100,00,/

where v > 0. As before, we assume that the late time dark energy is a phantom; thus,
wp, < —1. On the other hand’, wy, > —1 but with p,, < 0. This is justified by [74,75],
in which it was argued that solving both the Hubble and Sg tensions require the overall
effective dark energy to cross the phantom divide (if we assume that Newton’s gravitational
constant is not varying). See also [76]. This is also similar to the model in [28].
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Thus, we define, analogous to Equation (3), two parameters
4] ::3H(1—|—ZUA1)>O, ©)
rp = —3H(1+ wAz) > 0.

We assume that both w,, and w,, are constant. Upon introducing the dimensionless
quantities x := yp, /72 and y := 7ypa,/r1, we obtain the Lotka-Volterra equation of the
form

% = —r1X — 11Xy
g; 1 1Y, (7)
E :szy—FTz]/,

where some of the signs differ from Equation (4) that describes the interacting DM-DE
model. In addition, here, we have x < 0,y > 0. This system does not oscillate, but
rather there is an attractor x — 0~ and y — oco. Note that in contrast to the DM-DE
interaction model, it is not quite right to say that A is being “converted” into A; here (a
true conversion model will be studied in Section 4), since x < 0 implies that the interaction
term is negative for both x and y. In other words, the two fluids are competing, but
unlike two competing species whose birth rates are both positive, x is itself diminishing
exponentially due to the “death rate” term —r;x, hence the name “unfair competition”.
It is clear that the phantom fluid thus dominates over the quintessence. That is, pj, is
asymptotically vanishing while p, becomes large (and eventually diverges) at late time.
This is not a desired property since we know from observation that dark energy density is
only of the order of 10730 g/cm?.
We can improve upon this model by modifying the dy/dt term so that

;9; = —1n"X —rxy, (8)
b _ _¥
gt =y ry(1-¢).

where K > 0 is a constant. The attractor is then x — 0~ and y — K, so we can prescribe to
K the observed value. At this point, this seems rather ad hoc, but later on we will give it a
physical interpretation.

The analogy to population biology can also be made here: with x small at late time, in
the absence of y/K term, what we have is analogous to an exponential growth population
dy/dt = ryy, whereas Equation (8) corresponds to the logistic model with a resource
capacity (or “carrying capacity”) K, so that the actual population size cannot diverge but
rather asymptotes to a constant value. Note that since x — 0~ anyway, there is no good
reason to add the resource term to dx/dt in this model. A typical phase diagram is given
in Figure 1.

R
N
N
N
N
N
N
N
N
\,
\ )
N
N
R
~
R
~

Figure 1. The phase diagram of the two dark energy fluid model in Equation (8). Here, we use
r1 = rp = 1and K = 2. The system exhibits a fixed point at (x,y) = (0, K).
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Note that the effective dark energy density is the sum pa, + pa,. Thus, in order that
this quantity starts out negative, we need the initial condition to satisfy y(0) < |x(0)|. Then,
since the attractor is (x,y) = (0,K) with K > 0, it follows that the continuity x(¢) + y(t)
must cross over to y > 0 at some point. The exact profile of pA, (t) + pa, () or the re-scaled
equation x(t) + y(t) would depend on the initial conditions, but the transition from an
overall negative energy density to a positive one can be smoother than the model in [28].
One example is given in Figure 2.

x(t) +y(1) 19

Figure 2. Top: The evolution of x(t) (bottom curve in blue) and y(t) (top curve in red) with the initial
condition set to be x(0) = —3, y(0) = 0.1, and withr; = 1 = rp, K = 2. Bottom: The evolution of
x(t) + y(t), which is essentially the re-scaled version of pu, (t) + pa, (t) (in this example, they are in
fact equal).

If we know what kind of profile is desired from observational constraints, this would
in turn provide us with a mean to choose the coefficients r; and ry, as well as the initial
conditions of the Lotka—Volterra equation. We also note that the equation of states of both
dark energy components are never singular, though the combined effective dark energy
density has to pass through p, (t) + pa,(t) = 0, and the effective equation of the state
is singular at that point [77]. This can be seen as follows: if we consider the combined
fluid to still satisfy the equation of state of the form p = wp, where p := pp, + pa, and
p = pa, + Pa,, then

P =pa,+pr, =0 (A, + Pay), ©)

which implies that the effective varying w is the weighted average:

w — LAPA T WA 0Ny W1T2Xy F WaT1Xp (10)
Pyt 0OA, raX1 +11x2

Therefore, evidently w — Zco when the denominator is zero. Again, the situation is similar
to the “graduated dark energy” model of [28], though in that case there is only one dark
energy fluid, whose equation of state becomes singular. An example of the evolution of w
is shown in Figure 3. Note that the values of w,, and w, are not freely prescribed since
they are constrained by Equation (6), in the sense that once we fix rq and r,, the relations
between wp, and wp, are also determined. In our example, choosing 71 = r, = 1 implies
Wp, +Wp, = —2.
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We remark that the sign of x(t) + y(t) is not necessarily the same as the sign of
oA, (t) +pa, (). In fact,

©() +y() = (10, (0) + r20ma (1)): G
Thus, the sign of x(t) 4 y(t) is the same as the sign of r1p 4, (£) 4+ 204, (t). For simplicity, our
example deals with r; = rp, and the two expressions do have the same sign; furthermore,
w is singular when x +y = 0 or equivalently at r1px, + 1204, = 0.

t
2 2.5 3 35 4

-0.961

-0.971
-0.987
-0.991

wo -1
-1.014
-1.024
~1.03
-1.04

Figure 3. The evolution of the overall effective w of the example in Figure 2 with w,, = —0.999 and
wp, = —1.001.

3. The Fair Competition Model

In population biology, two species that are very similar (i.e., fulfilling the same eco-
logical niche) will compete for the same resources. To model such a situation, we consider
both species to have a positive “birth rate”, so that in this sense, the competition is fair. In
place of Equation (8), we have:

%*rx 14—i — 11X
ar ! K ) Y

(12)
% = rzxy+rzy(1 — Ié)'
where now rq := —3H(1 + w,,) > 0. Note the coefficient pre-multiplying r{ is now 1
instead of —1. Since x < 0, we consider the resource term to be 1 4+ x/K; instead of
1 — x/Kj, keeping K; > 0. Note again that “competition” means that the interaction is
harmful for both species, so the interaction term is negative for both fluids (r,xy < 0
because x < 0). For a fair competition, we also include the carrying capacities K; and Kj for
both fluids, with O(K;) = O(K3), both being positive. A typical phase diagram is shown in
Figure 4. Two families of flows are observed: those that flow towards K; and those that
flow towards K;. We are concerned with the latter.

ARARRRRRARR R R RN IR MV N WL L oy
AR N I N T T T T T T T T VR VN R R VR VI R
A R I I I T T N e VR 4
BN N NN NN AN N NN NN N VLY N v
N R R A N I N R O I N R A S

DONCONONEN NN N AN N N N N NN N N N VL Y VL
A R R T O I A T I N e R R R VI
AR A R N R R N T T T VN 4
R R R R R T I N e VI RV W
AR RN AR R AR R R R R N R R S
AR R R N A R R N N N A v
3 N RO N A NN N NN NN NN N XN NV Y NIRRT

R O O N NS Qo
O O OO N R N RN NN NN N NN Y Y VY
OO O OO NN NN N N NN NN \\\q@
N R ORI NN NN N NN N Y Y A
AR R R R R N A N N N A N
% D SRR OO ONO AN N N N A N N NN ) N YY)
SN T SN OO R O NN N NN N WY
N S O O O O N
N IR e e O NN O OO RGN RN N NN NN
TR TN e RN ONRONRE AN N MY NN
R e e S e R R S R A T RN

S IR NG SN0 OSUNOOARD NONONNY N N A
Iy ~ R R N

= e 0w NN S

R N R R N
— N 4
el e

=
%
Y
EN
IS
N
o

Figure 4. The phase diagram of the two dark energy fluid model in Equation (12). Here, we use
r1 =1,K; = 2,and r, = 1.5, K = 3. The system exhibits trivial fixed points at (x,y) = (0,K)
and (x,y) = (K1,0), but also notice the existence of a saddle point that “separates” the two families
of flow.
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An explicit example of the rescaled energy density x and y as well as their sum are
provided in Figure 5. Here, we let r; = 1 and r, = 1.5. We can see that x(t) + y(¢)
changes sign in Figure 6. Now, in this example, since r; # r,, we cannot directly compare
the sign change of x(t) + y(t) to that of the overall dark energy density. However, we
note that initially, sgn(x +y) = sgn(oa, + 1.504,) = —1. Since p5, > 0, it follows that
oA, +0a, < pa, +1.504, <O0. Thus, it follows that sgn(pa, +pa,) = —1 initially. On the
other hand, asymptotically, we have sgn(x +y) = sgn(y) = sgn(K;) = +lasx — 0".
Equivalently, at late time sgn(pa, 4+ 0a,) = sgn(oa,) = +1. Thus, we see that pa, + pa,
does indeed change the sign., i.e., the Universe transits from AdS-like to dS-like.

34

x(1) +p(1)

5 10 15
t

Figure 5. Top: The evolution of x(t) (bottom curve in blue) and y(#) (top curve in red) with the initial
condition set to be x(0) = —1,y(0) = 0.9, and withr; =1, r, = 1.5; K3 = 2, K = 3. Bottom: The
evolution of x(t) 4+ y(t), which is essentially the re-scaled version of pu, (t) + pa, (t).

-0.907

-0.95

-1.054

-1.104

Figure 6. The evolution of the overall effective w of the example in Figure 5 with w,, = —1.01 and

wp, = —2.01. There are two phantom crossings. The first crossing is smooth and corresponds to the
time when x + y = 0. The second crossing is singular and corresponds to pp, + pa, = 0. These two

conditions are not the same since r; # r».

Incidentally, we also note that if x(f) 4+ y(¢) is monotonically increasing, then we can
give a bound on py, (t) + pa, (t). To see this, simply observe that

d(x() +y(1) _ -
dt
is equivalent to

Y R .
@(rlp/\l +1204,) > 0. (14)
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Given that v, 71,72 > 0, this means 105, + 7204, > 0. Inserting a few terms that cancel
each other yields:

r10a, + (r10a, — 110A,) + (r20A, — 720A,) + 1207, > 0. (15)
Therefore,

(r1+712)(0A, +Pn,) > 1204, + 7104,
2% | oY

:r2;+r1;. (16)
If r, > r1, we can write the last equation as
7RG ) + (5 - A (17)
Likewise, if 1 > rp, we can write
7RG+ 9) + (0 =3yl (18)

Thus, for example, if p > r; (and hence r% > r% - recall that r1, r, are positive), and we
observe that x + y and x are both monotonicaly increasing, then so must px, + pa,:

(r+712) (0, +Pn,) > 7 [ (& +5) + (13 = r)3] > 0 (19)

The phantom divide can be crossed as shown in Figure 6, where w is given by
Equation (10). The values of w,, and w,, are constrained by the defining equations
rn = —3H(1+wp,) and r; = —3H(1+ wy,). Withr; = 1and r, = 1.5, if we take
wp, = —1.01, say, then w,, = —1.015. Note that there are two phantom crossings® here:
the first one occurs without any singularity. From Equation (10), it can be seen that if the
denominator is not zero, then such a smooth crossing occurs precisely when x +y = 0.
This cannot happen for the unfair competition model as the condition would be x —y = 0
instead (which cannot occur since x < 0 and y > 0). Note that despite the fact that there
are two phantom crossings, there is only one AdS-to-dS transition in this example.

Even more surprising is the fact that the overall w < —1 can stay constant, yet there is
still a AdS-to-dS transition. To achieve this we simply need to choose r; = r,. The plots
of x(t),y(t) and their sum is qualitatively the same as Figure 5 and are thus not shown.
However, from the defining relations of r; and r, we would have w; = wy, and so in
Equation (10), we obtain

= WA PA; T WA,0A, _ wi(pa, +0a,) = w;. (20)
Ay +Pa, Par P

Strictly speaking, during the transition point pp, + pa, = 0, which otherwise would give
rise to a singular behavior, we obtain an indeterminate form 0/0, but both the left and right
limit are well defined and equal to w1, so physically it makes sense to say that w = wy = wp
for all t. As such, this evades the recent theorem that a sign-changing dark energy must
have a singular equation of state [77]. The reason this does not really violate the theorem
therein is because the proof in [77] is strictly for DE fluids that obey the usual continuity
equation p +3H(p + p) = 0, whereas in our model it can be checked that the combined
DE does not satisfy the continuity equation; the “carrying capacity” term K breaks the
continuity equation. This is equivalent to saying that VPLTSE # 0. This is not surprising—as
we will see in the Section 5, our models have a nontrivial nonlinear self-interaction term
that acts as a source term for the continuity equation.
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4. The Conversion Model

Given the results above, one might wonder whether the AdS-to-dS transition can still
happen if we restrict the growth of A, by converting it into A1, or equivalently, by giving
A an advantage. This is achieved by the following model involving a quintessence A; and
a phantom Aj:

%*—rx 1— =) +rx
ar ! K, 1Y
dy _ Yy

N rzxy+rzy<1 K2>,

in which we note that the second term of dx/dt is now +rjxy instead of —ryxy. The
interaction is therefore beneficial to x but harmful to y. This sounds like the complete
opposite of what we wish to achieve (to have A, being the dominant term at late time).
Surprisingly, even in such a scenario, it is possible to have a phantom crossing. The only
difference being the attractor is now a stable spiral centered at

(1) = <K1(K2 —1) K(Ki+ 1)),

(21)

22
KiKy +1 7 KKy +1 (22)

as can be seen in the example depicted in Figure 7.
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Figure 7. The phase diagram of the two dark energy fluid model in Equation (21). Here, we use
r1 =1=ry, Ky =1, and K, = 2. The system exhibits an attractor fixed point at (x,y) = (—1/3,3/2).

What happens is that, despite the conversion term, A, can still dominate at late time.
After all, we do not need A to grow too big. The evolution of x(t) and y(t), as well as their
sum (which in this example is the same as p5, + p4,), is shown in Figure 8. The phantom
crossing is shown in Figure 9.

Figure 8. Cont.
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Figure 8. Top: The evolution of x(t) (bottom curve in blue) and y(t) (top curve in red) with the initial
condition set to be x(0) = =3, y(0) = 0.1, and withr; = 1 = ry; K3 = 1,K; = 2. Bottom: The
evolution of x(t) + y(t), which in this case is the same as the overall p.

t
2 2.5 3 3.5 4

-0.96

-0.987

-1.029

-1.047

Figure 9. The evolution of the overall effective w of the example in Figure 8 with w,, = —0.999 and
wp, = —1.001.

The reason we consider a resource term 1 — x /Kj instead of 1 4+ x/Kj as in the previous
section (incidentally, this puts the fixed point x = K; > 0 outside the physical phase space)
is that otherwise, with 1 + x/K; and the coefficient pre-multiplying r; being negative
(quintessence) instead of positive (phantom), we observe that for “most” initial conditions,

dlx| r |x?
~ 2 23
df Ky 2 (23)
and thus the magnitude of x is increasing and x — —co instead of 0, which is not the
behavior that we want. This can be seen in Figure 10.

\\\\\\\\\\\\\

A UAT RN

IR C R R R R

AN QS CCECREERS
N

o

A S

\SEEE\ SEEERRNNR N Y
ASSNSNNE
N

JASRAANREN SR SRR KNS SEN

s
o
.
N
&
o

Figure 10. The phase diagram of the two dark energy fluid model in Equation (21) but with the
resource term changed to 1 — x/Kj instead of 1 + x/K;. Here, weuser; =1 = rp, K; = 2 = K. Most
trajectories flow towards x — —oo and ¥ — 0. Note, however, the presence of a center surrounded by
cyclic flows.

However, even in this scenario, there is one interesting feature worth mentioning. In
the neighborhood of the origin, there exists a center around which the flows are cyclic. This
implies both x and vy, as well as their sum, are oscillatory. As a result, there are multiple
(infinitely many) phantom crossings, and infinitely many transitions between AdS-like
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and dS-like cosmology. These are shown in Figures 11 and 12. Indeed, multiple transition
scenarios have been considered in the literature [39].

14
x(1), y(1) OVS\/\/\

5 I(] 15 20

0.5/\/\
Y

0.4+

x(1) +x(1)
0.2+

A
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Figure 11. Top: The evolution of x(t) (bottom curve in blue) and y(t) (top curve in red) with the

=3

initial condition set to be x(0) = —1,y(0) = 0.5, for the model that corresponds to Figure 10. Bottom:
The evolution of x(t) + y(t), which in this case is the same as the overall p.

t
10 12 14
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woo-1

-1.014
-1.024

-1.034

Figure 12. The evolution of the overall effective w of the example in Figure 11 with wy, = —0.999
and wp, = —1.001.

5. Discussion: Sign Switching Dark Energy and Naturalness

One of the longstanding questions about dark energy density is why its value is so
small, which is some 10~!? times smaller than the natural scale for a quantum vacuum
energy if it is indeed a cosmological constant (for a dynamical field, the problem translates
into an extremely light mass of the field). Of course, it is debatable whether this is indeed a
problem [78]. In any case, it would be interesting to see what this value corresponds to in
the Lotka—Volterra equations in these models.

Take for example, the unfair competition model. We note that the evolution equation
for y(t), namely

dy _ y
qr =Y + rzy(l - f)' (24)
is equivalent to the following fluid equation:
dpA Y 14+ wp
ar T3 bn +pr) =a0pne (75,0 )RR (25)
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In other words, the “resource term” in the Lotka—Volterra equation corresponds to a
quadratic self-interaction term. How might one interpret this term?

Such a term was also considered in [66,79]. As commented therein, pressure and
density may not be linearly related in more complicated and more realistic systems. If
we assume p = p(p) for any barotropic fluid to be an analytic function, we can consider
equation of state of the form p = pg + A1p + Az0? + O(p3). This is a Taylor expansion
of p = p(p) about p = 0, or upon re-grouping of terms, the expansion about the present
energy density [79,80]. If this is the correct interpretation, then the self-interaction term
in Equation (25) can be interpreted as the result of the first order non-linear term in the
expansion. However, in a series expansion, typically, the coefficients of the subsequent

terms are roughly of the same order of magnitude, so the “natural” expectation is that

v 1+w/\2
K 1+ZUA1

have the ratio (14 wy,)/ (1 +wa, ) to be of order 1. This means that K being small O(e) < 1
would typically result in the quadratic coefficient being unnaturally large and dominate
over the linear term, which in turn suggests that we should not, in fact, interpret this
term as a term in a Taylor series expansion of py, = pa,(0a,). Note that if we do not
interpret p, and pf\z term as part of a Taylor series, we can still absorb the 93\2 term as

~ O(7). Evenif wa, and wy, can be very close to —1, generically we would

part of the pressure so that p, = wopn, + Const.piZ. In which case, K is related to the

mass scale M of A, via K ~ M?*, see [81,82]; so this is just the aforementioned fact that in
the case of dark energy being dynamical, the naturalness problem is its small mass scale.
In the conversion model, the situation is similar. The attractor of the spiral is given in
Equation (22), in which we see that y and x are both small if K; and K3 are small. Obviously,
our models do not solve the naturalness problem, unless one could explain dynamically
why the attractor has such a small value. Perhaps a fundamental understanding of the
nature of the phantom fluid or an entropic argument could provide such a mechanism (in
the context of cosmological constant, it was argued in [83] that gravitational entropy is
maximized by A — 07.)

The DM-DE interacting model also has naturalness problem. In this scenario, in
addition to the aforementioned mass scale issue, the coincidence problem also enters the
discussion. The coincidence problem is the following: why has the DE energy density
only recently become comparable to DM energy density? If the two dark sectors interact
dynamically and one can convert into another, then it is conceivable that this problem
can be resolved. In practice, however, this is not easily achieved and some amount of
fine-tuning may be required [84] (though more complicated models like DE coupling
to DM inhomogeneities can better accommodate the coincidence problem, as well as
other issues like fine-tuning of initial conditions [85]). Interestingly, even in the DM-DE
interacting scenario, it was shown in the same work [84] that at least in a general class
of models they discussed, DE with a negative energy density (hence AdS-like in our
language) in the past is better at resolving the coincidence problem. Indeed, we note
that the coincidence problem may be resolved by considering interactions between two
DE components. An example is provided by the so-called “cosmon” model [86,87], in
which a running cosmological “constant” interacts with another effective DE fluid (the
cosmon). Here, it is worth mentioning another interesting proposal, the “running vacuum
model” [88], that could potentially solve the Hubble tension, the S8 tension, along with the
naturalness problem and the coincidence problem.

To conclude, in this work, motivated by the idea that a sign switching dark energy
from an early time AdS-like Universe to a late time dS-like Universe can help to ameliorate
the Hubble tension and the Sg tension, we consider a scenario in which the dark energy
sector consists of two interacting fluids. We found that AdS-to-dS transition can happen
under various models, even if both fluids are phantom, and even if the combined effective
dark energy has a constant w. Of course, these are only toy models serve to illustrate the
qualitative features. The profiles of these fluids need to be constrained by observations.
Still, the possibility that the dark energy sector may contain various interacting components
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deserves a closer look (see [82,89] for other aspects of self-interacting dark energy) as it can
realize many different interesting features.

For generalizations, one could also consider interactions between the two dark energy
components with dark matter and/or dark radiation in a more complicated model (a
quintom model was considered in [90], with the phantom component interacting with
dark matter, but not with the quintessence sector; see also [91]). Another possibility is to
consider other forms of interaction terms in place of ypa,0a,; see, for example, [92] and
the references therein for the case of DM-DE interaction. Most importantly, more realistic
models need to go beyond the assumption that the Hubble parameter is slowly varying
when setting up the Lotka—Volterra equations.
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Notes

1

Indeed, such a possibility was already considered from other perspectives before the Hubble tension became a serious
issue [42-46]. See also the recent work [47].

2 Here sgn is the sign function (i.e., it is 4+1 for positive argument and —1 for negative argument).

3 The idea that different dark energy components might interact with each other is not new. For example, models in which a
quintessence interacts with a Chaplygin gas was considered in [57], in an attempt to explain the coincidence problem [58].

4 One can check that in the units in which the speed of light ¢ = 1, Ry and R, have physical dimension [time]_l, while 7 has
dimension [density - time] ~1. while x1 and x, are dimensionless.

5 In the cosmological case, AdS spacetime has w = —1, which is the same as dS spactime. Unlike dS spacetime, however, in AdS
spacetime the negative cosmological constant corresponds to a negative energy density but with a positive pressure. Cosmological
evolution with negative energy densities was previously studied in details in [73].

6 This phantom crossing is achieved by exhibiting a pole/singularity in their equation of state parameter, which is quite different
from the more well-known quintom models.
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