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Abstract: In the almost empty universe (with almost no matter in it), stochastic gravitational waves
(SGW) of finite amplitude produce a de Sitter regime as a solution, which is invariant with respect to
the Wick rotation. Asymptotically, super horizon SGWs do not “feel” difference between Lorentzian
and Euclidean spacetime and belong simultaneously to both of them. The universe is finishing
its evolution in Euclidean spacetime, i.e., it disappears into nothing. Quantum fluctuations of the
gravitational field (gravitons) produce a de Sitter regime again in Euclidean spacetime where the
current universe finished its existence, and due to the invariance of the de Sitter regime with respect
to Wick rotation, the next universe starts its life with de Sitter inflation in Lorentzian spacetime. Such
a scenario assumes that a permanent process of birth, death and rebirth of an infinite sequence of
universes takes place on an infinite time axis.
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1. Introduction

The contribution of visible and invisible matter to the dynamics of the modern universe
is approximately 30% [1,2], i.e., very small. In the process of expansion of the universe, the
energy density of matter in it decreases as a

(
t)−3 , where a(t) is a scale factor. Therefore,

when the universe expands, for example, three times, then the energy density of matter in
it will be 1%, i.e., the influence of matter on the dynamics of the universe can be neglected.
The universe will turn out to be composed of gravitational waves of finite amplitude, which
will have to determine its asymptotic behavior. Of course, some contribution to the overall
energy balance will be made by the already-discovered gravitational waves caused by
the collisions of black holes and other similar processes [3–6]. However, these facts only
confirm the reality of the existence of gravitational waves, which were hypothetical until
confirmed by the LIGO and Virgo detectors. When we are dealing with small amplitude
fluctuations of a metric tensor, as Lifshitz once showed [7], they can be divided into three
types: scalar, vector and tensor (gravitational waves). Such a separation is not possible for
fluctuations of finite amplitude due to the non-linearity of the Einstein equations. However,
in the absence of matter, any fluctuations of finite amplitude are gravitational waves of
finite amplitude, and since only they remain asymptotically, they must also determine the
evolution of the Universe. The present work is devoted precisely to this issue.

The exact equations for the stochastic gravitational waves (SGW) in spacetime with
fluctuations of the metrical tensor gik of arbitrary form were obtained by the late Grigory
Vereshkov [[8], Appendix A.1.]1. The general theory of such waves with arbitrary tensor gik
covers three full journal pages. Thus, we are unable to reproduce them here for the reader’s
convenience. However, in Appendix A.2., the exact equations for SGWs in the FLRW metric
are also presented. For the convenience of the reader, we present these equations again
in Section 2. In Section 3, we present the exact solution to the set of these equations. The
discussion of the obtained solution is the content of Section 4. In this work we assumed
from the very beginning that the universe is empty in the sense that it is already at that
stage of expansion when the contribution of matter to the overall dynamics is already
negligibly small.
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2. Grigori Vereshkov’ s Equations for Stochastic Gravitational Waves of Finite
Amplitude

The general approach to the problem is described in Appendix A.1. of [8]. The
situation was considered when the geometric characteristics of spacetime metric ĝik, the
connection Γ̂l

ik and the curvature R̂ik are fluctuating functions for some physical reasons. It
is assumed, however, that there exist regularly determined components of these functions
gik, Γl

ik and Rik. It was assumed also that the standard relations of Riemannian geometry
are satisfied. Extracting the background geometry from the fluctuating geometry is a non-
trivial problem because of the nonlinearity of Einstein’s equations. However, the functional
integration method allows us to do that. Also, it is considered that the mean value of the
random function < ψi

k > in the statistical ensemble is zero, i.e., < ψi
k >= 0 by definition.

Referring the reader for physical and mathematical details to Section A.1. of Appendix A of
work [8], I will proceed to Section A.2. “Stochastic Nonlinear Gravitational Waves over the
FLRW Background”, where the equations of stochastic gravitational waves in the FLRW
metric are written explicitly.

We take the FLRW metric of the flat universe as the background metric. In this case,
we have

ds2 = dt2 − a
(
t)2γαβdxαdxβ = dt2 − a

(
t)2(dx2 + dy2 + dz2)

R0
0 = −3

..
a
a Rα

β = −δα
β
( ..

a
a + 2

.
a2

a2

) (1)

In the synchronous gauge we have

ψ0
0 = 0 ψ0

α = 0 (2)

Einstein’s equations in the explicit form read (before averaging, [4], Appendix A)√
ĝ
g

ĝ0l R̂0l ≡ −3
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a
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− 1

4

{
..
ψ−

.
a
a

.
ψ− 1

a2

(
Xµ

νψ,µ)
,ν

}
− 1

4
.
ψµ

ν .
ψν

µ
+

1
8

.
ψ

2
= 0 (3)

√
ĝ
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1
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l ψ̂n
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In this approach, the exponential parameterization Equation (6) has been used, which
automatically provides conservation of the energy–momentum tensor (EMT) of gravi-
tational waves [9]2. In these equations, dots are derivatives over physical time t. All
operations with the spatial indexes are conducted with Euclidean metric. Averaging of
Equations (3) and (4)3 leads to the fact that all terms in the curly brackets are zeroed
(because the mean of the random variable ψ is zero) and we get
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We can define the energy density and pressure of nonlinear gravitational wave medium
as follows

3
.
a2

a2 = κρGW (9)

..
a
a
= −κ

6
(ρGW + 3pGW) (10)

where κ = 8πG, speed of light c = 1 and G is the gravitational constant. Thus, the energy
density of such a nonlinear gravitational wave medium reads

κρGW =
1
8
<

.
ψµ

ν .
ψν

µ
− 1

2
.
ψ

2
+

1
a2

(
Xµ

νψλ
σ,µψσ,ν

λ − 2Xµ
νψλ

σ,µψν,σ
λ − 1

2
Xµ

νψ,νψ,µ
)
> (11)

The pressure of such a nonlinear gravitational wave medium can be found from
Equations (7), (10) and (11). Finally, we turn to the equations for gravitational waves. They
need to be divided into equations of constraints and equations of proper dynamics. The
constraint equations can be obtained from (3)–(8). The equations of proper dynamics follow
from (4). They read
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Thus, Equations (7)–(12) describe the backreaction of non-linear SGWs of the arbitrary
amplitude ψα

β on the background a(t), p(t), ρ(t), which after averaging depends on t only.
Equations (8), (11) and (12) can be rewritten in the following convenient form

3
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where the energy–momentum tensor (EMT) is

EMT =
1
a2

[
Xλ

βψν
µ,αψν

µ,λ − 1
2

Xλ
βψ,αψ,λ − 2Xα

νψλ
ν,µψλ

µ,β
]

(17)

3. Solution for (13)–(16) Is the de Sitter Regime

In this section, we show that the de Sitter regime is a solution to Equations (13)–(16).
One can check this statement by substitution of a(t)= exp(Ht) into the LHSs of (13)–(16).
From the LHS of (13) one can find the average value of EMT, which is

< EMT >= 36H2 (18)
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After that, we get from the LHSs of (14) and (15)

κρGW = 3H2 κpGW = −3H2 (19)

Thus, (19) confirms our hypothesis that SGWs of finite amplitude produce de Sitter
expansion (20)

a(t)= exp(Ht) (20)

To figure out the behavior of SGW themselves, we have to solve (12) over the back-
ground (20), which looks impossible even numerically. As a result of averaging, all back-
ground functions a(t), ρ(t), p(t) are functions of time only; meanwhile, the SGW tensor ψα

β

is a function of coordinates and time, which can be found using some approximations. In
paper [8], it was shown that gravitational waves of small amplitude are unable to produce
a de Sitter expansion; meanwhile, Equations (19) and (20) tell us that SGW of arbitrary
amplitude can do that. There is no contradiction here. The gravitational waves of small
amplitude are unable to build a de Sitter expansion if their wavelengths are sub horizon
(shorter than the distance to the horizon) because formally speaking integrals (6) and (7)
in work [8] are divergent. Meanwhile, super horizon wavelengths can produce a de Sitter
regime because of changing the limits of integrations from [0, ∞} for sub horizon waves to
interval [0, 1] for super horizon waves in Equations (6) and (7) of work [8]. Thus, one can
think that the solutions to Equations (19) and (20) describe waves of finite amplitude with
the super horizon wavelengths. This fact testifies in favor of super horizon wavelengths as
solutions to Equations (19) and (20).

4. Invariance of de Sitter Regime with Respect to Wick Rotation

In a Euclidean spacetime interval between events, (1) reads

ds2 = dτ2 + a
(

τ)2γαβdxαdxβ = dτ2 + a
(

τ)2
(

dx2 + dy2 + dz2
)

(21)

where t = iτ. Recall that H = 1
a

da
dt by definition. Thus, the Hubble constant in Euclidean

spacetime τ HE = 1
a

da
dτ is

HE = iH (22)

Thus, the de Sitter regime is invariant with respect to the transfer from Lorentzian
spacetime to Euclidean spacetime and vice versa, which follows from (24)

exp(Ht)= exp(HE · τ) (23)

5. What Kind of SGWs are Capable to Provide the Invariance of the de Sitter Regime
with Respect to Lorentzian and Euclidean Spacetime?

To answer this question, we have to go back to (16) and (17). Note that (17) does not
contain time derivatives and only the two first terms contain the time derivatives in (16) for
α 6= β. This means that such invariance can be provided by super horizon wavelengths
λ >> ct. In such a case, spatial derivatives can be neglected compared to time derivatives,
and (16) takes the following form (α 6= β)

..
ψα

β
+ 3

.
a
a

.
ψα

β
= 0 (24)

Obviously, (24) is invariant with respect to change of variables t = iτ. This fact means
that such waves belong to both Lorentzian and Euclidean spacetimes simultaneously. This
means, in turn, there is no topologically impenetrable barrier between Lorentzian and
Euclidean spacetimes for such waves and the de Sitter regime. Note also that such waves
provide an overwhelming input to the effect because of the infinite length of the interval
which they occupied ct < λ ≤ ∞.
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One more argument in favor of the idea of this work follows from the consideration
of the back reaction of SGWs of small amplitude but of arbitrary wavelengths on the
background metrics. Such waves are described by Equations (A26)–(A31) of Appendix
A.3 of work [8]. As it is shown in work [8], Section 1.2, they are unable to form a de Sitter
regime in Lorentzian spacetime because of divergency of integrals. However, they can
easily do so in Euclidean spacetime ([8], Section 1.2)4. Thus, the invariance of the de Sitter
regime with respect to the transfer from Lorentzian to Euclidean spacetime and vice versa,
the absence of a topologically impenetrable barrier between Lorentzian and Euclidean
spacetimes for super horizon wavelengths and the ability of waves of arbitrary wavelengths
but small amplitude to form a de Sitter regime only in Euclidean spacetime allows us to
suppose that the final stage of the evolution of the universe is “tunneling” (using instanton
terminology) [12] from our Lorentzian spacetime to Euclidean spacetime. In other words,
our Lorentzian universe is going to disappear into “Nothing”5. In the frame of such a
scenario, the modern de Sitter expansion of the universe (dark energy effect) looks like the
last stage of evolution of our universe before its “dives” into nothing.

6. Cosmological Scenario

One can suppose that a new universe should start from quantum fluctuations in
Euclidean spacetime, i.e., from the place where the previous universe had completed its
existence. In one-loop approximation, the equation of state of gravitons in the Euclidean
spacetime reads [13]

ρg =
3}Ng · H4

8π2 = −pg (25)

where } is Planck constant, Ng is number of gravitons in the universe and ρg and pg are
the energy density and pressure of gravitons, respectively. Note the important fact that
(25) is invariant with respect to Wick rotation t = iτ because (25) contains H4 (recalling
that i4 = 1). Thus, this de Sitter expansion is invariant with respect to the transfer from
Euclidean to Lorentzian spacetime and vice versa. As it follows from (25), in one loop
approximation, gravitons produce de Sitter expansion in Lorentzian space-time. Thus, we
can consider (25) as an initial condition for the formation of a new universe that starts with
a de Sitter expansion, which eventually should lead to a new Big Bang in a new universe.
This process probably should start near the Planck time tp ≈ 5.4 · 10−44 s. This number
should be close to the initial conditions used by inflation theories [14–18] for the present
universe. The modern inflation theories applicable to the existing universe usually start
approximately at 108tp and last about

(
1011 − 1012)tp. However, we need to remember

the words of Steven Weinberg [19]: “So far, the details of inflation are unknown, and the
whole idea of inflation remains a speculation, though one that is increasingly plausible”.
The scenario proposed assumes that a permanent process of birth, death and rebirth of an
infinite sequence of universes takes place on an infinite time axis.

7. Conclusions

I am deeply grateful to Zeev Dashevsky, who drew my attention to a book written
100 years ago by Alexander Friedmann [20], the man who predicted the expansion of the
universe [21] a few years before its discovery by Edwin Hubble, making him the founding
father of modern cosmology. In his book, Friedmann quotes the famous phrase from the
book “Ecclesiastes”: “What was, will be, and what has been done is what will be done- and
there is nothing new under the Sun,” meaning that even with all the progress in our ideas
about the world, our approach fundamentally remains the same as it was millennia ago for
Aristotle.
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Notes
1 The material constituting the content of the Appendix A of work [8] was prepared by the late Grigory Vereshkov. It was to be

included in our joint paper [9]. We did not include it in the final version of [9], since [9] was entirely devoted to quantum effects.
After Grigory passed away, I decided to publish his work, including it as Appendix A to my paper [8] with a reference to its
author.

2 There are other types of parameterizations as well, e.g., Fierz–Pauli parameterization [10] and a linear parametrization used in
most of the works known to us (see [9] and references therein). The linear parameterization does not provide conservation of
EMT, which can be conducted “by hand” [11].

3 In this paper, averaging is conducted over a three-space (see, e.g., [11]).
4 Note that in Section 1.2 of work [8] the incorrect normalization was used. In the right hand sides (RHS) of Formulas (16)–(20), (23)

and (25) of [8], the Hubble constant H must be changed for 1. This correction does not change the main result of this section,
which proves that the back reaction of SGWs of small amplitude can produce a de Sitter expansion in Euclidean spacetime only.

5 To the best of my knowledge, the first time such a scenario was proposed in paper [12], although the problem of tunneling
gravitational instantons from Euclidean spacetime into Lorentzian spacetime of the universe has a large literature (see, e.g., [12]
and references therein].
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