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Abstract: The thumb assists other fingers, and any damage in its functionality prevents the human
hand from performing dexterous functions. In this paper, the kinematic design of the (2–RRU)–URR
parallel mechanism as the application of the thumb rehabilitation device is proposed. This mechanism
is an over-constrained mechanism capable of achieving the required mobility with fewer joints.
Three degrees of freedom exist—two rotational and one translational mobility—that are related
to each thumb movement: adduction–abduction and flexion–extension. Considering the narrow
space of the hand, actuators are designed to divide its placement into the surface of the palm.
To avoid the collisions between the device and the hand, an offset was adopted. The displacement
analysis problem is solved by dividing it into two parts: the planar motion generator (PMG) and
orientation generator (OG), according to each functional motion, and the corresponding equations
and procedures are presented. To clarify the basic characteristics of this mechanism, the reachable
workspace of the PMG and rotational ability and sensitivity of the OG is demonstrated numerically.
Because a large input torque difference is dangerous in the rehabilitation mechanism, the effective
workspace is determined according to the magnitude of the input torque differences and compared
with the measured thumb movements.

Keywords: mechanism design; thumb rehabilitation; constraint analysis; displacement analysis;
sensitivity analysis; singularity analysis; over-constrained mechanism; parallel mechanism

1. Introduction

The human hand is a very effective organ, and it significantly affects human dexterity in daily
life. In particular, the role of the thumb is to support the other fingers during grasping and picking-up
movements [1]. Because these movements provide manual dexterity skills to humans, the loss of
the thumb function severely hinders daily activities. Therefore, thumb rehabilitation is important to
help patients recover their thumb function and restore hand functionality. Rehabilitation is a type
of therapy aiming to recuperate the patients’ movement functions. In conventional rehabilitation
therapy, a rehabilitation therapist stands near the patient, and they always care for their patient in
all rehabilitation therapy processes manually. Since rehabilitation therapy requires keeping a higher
force continuously than the stiffness of paralyzing, young therapists are needed. The effect of the
rehabilitation depends on various factors such as the timing of the therapy, the intensity of the therapy,
the number of the therapist, the attention of the therapist, the number of repetitions, the cooperativeness
of the patients, and so on [2–4]. Thus, the lack of the amount of the therapist issue is a critical issue due
to it affects the recovery of the patients’ motor function. However, because the population is aging,
the number of therapists and patients is disproportionate, and each therapists’ burden is increasing
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rapidly [5]. Even if the therapists’ capacity fully prepares for each patient, the therapy time is limited
and short (only 5.2% of daytime in two weeks take the care from the therapist [6]). As one of the
solutions to these issues, the rehabilitation robot is proposed. Relatively than the therapist, the robot
not only can provide the given constant force continuously but also can provide the same moving
trajectory consistently. This advantage solves the number of therapists and has a positive effect on
increasing the number of repetitions. Repetition training helps recover the patients’ motor function
after the intensive rehabilitation process. It induces the plasticity of the brain for the stroke patient and
helps to keeps its activation [7]. Furthermore, this training also is used as a warm-up process before
the primary therapies.

In previous works of literature, there were two main types of rehabilitation robots: end-effector
and exoskeleton type [8,9]. An end-effector type interacts with the patients’ movement by a single
attachment part on the distal end of the latter’s body [10]. These types of robots are designed to
externally locate its main parts to the patients’ body. Moreover, its end-effector was designed to attach
with the distal end of the users’ body. Due to this characteristic of the design, this robot controls
only the position and the orientation of the end-effector. Furthermore, those mechanisms have the
advantage of a simple structure and easy adaptation to different sizes of the human body even though
the robot cannot control each joint angle of limbs or fingers. Figure 1 shows the three conceptual
drawings of the end-effector mechanism. In this figure, the first type is the end-effector type that uses
serial linkages, in which each joint is actuated, as shown in (a) [11]. Second Figure 1b [12,13] shows the
case where closed-loop mechanism is used and (c) [14] shows the case where cables are used.

Figure 1. Previous mechanisms of the end-effector type: (a) Connecting by serial linkage adapted
from [11], (b) Connecting by closed-loop linkage adapted from [12,13], (c) Cable driven from fixed base
adapted from [14].

An exoskeleton-type mechanism independently provides the required angle and force to each
joint through the various attachment. The axis position of each joint is determined when it is attached
to the human. If the patients’ joint axes are not aligned with the robots’ joints, then a mechanical
singularity of the total system composed of the robot and human occurs [15]. In addition, a hybrid-type
robot, which is the intermediate structure of two types, was reported [8]. For example, one of the
mechanism parts is designed as an exoskeleton and attached to the human body. It is connected to
another part like the end-effector type. In another case, the base of the mechanism is attached to the
patients’ body like an exoskeleton, but the structure of the mechanism is of the end-effector type.

In the case of the exoskeleton, the distance between the link and human bone caused by the muscle
and skin becomes the cause of the misalignment when human joints move. In other words, even though
kinematic joints are precisely aligned with human joints in the home position, the axes of the kinematic
joints cannot respond to the changes in the human joint axis during performance. Figure 2 shows
the situation of the misalignment. Anatomically, the position of the human joint axis changes when
the limbs move. In particular, multi-degree of freedom (DOF) joints have different characteristics
according to bone shape. Figure 3 shows the explanation of each joint and bone of thumb and index
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finger. The first joint of the thumb, the thumb carpometacarpal (CMC) joint, is a saddle joint and can
be categorized as a 2-DOF joint. However, when each axis of rotation rotates, an additional sliding
motion occurs along each axis, which causes the joint axis to move [1]. These anatomical features make
it difficult to perform the required movement using the mechanical joints, and there is a possibility of
misalignment. This limitation remains a challenging point in the field of rehabilitation robots.

Figure 2. Misalignment situation of exoskeleton type.

Figure 3. Explanation of each joint and bone of thumb and index finger.

To solve this limitation, various types of design were reported. Figure 4 shows the linkage
structures of previous studies. First, the redundant linkage structure was reported [15,16].
This structure makes the rotational center of the joint align by giving additional mobility than
required mobility. For example, one mobility is needed in the proximal interphalangeal (PIP) joint of the
index finger, but this type of mechanism was designed for its joint mobility to be two. The additional
mobility is constrained by the overall constraint condition to include hand when the mechanism is
attached to the hand. In this paper, the constraint condition means that the physical constraint of the
mechanism given by the placement of the mechanisms’ joints. The remote center of rotation structure
was designed to comply with the rotational center using the mechanical closed-loop linkage, slider,
and so on [17–20]. However, those two types: the redundant linkage structure and the remote center
of rotation structure; are structurally very complex, and bulky. Furthermore, those structures were
designed so that their mechanism is attached to fix the center points of each finger node as shown in
Figure 4 a,b. On the side of the paralyzed hand, since this hands are hard to perform the extension
of their hands but easy to show the opposite movement (like grasping motion), those designs are
inconvenient to be equipped on the patient’s hand without additional steps such as the botulinum toxin
(Botox) injection for loosening patient’s muscle softly. Furthermore, we have not found any adaptation
cases to be used on the CMC joint. Even if those designs are adapted to CMC joint, we predict that
those structures are not easily designed to provide all mobility of CMC joint. On the other hand,
the serial linkage structure has been proposed [21–23]. This structure was the design such that the
end-effector of the mechanism is attached to the distal point of the finger. As the advantage of this
structure, the distal movement of the finger is focused on when designing the mechanism, and it is
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relatively easy to equip to the hands compared to other structures. For this reason, this structure can
adapt to providing the mobility CMC joint.

Figure 4. Structures of previous studies for matching the center of rotation for alignment: (a) Redundant
linkage adapted from [15,16], (b) Remote center of rotation adapted from [17–20], (c) Serial linkage
adapted from [21–23].

Due to the complex structure of the CMC joint, most exoskeletal robots had been designed in their
previous study to actuate the flexion–extension movements without the thumb. Only a few robots
of the previous research have been actively designed to control the thumb. For example, the isolated
orthosis proposition for thumb actuation (IOTA) was reported in [24]. This mechanism had 2-DOF,
and it was designed two actuated joints that can actuate the CMC joint and MP joint. This mechanism
was reported the maximum efficiency of 44%. However, the author restricts the CMC motion only to
permit the palmar abduction-adduction movement. Leonardis et al. reported electromyography(EMG)
controlled robotic hand exoskeleton system [25]. This mechanism has 2 DOFs with adaptable function
to the hand size. One actuator of this robot was connected to the four fingers (index, middle, ring,
and little fingers), and another actuator was used for the thumb movement. Regarding the thumb
function, only the flexion–extension movement was considered and designed. An exoskeleton device
called a “five-fingered assertive hand” was studied. It achieved the five finger motions using three
driving parts, actuated by a tendon-driven system [26]. Regarding the thumb-driving part, it had two
actuated joints. One of the actuated joints controlled the MP joint and the IP joint at the same time.
Another actuated joint controlled the CMC joint for flexion–extension movement. Another previous
device named “Rutgers Master II-ND” was reported their thumb approach using one pneumatic
actuator [27]. This actuator is connected to the tip of the thumb from the base located in the palm.
Through this actuator, the device controls the flexion–extension movement. The two passive universal
joints are connected between actuator to fingertip part and actuator to base. Thanks to these joints,
this mechanism allows the adduction– abduction movement. The thumb exoskeleton reported by
Lambercy, et al. [28] is designed their thumb part to allow the flexion–extension movement by a
passive hinge joint and to control the abduction-adduction through the linear actuator. Furthermore,
a passive universal joint connected between the CMC part and MP part allows for adaptation to the
center of the CMC joint. Moreover, this mechanism manufactured by a 3D printer of less than 150 g was
realized. Wang et al. proposed an actuated thumb exoskeleton for hand rehabilitation named ATX [29].
This mechanism was designed its actuated DOF as five to control the total DOF of thumb finger
independently. Two of the total DOF were used for the CMC joint, and those were controlled by two
actuators to perform each movement: flexion–extension and adduction–abduction. Agarwal et al. have
proposed the exoskeleton robot for thumb rehabilitation [30]. This mechanism has four DOF, and it
designed their CMC chain that consists of the four revolute joint and one prismatic joint. This chain
becomes to 4-bar linkage by the constraint between hand and chain when the mechanism attached to
the hand. This phenomenon allows its DOFs two from five. To control two DOFs, two actuators were
used for controlling each thumb movement.
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To sum up, the design of previous studies can be categorized into three cases. The first case [24–26]
is the mechanism design, which focused and controlled only one movement, and other movements
were physically limited. However, it is not enough to adequately preforms all thumb movement
through the one actuator. Notably, it may hard to respond according to the big size of the object
when presented with the grasping motion. The second design [27,28] controlled only one of all
movements as the same as the first design, but it allows the other movements through the passive joints.
Thus, the different movements passively moved through the human hand. However, the paralyzed of
the patients’ hands generally moves to the inside of the palm. On the other way, it is hard to moves
outside due to their contraction of the muscle. Thus, we are not sure the passive joint is enough to give
the other movements for the rehabilitation. The third case [29,30] of the mechanical design controls all
movements of the CMC joint through two actuators. Each actuator corresponds to one actuator for
each movement. This type of mechanism has 2 DOF when the device attached by the constraint with
the human hand. However, it is questionable whether it can deal with the additional sliding motion
due to the CMC joints’ saddle structure, as mentioned above. Based on this discussion, controlling
all DOF of the CMC joint, and solving the misalignment issue of CMC joint are still existed as the
challenge points.

To solve these limitations, our research team proposed an exoskeleton-type parallel
mechanism for thumb rehabilitation using a (2–RRU)–URR parallel mechanism. For its structural
characteristics, the axes of all adjacent joints are orthogonal, and all links form a circular arc [31].
Furthermore, the proposed mechanism is an over-constrained mechanism that can be designed using
the minimum number of joints required to provide the necessary degrees of freedom. In addition,
this proposed mechanism achieves a compound motion that consists of a rotational and translational
motion, which differs from the motion of famous parallel robots such as the Stewart-Gough platform,
DELTA, and Agile eye [32–34]. The parallel robot with the presented compound motion has the
possibility of various applications, but it is usually not famously applied in the field that most
parallel robots used. In a previous study, Liu, X. J., and Wang, J., reported a spatial parallel robot
with two rotational motions and one translational motion [35,36]. This robot has three nonidentical
kinematic chains that are connect its base to the output link, and it is actuated by three prismatic
actuators. To compare with the aforementioned proposed robot, this robot seems similar from a
functional point of view. However, there are differences in the presented motion, actuator type,
and structural characteristics.

In our previous report [31], we discussed only the basic kinematics such as displacement and
sensitivity analysis of the proposed mechanism without the consideration of its application. In this
paper, we extended the previous paper to a kinematic design of the proposed mechanism taking into
account the application for thumb rehabilitation device. Then, this paper includes workspace analysis
with the comparison of the human measurement data, improvement of the kinematic structure by
introducing an offset of the link in order to avoid the collision between the human hand and the
device and enable the easy locations of actuators on the hand, and actuation torque characteristics
evaluation for safety. Thanks to the improvements based on the theoretical analysis, it is expected
that the development of a useful thumb rehabilitation device has been enabled. The fabrication of the
prototype and experiments will be reported in our next paper.

2. (2-RRU)-URR Mechanism and Its Mobility

2.1. Mechanism Configuration

The components of the (2-RRU)-URR mechanism are the base frame, output link, two RRU chains,
and one URR chain [31], as shown in Figure 5. Moreover, the symbol of the round bracket means
that dividing the chains from another chain and the chains. This mechanism was designed so that its
output link can be attached to the center point of the metacarpal (MP) bones to assist and reinforce
the required movements of the MP and CMC joints. Figure 6 shows the required movements of
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the thumb: flexion–extension and abduction-adduction. When the coordinate system is defined as
shown in the figure, the flexion–extension movement of the measured point moves in the yz plane
and it consists of the translation along the y axis and the rotation around the x axis. In the observation
of the thumb movement, the displacement of the z axis caused by the two mobility mentioned
above is measured as the small range (1∼3 mm by the motion capture measuring). To simplify
the required mobility for design, assuming that the small range can be negligible. For this reason,
the flexion–extension movement is related to the displacement of the translation along the y axis.
Furthermore, since the orientation of the MP bone still exists; and rotation around the x axis at the
measured point (relative rotational mobility) is required. On the other hand, the abduction-adduction
consists of rotation around the z axis and translation along the y axis. Both mobilities mentioned above
are related to the movement from the CMC joints, and the relative mobility is related to the MP joint.
In summary, this mechanism is proposed for a rehabilitation device to perform the motions of the
thumb, as shown in Figure 6.

Figure 5. Parallel mechanism of (2-RRU)-URR including offset link GH . Mechanism consists of three
kinematic chains that connect output link with base frame. Joints A, B, and H are actuated joints.

Figure 6. Thumb movements where origin and measured points are set to palm and center point of
thumb MP bone.

Based on these ideas, the concept of the mechanism was designed as shown in Figure 7. In this
figure, the hand is in the middle of the base frame of the mechanism. Thus, joints in the base frame
are in the palm, at the back of the hand, and near the wrist. With respect to the thumb movement,
the chain, which is located near the surface of the thumb, may collide with the wrist or the thumb.
Furthermore, because the hand has a limited narrow space to set the joints and the actuators in practice,
an offset that creates distance between the joints for evading collisions was adopted. Figure 5 shows a
diagram of the proposed offset-adapted mechanism. In this figure, the offset is the link in the x-axis
direction between joints G and H. Owing to the offset, the fixed-point position of joint O was changed
from near the wrist to the palm.
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Figure 7. Conceptual design of proposed mechanism for the thumb rehabilitation: (a) Three
dimensional side view, (b) Joint placement, (c) Top view, (d) Bottom view.

For convenience, we denote the chains ACE, BDF, and GHIJ as chains 1, 2, and 3, respectively.
Chains 1 and 2 are in the xy plane, and have the same kinematic structure in which four R joints are
arranged from the base to the output link. Three successive R joints are parallel, and the fourth joint is
perpendicular to the others so that the third and fourth joints form a universal (U) joint. In addition,
chains 1 and 2 are arranged so that they are parallel to each other. This means that the six revolute
joints sA, sC, sE and sB, sD, sF are parallel, and the two fourth-revolute joints sE2 and sF2 are coaxial.
Chain 3 is perpendicular to the xy plane and is composed of four R joints. The second-to-fourth joints
are parallel, and the first joint is perpendicular to the others, forming a U joint with the second one.

2.2. Mobility Analysis

To verify the mobility of the proposed mechanism, Grueblers’ mobility formula is applied.
Its result shows that the DOF is calculated as zero as follows:

6(L− J − 1) +
J

∑
i=1

fi = 6(8− 9− 1) + (1× 8) + (2× 2) = 0 (1)

where J, L, and fi are the number of joints, number of links, and DOF of the joints, respectively.
However, this calculation result is different when compared to the real behavior from the observed
mobility of the prototype. In this observation, three DOFs existed in the proposed mechanism:
rotational motion around the z axis, translational motion in the HP direction, and rotational motion
around the x′ axis. To consider the actual DOF of this mechanism, the constraints imposed on the
output link by each chain have been accounted for. First, the constraint with respect to the coordinate
system P− x′y′z′ is considered according to the structural and observed features of this mechanism.
According to the kinematic structure of chain 1, its constrained mobilities are the rotational motion of
the output link around the y′ axis and the translational motion at P in the z axis. The same constraint
conditions are imposed by chain 2. In the case of chain 3, the rotational motion around the y′ axis and
translational motion at O in the x axis are constrained. These constraint conditions are also confirmed
from the constraint wrenches of the proposed mechanism (Sc). The constraint wrench is the 6× 1
vector, which is shown the constraint condition of the output by the structure of each kinematic chain.
The number of constraint wrenches is related to the DOF of each chain. This wrench should be satisfied
with the orthogonal condition with all joint screws in each kinematic chain [37]. Those wrenches of
each chain are described as follows:
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Sc i,1 =



0
0
1
0
0
0


, Sc i,2 =



0
0
0
0
1
0


(i = 1, 2), Sc 3,1 =



1
0
0
0
0
r


, Sc 3,2 =



0
0
0
0
1
0


(2)

where r is the distance between O and P. In the case of the proposed mechanism, the six constraint
wrenches are derived as shown in Equation (2). Hence, because each chain has 4 DOFs, there are two
constraint wrenches with respect to each chain. In Equation (2), Sc i,j refers to the constraint imposed
by the ith chains, where j = 1, 2. From Equation (2), three of them are independent, and the others
have the same values as those of one of three independent wrenches. Then, the three independent
constraint wrenches (S′c) are obtained as

S′c 1 =



0
0
1
0
0
0


, S′c 2 =



0
0
0
0
1
0


, S′c 3 =



1
0
0
0
0
r


(3)

These wrenches indicate that the output link can perform the rotational motion around the x′

axis, rotational motion around the z axis, and translational motion along the y′ axis. In summary,
the proposed mechanism is a 2R1T mechanism, where R and T are the rotational and translational
outputs, respectively. It has been confirmed that this mechanism facilitates the same motion as that by
the previous mechanism even though an offset was applied.

2.3. Overall Jacobian Matrix

To understand the relationship between the input and output velocity of the proposed mechanism,
the overall Jacobian matrix of the lower-mobility parallel mechanism is derived using the screw
theory [37]. Considering the actuated wrenches (Sa), one actuation wrench is derived for each chain.
The constraint wrenches and the actuation wrenches are respectively classified as the force and moment
components as follows:

S′c n =

[
s′c n, f
s′c n,m

]
, Sa i =

[
sa i, f
sa i,m

]
(n = 1, 2, 3) (4)

where the symbols of f and m in the wrenches respectively represent the components of the force
and the moment. Based on S′c i and Sa n, the overall Jacobian of the proposed mechanism is described
as follows:

JT =

[
Ja

Jc

]
=



sa 1,m
(Sa 1◦SA)

sa 1, f
(Sa 1◦SA)

sa 2,m
(Sa 2◦SB)

sa 2, f
(Sa 2◦SB)

sa 3,m
(Sa 3◦SH)

sa 3, f
(Sa 3◦SH)

s′c 1,m s′c 1, f
s′c 2,m s′c 2, f
s′c 3,m s′c 3, f


(5)

where Jc, Ja, and JT are the constraint, actuation, and overall Jacobian matrices, respectively.
Furthermore, SA, SB, and SH are the joint screws of the actuation joints. In the six dimensions,
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the relationship between the input velocity θ̇a and output velocity V = [ωT vT ]T with the constraint
equation is described using the overall Jacobian matrix as follows:[

θ̇T
a 0T

3

]T
= JT

[
ωT vT

]T
(6)

where θ̇a and 03 are the velocity of the actuation joints θ̇a = [θ̇A, θ̇B, θ̇H]
T and a three-dimensional zero

vector, respectively.

3. Displacement Analysis

The displacement analysis is that geometrical relationship between actuated joints and the
output link without regard to the force/torques that cause the movement is formulated and analyzed.
To derive the kinematic equations of the proposed mechanism, the mechanism is divided into two
parts: planar motion generator (PMG) and orientation generator (OG). Then, equations for those
parts are separately derived. Please note that unlike the previous study of [31], this study introduced
the offset.

3.1. Forward Displacement Analysis of Planar Motion Generator

The PMG is shown in Figure 8. This diagram shows the top view of the xy plane. Part GHP is
the projection of the kinematic chain GHIJ on the plane of linkage ACEFDB. If the connection and
constraint of link r are not included, then the PMG can be considered to be a planar six-bar linkage.
In general, planar six-bar linkages with a single closed-loop require three actuators. Because there are
only two actuators at joints A and B, this condition cannot be used to solve the forward displacement
analysis of the six-bar linkage of ACEFDB. If one of the joints C or D is assumed as an actuated joint and
the angles of θA and θB are given, then the end-effector point of the six-bar linkage can be calculated
using the four-bar linkage method mentioned in [31]. However, according to the constraint given by
the chain GHP (details are described in the following sub-section, its value should be adjusted. At this
time, the calculation is ongoing with the assumption of joint C as the temporal actuation joint.

Figure 8. Diagram of planar motion generator (PMG).

Figure 9 shows the procedure of the forward displacement analysis of the PMG when joint C was
considered to be the temporal actuation joint. As shown in this figure, the pre-allocation of the constant
parameters, such as the length of the links and fixed points of the base joints, is defined before the
calculation. In detail, all the kinematic parameters are classified as l, θ, and d, which represent the link
length, joint angle, and distance between two joints, respectively. As mentioned above, when θA and
θB are given, the positions of joints C and D are fixed, and other chains such as CDFE can be considered
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to be a four-bar linkage. Based on this, when θC is given, the orientation angle Φ and position vector
of point P are derived via the general method of the four-bar linkage. Because link EF, r, and link GH
are perpendicularly constrained to each other, link EF and link GH are always in parallel, and this is
described as Φ = θG. Figure 10 shows the constraint condition of the GHP. Therefore, r can be derived
considering the right-angled triangle condition of r, dGP, and loffset. Furthermore, θEPH, which is the
angle between link EF and r, is derived using the cosine laws, and it should be 90◦ with respect to
the constraint condition. In this process, θEPH is calculated for each θC value, and these are confirmed
to satisfy the above constraint condition. The tolerances of θEPH are 90± 0.25◦. The overall forward
displacement of the proposed mechanism can be derived when θA and θB are arbitrarily given.

Figure 9. Procedure of forward displacement analysis for PMG.

Figure 10. Diagram of constraint condition between r, loffset, and link EF.

3.2. Inverse Kinematics of Planar Motion Generator

Before calculating the forward kinematic analysis of the PMG, the constraint condition of the
proposed mechanism is considered. As mentioned in Section 2, chain 3 and link EF are perpendicularly
connected to each other. In the case of PMG, chain 3 is represented as the link r and link GH
(offset link). As the constraint condition of PMG, link GH and r, and link EF and r, are always
perpendicularly connected. Therefore, the relationship between the orientation of link EF (Φe) and
the angle of joint G (θG) is θG = Φ, i.e., Φ is passively determined by θG, and θG is perpendicularly
determined in the direction of the link r. There are two output components of the PMG: r and Φ.
Because these are related to the position of point P, if we know the position vectors of px and py,
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then the output components of r and Φ can be derived to be the opposite. Actually, the trajectory of
the real thumb movement is recorded by the measurement system using the position vector of the x
axis and the position vector of the y axis. Considering the comparison results or tracking with the real
movement, for convenience, the input components of inverse displacement analysis are determined to
be px and py. If lGH and the position of point P (P = [px, py]T) are given, then dGP and r are derived by
considering the right-angle condition of lGH, dGP, and r as follows:

dGP = ‖P−G‖ , r =
√

d2
GP − loffset

2 (7)

θPGH = cos−1

(
lGP

2 + loffset
2 − r2

2loffsetlGP

)
, θGP = atan2(py, px) (8)

θG = Φ = θPGH − θGP (9)

where dGP, θPGH, θGP, and θG are the distance between joints G and P in the xy plane, angle of PGH,
orientation angle of GP from the x axis, and joint angle of G, respectively. From the perpendicular
conditions such as those of link r and FP, and link r and GH, the positions of joints H, E, and F can be
calculated using Equation (9) as follows:

E = P +

[
ex

ey

]
=

[
px

py

]
+

[
le cos θG
le sin θG

]
, F = P +

[
fx

fy

]
=

[
px

py

]
+

[
le cos(θG − π)

le sin(θG − π)

]
(10)

Using the results of the positions of E and F as mentioned above, the angles of the joints of each
chain are calculated using the cosine law. Figure 11 shows the triangle of chains ACE and BDF. If the
case of chain ACE is considered, the detailed equations used to determine the angle of joints A and C
can be described as follows:

Figure 11. Triangles for inverse displacement analysis of planar motion generator model.

θCAE = cos−1

(
l2
AC + d2

AE − l2
CE

2lACdAE

)
, θACE = cos−1

(
lAC

2 + lCE
2 − d2

AE
2lACdCE

)
(11)

dAE = ‖E−A‖ , θα = atan2(ey − ay, ex − ax) (12)

θA = θα + θCAE, θC = θACE − π (13)

where lAC, dAE, lCE, θα, θA, θC, θCAE, and θACE are the link length of AC, distance between joints A
and E, link length of CE, orientation angles of AE from the x axis, angle of joint A, angle of joint C,
angle of CAE, and angle of ACE, respectively. Because chains ACE and BDF have the same kinematic
structures, each joint angle of chain BDF can be derived using the same method. Figure 12 shows the
procedure of the inverse displacement analysis of the PMG.
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Figure 12. Procedure of inverse displacement analysis for PMG.

In the results of the displacement analysis, there are four types of solution, as shown in Figure 13.
Each solution is classified by the angle values of θC and θD. Considering rehabilitation, the users’
hands will be located inside the chain ACEBDF. To prevent collisions with the hands, solution (a) is
considered suitable for the application in this study.

Figure 13. Four solutions to the inverse displacement analysis for each pattern: (a) negative/positive,
(b) positive/positive, (c) negative/negative, and (d) positive/negative. (These results depended on the
values of angles θC and θD).

3.3. Forward and Inverse Kinematics of Orientation Generator

If the OG is projected on the y′z′ plane of the P′-x′y′z′ coordinate system, it can be considered to
be a four-bar linkage even though an offset was adopted in the proposed mechanism. Figure 14 shows
a diagram of the OG in the plane. The model of the OG can be considered to be a four-bar linkage.
Because joints G and H overlap in the same position of the y′z′ plane, and the rotational mobility
of joint G does not affect the other links of the OG on this plane, these joints are considered to be a
single joint. Because the link length r is calculated from the PMG, it is considered to be a known value.
With respect to the forward displacement analysis, θH is given as the input angle. Based on these, θOPH,
θHPI, θIPJ, and φ are derived. These symbols indicate the angle between r and link HP, angle between
link HP and link IP, angle between link IP and link JP, and the orientation angle of link JP from the y′

axis, respectively. The equations are summarized as follows:

dHP = ‖P−H‖ , dIP = ‖P− I‖ , θOPH = atan2(r, lOG), θH = θIHP − θOPH (14)



Robotics 2020, 9, 67 13 of 23

θHPI = cos−1

(
d2

HP + d2
IP − l2

HI
2dHPdIP

)
, θIPJ = cos−1

(
d2

IP + l2
KP − l2

IJ

2dIPlKP

)
(15)

Ψ =

{
π − (θIPJ + θHPI)− θOPH 0 ≤ θIHP ≤ π

π − (θIPJ − θHPI)− θOPH −π ≤ θIHP ≤ 0
(16)

Figure 14. Diagram of orientation generator.

With respect to the inverse displacement analysis, because the method mentioned above can be
adapted if the input value changes from θH to φ, then the output angle of θH can be derived.

4. Kinematic Performance Analysis

To evaluate the performance of the proposed mechanism, the reachable workspace of PMG,
range of the orientation, Jacobian matrix, and the effective workspace of the proposed mechanism are
analyzed using numerical examples. In this study, the effective workspace is defined as the reachable
workspace with a suitable actuation torque under the maximum force of the human hand. Kinematic
parameters used in the analysis are listed in Table 1.

Table 1. Kinematic parameters used in numerical example.

Position of Joints [mm] Length of Links [mm]

A(x, y, z) (16, 36, 0) le 26 lKP 45

B(x, y, z) (74, 36, 0)
lAC, lBD,
lCE, lDF

40 lOG 8.5

O(x, y, z) (0, 0, 0) lHI, lIJ 70 lo f f set 20

4.1. Reachable Workspace of Planar Motion Generator

The reachable workspace of the proposed mechanism is obtained in the xy plane caused by its
constraint conditions. To obtain the reachable workspace, the method of inverse kinematic analysis is
used. At this time, point Ps’ position, such as px or py, is given randomly, as listed in Table 2.

Table 2. Given position of point P.

Parameter Given Values [mm]

px
−100 ∼ 100

Interval: 0.1 mm

py
−100 ∼ 100

Interval: 0.1 mm

The reachable workspace was represented by the points where all the equations are as mentioned
in Section 3. Figure 15 shows the obtained reachable workspace. Because the connecting structure
between link EF and PH is perpendicular as mentioned above, the shape of the expected workspace
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is circular around the origin O. Owing to an asymmetrical placement between joints A and B,
the reachable workspace is unequally distributed. The shape of the workspace is deformed owing to
the constraint effect by the chains 1 and 2. Furthermore, the empty circular space around the origin is
caused by the offset.

Figure 15. Workspace of planar motion generator.

4.2. Rotational Capability and Sensitivity of Orientation Generator

To evaluate the rotational performance of the OG, the rotational capability and sensitivity were
analyzed. The rotational capability is defined as the relationship between θH and Ψ, and the sensitivity
is the rate between them. In the calculation, the results are classified by each case of the r value, and the
range of minimum and maximum values were determined from the results of the reachable workspace
calculation as 0 mm to 119 mm. Considering the thumb rehabilitation, the minimum value of r was
redefined as 20 mm.

According to the concept of this mechanism, the OG presents and supports the orientation
angle of the MP bone of the thumb, and link JP is designed to be attached to that bone. According
to the kinesiology of the thumb movement, the thumb has 50◦ as the range of angles during the
adduction–abduction movement [38,39]. Assuming that the thumb is located at 0◦ in the natural
posture of the hand, the range is −10◦ to 40◦, and is related to Ψ. Considering the model of the OG,
because the thumb CMC joint is located near joint J, the target range of Ψ is determined as 80◦ to
120◦. Based on this, the rotational capability and sensitivity are derived. Then, the displacement
results of the OG are selected, where the condition of the period of the target orientation when
inputs θH are randomly given in 0◦∼360◦, is satisfied. Therefore, the sensitivity is derived using the
following equation:

s =
∆Ψ
∆θH

(17)

where s is the sensitivity. Figure 16a,b show the results of the relationship between Ψ and θH and the
sensitivity in proportion to r.

In Figure 16a, there are six results, where r is kept constant at a certain value shown. The length
of each result indicates the range of the orientating performance. Considering the target orientation,
the ranges of the input angles vary for each r. These results are used to determine the range of the
input angle as it adapts to different hand sizes.

Furthermore, Figure 16b shows the maximum and minimum values of the sensitivity for each
length of r. In this figure, the sensitivities of each case are stable because there is no unnaturally rapid
change between the maximum and minimum values as the signal of the singularity, but the difference
between them increases when r increases. This result can be used for the optimum design of the
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proposed mechanism by predicting the singularity and understanding changes in the output angle
with respect to the input angle.

Figure 16. Rotational capability and sensitivity results of OG by numerical example: (a) relationship
between θH and Ψ and (b) maximum, and minimum values of s with regard to link length r.

4.3. Effective Workspace with the Torque Difference

To design the proposed mechanism for safety, an effective workspace is defined and determined
using the difference in input torques. This workspace indicates the sub-workspace of the proposed
mechanism, where the rehabilitation device cannot damage the human hand. To define the effective
workspace, we considered the difference between the maximum torque and the minimum torque of
actuated joints. Before defining the effective workspace, static torque analysis is described as follows.
When the external load (F) is applied to the output link, the relationship between the external load,
actuation torque τa, and constraint moment τc is represented by the following equation using the
overall Jacobian JT defined in Equation (5) based on the principle of virtual works.

F =

[
JT
a

JT
c

]
τ = JT

T τ, where τ =
[
τT

a τT
c

]T
, F =

[
Ff
Fm

]
=
[

Ff x Ff y Ff z Fm x Fm y Fm z

]T
(18)

where τa = [τa1, τa2, τa3]
T = [τA, τB, τH]

T , τc = [τc1, τc2, τc3]
T , f , and m are the actuation forces,

the constraint forces, forces of external loads, and moments of the external loads. By solving
Equation (18) with respect to τa, input torques are obtained. The constraint force τc does not directly
correspond to the constraint force exerted on each chain because the Jacobian (JT) was derived based
on the independent constraint wrenches, as mentioned in Section 2. Here, we focused only on the
input torques in the numerical example to take the safety into consideration. We considered a case
where the actuators run out and the input torques are out of control. In such a situation, the calculation
result shows the case where one of the input torques is unusually higher than other input torques.
Furthermore, another case, which is derived from a large torque compared with the maximum force of
the human hand, is derived even in normal cases. We assumed that this case is a nonideal situation for
the design, and it is expected that there is the potential for damage to the thumb owing to overload.
The simple way of determining these cases is to make a comparison between one of the largest input
torques and the smallest input torque. Therefore, the following value is proposed as an index to
evaluate the safety of the rehabilitation device.
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D = τa,max − τa,min (19)

where τa,max and τa,min are respectively the maximum and minimum values of the three components
of τa under a predetermined external load. The predetermined external load is determined as follows.
Before determining the external loads, the requirement of the proposed mechanism for rehabilitation
was decided. In the literature, the study of the botulinum toxin injection effect regarding the grasping
force is reported. In this study, they reported that the injection is used for the reduction of the stiffness
and it makes the patient feel only slight resistance to their distal of the hand [40]. Regarding the
providing external force/torque to the patient during the rehabilitation therapy, the safety range of the
force was reported as 0∼800 g [41]. Furthermore, the maximum torque able to apply to the patients’
CMC joint is 0.328 N [42] and the maximum force being able to apply to the patient is 45 N [43]. In the
literature of kinesiology, the maximum torque of the CMC joint is approximately 6 Nm and the vertical
element of that is 3 Nm [1,44]. Furthermore, there is the opinion that providing force over 5 N may
not be suitable for patients with paralyzed hands [14]. Based on these backgrounds, we decided the
requirements as follows:

• The target user is expected as the paralyzed patient who got the botulinum toxin injection.
• The maximum torque of the proposed mechanism is 6 Nm.
• The target workspace is set as the same workspace of the healthy persons’ one.

As mentioned above, the vertical element of the maximum torque is 3 Nm, the maximum torque
of the adduction–abduction movement direction is assumed as 3 Nm. Furthermore, the length of the
thumb bone from the CMC joint to the MP joint is assumed to be 36.9 mm [45]. Because the output link
is attached to the center points of the MP bone, the given force of the load ( fy) is determined as the
following equation: 3× 0.0369 = 0.1107 N. Moreover, the moments of the load (mx and mz) are 6 Nm
each. Thus, the given loads are determined as: F = [0, 0.1107, 0, 6, 0, 6]T . Based on the magnitude of
the index d, the effective workspace is categorized by the following condition:

• If the magnitude of D is equal to or less than a threshold, the point is considered to be inside the
effective workspace. In the following example, we used 6 Nm as the threshold value.

The effective workspace maps are shown in Figure 17 for each fixed orientation angle Ψ from 80◦ to
130◦ with increments of 10◦. To better understand the characteristics of the mechanism, the workspace
is colored according to the value of d: the area of d ≤ 10 is colored green, while that of D > 10 is yellow.
From these figures, we know that the orientation angle significantly impacts the effective workspace.
In particular, the yellow area increases with the increase of Ψ, and it is clearly exposed in the maps of
120◦ and 130◦.

To determine the suitability of the proposed mechanism in thumb rehabilitation, the reachable
workspace of the proposed mechanism and the finger trajectory measured experimentally,
were compared. In the experiments, thumb trajectories were measured by a motion capture system,
as shown in Figure 18a,b, where (a) and (b) show the environments of the measurement system and the
points for measurement, respectively. The red, yellow, and white dots indicate the measurement
point, origin of the motion capture system, and origin of the kinematic analysis in Figure 18b,
respectively. Because there was some distance between the origins of measurement and kinematic
analysis, a modification was made to unify the coordinate system with point O as the unified
origin point. Figure 18c shows all the trajectories obtained during the movement of the center point
of the thumb metacarpal bone projected on the xy plane. The red trajectory represents the thumb
abduction–adduction movement, and the blue trajectory represents the flexion-–extension movement.
Based on this figure, the boundary of the required workspace can be determined as the gray lines in
the figure. Furthermore, Figure 19 shows the measured orientation angles in the flexion–extension
movement along the z axis. Each wave indicates a cycle of movement. From the measurement data,
the maximum and minimum angles varied from 29◦ to −2.5◦.



Robotics 2020, 9, 67 17 of 23

Figure 17. Distribution maps of difference (D) in workspace for each orientation angle Ψ. If the
workspace area is the closest to yellow, then the mechanism has a higher torque difference over 10 Nm.
[(a) Ψ = 80 deg, (b) Ψ = 90 deg, (c) Ψ = 100 deg, (d) Ψ = 110 deg, (e) Ψ = 120 deg, (f) Ψ = 130 deg].

Figure 18. (a) Measurement environment of motion capture system and measured points of thumb,
(b) measured trajectory of center point of thumb metacarpal bone, and (c) explanation of coordinates
and relationship with hand and joint G of proposed mechanism.
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Figure 19. Measured orientation angles of flexion–extension movement at 24 times along z axis.

Figure 20 shows the relationship between the effective workspace (green area) and the required
workspace obtained for each orientation angle Ψ. From the results, it is known that the target areas
overlap in the green area of the maps in cases (a) to (d). However, the yellow areas expose the target
areas in cases (e) to (f). Therefore, it can be concluded that the proposed mechanism can provide
thumb rehabilitation movements for an orientation angle Ψ ranging from 80◦ to 110◦ deg, while for
further movements, an improved design is needed. Please note that the effective workspace decreases
when the orientation angle of the OG is close to 130◦. These results appear to be similar to the
sensitivity results of the OG. Thus, the effective workspace is affected by the orientation angles of the
OG. In particular, its workspace rapidly decreases from 110◦ to 130◦.

Figure 20. Comparison of results for target workspace (gray) and difference maps of each condition
of Ψ : (a) Ψ = 80◦, (b) Ψ = 90◦, (c) Ψ = 100◦, (d) Ψ = 110◦, (e) Ψ = 120◦, (f) Ψ = 130◦.
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5. Discussion and Conclusions

In this paper, the offset-adapted parallel mechanism, which is an over-constrained mechanism
with two rotational mobilities and one translational mobility, was proposed. The advantage of the
proposed over-constrained mechanism is that it creates the required DOFs using fewer joints, and it can
weigh less. The number of DOFs of the proposed mechanism is derived from the constraint condition
of each chain. The provided motions of the mechanism are the circular motion around the origin point
and the rotational motion around the axis of the output link. The concept of the proposed mechanism
is to assist with thumb movement by using the output link attached to the center point of the thumb
MP bone. Furthermore, to prevent collisions with the users’ thumb, an offset was considered and
adopted. Even though the offset was included, the method of displacement analysis was similar to
that of previous research. This mechanism can be considered to be comprising two parts: the PMG
and the OG. Therefore, the equations of each part were separately derived and calculated. From these
results, the connection between the two parts was considered and combined.

To verify the performance of the proposed mechanism, a numerical example was shown, where the
sensitivity of the OG and the workspace of the PMG were presented. As a result of the reachable
workspace, its shape was circular. From the result of the OG sensitivity, each range of the input
angle θH depends on r, and its range narrows with an increase in r. Moreover, there was no rapidly
increasing value of sensitivity in the prescribed range of target angles. For this reason, it was confirmed
that no singularity occurs in the target orientation angles. Furthermore, the overall Jacobian matrix of
the same numerical example mentioned above was derived.

To design the proposed mechanism considering the safety issue, the difference between the
maximum and minimum actuation torques was derived from the numerical example. Initially, the static
analysis was carried out using the overall Jacobian matrix to distinguish the actuation torques and
constraint forces of the proposed mechanism. The effective workspace was defined by the magnitude
of the difference in torques. The non-effective workspace was determined considering the maximum
force of the thumb. For convenience, the difference from 1 to 10 was plotted as effective workspace
maps for each orientation angle using color gradation.

In the plotted maps, a decrease is observed in the effective workspace large orientation angle Ψ.
For example, there was a large change in the periods of the orientation angle from 110◦ to 130◦.
To design the rehabilitation mechanism, a comparison was made between the effective workspace
map and the required workspace that was obtained by the thumb movement measurements using a
motion capture system. Based on the result of the comparison, the cases from 80◦ to 110◦ show that
most of the required workspace have been covered with the effective workspace, but the others were
not. Those results can be used to design the proposed mechanism by considering the human hand size
and thumb safety.

As the expected limits of the proposed mechanism, the change fixed joint position of A and B
will be occurred due to the different width of users’ hands. Since it is related to all analysis results,
the hand size definition is considered, such as the small, middle, and large. On the other hand,
the proposed mechanisms’ constraint condition can be easily crushed by the link deformation because
of the feature of the over-constrained mechanism. This issue can control the unexpected motion, so the
rigid links are required with high stiffness. Additionally, the loose-fixing issue between base and hand
is estimated. It may occur the possibility of reducing transmission torque/forces and the tiredness
of thumb. Moreover, various things, such as the limited, narrow space of the hand, the layout of the
practical actuator, the difference of hand and thumb size, need to consider when the manufacturing
prototype. As an idea of the prototype manufacturing, the ’U’ shape base will be considerable for
fixing with users’ hands. If it made by the elastic material, the base can adapt through the different
width of hands. Since the curved parts will be required to make a prototype, 3D printing will be
considered. Since the plastic material may not be enough for the required stiffness, the reinforcement
through the carbon fiber will be used.
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Based on those results and discussion, the dimensional synthesis will be performed to determine
the suitable link lengths as the future work. Furthermore, to evaluate the performance with the thumb
in detail, a user test with a prototype will be carried out to include the misalignment adaptation[46].
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Nomenclature

D
Difference between maximum torque
and minimum torque of τa

r Distance between O and P

d Distance between two joints Sk
Screw vector of joint k
(k = A, . . . , J)

F External Load to output link sk
Screw axis of joint k
(k = A, . . . , J)

Ff Forces of external loads Sc i,j
Constraint wrenches of chain
(i = 1, . . . , 3 / j = 1, 2)

Fm Moments of external loads S′c n
Independent constraint wrenches
(n = 1, . . . , 3)

fi
Degrees of freedom of the joints
(i = 1, 2)

s′c n, f Force components of S′c n

i Number of the chains s′c n,m Moment components of S′c n

J the number of the joints Sa i Actuated wrenches of each chain

JT Overall Jacobian matrix sa i, f Force components of Sa i

Ja Actuation Jacobian matrix sa i,m Moment components of Sa i

Jc Constraint Jacobian matrix θ

Angle of joint (k = A, . . . , J) or
Angle in the triangle of three points
(θABC is angle B from triangle ABC)

L the number of the links θ̇a Input velocity of the actuation joints

l Link length of two joints τa Vectors of actuation torque

loffset Link length of offset τc Vectors of constraint torque

O Origin point in O-xyz coordinate Φ Orientation angle in xy plane

P Position vector of output point Ψ Orientation angle in y′z′ plane

px position value of P in x axis 03 Three-dimensional zero vector

py position value of P in y axis
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