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Abstract: In this paper, the distributed formation tracking control problem of quadrotor unmanned
aerial vehicles is considered. Adaptive backstepping inherently accommodates model uncertainties
and external disturbances, making it a robust choice for the dynamic and unpredictable environments
in which unmanned aerial vehicles operate. This paper designs a formation flight control scheme
for quadrotor unmanned aerial vehicles based on adaptive backstepping technology. The proposed
control scheme is divided into two parts. For the position subsystem, a distributed robust formation
tracking control scheme is developed to achieve formation flight of quadrotor unmanned aerial
vehicles and track the desired flight trajectory. For the attitude subsystem, an adaptive disturbance
rejection control scheme is proposed to achieve attitude stabilization during unmanned aerial vehicle
flight under uncertain disturbances. Compared to existing results, the novelty of this paper lies in
presenting a disturbance rejection flight control scheme for actual quadrotor unmanned aerial vehicle
formations, without the need to know the model parameters of each unmanned aerial vehicle. Finally,
a quadrotor unmanned aerial vehicle swarm system is used to verify the effectiveness of the proposed
control scheme.

Keywords: unmanned aerial vehicles (UAV); formation tracking control; disturbance rejection;
unknown parameters

1. Introduction

In recent years, the cooperative control of quadrotor unmanned aerial vehicles (UAVs)
has garnered considerable attention due to its broad applications in fields such as wireless
communication, nuclear radiation detection, and agricultural mapping. Formation control
is a pivotal research area within the domain of cooperative control for quadrotor UAVs.
For example, Liu and Li [1] explored formation control for UAVs in precision agricul-
ture, emphasizing its potential to optimize aerial coverage and reduce operational costs.
Meanwhile, Liu et al. [2] illustrated the importance of formation control in urban surveil-
lance applications, showcasing its effectiveness in wide-area monitoring with minimal
energy expenditure.

A formation comprising multiple low-cost UAVs can supplant an expensive multi-
functional UAV in completing intricate tasks. Moreover, UAV formations offer system
redundancy and reconfiguration capabilities [3]. Formation control of quadrotor UAVs has
drawn significant research interest, given its potential applications in both military and
civilian sectors [4–6]. From the perspective of control mechanisms, the existing method-
ologies for quadrotor UAV formation control encompass the leader-follower method [7],
artificial potential method [8], behavior-based method [9], etc. Recent work in [10] delved
into dynamic formation collision avoidance control for quadrotor UAVs, employing the
virtual structure method. In [11], a consensus-based approach was utilized to craft a time-
varying formation tracking control scheme for quadrotor UAVs. However, the quadrotor
UAV models considered in the aforementioned literature tend to be simplified, and the

Aerospace 2023, 10, 845. https://doi.org/10.3390/aerospace10100845 https://www.mdpi.com/journal/aerospace

https://doi.org/10.3390/aerospace10100845
https://doi.org/10.3390/aerospace10100845
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/aerospace
https://www.mdpi.com
https://doi.org/10.3390/aerospace10100845
https://www.mdpi.com/journal/aerospace
https://www.mdpi.com/article/10.3390/aerospace10100845?type=check_update&version=1


Aerospace 2023, 10, 845 2 of 15

designed formation control schemes rely on the model parameters of the quadrotor UAV.
In many practical applications of quadrotor UAVs, obtaining accurate model parameters
can be challenging. Recently, many flight control methods that do not rely on quadrotor
model parameters have been proposed. For example, in [12], a quadrotor UAV dynamics
modeling method using feedforward neural networks was introduced. This method served
as the predictive model for precise position control in a model predictive controller. In [13],
the application of model predictive contouring control addressed the optimal flight trajec-
tory problem for quadrotors with multiple waypoints. In a multifunctional quadrotor UAV
formation, the model parameters of individual UAVs might differ. Therefore, designing a
flight control scheme for the quadrotor UAV formation that does not rely on system model
parameters is crucial. This is the first research motivation of this paper.

In addition, quadrotor UAVs are highly sensitive to uncertain disturbances, making it
essential to design effective disturbance rejection flight control schemes for them. Extensive
research on disturbance rejection control for individual UAVs has been conducted in
existing literature. For quadrotor UAV swarms, uncertain disturbances acting on each
UAV will affect neighboring UAVs through the communication network. Hence, designing
disturbance rejection control schemes for quadrotor UAV swarms is a more complex task.
Existing literature has also conducted research on the disturbance rejection control problem
for quadrotor UAV formations [14–17]. For example, in [14], a formation active disturbance
rejection control method based on inner and outer loops was proposed. In [15], the time-
varying rendezvous problem of UAV swarms with a master-slave consistency hierarchy
was discussed, and a fully distributed formation disturbance rejection control scheme was
presented. Note that in both [14,15], the quadrotor UAVs were simplified into a basic linear
second-order model for study, which limits the practicality of the proposed methods. For
the unsimplified quadrotor UAV model, existing literature has not yet effectively designed
a disturbance suppression control scheme for its formation. This is the second research
motivation of this paper.

In this paper, a distributed robust formation tracking control method is proposed for
quadrotor UAVs with unknown parameters and uncertain disturbances. The proposed
method has the following novelties. First, a more practical formation tracking control
method is proposed in this paper, which does not need to use the model parameters of the
quadrotor UAV. Second, an adaptive disturbance rejection control scheme for quadrotor
UAV swarms is developed. In the presence of uncertain disturbances, this scheme can still
achieve formation tracking control for quadrotor UAV swarms, and the tracking error can
eventually converge to zero.

The structure of this paper is arranged in the following manner. In Sections 2 and 3,
a distributed formation tracking control scheme and an adaptive disturbance rejection
attitude control method are designed for quadrotor UAVs. The efficacy of the proposed
control method is validated in Section 4. Finally, Section 5 concludes the paper.

2. Distributed Robust Formation Tracking Control for Quadrotor UAVs

In this section, a distributed formation flight control method is developed for quadrotor
UAVs to achieve the following three control objectives: (1) form the desired formation;
(2) track the desired flight trajectory; (3) reduce the influence of uncertain disturbances.

2.1. Graph Theory

The communication topology among a group of N quadrotor UAVs is considered as
an undirected graph G = (W,S), where W , {1, 2, · · · , N} denotes the vertex set and
S , {(i, j) : i ∈ W, j ∈ Ni} denotes the edge set. The neighbor set of the ith UAV is
Ni , {j ∈W: there is a communication link between UAV i and UAV j, j 6= i}. Define a
weight aij for each edge (i, j) ∈ S, aij = 1 if j ∈ Ni, and aij = 0 otherwise. The Laplacian
matrix is L = [wij] ∈ RN×N , where wii = ∑N

j=1,j 6=i aij and wij = −aij (j 6= i). The leader
adjacency matrix is D = diag{d1, · · · , dN}, where di > 0 if UAV i can obtain the desired
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flight trajectory and di = 0 otherwise. An undirected graph is considered connected if
there is a path between every pair of distinct vertices.

Next, two useful lemmas are introduced.

Lemma 1. [18]. If the undirected graph G is connected, and at least one UAV can obtain the
desired flight trajectory, then the symmetric matrix L+D is positive definite.

Lemma 2. [19]. For any positive constant κ and any scalar function ς ∈ R, the following
inequality holds.

0 ≤ |ς| − ς2√
ς2 + κ2

≤ κ.

Remark 1. Lemmas 1 and 2 are often used in existing literature. Specifically, a detailed proof of
Lemma 2 can be found in [19]. In this paper, Lemma 2 will play a crucial role in the subsequent
controller design process.

2.2. Quadrotor UAV Position Dynamic Model

In this paper, define E = [φ, θ, ϕ]T as the attitude of the quadrotor UAV, where φ, θ and
ϕ denote the angles of roll, pitch and yaw, respectively. As described in [20], the rotation
matrix that describes the transformation from the body-fixed frame to the earth-fixed frame
is denoted as

Rt =

 CϕCθ CϕSφSθ − SϕCφ CϕCφSθ + SϕSφ

SϕCθ SϕSφSθ + CϕCφ SϕCφSθ − CϕSφ

−Sθ SφCθ CφCθ

 (1)

where S(·) and C(·) denote sin(·) and cos(·), respectively.
Define h = [x, y, z]T as the position of the quadrotor UAV. As described in [20],

the translational dynamic equations are given as ẍ
ÿ
z̈

 = Rt

 0
0

Us

+

 0
0
−g

− 1
m

 dx ẋ
dyẏ
dz ż

 (2)

where m is the quadrotor mass; dx, dy, dz are the air drag coefficients; Us = b(Ω2
1 + Ω2

2 +
Ω2

3 + Ω2
4)/m, b is the lift coefficient and Ωk (k = 1, 2, 3, 4) are the rotor speed; g is the

acceleration of gravity.
In this paper, the formation tracking control problem of quadrotor UAVs is studied.

From (2), the position dynamic system of the ith (i = 1, · · · , N) UAV can be described as{
ḣi,l = vi,l + whi,l

v̇i,l = ui,l + Θi,lvi,l + wvi,l , l = 1, 2, 3
(3)

where [hi,1, hi,2, hi,3] = [xi, yi, zi] and [vi,1, vi,2, vi,3] = [ẋi, ẏi, żi] are the position and ve-

locity of UAV i, respectively; [Θi,1, Θi,2, Θi,3] = [− dx
m ,− dy

m ,− dz
m ] are the unknown sys-

tem parameters; ui,1, ui,2, ui,3 are the control inputs, and ui,1 = (Cφi Sθi Cϕi + Sφi Sϕi )Usi ,
ui,2 = (Cφi Sθi Sϕi − Sφi Cϕi )Usi , ui,3 = Cφi Cθi Usi − g. In addition, whi,l

and wvi,l represent
uncertain disturbances.

Assumption 1. The uncertain disturbances satisfy

|whi,l
| ≤ w̄h, |wvi,l | ≤ w̄v, i = 1, · · · , N (4)

where w̄h > 0 and w̄v > 0 are unknown constants.
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Definition 1. A time-varying formation formed by a group of N UAVs is specified by F(t) =
[FT

1 (t), · · · , FT
N(t)]

T ∈ R3N , where Fi(t) = [Fi,1, Fi,2, Fi,3]
T ∈ R3 is the piecewise continuously

formation vector. Formation tracking control of quadrotor UAVs can be achieved if

lim
t→+∞

[hi(t)− Fi(t)− n(t)] = 0, i = 1, · · · , N (5)

where hi(t) = [xi, yi, zi]
T ; and n(t) = [n1, n2, n3]

T represents the desired flight trajectory.

Assumption 2. The desired flight trajectory satisfies

|nl | ≤ n̄, l = 1, 2, 3 (6)

where n̄ > 0 is an unknown constant.

Remark 2. Note that Fi(t) represents the position of each UAV in the formation. When all
Fi(t) = 0, Equation (5) becomes limt→+∞[hi(t)− n(t)] = 0, indicating that all UAVs eventually
achieve a consistent state. Therefore, the definition of UAV formation tracking control in this paper
encompasses the consensus tracking control problems in most of the existing literature.

Control objective: This paper achieves the following control objectives: (1) forming
a desired quadrotor UAV formation; (2) tracking the desired flight trajectory; (3) reduc-
ing the influence of disturbances. The control block diagram of the quadrotor UAV is
shown in Figure 1.

Figure 1. Control block diagram of the quadrotor UAV.

2.3. Distributed Formation Tracking Controller Design

For the ith UAV, define two error variables

χi,l =
N
∑

j=1
aij(hi,l − Fi,l − hj,l + Fj,l) + di(hi,l − Fi,l − nl) (7)

ηi,l = vi,l − αi,l , l = 1, 2, 3 (8)

where αi,l are the virtual control functions. The detailed design procedure is given as
follows:

Step 1: By defining χl = [χ1,l , · · · , χN,l ]
T , one can obtain χl = (L + D)el , where

el = hl − Fl − nl with hl = [h1,l , · · · , hN,l ]
T , Fl = [F1,l , · · · , FN,l ]

T , and nl = [nl , · · · , nl ]
T .

Then, the derivative of el satisfies

ėl =

 α1,l + η1,l + wh1,l
− Ḟ1,l − ṅl

...
αN,l + ηN,l + whN,l

− ḞN,l − ṅl

. (9)
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The virtual control function αi,l is chosen as

αi,l = −khi,l
χi,l + Ḟi,l + diṅl −

χi,l√
χ2

i,l+δ2
i,l

µ̂hi,l (10)

where khi,l
> 0 is a design constant; µ̂hi,l

is the estimate of µhi,l
= w̄h + (1− di)n̄; and δi,l(t)

is a positive continuous function satisfying limt→∞
∫ t

t0
δi,l(τ)dτ ≤ δ̄i,l < +∞, and δ̄i,l is a

positive constant. This function ensures asymptotic stability for the system in question,
which is pivotal for the safe operation of UAVs.

Consider the Lyapunov function

Vhl
= 1

2 eT
l (L+D)el +

N
∑

i=1

1
2λhi,l

µ̃2
hi,l

(11)

where the estimation error µ̃hi,l
= µhi,l

− µ̂hi,l
; and λhi,l

> 0 is a design parameter. From
Lemma 1 we know that the Lyapunov function (11) is positive definite.

From (9)–(11), the derivative of Vhl
satisfies

V̇hl
≤

N
∑

i=1
[−khi,l

χ2
i,l + (|χi,l | −

χ2
i,l√

χ2
i,l+δ2

i,l

)µhi,l

+ χi,lηi,l +
1

λhi,l
µ̃hi,l

(
λhi,l

χ2
i,l√

χ2
i,l+δ2

i,l

− ˙̂µhi,l
)].

(12)

The parameter update law is chosen as

˙̂µhi,l
=

λhi,l
χ2

i,l√
χ2

i,l+δ2
i,l

. (13)

Then, by applying Lemma 2, we have

V̇hl
≤

N
∑

i=1
(−khi,l

χ2
i,l + χi,lηi,l + δi,lµhi,l

). (14)

Step 2: Note that αi,l is a function of hi,l , δi,l , µ̂hi,l
, nl , ṅl , and hj,l . From (3) and (10),

the derivative of ηi,l satisfies

η̇i,l = v̇i,l − α̇i,l

= ui,l + Θi,lvi,l + wvi,l − α̇i,l

= ui,l + Θi,lvi,l + wvi,l −
∂αi,l
∂hi,l

(vi,l + whi,l
)− ∂αi,l

∂δi,l
δ̇i,l −

∂αi,l
∂µ̂hi,l

˙̂µhi,l

− di
∂αi,l
∂nl

ṅl − di
∂αi,l
∂ṅl

n̈l −
N
∑

j=1
aij

∂αi,l
∂hj,l

(vj,l + whj,l
).

(15)

The formation flight controller is designed as

ui,l = −kvi,l ηi,l − Θ̂i,lvi,l +
∂αi,l
∂hi,l

vi,l +
∂αi,l
∂δi,l

δ̇i,l +
∂αi,l

∂µ̂hi,l

˙̂µhi,l
+ di

∂αi,l
∂nl

ṅl

+ di
∂αi,l
∂ṅl

n̈l +
N
∑

j=1
aij

∂αi,l
∂hj,l

vj,l −
ηi,lv

2
i,l√

η2
i,l v

2
i,l+δ2

i,l

µ̂vi,l − χi,l
(16)

where kvi,l > 0 is a design constant; vi,l =

√
1 + (

∂αi,l
∂hi,l

)2 + ∑N
j=1 aij(

∂αi,l
∂hj,l

)2; and µ̂vi,l is the

estimate of µvi,l = max{w̄h, w̄v, n̄}.
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Construct the following Lyapunov function

Vvl = Vhl
+ 1

2

N
∑

i=1
(η2

i,l +
1

λhi,l
µ̃2

vi,l
+ 1

λΘi,l
Θ̃2

i,l) (17)

where the estimation errors µ̃vi,l = µvi,l − µ̂vi,l and Θ̃i,l = Θi,l − Θ̂i,l ; λvi,l > 0 and λΘi,l > 0
are design parameters. We know that the Lyapunov function (17) is positive definite.

From (14)–(17), the derivative of Vvl satisfies

V̇vl ≤
N
∑

i=1
(−khi,l

χ2
i,l + δi,lµhi,l

) +
N
∑

i=1
ηi,l(−kvi,l ηi,l + wvi,l −

∂αi,l
∂hi,l

whi,l

−
N
∑

j=1
aij

∂αi,l
∂hj,l

whj,l
+ Θ̃i,lvi,l −

ηi,lv
2
i,l√

η2
i,l v

2
i,l+δ2

i,l

µ̂vi,l )−
N
∑

i=1
( 1

λhi,l
µ̃vi,l

˙̂µvi,l

+ 1
λΘi,l

Θ̃i,l
˙̂Θi,l)

≤
N
∑

i=1
[−khi,l

χ2
i,l + (|ηi,l |vi,l −

η2
i,lv

2
i,l√

η2
i,l v

2
i,l+δ2

i,l

)µvi,l − kvi,l η
2
i,l + δi,lµhi,l

+ 1
λvi,l

µ̃vi,l (
λvi,l η2

i,lv
2
i,l√

η2
i,lv

2
i,l+δ2

i,l

− ˙̂µvi,l ) +
1

λΘi,l
Θ̃i,l(λΘi,l vi,lηi,l − ˙̂Θi,l)].

(18)

The adaptive update laws are chosen as

˙̂µvi,l =
λvi,l η2

i,lv
2
i,l√

η2
i,lv

2
i,l+δ2

i,l

, ˙̂Θi,l = λΘi,l vi,lηi,l . (19)

Then, by applying Lemma 2, we have

V̇vl ≤
N
∑

i=1
(−khi,l

χ2
i,l − kvi,l η

2
i,l + δi,lµhi,l

+ δi,lµvi,l ). (20)

Now, we present the analysis results.

Theorem 1. Consider the quadrotor UAV swarm system (3), the formation tracking controller
(16), and the adaptive laws (13) and (19). All the signals in the closed-loop system are globally
bounded, and the quadrotor UAV swarm can achieve time-varying formation flying and track the
virtual leader.

Proof. Integrating both sizes of (20), it follows that

Vvl (t) + khi,l

∫ t
0 χ2

i,l(τ)dτ + kvi,l

∫ t
0 η2

i,l(τ)dτ

≤ Vvl (0) + (µhi,l
+ µvi,l )δ̄i,l .

(21)

From the definition of Vvl in (17), one can get that χi,l , ηi,l , µ̂hi,l
, µ̂vi,l , and Θ̂i,l (l = 1, 2, 3)

are bounded. From (10), (16), and Lemma 1, αi,l , ui,l , and hi,l are bounded. Therefore,
the boundedness of all the signals is guaranteed, and χ̇i,l is bounded. By applying Barbalat’s
lemma, one has limt→∞ χi,l(t) = 0. From the definition of χi,l and Lemma 1, it follows
that formation tracking control of quadrotor UAVs can be achieved, i.e., limt→+∞[hi(t)−
Fi(t)− n(t)] = 0. This completes the proof.
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Remark 3. When the distributed formation tracking controller ui,1, ui,2, ui,3 is designed, and the
desired yaw angle ϕi,0 is treated as an additional reference signal, then the desired roll angle φi,0,
the desired pitch angle θi,0, and the control input Usi can be obtained in the following way

θi,0 = arctan(
Cϕi,0 ui,1+Sϕi,0 ui,2

ui,3+g )

φi,0 = arctan(
(Sϕi,0 ui,1−Cϕi,0 ui,2)Cθi,0

ui,3+g )

Usi =
√

u2
i,1 + u2

i,2 + (ui,3 + g)2.

(22)

Since ui,1, ui,2, ui,3, and ϕi,0 are continuous and bounded, it is known that θi,0, φi,0 and Usi

are bounded.

3. Disturbance Rejection Control of Quadrotor UAV Attitude

In this section, an adaptive disturbance rejection attitude control method will be
designed for the quadrotor UAV. The angular velocity with respect to the attitude is given
as W = [p, q, r]T . As described in [21], The correlation between the attitude angle and
angular velocity can be denoted by φ̇

θ̇
ϕ̇

 =

 1 TθSφ TθCφ

0 Cφ −Sφ

0 Sφ/Cθ Cφ/Cθ

 p
q
r

 (23)

where T(·) denotes tan(·).
By employing the Newton-Euler formulation, the rotational dynamic equations can be

derived as

JbẆ = −W × JbW −Mg −Md + Mb (24)

Mg =
4
∑

i=1
Jr(W × e3)(−1)i+1Ωi (25)

Md = diag{dφ, dθ , dϕ}Ė (26)

Mb =

 lb(Ω2
4 −Ω2

2)
lb(Ω2

3 −Ω2
1)

σ(Ω2
1 −Ω2

2 + Ω2
3 −Ω2

4)

 (27)

where Jb = diag{Jx, Jy, Jz}; Mg is the resultant torque; Md is the aerodynamic frictions
torque; Mb is the rotor torque; l is the distance between rotor and center of mass; σ denotes
the reverse moment coefficient; Jr is the rotational inertia of each rotor; Jx, Jy, Jz are the
rotary inertia; and dφ, dθ , dϕ are the drag coefficients.

Then, the following dynamic equations can be derived
ṗ = τ1qr− τ2Oq− τ3 p + Up

q̇ = τ4 pr + τ5Op− τ6q + Uq

ṙ = τ7 pq− τ8r + Ur

(28)

where

τ1 =
Jy−Jz

Jx
, τ2 = Jr

Jx
, τ3 =

dφ

Jx
, τ4 = Jz−Jx

Jy
,

τ5 = Jr
Jy

, τ6 = dθ
Jy

, τ7 =
Jx−Jy

Jz
, τ8 =

dϕ

Jz
,

O = Ω1 −Ω2 + Ω3 −Ω4, Up = lb(Ω2
4 −Ω2

2)/Jx,

Uq = lb(Ω2
3 −Ω2

1)/Jy, Ur = σ(Ω2
1 −Ω2

2 + Ω2
3 −Ω2

4)/Jz.
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Consider a group of N quadrotor UAVs, define mi,1 = φi, mi,2 = θi, mi,3 = ϕi, ni,1 = pi,
ni,2 = qi, and ni,3 = ri, then the following unified attitude system can be obtained{

ṁi,l = ni,l + fi,l + wmi,l

ṅi,l = Uni,l + ΦT
i,lξi,l(ni) + wni,l , l = 1, 2, 3

(29)

where wmi,l and wni,l represent uncertain disturbances, and

fi,1 = Tmi,2 Smi,1 ni,2 + Tmi,2 Cmi,1 ni,3,

fi,2 = Cmi,1 ni,2 − Smi,1 ni,3 − ni,2,

fi,3 = Smi,1 /Cmi,2 ni,2 + Cmi,1 /Cmi,2 ni,3 − ni,3,

ξi,1(ni) = [ni,2ni,3, −Oini,2, − ni,1]
T ,

ξi,2(ni) = [ni,1ni,3, Oini,1, − ni,2]
T ,

ξi,3(ni) = [ni,1ni,2, − ni,3]
T , Φi,1 = [τ1, τ2, τ3]

T ,

Φi,2 = [τ4, τ5, τ6]
T , Φi,3 = [τ7, τ8]

T .

Assumption 3. The uncertain disturbances satisfy

|wmi,l | ≤ w̄m, |wni,l | ≤ w̄n (30)

where w̄m > 0 and w̄n > 0 are positive constants.

Remark 4. Note that each UAV has to estimate the desired yaw angle ϕ0 by the information
obtained from its neighbors. Inspired by [22], design the following distributed estimator

ϕ̇i,0 = −ε1[
N
∑

j=1
aij(ϕi,0 − ϕj,0) + di(ϕi,0 − ϕ0)]

− ε2sgn[
N
∑

j=1
aij(ϕi,0 − ϕj,0) + di(ϕi,0 − ϕ0)]

(31)

where ϕi,0 is an estimate of ϕ0; ε1 > 0 and ε2 > 0 are design parameters; sgn is the signum
function. From Theorem 3.1 in [22], one can get that ϕi,0 → ϕ0 in finite time.

For the ith UAV, define two error variables

εi,l = mi,l − ϑi,l , ρi,l = ni,l − βi,l , l = 1, 2, 3 (32)

where ϑi,1 = φi,0, ϑi,2 = θi,0, and ϑi,3 = ϕi,0; and βi,l are the virtual control functions. From
(22) and (31), there exists an unknown constant ϑ̄ > 0 such that |ϑ̇i,l | ≤ ϑ̄. The detailed
design procedure is given as follows:

Step 1: The derivative of εi,l satisfies

ε̇i,l = ni,l + fi,l + wmi,l − ϑ̇i,l . (33)

The virtual control function βi,l is chosen as

βi,l = −kmi,l εi,l − fi,l −
εi,l√

ε2
i,l+δ2

i,l

µ̂mi,l (34)
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where kmi,l > 0 is a design constant; µ̂mi,l is the estimate of µmi,l = w̄m + ϑ̄. Consider the
Lyapunov function

Vmi,l =
1
2 ε2

i,l +
1

2λmi,l
µ̃2

mi,l (35)

where the estimation errors µ̃mi,l = µmi,l − µ̂mi,l ; and λmi,l > 0 is a design parameter. We
know that the Lyapunov function (35) is positive definite.

From (33)–(35), the derivative of Vmi,l satisfies

V̇mi,l ≤ −kmi,l ε
2
i,l + (|εi,l | −

ε2
i,l√

ε2
i,l+δ2

i,l

)µmi,l

+ εi,lρi,l +
1

λmi,l
µ̃mi,l (

λmi,l ε2
i,l√

ε2
i,l+δ2

i,l

− ˙̂µmi,l ).
(36)

The parameter update law is chosen as

˙̂µmi,l =
λmi,l ε2

i,l√
ε2

i,l+δ2
i,l

. (37)

Then, by applying Lemma 2, we have

V̇hl
≤ −kmi,l ε

2
i,l + εi,lρi,l + δi,lµmi,l . (38)

Step 2: From (29) and (32), the derivative of ρi,l satisfies

ρ̇i,l = ṅi,l − β̇i,l

= Uni,l + ΦT
i,lξi,l(ni) + wni,l −

∂βi,l
∂δi,l

δ̇i,l −
∂βi,l

∂µ̂mi,l
˙̂µmi,l −

∂βi,l
∂mi,l

ṁi,l

= Uni,l + ΦT
i,lξi,l(ni) + wni,l −

∂βi,l
∂δi,l

δ̇i,l −
∂βi,l

∂µ̂mi,l
˙̂µmi,l −

∂βi,l
∂mi,l

(ni,l

+ fi,l + wmi,l ).

(39)

The attitude controller is designed as

Uni,l = −kni,l ρi,l − εi,l − Φ̂T
i,lξi,l(ni) +

∂βi,l
∂µ̂mi,l

˙̂µmi,l

+
∂βi,l
∂δi,l

δ̇i,l +
∂βi,l
∂mi,l

(ni,l + fi,l)−
ρi,lψ

2
i,l√

ρ2
i,l ψ

2
i,l+δ2

i,l

µ̂ni,l .
(40)

where kni,l > 0 is a design constant; µ̂ni,l is the estimate of µni,l = max{w̄m, w̄n, ϑ̄}; and

ψi,l =

√
1 + (

∂βi,l
∂mi,l

)2.

Construct the following Lyapunov function

Vni,l = Vmi,l +
1
2 (ρ

2
i,l +

1
λni,l

µ̃2
ni,l

+ 1
λΦi,l

Φ̃T
i,lΦ̃i,l) (41)

where the estimation errors µ̃ni,l = µni,l − µ̂ni,l and Φ̃i,l = Φi,l − Φ̂i,l ; λni,l > 0 and λΦi,l > 0
are design parameters. We know that the Lyapunov function (41) is positive definite.

From (38)–(41), the derivative of Vni,l satisfies

V̇ni,l ≤ −kmi,l ε
2
i,l + δi,lµmi,l + ρi,l(−kni,l ρi,l + Φ̃T

i,lξi,l(ni) + wni,l

− ∂βi,l
∂mi,l

wmi,l −
ρi,lψ

2
i,l√

ρ2
i,l ψ

2
i,l+δ2

i,l

µ̂ni,l )−
1

λni,l
µ̃ni,l

˙̂µni,l −
1

λΦi,l
Φ̃T

i,l
˙̂Φi,l

≤ −kmi,l ε
2
i,l + (|ρi,l |ψi,l −

ρ2
i,lψ

2
i,l√

ρ2
i,lψ

2
i,l+δ2

i,l

)µni,l +
1

λni,l
µ̃ni,l (

λni,l ρ2
i,lψ

2
i,l√

ρ2
i,l ψ

2
i,l+δ2

i,l

− ˙̂µni,l )

− kni,l ρ
2
i,l +

1
λΦi,l

Φ̃T
i,l(λΦi,l ρi,lξi,l(ni)− ˙̂Φi,l) + δi,lµmi,l .

(42)
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The parameter update laws are chosen as

˙̂µni,l =
λni,l ρ2

i,l ψ
2
i,l√

ρ2
i,lψ

2
i,l+δ2

i,l

, ˙̂Φi,l = λΦi,l ρi,lξi,l(ni). (43)

Then, by applying Lemma 2, we have

V̇ni,l ≤ −kmi,l ε
2
i,l − kni,l ρ

2
i,l + δi,lµmi,l + δi,lµni,l . (44)

Now, we present the analysis results.

Theorem 2. Consider the quadrotor UAV attitude system (29), the attitude controller (40), and the
adaptive laws (37) and (43). All the signals in the closed-loop system are globally bounded, and the
tracking error of the attitude angle system can converge to zero.

Proof. Integrating both sizes of (44), it follows that

Vni,l (t) + kmi,l

∫ t
0 ε2

i,l(τ)dτ + kni,l

∫ t
0 ρ2

i,l(τ)dτ

≤ Vni,l (0) + (µmi,l + µni,l )δ̄i,l .
(45)

From the definition of Vni,l , one can get that εi,l , ρi,l , µ̂mi,l , µ̂ni,l , and Φ̂i,l (l = 1, 2, 3)
are bounded. From (32), (33), and (40), mi,l , ni,l , βi,l and Uni,l are bounded. Therefore,
the boundedness of all the signals is guaranteed, and ε̇i,l is bounded. By applying Barbalat’s
lemma, we have limt→∞ εi,l(t) = 0. This completes the proof.

Remark 5. The proposed distributed formation tracking control scheme does not require the use
of the quadrotor model parameters. Therefore, the proposed scheme is significant for achieving
distributed formation tracking control of heterogeneous quadrotor UAV swarms.

4. An Illustrative Example

In this section, consider a swarm system consisting of five quadrotor UAVs, and the
model parameters of quadrotor UAVs are borrowed from literature [20]. The communica-
tion topology among UAVs is shown in Figure 2.

Figure 2. The communication topology.

Scenario I—Normal case: In this case, the desired flight trajectory are chosen as
n(t) = [0.1t, 0.001t2, 0.1t]T , and the desired yaw angle ϕ0 = t. The reference forma-
tion shape vectors are given by Fi(t) = [cos( 2iπ

5 + π
50 t), sin( 2iπ

5 + π
50 t), 0]T (i = 1, · · · , 5).

The initial values for the controller parameters are selected based on conventional prac-
tices in the quadrotor UAV domain and similar previous works. After establishing a
baseline, we employ an iterative refinement process. Parameters are adjusted to optimize
performance metrics such as response time, overshoot, and stability margins. Finally,
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in this example, the controller parameters are chosen as khi,l
= 0.3, kvi,l = 0.3 (l = 1, 2, 3),

λhi,l
= 0.01, λvi,l = 0.01, δi,l(t) = 0.1e−t, ε1 = 2, ε2 = 2, kmi,l = 0.2, kni,l = 0.2, λmi,l = 0.01,

and λni,l = 0.01.
Then, by using the control laws given in (22) and (40), the quadrotor UAVs’ flight

trajectories in the 3-D space are displayed in Figure 3. As can be seen from Figure 3,
by applying the proposed control scheme, the five UAVs form a desired formation shape
and track the desired flight trajectory. Figure 4 shows the reference formation shapes and
the actual flight formation of quadrotor UAVs. The attitude angle response curves of the
quadrotor UAVs are shown in Figure 5. The response curves of formation tracking errors
are shown in Figure 6. Note that the formation tracking error of each UAV converges
to zero, and the time-varying formation tracking of the quadrotor UAV swarm can be
achieved. In addition, the quadrotor UAVs’ control inputs are shown in Figure 7.

Figure 3. The quadrotor UAVs’ flight trajectories in the 3-D space.
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Figure 5. Response curves of the attitude angles.
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Figure 7. The quadrotor UAVs’ control inputs.
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Scenario I I—External disturbance case: In this case, the desired flight trajectory are
chosen as n(t) = [0.1t, 0.1t, 0.1t]T , and the desired yaw angle ϕ0 = t. The reference forma-
tion shape vectors are given by Fi(t) = [cos( 2iπ

5 + π
50 t), sin( 2iπ

5 + π
50 t), 0]T (i = 1, · · · , 5).

The external disturbances are introduced into the attitude subsystem and position subsys-
tem. We consider that the disturbances whi,l

= wvi,l = 0.15sin(t)cos(t) and wmi,l = wni,l =

0.05cos2(t) + 0.05sin(t) when t ≥ 30 s. The selection of formation controller parameters is
the same as the above example.

Then, by using the control laws given in (22) and (40), the quadrotor UAVs’ flight
trajectories in the 3-D space are displayed in Figure 8. As can be seen from Figure 8, in the
presence of unknown disturbances, the five UAVs form a desired formation shape and
track the desired flight trajectory. The response curves of formation tracking errors are
shown in Figure 9. Obviously, the system tracking error can still converge to a very small
range quickly in the presence of unknown disturbances. Thus, we can conclude that the
proposed control scheme is robust to the external disturbances.

Figure 8. The quadrotor UAVs’ flight trajectories in the 3-D space.
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5. Conclusions

In this paper, a distributed formation tracking control method has been proposed
for quadrotor UAVs. For the attitude subsystem, a cascaded ADRC method has been
designed for the attitude subsystem to suppress the influence of unknown time-varying
disturbances. For the position subsystem, an adaptive position control method has been
devised, achieving time-varying formation tracking for quadrotor UAVs. The proposed
control scheme does not need to use the model parameters of quadrotor UAVs, which
has wider practicality. The effectiveness of the proposed method has been verified by a
numerical example. Our future work includes time-varying formation tracking control of
heterogeneous quadrotor UAVs under switched communication topologies.
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