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Abstract: In this paper, by accounting for the angle constraint (AC) and autopilot lag compensation
(ALC), a novel fixed-time convergent guidance law is developed based on a fixed-time state observer
and bi-limit homogeneous technique. The newly proposed guidance law exhibits three attractive
features: (1) unlike existing guidance laws with AC and ALC which can only guarantee asymptotic
stability or finite-time stability, the newly proposed guidance scheme can achieve fixed-time stability.
Thus, the newly proposed scheme can drive the guidance error to zero within bounded time which is
independent of the initial system conditions. (2) To compensate for autopilot lag, existing guidance
schemes need the unmeasurable second derivative of the range along line-of-sight (LOS) and second
derivative of LOS angle or the derivative of missile’s acceleration. Without using these unmeasurable
states, the newly proposed guidance law still can guarantee the fixed-time stability. (3) By using the
bi-limit homogeneous technique to construct an integral sliding-mode surface, the proposed scheme
eliminates the singular problem without using the commonly-used approximate method in recent
fixed-time convergent guidance schemes. Finally, the simulation results demonstrate the effectiveness
of the proposed scheme.

Keywords: angle constraint; autopilot lag compensation; finite-time stability; fixed-time stability;
state observer; maneuvering target

1. Introduction

Since the proportional navigation guidance law (PNGL) [1-4] was first used in engi-
neering, to improve the robustness of conventional PNGL against maneuvering target and
system uncertainties, many control theories have been introduced to design guidance law,
including the L2 gain method [5], the Lyapunov theory-based nonlinear method [6], the
sliding-mode control method [7] and the L1 gain method [8]. However, the PNGL [1-4]
and the guidance laws in [5-8] are deigned via asymptotic stability theory, which means
that guidance error converges to the zero with infinite time. In addition, the only objective
of these guidance laws in [1-8] is to obtain a small enough miss distance.

In many terminal guidance cases such as the interception of ballistic targets and ki-
netic interception, the time of the whole process is quite short, lasting only a few seconds.
Moreover, to provide the best damage effect, the missile is required not only to achieve a
small enough miss distance, but also obtain a desired impact angle. Thus, it is necessary
to design the finite-time convergent guidance law with angle constraint (AC) for these
terminal guidance cases. In the past decade, with the development of guidance law design
techniques and finite-time control methods [9-12], the study of finite-time convergent
guidance law with AC has become an active research area. Considering finite-time conver-
gence, many guidance schemes have been proposed, including the finite-time Lyapunov
theory-based scheme [13], the sliding-mode control scheme [14], the non-smooth control
scheme [15], etc. Considering AC, many guidance schemes have been developed, including
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the optimal guidance scheme [16], the modified PNGL scheme [17], the sliding-mode
control scheme [18], etc. Considering both finite-time convergence and AC, some guidance
laws also have been proposed. In [19], based on adaptive sliding-mode control, a finite-time
convergent guidance law with AC was developed. In [20], by designing a nonsingular ter-
minal sliding-mode (TSM) surface based on nonlinear engagement dynamic, the finite-time
convergence and AC were guaranteed. To alleviate the chattering phenomenon of TSM
control and achieve finite-time convergence, in [21], a guidance scheme with AC was de-
veloped by employing the estimation value of a nonlinear disturbance observer to replace
the switch term of TSM control. Although the finite-time convergence and AC have been
considered, these guidance laws in [19-21] still have two important limitations: (i) the
autopilot lag is neglected, and (ii) the finite convergence time of these guidance laws
are dependent on the initial system conditions.

For the limitation (i), neglecting autopilot lag can destroy the fast finite-time conver-
gent performance and even reduce the guidance precision, especially against a maneuvering
target [22]. Thus, considering autopilot lag compensation (ALC) is necessary. Many guid-
ance laws have considered eliminating the bad effect of autopilot lag by using modern
control methods, such as the backstepping control method [23], exact differentiator [24],
dynamic the surface control method [25], etc. However, so far, only a few finite-time con-
vergent guidance schemes have considered both effects of AC and ALC. In [26], viewing
the missile autopilot as an uncertain system, a finite-time convergent guidance scheme
with AC was developed by using step-by-step backstepping. And, at each backstepping
step, the virtual control laws were constructed by using the tracking differentiator. How-
ever, the method in [26] cannot eliminate steady state error. In [27], based on the integral
sliding-mode surface and disturbance observer, a finite-time convergent guidance scheme
with AC and ALC was developed, which can drive the guidance errors to zero rather than
the neighborhood in [26]. However, to achieve ALC, the guidance law in [26] needs the
derivative of the missile’s acceleration, and the guidance law in [27] needs the second
derivative of range along LOS and the second derivative of LOS angle. Obviously, in
practical missile systems, these states are unmeasurable.

For the limitation (ii), the convergence rate of the finite-time convergent guidance
scheme may be very slow while the initial guidance condition increases greatly. Thus, the
desired fast convergence performance of finite-time stability may be destroyed. Recently, the
fixed-time stability has been introduced to avoid this limitation of finite-time stability [28-30].
The fixed-time convergent control not only can drive the system error to zero in a fixed time,
but also guarantees that the fixed time is not affected by the initial system conditions. Thus,
the limitation (ii) can be eliminated. Recently, the fixed-time convergent guidance schemes
with AC have been reported in [31-33]. For the stationary target, a fixed-time convergent
guidance law with AC was proposed in [31]. In [32,33], for the maneuvering target, based
on the disturbance observer and fixed-time sliding-mode surface, the fixed-time convergent
guidance schemes with AC were proposed. However, to eliminate the singular problem, a
nonlinear function in [32] and a saturation function in [33] were adopted to approximate
the singular control term. Thus, the fixed-time convergent guidance laws in [32,33] cannot
eliminate steady state error. Moreover, the ALC was not considered in [31-33].

Motivated by the problems mentioned above, considering the fixed-time convergence,
AC and ALC, a novel guidance law was proposed in this paper. The main contributions of
this paper are:

(1) The fixed-time convergent guidance law with AC and ALC is achieved for the
first time.

(2) The proposed guidance law does not need the unmeasurable states in [26,27] to
achieve ALC and still can guarantee the fixed-time stability.

(3) The proposed guidance law is strictly nonsingular without using the approximate
method in [32,33]. Thus, the proposed guidance law can fully eliminate the steady

state error in [32,33].
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The rest of this paper is organized as follows: in Section 2, the guidance model, design
objective and motivations are given. Section 3 provides the main result. In Section 3.1,
a state observer is designed and the analysis of fixed-time stability is presented. In the
Section 3.2, a fixed-time convergent guidance law is proposed based on integral sliding
mode surface and the estimation value of presented state observer. Then, the analysis of
fixed-time stability of close-loop system is presented. In Section 4, the simulation is adopted
to illustrate the performance of proposed guidance scheme. In Section 5, the conclusion
is summarized.

2. Preliminaries
2.1. Model of Missile-Target Engagement

As shown in Figure 1, r and g are the range along LOS and LOS angle, respectively. For
missile M and target T, ap; and ar denote the normal accelerations, Vi and Vr denote the
velocities, 01 and 67 are the flight path angles. The relative motion can be described as [27]:

7= Vrcos(q —60r) — Vpyrcos(qg — Opm)
rg = —Vrsin(q — 01) + Varsin(q — 0pm)

: @)
Oy = %
y o_a
Or = v&
Differentiating (1) yields:
F=r§* — uy 4wy 2
rg = =274 — ug + wy

where 1, and w, denote accelerations of the missile and target along LOS, u; and w,; denote
the normal accelerations of missile and target relative to LOS.The expressions of these
accelerations are given as
uy = Vprcos(q — 0pr) + apsin(q — )
wy = Vrcos(q — 0r) + arsin(q — 07) )
ug = —Vysin(q — 0p1) + aprcos(q — Ou)
wy = —Vrsin(q — 0r) + ar cos(q — 0r)
Ref. [27] has pointed out the autopilot can be well approximately described by the first
order dynamic with uncertainty. To reduce article length and compare with the guidance

scheme given in paper [27], this paper directly adopted the following autopilot model
given in [27] as follows:

, 1 1
uq:—;u,ﬁ—;(u—i-d) 4)
where 7 is the time constant, u is the control input of autopilot, and d denotes the distur-
bance and unmodeled dynamics.
The constant desired LOS angle is defined as g;. Then the guidance error of LOS angle is
X1=q—4a ®)

Let xp = X1 = 4, then we have

1 1
. S 1 6
X rxz ruq—l-rwq (6)
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Let x3 = ¥; = §. Then considering (2)—(4), we have
.20 3P 1 1 1. 1
X3 = rxzrx3+wquu+r(qud) (7)
We define the lumped disturbance as
A=, — 1d (8)
=
Then, according to (7) and (8), we have
X1 = X2
X2 = X3 9

X3 = —(27/1)xp — (3¢ /1)x3 4+ (1/(tr))ug — (1/(tr))u+ (1/1)A

y A VT 9T aT
ST
/
7
7
///’/'
/7
Vi %
/
//
LZM , H q
L Dl Ay
M
0, X

Figure 1. Follower-leader relative motion relationship.

The following assumptions should be satisfied:
Assumption 1. The states q, g, r,  and u, are measurable.

Assumption 2 ([27]). The lumped disturbance A is bounded as |A| < Amax, Where Amax is a
positive constant.

Assumption 3. The velocities Vi and Vr are bounded as |Vy| < Vi*™ and |Vr| < VP,
respectively, where Vi and V' are positive constants.

Assumption 4 ([27]). The time derivatives of target accelerations wy and wy defined in (3) are
assumed to be bounded and satisfy fu’}q] < w’fq’“aX and |w,| < wP®, where qu“ax and wi® are
positive constants.

Remark 1. As in the assumption, the proposed guidance law needs the seeker which can measure
the distance to the target, such as the radar seeker.

Remark 2. In this paper, we only consider the terminal guidance cases, thus the engine thrust of the
missile is zero. The derivative of missile velocity can be described as Vi = %Cx(zx, B, t)ﬁVZ%,Ii—’\AAA +
ag + Af, where Cx(a, B, t) < 0 is the air resistance coefficient, { is the air density, Sy is the

reference area, my is the missile mass and ag is the component of the gravitational acceleration

g in velocity direction. Ag denotes the wind interference and other disturbance. Since ‘A f‘ <g

and |ag| < g, we have Viy < 1Ci(a, ﬁ,t)EV]\zA% +2g. Then, we know that Vyy < 0 if
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VM > 2\/—g/ (Cx(zx, ﬁ,t)p%). Thus, the assumption that V) is bounded is reasonable.

Moreover, according to the target characteristics, we can know that the target velocity Vr is bounded,
such as the velocity of ordinary cruise missile is bounded by 600 m /s and the velocity of large ships
is not more than 35 m/s. In all, the Assumption 3 is reasonable.

2.2. Design Objective and Motivation
As stated in the Introduction section, the design objective and motivation are:

(1) The first objective is to design the command of autopilot u in such a way that the
guidance errors x; = xp = 0 are guaranteed in fixed-time under the disturbance A.
And, the convergence time is always bounded by a fixed constant. Compared with
existing results, the fixed-time convergent guidance scheme with AC and ALC is
achieved for the first time.

(2) The second objective is to avoid using the unmeasurable states to compensate the
autopilot lag (such as the guidance law in [26] needs the derivative of missile’s
acceleration, the guidance law in [27] needs the second derivatives of the range along
LOS and the LOS angle).

(3)  The third objective is to not only guarantee the fixed-time convergence, but also to
strictly guarantee the guidance error converges to zero rather than a neighborhood of
zero such as in the existing fixed-time convergent guidance law in [32,33]. Thus, the
proposed guidance law should avoid using the approximate method in [32,33].

2.3. Fundamental Facts

We consider the following dynamic system
j=F(7 D) (10)

where ij € R" is the system state vector and D € R” is the uncertain vector. Then, the
definitions of conventional finite-time and fixed-time stability are reviewed as follows:

Definition 1 ([34] (Finite-time stability)). For the system (10), the finite-time stability of origin
7(0) is achieved if Vt > T,,(1/(0)) : i = 0. The convergence time T,,(1(0)) is finite.

Remark 3. From Definition 1, we know that the finite-time stability can achieve finite convergence
time Ty, ((0)) . However, Ty, (i/(0)) is generally an unbounded function with respect to initial
system condition 1/(0). To eliminate the effect of initial system condition, the fixed-time stability is
given as follows:

Definition 2 ([34] (Fixed-time stability)). For the system (10), the fixed-time stability can be
quaranteed if ¥Vt > Ty (7(0)) : ¥ = 0, Tiu(#(0)) < Tmax, where Tmax is a constant and is
independent of initial system condition (0).
In this paper, for the state @ € R and constant @ > 0, the function [@]’is defined as
9 __ 0cs
[@]” = |@|°sign() (11)

Before designing the fixed-time convergent guidance law, some useful lemmas are
given below for convenience:

Lemma 1 ([35]). Consider an uncertain system:

ho = =M ([ho]"> + §Thol*?) + o

\ ) (12)
= =A2($ 101" +2pho + 32 [ho1”) — do(t)
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where § > 0 and h;(j = 0,1) are the system states. The uncertainty do(t) is bounded as |do(t)| < d.
If A1 and A satisfied 0 < Ay < 2V/d, Ay > A3 /4 +T4d7/ A2, Ay > 2V d and X, > 2d. Then, for
= hTHyh, where h = [[h(ﬂ 1z Plho] 32, hl} and Hy, is a positive definite matrix, we have

in < =t (ﬁh/ T)@:f — (ﬁh/T)lthﬁgh (13)

where T > 0 and 9;(Hy,, T) > 0 (j =1,2). And, the fixed-time stability of states hy = 0 and
hy = 0 can be guaranteed.

The proof of Lemma 1 can be referred to the Appendices A and B of [35].

Lemma 2 ([36]). Consider a certain system:

X1 = Xxp
Xy = X3
(14)

6= = L k(1317 [+ [

where x; € R (i =1,2,...,n) are the system states. The positive constants k; > 0(i = 1,2,...,n)

n—1 . n—1 .
are selected to ensure that the n-order polynomials h" + kipih' +kyand h" +3 Y ki h' + 3k,
i=1 i=1
are Hurwitz. The parameters 0; and d; (i = 1,2,...,n) are selected as 9,,_j = 9/ ((j + 1) — jo)
and 9,_j = (2-9)/(jo—(j—1)) (j=0,1,...,n — 1), where the parameter 9 is selected in
the interval (e, 1) with e € ((n—2)/(n—1), 1). Then for any initial condition x;(0) €
R (i=1,2,...,n), the fixed-time stability can be achieved, i.e.,

Xi=0,ift >t (15)

ty < Ty (16)
where Ty is a constant.
The proof of Lemma 2 can be referred to the proof of Theorem 1 in [36].

Lemma 3 ([30]). Forany w; >0 (i =1,...,n), the following conditions can be satisfied

B

n n

w?E(ZwJ,fw0<ﬁ§1 (17)
i=1 i=1

n n ﬁ

waznl_ﬁ Y wi|, forp>1 (18)
i=1 i=1

The proof of Lemma 3 can be referred to in [30].
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3. Main Result
3.1. Fixed-Time Convergent State Observer

For the unmeasurable states x3 and 7, two fixed-time convergent observers are devel-
oped in this section. The fixed-time convergent state observer for x3 is designed as

b1 = —pn ( [h11] 2y H12 Vllﬂwz) +hip — 2ixp — uy
h1p = —pa3 (% Uﬁﬂo + 2pohin + 313, [EM}Z)

! (19)
hn = h11 — Xy + fot f’deU
X3 = (*21"9(2 —ug+ hu) /r
The fixed-time convergent state observer for # is designed as
; ;172 ; 13/2 .
hy1 = —]421([’121] 2+ [ ) + oy + 1 — uy
; 7 10 - z 2
hay = —pn3 (% (71" + 2p20ha1 + 33, [ | ) (20)

hy
b= qu — Uy + hy

hyp — 7

In the observers (19) and (20), £3 and 7 denote the estimations of the unmeasurable
states x3 and 7, respectively. k11 and hy are the auxiliary states. h1, is the estimation of
disturbance w. hy; is the estimation of disturbance w,. For m = 1,2, py2 > 0, pp1 and pp3
are in the following set:

4(Dp>)?

2
Q= {(,umlr Vm3) € R0 < 1 < 2/ D™, phz > % + (i1 2 }U 1)

{(m1, um3) € R?|pyn > 2/ D™, pjz > 2D}

where D" = wi'® and D' = w™®. wy® and w;"® have been defined in Assumption 4.
Then, the stability analysis of proposed observer is given by following Theorem 1:

Theorem 1. Taking system (9) into consideration, the fixed-time convergent state observers are con-
structed as (19) and (20). Define the state estimation errors as X3 = x3 — 3 and ¥ =¥ — 7, then state
estimation errors can converge to zero in fixed time for any initial condition x;(0) € R (i=1,2,3)
and r(0) € R.

The proof of Theorem 1 is provided in Appendix A.

3.2. Fixed-Time Convergent Guidance Law

By using the estimation value £3 given in fixed-time convergent state observer (19), an
integral sliding-mode surface is developed as:

s—x3+/< AGEAREREAREAR )+C3(m3w+m31+w31%)>du (22)

where the positive constants ¢; (i =1, 2 3) are selected to ensure that the n-order polyno-
mials 1% + }: ciyrh' +cp and h3 +3 }: ciy1h' + 3¢y are Hurwitz. The parameters A; and

A (i=1,2, 3) areselectedas A_j= )Lo/((]—f— 1) —jAg)and Az_; = (2 — Ag)/(jAo — (j — 1))
(j=0,1,...,2), where the parameter A is selected in the interval (¢, 1) witho € (1/2, 1).
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Based on the sliding-mode surface s designed in (22) and the estimation values £3 and
# given by fixed-time convergent state observer (19), the fixed-time convergent guidance
law is designed as

u = (tr)(—(2F/r)x2 — (3#/r)%3 + (1/(Tr))ug) +
(TV)(W(MP + [s}z’p) + (1/7) Amax MO)+
(Tr)cra([fﬂ“ + 23] + mﬂa)

where Apmax has been defined in Assumption 2. p and # are positive constants and p satisfies
O0<p<l
Calculating the time derivative of s, we have

2 - -
s=f+ Y o([w) 4+ [x] + [x)Y) 4o (810 + (8] +[5]1%) @4
i=1
Consider the state estimation error ¥3=x3 — £3 defined in Theorem 1, then we have

§ = %3 — 3+

¥ ([0 + [+ [61V) + ea([201% 4 5] + [521%) )
Substituting the expressions of x3 in (9) into (25) gives
—(27/1)x2 — (3#/1)x3 + (1/ (7)) ug—
(1/(tr))u+ (1/r)A — x3+
(26)

(l_ £ a1 + 5]+ [ ))
&3 ([%3177 + [%3] + [%317)

Substituting the proposed guidance law (23) into (26) and considering 7 = ¥ — 7 yield

= —(27/1)xs — (3#/1) %5 — (1/7) (Amax [s1° — A) _
p(1s17+ 1777) — 4

Substituting the proposed guidance law (23) into the expression of %3 in (9) yields

(27)

%3 = —(2F/r)x2 = (3¢/1)%3 = ([s]° + [s]° ¥ ) =
<1/r>(Amax(s1°—A)—(2c,(( v fxl xY))- e
s (1817 + T3] + [%517%)
Then, stability analysis of the proposed guidance law is given by following Theorem 2:
Theorem 2. Considering the system (9) adopts the fixed-time convergent guidance law (23), then
s = 0 can be guaranteed in fixed time. And the system states x; (i = 1,2,3) can converge to zero

in a fixed time for any initial condition x;(0) € R (i =1,2,3) and r(0) € R.

The proof of Theorem 2 is provided in Appendix B.
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Remark 4. By using the bi-limit homogeneous technique to construct the integral sliding-mode
surface (22), the derivative of sliding-mode surface (24) does not contain any singular term. Then,
the gquidance law (23) does not contain any singular term. Thus, the singular problem can be
eliminated without using the commonly-used approximate method in recent fixed-time convergent
guidance schemes [32,33].

Remark 5. For the state observers (19) and (20), the fixed convergence times Tj,; and Ty, of
estimation errors are determined by the parameters yu11, H13, W1 and po3. And the corresponding
relations between Ty; (i = 1,2) and p;j (i = 1,2;j = 1,3) can be found in Section IV of [35]. The
parameters 1 and p determine the convergence time of sliding-mode surface, the corresponding
relations between the convergence time of sliding-mode surface and parameters y and p can be found
in (A61). For the bi-limit homogeneous technique, it is difficult to provide a clear relation expression
between the parameters c; (i = 1,2,3), A; (i =1,2,3), A; (i = 1,2,3) and convergence times on
the sliding-mode surface at present. Fortunately, in engineering, by using the trial-and-error method,
we can obtain the relationship between the parameters and convergence times on the sliding-mode
surface. And, since the fixed convergence time is not affected by the initial system conditions, the
relationship is always true in different cases.

Remark 6. From the Theorem 2, we can know that the proposed guidance law is the fixed-time
convergent and considers AC and ALC. Compared with existing fixed-time-convergent guidance
laws, this is the fist time that the AC and ALC are simultaneously considered. From the expression
of the proposed guidance law given in (26), we can know that the proposed scheme does not need the
unmeasurable states in [26,27]. Moreover, from (41), we can know that the proposed guidance law
does not contain any singular term and does not need to use the approximate method in [32,33].

4. Simulation Results

The initial range along LOS is r(0) = 3000 m. The initial LOS angle is q(0) = 5°.
The initial missile velocity and flight-path angle are Vj;(0) = 800 m/s and 6,,(0) = 5°,
respectively. The initial target velocity and flight-path angle are V(0) = 350 m/s and
6:(0) = 15°, respectively. The gravitational acceleration is ¢ = 9.8 m/s2. The autopilot
constant is selected as T = 0.5. The missile and target velocities are time-varying and
defined as Vjy = —9 + 3sin(t) and V; = —8 + 2cos(t), respectively. In addition, the
missile acceleration command is bounded by 500 m/s?. The target acceleration is chosen as
ar = 20 +20sin(t) m/s?. The uncertainty of autopilot is chosen as d = 30 + 30sin(t) m/s2.

For the comparison, the following four guidance laws are considered in this section:

(1) Finite-time guidance law with AC (FGLA): if we only consider the angle con-
straint and do not consider the autopilot lag, according to [27], the FGLA can be designed as

27 2 ‘ .
W= Y ki [x]" + yysign(sy) (29)
i=1
t 2
S1= 2 +/O Y kai[xi]"do (30)
i=1

where the guidance parameters are selected as k11 = 2, k1o = 3, @11 = 6/11, a1 = 2/3 and
m = 150.

(2) Finite-time guidance law with AC and ALC (FGLAA): if we consider both the
angle constraint and the autopilot lag, according to [27], the FGLAA can be designed as

3
U= —2TFxy — 3Tx3 + g+ Tr Y ko; [x;]"% + Tipasign(sy) + d (31)
i-1
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t 3
sy = x3 — x3(0) +/O Z koi[x;] %idy (32)
i=1

{ &= —(28/r)x2 — (3¢/1)xs + (1/ (xr))ug — (1/ (xr))u + (1/r)d .

d= X2(x3 —z)

where the guidance parameters are selected as ky; = 0.4, kpp =1, ko3 = 1, ap1 = 3.5/11,
a3y =1/2, 93 = 4/5, 172 = 150. The parameter of observer (33) is chosen as x» = 2000.

(3) Proposed fixed-time convergent guidance law with AC and ALC using full
states feedback (proposed FGLAA (full state)): if we assume that the states x3 and #
can be measured, the proposed guidance law (23) can be revised by using the real states x3
and 7 to replace the estimate states £3 and 7 in (23) as

u = (tr)(—(2F/r)xa — (3#/r)x3 + (1/(Tr))uy) +
() (n (1517 + [$127°) + (1/7) Bmax [51°) (34)
3 -
() (£ (Pl o+ Fl+ ™) )

where the guidance parameters are selected asc; =1, c; =1.65,c3 =1, Ag = 0.85, 7 = 0.6,
p = 0.7 and Apax = 130.

(4) Proposed fixed-time convergent guidance law with AC and ALC using partial
states feedback (proposed FGLAA (partial state)): if we consider the states x3 and # are
unmeasurable, the proposed FGLAA (full state) is given in (23). The guidance parameters
are selected asc; =1,cp =1.65,c3 =1, Ag = 0.85, = 0.6, p = 0.7 and Amax = 130. The
parameters of observers are chosen as y17 = 18, 12 = 3, 13 = 120, 1 = 8, 2 = 20 and
U2z = 20.

Note: to briefly state the simulation result, in the following simulation Figures, FGLA,
FGLAA, proposed FGLAA (full state) and proposed FGLAA (partial state) denote the
finite-time guidance law with angle constraint (29), the finite-time guidance law with angle
constraint and autopilot lag (31), the proposed fixed-time convergent guidance law with
angle constraint and autopilot lag using full states feedback (34) and the proposed fixed-
time convergent guidance law with angle constraint and autopilot lag using partial states
feedback (23), respectively.

We consider the following two kinds of initial system conditions which are chosen
from the small value to the large value:

Case 1 (small initial system conditions): in this case, the desired LOS angle is chosen
as g; = 10°. Thus, the initial LOS angle error is x1(0) = —5°. Figures 2a—f show the
simulation results for Case 1. The miss distances are given in Table 1. From Figure 2a,b, for
the missile with FGLA, LOS angle error x; and LOS angle rate 4 not only cannot converge
to zero, but also are oscillatory with a large amplitude. Meanwhile, under the FGLAA, the
proposed FGLAA (full state) or the proposed FGLAA (partial state), the LOS angle error x;
and LOS angle rate 4 all can achieve a similar fast convergence rate and high convergence
precision. As mentioned before, the reason is that the FGLA does not consider the bad
influence of autopilot lag, and the autopilot lag can greatly degrade the performance of
FGLA. Table 1 also shows that FGLA only can guarantee the final miss distance is 7.67 m
without considering the autopilot lag, which implies that the FGLA cannot accomplish
the interception mission. From Figure 2a,b, compared with the other guidance laws with
full states feedback, we also know that the proposed FGLAA (partial state) can achieve a
similar excellent guidance performance even with partial states feedback. From Figure 2e f,
we know that the proposed fixed-time convergent state observers can guarantee the state
estimation errors ¥3 and 7 converge to zero.
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Table 1. Miss distance in Case 1 and Case 2.

Guidance Method Case 2 (m)
FGLA 12.54
FGLAA 2.55
proposed FGLAA (full state) 8.95 x 1074
proposed FGLAA (partial state) 9.56 x 1073
- - - proposed FGLAA(full state)
—— proposed FGLAA(partial state)
5 B
8 £
EF E)
El Z2r
@ @
3 <)
- -
4l
s FGLA
===-=FGLAA
-6 |- = - proposed FGLAA(full state)
| proposed FGLAA partial state) I | |
0 1 2 3 4 5 6 0 1 2 3 4 5 6 7
Time (s) Time (s)
(a) LOS angle error x; (b) LOS angle rate 4
3000
400 LAA
= = - proposed FGLAA(full state) 2500 - proposed FGLAA(full state)
300 proposed FGLAA(partal state) proposed FGLAA (partial state)
z 2000
g B 1500
£ =
HZ = 500 [
s
ol
-400
-500 : -500 : : : : :
0 1 2 3 4 5 6 0 1 2 3 4 5 6 7
Time (s) Time (s)
(c) Missile acceleration ayy (d) Range along LOS r

0.1

0.05 [

ate estimation error 7 (°/s*
St timat 3 (°/s?

-0.15

—— proposed FGLAA(partial state)

Time (s)

(e) Estimation error X3

State estimation error 7 (m/s?)

2
— proposed FGLAA(partial state)

Figure 2. Responses in Case 1 (small initial system conditions).

Time (s)

(f) Estimation error 7

Case 2 (large initial system conditions): compared with Case 1, the desired LOS
angle is increased to q; = 30°. Then, the initial LOS angle error is x1(0) = —25°. Thus, the
initial system state x;(0) in Case 2 is much larger than that in Case 1 (five times as much
as in Case 1). Figures 3a—f show the simulation results for Case 2. The miss distances
are given in Table 1. Figures 3a,b show that the convergence performance of FGLAA
is greatly affected by the increase of initial system state. As stated in the Introduction
section, this is because the FGLAA is finite-time stable, and the convergence time of
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FGLAA is dependent on the initial system conditions. And, like the results in Case 1,
Figures 3a,b show that the proposed FGLAA (full state) and FGLAA (partial state) still
can achieve a fast convergence rate. Moreover, only using partial states to obtain feedback,
the performance of proposed FGLAA (partial state) is very similar to that of FGLAA (full
state). Figures 3e,f show that the proposed fixed-time convergent state observers can
guarantee the estimation errors converge to zero with a similar fast convergence rate like
Case 1. From Table 1, compared with the results of Case 1, it can be observed that the
final miss distance of FGLAA is increase to 2.55 m, and the miss distance of the proposed
guidance methods are still less than 0.01 m.

proposed FGLAA(full state)
2 proposed FGLAA(partial state)

LOS angel error z; (%)
LOS angel rate ¢ (°/s)

S S AU

- - - proposed FGLAA(full state)
roposed FGLAA(partial state)
20 ‘ ‘ ‘ L |——prop (e 5 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8

Time (s) Time (s)
(a) LOS angle error x; (b) LOS angle rate 4

3000

e FGLA
--=--FGLAA

- - - proposed FGLAA(full state)
proposed FGLAA(partial state)

2500 -

Missile acceleration ay (m/s?)

-400

roposed FGLAA(full state)
—— proposed FGLAA(partial state)

500 | | | | 500 | | | | | | |
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
Time (s) Time (s)
(c) Missile acceleration ay (d) Range along LOS

proposed FGLAA(partial state) | | proposed FGLAA (partial state) | |

021

Sy

/s

&

-0.1

=)

State estimation error 7 (m/s?)

State estimation error 3

021

03 | | | | | | | 45
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
Time (s) Time (s)
(e) Estimation error %3 (f) Estimation error 7

Figure 3. Responses in Case 2 (large initial system conditions).

For convenience, the convergence performance of FGLAA, proposed FGLAA (full
state) and FGLAA (partial state) in the above two cases are plotted in Figure 4. Figure 4
shows that the convergence rate of FGLAA is lowed greatly with the increase of initial
system state. And the proposed FGLAA (full state) and FGLAA (partial state) are not
affected by the different initial system conditions. The proposed guidance methods can
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guarantee the LOS angle error x; and LOS angle rate § converge to zero in 4 s for the two
cases. In addition, only using partial states, the proposed FGLAA (partial state) can achieve
a very similar convergence performance like FGLAA (full state).

5 T T T T T T 15
of
10F
5 . <
) @ t=4s
g \; 5t
g-or g
Z 15[ E)
P Z oof
S 8
= =}
20 FGLAA in case 1 FGLAA in case 1
proposed FGLAA(full state) in case 1 sl proposed FGLAA(full state) in case 1
proposed FGLAA(partial state) in case 1 ) —— proposed FGLAA (partial state) in case 1
25 ——FGLAA in case 2 ——FGLAA in case 2
—— proposed FGLAA (full state) in case 2 —— proposed FGLAA (full state) in case 2
30 ! ! ! proposed FGLAA (partial state) in case 2 0 | | proposed FGLAA (partial state) in case 2
0 1 2 3 4 5 6 7 8 o 1 2 3 4 5 6 7 8
Time (s) Time (s)
(a) LOS angle error x; (b) LOS angle rate 4

Figure 4. Comparison of results in the two cases.

5. Conclusions

In this paper, a novel fixed-time convergent guidance law with AC and ALC was
proposed based on a fixed-time state observer and the bi-limit homogeneous technique.
The main contributions presented here are as follows: (1) considering AC and ALC, the
fixed-time stability of a guidance system is achieved for the first time. (2) Without using
the unmeasurable second derivative of the range along LOS and second derivative of LOS
angle, the proposed guidance law can still guarantee the fixed-time stability of the guidance
system. Finally, mathematical simulation results demonstrated the theoretical analysis of
the proposed guidance law. In this paper, we considered the autopilot lag as a one-order
subsystem, and the high-order dynamics were considered as uncertainties. In future work,
we will consider more complex case which the autopilot lag is a high-order subsystem.
By considering these high-order dynamics, we can achieve better transient performance.
The controller discretization is important for the actual guidance system. In the future,
we will discretize the guidance law of this paper and prove the fixed-time stability of
the new guidance law. Moreover, the result was not illustrated by experiments; in later
research, with the improvement of our experimental conditions, we will also carry out an
experimental method, and compare the theoretical results with the experimental results.
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Appendix A. Proof of Theorem 1
Define four auxiliary estimation errors ﬁmp (m=1,2, p=1,2)as
g = hyy — o + [ ixpdo
{ _11 11 2 fo 2 (A1)
hip = h1p —wy
hyy = hyy —#
i} (A2)
hao = hop — wy
Differentiating the auxiliary estimation error P_zmp (m=1,2; p=1,2) gives
i = hy — 1o
{ . . (A3)
hia = h1p — 1y
}:121 = 7:121 - T (A4)
hyo = hy — Wy

Substituting the expressions of hmp (m=1,2; p=1,2)in (19) and (20) into (A3), we have

I = —p1 ( [h11] 2y M12 Vlnf/z) +hip — 2ixp —ug —rip (45)
Ia = —pin3 (% 71 + 2p1001 + 3113, Vlﬂz) — 1y
I = —pn ( (11| 2y H22 “—121]3/2) + by +1g? —up — ¥ (46)
hy = —H23 (% Vlzﬂo + 2paohor + 3u3, Vlzﬂz) — Wy

Substituting the expression of x; in (6) into (A5) and the expression of # in (2) into (A6) give
flu = —Hu ( [Elﬂ 12 + H12 Vlnf)/z) 4+ hip — 2ixy—
ug — (—=2rxp — g + wy) (A7)
hip = —p13 (% Vllﬂ 4+ 2u1ph1y + %yﬁ Vlnwz) — g
hy = —1121 Vl ] + ux Vlzﬂyz) + hyp + g% —
— (rg* - ty + wy) (A8)
Iy = —st % [i21° + 2pmhioy + 343 Vlzﬂz) — by

11 = —Hn
12 —H13

Then, we obtain

2 ] + U2 [h11]3/2 +hip — wy
(
. 3.2 .12 i (49)
(ﬂh ﬂ + 212011 + 543, [ ) — Wy
1= =iz ([ ]2 + [ |*/?) 4 oz = 0, (A10)
= _;4236 I 1] + 2unhoy + 313, VlZl]z) — W
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Combining /i1, = h1y — wy defined in (A1) and hipy = hy — w;, defined in (A2), then (A9)
and (A10) can be rewritten as

hi = —H1 ( [h11] 2y H12 [’_111]3/2> + h1p (AL1)
hip = *m(% [Tu1]® + 2p10has + 3143, Wll]z) — g
Iy = —H2 ( (71 2y M22 (7_121]3/2) + hay (A12)
Iy = —H23 (% Vlzﬂo + 2p0ho1 + 313, {7321]2) — Wy

According to Lemma 1, for m = 1,2, if pyp > 0, pyy and pp3 are chosen in set (21) and
Assumption 4 is valid, then the estimation errors h,,; (m = 1,2) are bounded from the
initial time and will converge to zero in fixed time:

hip =hip —wy =0, if t > Tjy (A13)

hyo = hyy —w, = 0, ift>Tp (A14)

where Ty, (p = 1,2) are positive constants and are not affected by the initial system conditions.
Substituting the expressions of £3 in (19), %, in (6), # in (20) and # in (2) into the state
estimation error ¥3=x3 — £3 and F=# — # yields

T3=(—2rxp — ug +wy) /7 — ((=2Fx2 — ug+hia) /1) = —h1a /7 (A15)

F= (qu —ur + wr) - (“72 —ur + hzz) = —hp (Al6)
Then, combining (A13)-(A16), we have

%3=0, if t > Tjy (A17)

7=0, if t > Tjp (A18)
The proof is finished.

Appendix B. Proof of Theorem 2
Construct a Lyapunov function V; as

V= %52 (A19)

Calculating the time derivative of V; and considering (27) yield
V1 =S
_ s(—(Z'r_'/r)xz — (37/1)%3 — (1/7) (Amax [s1° — A))— (A20)
s(n([s1° + 5177 ) +43)

Considering |A| < Amax gives

Vi <s(—(2F/r)0 — (31/r)% — 1 ([s1 + [s1°7F) — 1) (A21)
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Although Theorem 1 has proved that the state estimation errors 7 and %3 can converge to
zero in fixed time (Thus, X3 also will converge to zero in fixed time), it can be seen from (A21)
that V; may be affected during the convergence process of estimation errors 7, ¥3 and 3.
Thus, the system states x;(i = 1,2,3) also may be affected during the convergence process.

To consider the convergence dynamic of state observer, the proof will consist two
main steps: In the first main step 1 (There are four sub steps: Step 1-1 to Step 1-4), we
will prove that sliding-mode surface s and the system states x;(i = 1,2,3) are bounded
before estimation errors 7, ¥3 and X3 converge to zero. In the step 2, we will prove that the
sliding-mode surface s and the system states x;(i = 1,2,3) will converge to zero in fixed
time after estimation errors 7, X3 and ¥3 converge to zero.

Step 1-1 (It will be proved that estimation error /11 and /1, are always bounded):
We define two Lyapunov function V}; and Vj;; as

Vin = I Py (A22)
Vig = 13 Pioh (A23)

. _ _ 4T . _ _ T
where Iy = “hlﬂl/z + p12 Ullﬂs/z, hn} and hy = “hzl]l/z + u2 Uizl]g/z, hm} s Py

and Py, are positive definite matrixes. According to Lemma 1, if Assumption 3 is valid, for
some g5 > 0 and ¢, > 0, V1 and V), satisfy the following inequalities

. - 1 = _ 1
Vin < —Kpm (Phlr €h1) Via — Kn12 (Phlr €h1> 2|1 |2 Vin (A24)
. . 1 . o1
Vip < =Ko (thfﬂhz) Vi5 — Kio (Ph2/£h2> 12| o1 |2 Vi (A25)

where x,11 (ﬁh1,€h1>, Kn12 (ﬁhlrshl)/ Kn21 (ﬁth €h2> and (ﬁhZI €h2) are positive scalars.
From (A24) and (A25), we know that the estimation error iy1and h; are always bounded:

1111 | < 11 maxs

]jl21| < EZmax (A26)

where /11 max and fip max are positive constants.
Step 1-2 (It will be proved that ¥3, I3, 7, x, and x; are bounded in fixed time T, ;,,,):
From (A15), it can be known that

. —h h
323:% (A27)

Then, substituting the expressions of E12 in (A11) into (A27) gives

_ (—mg, <% [ ] + 22l + 333, {’_711]2) B wli)r + th1p

X3= : (A28)
7
From (1) and considering Assumption 3 is valid, we have
|#| < |Vrcos(q —0r) — Vmcos(q — Om)| < Timax (A29)

[ —Tdmax (A30)
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where 74 max = V™ + V¥, Then, it can be known from (A30) that r # 0 in finite time
7(0)/timax- And, for a positive constant r, which satisfies 0 < r. < r(0), it is easily to
achieve following inequation:

r >, ift < (1’(0) - rC)/rdmax (A31)

From Remark 5 of [35], we can know that the fixed convergence times Tj,; and Ty, of the
state observers (19) and (20) not only are independent on the initial system conditions,
but also can be made arbitrarily small by selecting the parameters ji11, #13, pt21 and pz3
properly (The selection method can be seen in the Section IV of [35]). Thus, by selecting the
parameters, the following condition can be satisfied:

Thl < (1’(0) - rC)/rdmax (A32)

Ty < (7(0) - rC)/rdmax (A33)
Thus, we know that r # 0 in fixed time Tj, pax:
r 7é 0, Zf t < Thmax (A34)

where T, nax = max(Ty, Tjo).

Since f11 and iy are always bounded (see (A26)), Wy is bounded (Assumption 4), 7 is
bounded (see (A29)) and r # 0 in fixed time T}, and Tj,, then it can be known from (A28)
that X3 is bounded in fixed time T}, oy

’f3| < X34 maxs lf t< Thmax (A35)

Considering Assumption 4 is valid, 11 and hy; are always bounded (see (A26)),
(A5) and (A6), it can be known that /;, and hy are bounded in fixed time T}, .y Then,
combining (A15), (A31) and /1, is bounded in fixed time T}, pay, we know that %3 is bounded
in fixed time Tj, pax:

|f3‘ < X3 max- 1f t < Thmax (A36)

where %3 max is a positive constant. Then, combining (A16) and fy; is bounded in fixed time
Th max, We can know that 7 is bounded in fixed time T}, pax:

|1:| < Tdamaxs if £ < Thmax (A37)

where 737 max 1S a positive constant. Considering Assumption 3 is valid and (A34), we can
know that x; is bounded in fixed time Tj, jax:

2| = |4]
< |(=Vrsin(q — 0r) + Vumsin(g — 0m)) /7| (A38)

< X2 maxs ift < Thmax

where Xy max = | (VI 4 Vi1aX) /r.|. Considering %, = x, and (A38), we know that xq is
also bounded in fixed time T}, max:

|X1‘ S X1 maxs ift S Thmax (A39)

where X1 max = [x1(0)| + |x1 (VI + V) /7| Ty max is a positive constant.
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Step 1-3 (It will be proved that sliding-mode surface s is bounded in fixed time
Th max) According to Young’s inequality [25], (A21) can be rewritten as

Vi < (34 |- (2F/r)x — (37/1)% — 55 °) /2
= Vi + |—(2F/r)xa — (37 /1) %3 — %3]°/2 (A40)
< Vi (|(2F/ )3 +| (3¢ /1) %a |+ 3])% /2

From Step 1-1 to Step 1-2, we have known that 7 (see (A29)), 7 (see (A37)), x2 (see (A38)),
%3 (see (A36)) and X3 (see (A35)) are bounded in fixed time T}, 1, and 7 # 0 in fixed time
Thmax (see (A34)). Then, we know that V; is bounded in fixed time T}, iyax:

Vl < Vl + Vlmaxr lf t < Thmax (A4l)

where the constant V1 max = (12744 maxX2max/"e| + | (374 max/7¢) X3 max| + | %34 max| )2 /2. From
(A41), we have

Vi <V (O)et + Vlmax(et - 1)r lf t < Thmax (A42)

From (A42), it is clear that V; is bounded in fixed time T}, ;4. Thus, we can know that the
sliding-mode surface s is bounded in fixed time Tj, yax:

5 < Smax, lf t < Thmax (A43)

where smax is a positive constant.
Step 1-4 (It will be proved that x3 is bounded in fixed time T}, .« ): Construct a
Lyapunov function V; as

1
Vy = Exg (A44)

Calculating the time derivative of V, and considering (28) yield
V, = X3X3
= x3(—(2r/r)xy — (37/7)%3)—
() 0 (a0 aag
2 A A
ra( £ a(f o il + 1x1V) ) -

xgc?,GmM +[#3] + mgﬁs)

Considering (A29), (A34), (A36)-(A39) and (A43), then we know that Vs given by (A45) is
bounded in fixed time T}, pax:

Va < Comaxlxs| — cax3 ([£317% + [£] + [£51%), if t < Timan (A46)
where the constant Cy m,x is given as

_ 2—
Comax = (zrddmaXXZmax/rC) + (3rdmax/7c)x3max +7 (anax + Sma§> +

s 3 A47
2(1/7’5)Amax + ;1 Ci ( [ximax1 A + [ximax-| + [ximax—| )\i) ( )

Then we have
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Vy < Comax|x3| — C3x3<[ﬁ31)‘3 + [%3] + [f31A3)

= CZmax|x3‘*
C3(X3 — 3?3) ([X3 — X3~|A3 + [x?, — f3~| + [X3 — X3~|A3) —
Csfa([xs — %317+ [ — %3] + [x3 — fﬂM)

_ = (Az+1 - 12 -

—szax|x3|*C3(|X3*X3| + |x3 — X3|7 + [x3 — X3
C3f3([x3 — 53" + [x3 — 23] + [x3 — 933])\3)

< el (|1xa] + 12| + [|xs] + 2]l + llxs] + %) +

CZmax|x3‘/ 1f t < Thmax

Z3+1) _ (A48)

Since A3 = Ag, A3 = 2 — Ag and Ay is selected in the interval (¢, 1) witho € (1/2, 1), we
have1/2 < A3 < land 1 < Az < 2. Then, according to Lemma 3, (A48) can be rewritten as

Va < Comax|x3|+
cal%| (Ixs| + %" + x| + %3] ) + (A49)
el (27571 (1xa1™ + [%31™) ), if £ < Tma
Considering (A36), we have

- = _A _
W < C2max|x3| + C3353max<|x3|/\3 + x3§nax + |JC3| + x3max>+
_ Aa A A
C3X3 max (2/\3 ! (|X3| *+ x3§nax>>

B - (A50)
= C2max|x3| + C?ﬂzi%max(|x3|/\3 + |X3| =+ 2A371|x3|)\3)+

A3+l | 2 As—1A3+1Y)
C3(x3max+x3max+2 ’ X3max )7 lf t< Thmax

Considering 1/2 < A3 < 1and 1 < A3 < 2, then the following inequations can be satisfied

%3] < s + 1 (A51)
038 < a2 41 (A52)
x3] < |xs* +1 (A53)

According to (A51)-(A53), (A49) can be rewritten as

. Y ) S
V2 s szax(|x3|2 + 1) T (x3§rj;< + x%max + 2% 1X3§;;()+
C3f3max(|x3|2 +14 |x3P 142052 + 21—33)
= (Cgfg,max (2 + 21371) + CZmax) |x3|2 + €3X3 max (2 + 2;\371)4‘

C3(_/\3+1 + .7?2 + 2)—\371 _;\3+1) + C2max/ l_f t S Thmax

(A54)

X3 max 3 max X3 max
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Let Clmax = (C3f3rnax (24‘2}‘371) +C2max) /2 and C_jZmax = C3X3max (24’25\371)"'

Az+1 Aa—1aAzt1 .
c3 <x3 hax T x3 max T2737°%55 0 ) + Comax, (A54) can be rewritten as

VZ < ClmaxVZ + CZmaX/ if t < Thmax (A55)
Then, we have
V2 < (VZ (0) + C_Zmax/cl max)eCl maxt CZmax/C_l max (A56)

From (A56), it is clear that V, and x3 is bounded in fixed time T}, ;yax-

According to the prove conclusion of Step 1-1 to Step 1-4, it has been proved that
sliding-mode surface s and the system states x;(1 = 1,2, 3) are bounded before state esti-
mation errors7 and ¥3 converge to zero.

Step 2 (it will be proved that the sliding-mode surface s and the system states
x;(i =1,2,3) will converge to zero in fixed time): In the Step 1, it has been proved that
sliding-mode surface s and the system states x;(1 = 1,2, 3) are bounded before state esti-
mation errors 7 and %3 converge to zero. For t > Tj ..y, we have ¥3 = X3 = 0, then (A21)
can be rewritten as

1 3—
Vi = —nfs| " —pls]*
(14p) 0) (A57)
< 77<2 lﬁmvl 2t V == ) if t> Tjmax
Lety =1— (14p)/2and V; = 2V}, we obtain
W, < 217( A ”+V””) <0, if t > Thma (A58)

It is assumed that V; (t fs) = 0 for the time t = t¢,. Then, integrating (A58) from t = T, max
tot =ty gives

Vi (tss) 1 _ s
/_ ) Wd(vl) < —/ 2ndt = =21 (tfs - Thmax) (A59)

Vi (Th max Th max

Then, we have

V trs
f — Thmax = <f 1(T;max +V]+,de1>/( 27’])
V T max
= (g5 etagman) o) 0

atan (¥} (Timax)) / (271) — atan (V7 (t5:) ) / )
Considering atan( (t fs)) /(2yn) = 0, then (A60) can be rewritten as

tfs < Thmax +atan(V1’y(Thmax))/(2777)

(A61)
< Thmax + 7-[/(4')/77)

Thus, we have
Vi=s=0, if t > Thmax + 7-[/(4777) (A62)
Then we have

$=0, if t > Tymax + 7/ (471) (A63)
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Once the sliding surface § = 0 is achieved in time t = Tj, . + 71/ (477), the close-loop
system dynamics are governed by
! A h
X3 =— ZQ([XJ P[] + [x] 1): if t > Tpmax + 70/ (4777) (A64)
i=1

Then, according to Lemma 2, it can be known from (A64) that x;= 0 (i = 1,2,3) can be
guaranteed in a fixed time:

x;=0, if t > Thmax + 7[/(4777) + Ty (A65)

where T; and Tj, nax + 71/ (47y) + T; are positive constants and are not affected by the
initial system conditions.

The proof is finished.
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