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Abstract: This paper uses high-order approximate coupling (HOAC) dynamics equations for the
hub–beam system with segmented active constrained layer damping treatment (SACLD). To improve
the damping characteristics of traditional active constrained layer damping (ACLD), the viscoelastic
damping layer, and the piezoelectric constraining layer are cut at the same position. The damping
characteristics of the structure are enhanced by increasing the shear strain of the viscoelastic damping
layer. The finite element method is used to discretize the SACLD beam. The discontinuity of the
SACLD beam element-to-element displacement achieves the notch. Based on the theory of rigid–
flexible coupling dynamics, the dynamic responses of the SACLD rotating beam under different
cases are studied. The results show that the segmentation method is not always effective. A SACLD
beam provides better vibration suppression than an ACLD beam only when appropriate material and
dimensional parameters are used. The influences of base-layer thickness, piezoelectric constraining
layer thickness, viscoelastic damping-layer thickness, angular velocity, the viscoelastic damping-layer
loss factor, and control gains on the vibration of the rotating flexible beam with SACLD treatment are
also discussed.

Keywords: segmented active constrained layer damping; rigid-flexible coupling; dynamic modeling;
finite element method; vibration control

1. Introduction

With the rapid development in the field of manned space, the issue of the space robotic
arm has received considerable critical attention. The space flexible robotic arm can solve
the problem of out-of-bay operation to a certain extent; it can perform space-operation
tasks through in-orbit manipulation, ground teleoperation, or autonomous operation. After
unfolding in space, the robotic arm has the characteristics of small structural damping
and low and concentrated modal frequencies. The long-time vibration of the robotic arm
increased the cost of spaceflight work. At the same time, the coupling of the motion
attitude variation of a spacecraft’s rigid main structure and the flexible structure’s own
motion would produce unfavorable nonlinear vibration. So, it is of great importance to
study the vibration suppression of the robotic arm. Segmented active constrained-layer
damping (SACLD) beams are not only beneficial for research on space robotic arms but
also have applications in aviation, specifically for rotating blades and turbofans. Vibrations
in these components can lead to damage and decreased performance. SACLD has the
potential to mitigate these vibrations, thereby extending component lifespan and reducing
maintenance needs. Furthermore, by minimizing vibration in turbofan engines, SACLD
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can enhance their efficiency and lessen noise, which are critical factors in the development
of environmentally friendly aircraft.

There are passive control methods for the vibration control of spatially flexible struc-
tures. Common passive control methods include passive constrained layer damping
(PCLD), which attaches a viscoelastic material (VEM) to the surface of the structure and
covers the VEM with a further elastic constrained layer (CL). Ma et al. [1] introduced the
effect of constrained-layer damping (CLD) on structural vibration into the nonlinear model
of the bolt. The nonlinear vibration characteristics of a double cylindrical shell with partially
attached CLD bolts under substrate excitation were investigated using a semianalytical
method. And the experiments are designed to verify the reasonableness of the model.
Li et al. [2] proposed a new analytical model to accurately predict the strain-dependent
properties of partially constrained layer damping (CLD) treatments of fiber-reinforced
composite shells. The effect of the material properties on the nonlinear vibration behavior
of the partially CLD patch cover was also studied. Cai et al. [3] proposed a vibration-
response analysis method for a beam partially covered with PCLD treatment. This method
can describe the vibration response of the VEM layer more accurately. Zheng et al. [4]
investigated the effect of covering multiple PCLD patches on beams and the distance
between the patches on the structure’s damping characteristics. They also studied cylindri-
cal shells with PCLD treatment and proposed an optimization method to lay out PCLD
patches [5]. Zheng et al. [6] investigated the vibration-damping characteristics of multilayer
PCLD-treated cylindrical shells using the semianalytic transfer matrix method. Zhang and
Sainsbury [7] applied the Galerkin element method (GEM) to the vibration problem of
plates with PCLD treatment, and the results showed that GEM has high computational
efficiency for plates with PCLD treatment. Gröhlich et al. [8] proposed a new optimiza-
tion approach of treating the layer widths of the CLD structure as design parameters,
demonstrating a significant increase in damping.

Due to the lack of control flexibility and the limited damping capacity of the passive
control method, it is more effective for high-frequency vibration suppression but not
for low-frequency vibration control. Baz and Ro [9] replaced the elastic constraining
layer in the conventional PCLD system with a piezoelectric constraining layer and an
active constrained damping layer (ACLD); an integrated active–passive vibration-control
method can be obtained. Baz also detailed the basic principles of passive and active
damping techniques and used smart materials to enhance the vibration damping for passive
treatment [10]. Varadan et al. [11] developed a three-dimensional finite element closed-loop
model to predict the effects of rotating structures with ACLD treatment. The results showed
that ACLD provides better vibration suppression than the PCLD structures. Fung and
Yau [12] studied the vibration characteristics of a clamping-free rotating flexible robotic
arm with fully covered ACLD treatment using the finite element method discretization.
They analyzed the effects of different rotational speeds, thickness ratios, loss factors, and
controller gains on the structural frequencies and damping ratios. Lee [13] explored the use
of ACLD to control the vibration and acoustics of the beam by maximizing the loss factor,
significantly reducing the resonant response. Sharnappa et al. [14] researched the active
vibration control of composite beams in thermal environments, revealing the influences of
thermal dependence and fiber orientation on system dynamics. Vasques and Rodrigues [15]
covered both sides of the beam with multilayer elastic, piezoelectric, and viscoelastic layers.
They performed numerical simulations of structures with feedback, adaptive feedback,
and hybrid control systems. Boudaoud et al. [16] proposed an analytical method for the
damping analysis of sandwich beams with piezoelectric and viscoelastic layers, providing
an analytical expression for damping analysis. Kumar and Singh [17] made different
samples of beams with ACLD and PCLD treatments to investigate the ACLD and PCLD
patch positions and coverage by experiment. Kumar and Kumar [18] performed theoretical
and experimental vibration analyses of rotating beams with added ACLD and stress-layer
damping treatment. Panda et al. [19] investigated using active fiber-composite (AFC)
materials for ACLD treatment to control vibrations of functionally graded (FG) beams.
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Li et al. [20] derived higher-order approximate coupled dynamics equations for a rotating
beam with ACLD treatment, which could be used to study an extensive range of rotation
of the system considering dynamic stiffening effects. Guo et al. [21] evaluated the vibration
characteristics of the beam with ACLD treatment in the temperature field. They analyzed
the thermal vibration characteristics of the system in both closed-loop and open-loop cases.
Mishra and Sarangi [22] researched the use of viscoelastic composite material (VECM) for
ACLD treatment to enhance the damping characteristics. Li et al. [23] applied proportional
feedback control to achieve vibration-reduction control of an ACLD cantilever beam. They
studied the effect of the control-signal phase on the vibration-suppression effect of ACLD
cantilever beams and determined the impact of the control-signal phase on the vibration
reduction effect by establishing an experimental platform and a dynamic model. Based
on investigations of flexible beams with ACLD treatment, Park and Baz [24] conducted
vibration-control studies on plates covered with ACLD. Li et al. [25] performed a free
vibration analysis for the significant rotation of plates with fully covered ACLD treatment.
The results showed that dynamic stiffening and dynamic softening effects occurred when
the flexible plate underwent rigid body motions. In addition, researchers covered ACLD
on composite plates, such as multi-iron fiber-composite plates [26], graphene-reinforced
material composite plates [27], plates with carbon-nanotube-reinforced composite cores [28],
etc. Zhao et al. [29] proposed an equivalent single-layer simplification method to simulate
plates covered with a constrained damping layer, which can reduce computational costs
and maintain accuracy. Zhai et al. [30] investigated the vibration-control problem of an
aviation piping system using ACLD treatment. A three-dimensional finite element model
of the pipeline with ACLD patches is developed. Zhang et al. [31] studied the vibration
and damping effect of an ACLD pipe with fixed support. The equations of motion of the
ACLD pipe were established using the finite element method. Vinyas [32] investigated the
effect of ACLD on the linear frequency response characteristics of tilted magnetoelectric
elastic plates. Vinyas et al. also used a finite element method to evaluate the effect of ACLD
treatment on the accurate control of the frequency response of functional gradient oblique
functionally graded skew-magneto-electro-elastic plates [33].

For traditional ACLD structures, a viscoelastic damping layer would lead to poor
active control transfer from the piezoelectric constraining layer to the primary controlled
system, resulting in more controlled energy consumption. To improve the active control
energy efficiency of the ACLD, Liao and Wang [34–36] invented a new enhanced active
constrained layer damping (EACLD) structure by attaching edge elements to each end of the
PZT layer and established the equivalent rigid spring mechanical model. The superiority of
EACLD over conventional ACLD was verified experimentally. Gao and Liao [37] developed
an energy-based approach to investigate the damping characteristics of beams treated with
enhanced self-sensing active constrained layer (ESACL) damping. They found that edge
elements in ESACL significantly improve the system-damping performance, with boundary
conditions playing a crucial role. Jin et al. [38] applied EACLD to a hub-flexible rotating
beam considering the stiffness of the edge element and the point mass. Li et al. [39]
studied a flexible rotating beam with partially covered EACLD treatment in both open-
loop and closed-loop cases. Fang et al. [40] considered the temperature field based on the
EACLD beam model and replaced the material of the base beam with functionally graded
materials for the study. Gupta et al. [41] used an in-house finite element model to study a
carbon nanotube-based hybrid carbon fiber-reinforced smart beam. They found that the
integration of carbon nanotubes into the epoxy matrix significantly enhances the damping
performance, indicating the potential for efficient, high-performance, and lightweight
micro-electromechanical systems. Jiang et al. [42] investigated the rotating-plate model
with the EACLD treatment and a performed vibration analysis on the coverage area and
coverage location of the EACLD patch. They also designed a combinatorial neural network
to investigate the vibration estimation of rotating flexible plates treated with EACLD
treatment and the vibration-suppression capability of composite structures under different
operating conditions [43].
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In addition to the EACLD structure, an improvement to the traditional constrained
layer damping structure is segmented active constrained layer damping (SACLD). SACLD
cuts off both the constrained and viscoelastic damping layers to improve the damping
characteristics of the system by creating a region of concentrated shear displacement at the
segment location. Plunkett and Lee [44] were the first to investigate segmented constrained
layer damping. They were based on PCLD and only cut the constrained layer to increase the
damping characteristics. Kress [45] found that the shear displacement concentration effect
in the constrained damping layer is concentrated at the end of the beam, which is called
the “edge effect”. So, he proposed to cut off the constrained layer and the constraining
layer at the same time. The constrained layer will produce a high-shear region at the cut-off
location, called the “notch effect”. This method can improve the damping characteristics
of the constrained damping-layer structure. Studies by Lesieutre and Lee [46] demon-
strated that segmented active constrained layer damping treatment is more robust than
continuous processing. Kapadia and Kawiecki [47] experimentally investigated the effect of
segmented active constrained layer damping treatment on the damping of flexible beams.
It was found that damping improvement at lower natural frequencies was substantially
more significant than at high natural frequencies. Trompette and Fatemi [48] conducted
a study based on PCLD by cutting off both the constrained layer and the constraining
layer and applying only one cut to the beam, analyzed the effect of the cut location on
the structural vibration, and optimized the cut location using a simple genetic algorithm.
Liu et al. [49] applied segmented constrained layer damping to a box beam of a helicopter
to improve the helicopter’s aerodynamic stability. Chattopadhyay et al. [50] used a mixed
displacement field to model segmented constrained layer damping treatment. Cento and
Kawiecki [51] have introduced a new finite element tool for analyzing segmented active
constrained layer damping treatments applied in bending. They validated the significant
impact of constraining layer strains on the damping ratios at basic modal frequencies and
experimentally verified the model’s effectiveness. Al-Ajmi and Bourisli [52] used a genetic
algorithm to optimize the geometric parameters of the structure as well as the number
and location of the cuts. Grégoire and Gerald [53] developed an optimization algorithm
using mathematical programming to determine a segment arrangement that would yield
an optimal loss factor. Avinash and Pravin [54] reviewed the literature on the optimal
design of SACLD, guiding the optimization of the segmentation of viscoelastic materials in
composite structures. Tian et al. [55] analyzed the effectiveness of the segmentation method.
They showed that the segmentation method only applies to low shear-strain levels within
the viscoelastic layer. Chinonso [56] applied SACLD to beams and sinusoidal structures
and modeled them with 3D printing to investigate the characteristics of SACLD.

To the best of the authors’ knowledge, no one has applied SACLD processing to rotat-
ing flexible beam structures in the existing literature. Therefore, this paper uses a floating
frame-of-reference method to analyze the vibration control of a flexible rotating beam with
fully covered SACLD treatment in both open-loop and closed-loop cases. Section 2 uses
the finite element method to discretize the SACLD beam. The dynamics of the hub beam
with SACLD treatment are modeled by disregarding the gap of the cutout and placing the
cutout at the node between the elements. Section 3.1 validates the ACLD/SACLD model
for different treatments. Section 3.2 verifies the effectiveness of the segmentation method’s
vibration suppression by performing a dynamic response analysis of the SACLD rotating
beam. The effects of the control gains, the viscoelastic damping-layer thickness, the hub
radius, and the beam width on the vibration are discussed. Section 3.3 discusses the modal
analysis of the structure concerning natural frequencies and damping ratios. The effects of
the relevant parameters on the modal state of the SACLD rotating beam are investigated.
The research in this paper provides a new dynamical model for active and passive hybrid
vibration control of flexible beam structures undergoing large overall rotational motion.
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2. Dynamic Modeling
2.1. Basic Assumptions

The rotating flexible beam with segmented active constrained layer damping treatment
meets the following six assumptions:

(1) The SACLD beam consists of three layers, a piezoelectric constraining layer, a vis-
coelastic damping layer, and a base layer, without considering the sliding between
the layers;

(2) The shear displacement of the piezoelectric and base layers is neglected; only the
shear displacement of the viscoelastic damping layer is considered;

(3) The piezoelectric layer is polarized along the thickness direction;
(4) The longitudinal contraction caused by transversal displacement is considered for

each beam;
(5) The beam rotates on a horizontal plane, without considering the effect of gravity;
(6) The transverse displacements of the three layers are considered the same.

2.2. Displacement Description

Unlike the cantilever beams studied in Ref. [55], this paper considers the rotation of the
beam and studies the flexible beam with a fully covered SACLD treatment. Figure 1 shows
a schematic diagram of the overall structure of a flexible beam with a SACLD treatment
attached to a rigid hub. The center rigid body rotates around the Y-axis. In this study,
the gap between the cuts is ignored. Figure 2 shows a displacement description of the
rotating SACLD beam; u1, u2, and u3 are the displacements in X axis of the base layer,
the viscoelastic damping layer, and the piezoelectric constraining layer, respectively; h1,
h2, and h3 are the thicknesses of the base layer, the viscoelastic damping layer, and the
piezoelectric constraining layer, respectively; and θ is the angle of rotation of the beam. The
displacements of the upper and lower ends of the left end of the viscoelastic layer on the X
axis are represented by uA and uB, respectively:

uA = u1 −
h1

2
·∂w

∂x

uB = u3 +
h3

2
·∂w

∂x

(1)

where w is the transverse displacement of the layers of the beam. The shear strain in the
viscoelastic layer can be expressed as:

γ =
u3 − u1 + dw′

h2
(2)

where d = h1+2h2+h3
2 , and a prime denotes a derivative with respect to the argument.
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Based on the geometric relationship shown in Figure 2, u2 can be derived as:

u2 =
1
2
(uA + uB) =

1
2
(
u1 + u3 + d1w′

)
(3)

where d1 = h3−h1
2 .

The position vector of an arbitrary point on the composite beam in the plane coordinate
system O-XZ can be expressed as:

ri = (R + x + ui)x + wz , i = 1, 2, 3 (4)

where R is the radius of the hub. ui can be expressed as:

ui = wi + wc (5)

where wi indicates the displacement of each layer along its neutral axis; wc represents the
axial shortening displacement caused by the transverse bending of the beam, which can be
written as a second-order coupling term:

wc = −
1
2

∫ x

0

(
∂w(ξ, t)

∂ξ

)2
dξ (6)

2.3. Kinetic Energy and Potential Energy

For a SACLD beam rotating around a fixed axis, the kinetic energy can be expressed as:

T = 1
2 Joh

.
θ

2
+ 1

2

3
∑

i=1

∫ L
0 ρi Ai

.
rT

i
.
ridx

= 1
2 Joh

.
θ

2
+ 1

2

3
∑

i=1
ρi Ai

∫ L
0

{[
(R + x + ui)

.
θ +

.
w
]2

+
( .

ui −
.
θw
)2
}

dx
(7)

where Joh is the rotary inertia of the central hub;
.
θ is the angular velocity; and A1, A2, and

A3 are the cross-sectional areas of the three layers, respectively.
The potential energy of the system can be described as U = U1 + U2 + U3, where U1,

U2, and U3 represent the potential energy of the piezoelectric, viscoelastic, and base beam
layers, respectively.

The potential energy of the base beam layer can be expressed as:

U1 =
1
2

∫ L

0

[
E1 A1u1

′2 + E1 I1w′′ 2
]
dx (8)
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The shear-strain energy of the viscoelastic layer can be represented as:

Ushear =
1
2

G∗A2

∫ L

0
γ2dx (9)

The total potential energy of the viscoelastic layer is:

U2 =
1
2

G∗A2

∫ L

0
γ2dx +

1
2

∫ L

0

[
E2 A2u2

′2 + E2 I2w′′ 2
]
dx (10)

Piezoelectric material is assumed to be isotropic and is polarized along the thickness
direction. The one-dimensional constitutive equations of the piezoelectric material are:

σ
p
x = E3ε

p
x − e31EZ = E3

(
∂w3

∂x
− z

∂2w
∂x2

)
− e31EZ

DZ = e31ε
p
x+ ∈33 EZ = e31

(
∂w3

∂x
− z

∂2w
∂x2

)
+ ∈33 EZ

(11)

where σ
p
x and ε

p
x denote the axial stress and strain of the piezoelectric layer, respectively;

E3 is the elastic modulus of the piezoelectric layer; e31 represents the piezoelectric stress
constant; ∈33 denotes the dielectric constant; and EZ and DZ denote the electric field and
electric displacement of the piezoelectric layer along the polarization direction, respectively.
Based on the above description, the potential energy of the piezoelectric layer can be
expressed as:

U3 =
y

σ
p
x ε

p
xdV =

1
2

∫ L

0

[
E3 A3u′1

2 + E3 I3w′′ 2 − 2A3e31EZu3
′ − A3 ∈33 EZ

2
]
dx (12)

In this paper, the finite element method is carried out to discretize the SACLD beam.
Figure 3 shows the schematic diagram of the finite element model of the beam, which
is divided into ne elements, and the length of the e-th element is Le. Figure 4 shows the
schematic illustration of the e-th element of the beam. The distance between the origins
of the element–coordinate system o − xz and the floating coordinate system O− XZ is
represented by xe; x is the longitudinal coordinate of an arbitrary point under the element–
coordinate system. The spatial distribution corresponding to w1, w2, and w3 of the e-th
element is: 

w1 = a1x + a2
w3 = a3x + a4
w = a5x3 + a6x2 + a7x + a8

(13)
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The nodal displacement vector for the e-th element is:

qe =
{

w1j w3j wj w′j w1k w3k wk w′k
}T

(14)

The element displacement vector is related to the node displacement vector by:

w1 = N1·qe
w2 = N2·qe
w3 = N3·qe
w = N4·qe
w′ = N5·qe
γ = N6·qe

(15)

where N1, N2, N3, N4, N5, and N6 are the corresponding finite element shape functions of
w1, w2, w3, w, w′, and γ, respectively:

N1 =
[

1− ξ 0 0 0 ξ 0 0 0
]

N2 = 1
2 (N1 + N3 + d1N′4)

N3 =
[

0 1− ξ 0 0 0 ξ 0 0
]

N4 =
[

0 0 1− 3ξ2+2ξ3 (
ξ − 2ξ2 + ξ3)Le 0 0 3ξ2 − 2ξ3 (

−ξ2 + ξ3)Le
]

N5 = N′4
N6 = 1

h2
(N3 −N1 + dN′4)

(16)

where ξ = x
Le

. Thus, the overall nodal displacement vector of the beam can be obtained as:

q =
{

w(1)
1 w(1)

3 w(1) w′(1) · · · w(n+1)
1 w(n+1)

3 w(n+1) w′(n+1)
}T

(17)

The nonlinear coupled displacements wc are obtained under finite element discretization:

wC = −1
2

qTS(e, x)q (18)

where

S(e, x) = BT
e

∫ x

0

(
∂N4

∂x

)T(
∂N4

∂x

)
dxBe +

e−1

∑
j=1

{
BT

j

∫ Lj

0

(
∂N4

∂x

)T(
∂N4

∂x

)
dxBj

}
(19)

Be =

[
0 0 · · · I4 0 · · · 0
0 0 · · · 0 I4 · · · 0

]
∈ R8×4(ne+1) (20)
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Substituting Equations (14), (15) and (17) into Equation (5) yields the longitudinal
displacement as well as the transverse displacement of each layer of each element as:

u1
(e) = N1qe −

1
2

qTS(e, x)q

u2
(e) = N2qe −

1
2

qTS(e, x)q

u3
(e) = N3qe −

1
2

qTS(e, x)q

w(e) = N4qe

(21)

Substituting Equation (21) into Equations (7)–(12) yields the kinetic and potential
energies of the e-th finite of the beam:

T(e) =
1
2

.
θ

2∫ Le
0

[
Joh +

3
∑

i=1
mi(R + xe + x)2 + m1qT

e NT
1 N1qe + m2qT

e NT
2 N2qe

+m3qT
e NT

3 N3qe +
1
4

3
∑

i=1
miqTSq·qTSq− 1

2
m1qTSq·N1qe −

1
2

m2qTSq·N2qe

−1
2

m3qTSq·N3qe −
1
2

m1qT
e NT

1 ·qTSq− 1
2

m2qT
e NT

2 ·qTSq− 1
2

m3qT
e NT

3 ·qTSq

+2m1(R + xe + x)N1qe + 2m2(R + xe + x)N2qe + 2m3(R + xe + x)N3qe

−
3
∑

i=1
mi(R + xe + x)qTSq+

3
∑

i=1
miqT

e NT
4 N4qe

]
dx

+
.
θ
∫ Le

0

[
3
∑

i=1
mi (R + xe + x)N4

.
qe + m1qT

e NT
1 N4

.
qe −m1qT

e NT
4 N1

.
qe

+m2qT
e NT

2 N4
.
qe −m2qT

e NT
4 N2

.
qe −

1
2

3
∑

i=1
miqTSq·N4

.
qe +

3
∑

i=1
miqTS

.
q·N4qe

]
dx

+
1
2
∫ Le

0

[
m1

.
qT

e NT
1 N1

.
qe + m2

.
qT

e NT
2 N2

.
qe + m3

.
qT

e NT
3 N3

.
qe +

3
∑

i=1
miqTS

.
q·qTS

.
q

−2m1qTS
.
q·N1

.
qe − 2m2qTS

.
q·N2

.
qe − 2m3qTS

.
q·N3

.
qe +

3
∑

i=1
mi

.
qT

e NT
4 N4

.
qe

]
dx

(22)

U(e) =
1
2

3
∑

i=1
Ei Ii
∫ Le

0 qT
e N′′4

TN′′4 qedx +
1
2

E1 A1
∫ Le

0 qT
e N′1

TN′1qedx

+
1
2

E2 A2
∫ Le

0 qT
e N′2

TN′2qedx +
1
2

E3 A3
∫ Le

0 qT
e N′3

TN′3qedx

+
G∗A2

2
∫ Le

0 qT
e N6

TN6qedx

(23)

2.4. Equations of the System

For closed-loop systems, the work done by the piezoelectric force and piezoelectric
torque is:

Wp =
1
2

E3 A3

∫ Le

0

(
εcεp + dεpw′′

)
dx (24)

where εc = u′3 is the elastic axial strain in the piezoelectric layer; εp =
d31φc

h3
is the strain

produced by the piezoelectric effect, in which d31 indicates the piezoelectric strain constant.
Regulating the control voltage φc with a proportional and derivative (PD) control law:

φc = −Kpφs − Kd
.
φs (25)
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where φs = − k31
2Ddb

g31C
∫ Le

0 w′′dx is the sensor voltage, in which C = 8.854× 10−12 Ask3t

h1
;

As is the surface area of the sensor; k3t is the dielectric constant; Dd =
h1

2
; k31 denotes

electromechanical coupling factor; and g31 indicates the piezoelectric voltage coefficient.
According to Equations (24) and (25), the discretized generalized piezoelectric force vector
Qp f

(e) and piezoelectric moment vector Qpm
(e) are expressed as:

Qp f
(e) =

(
Kp + Kd p

)[
0 −1 0 0 0 1 0 0

]T·[0 0 0 − g
2

0 0 0
g
2

]
qe (26)

Qpm
(e) =

(
Kp + Kd p

)[
0 0 0 −1 0 0 0 1

]T·[0 0 0 − gd
2

0 0 0
gd
2

]
qe (27)

where p =
d
dt

, g =
E3b2d31k2

31Dd

g31C
. The generalized piezoelectric control force is

Qp
(e) = Qp f

(e) + Qpm
(e). The external driving force of the system is Fτ . From the ex-

ternal driving force and the generalized piezoelectric control force, the generalized force
can be obtained as:

Q(e) =

[
Fτ

Qp
(e)

]
(28)

Substituting the discrete kinetic energy, potential energy, and generalized force of the
e-th element into Lagrange’s equations of the second kind:

d
dt

(
∂T(e)

∂
.
qe

)
− ∂T(e)

∂qe
+

∂U(e)

∂qe
= Q(e) (29)

yields the dynamical equations for the e-th element:[
M11

(e) M12
(e)

M21
(e) M22

(e)

][ ..
θ
..
q

]
=

[
Qθ

(e)

Qq
(e)

]
(30)

The mass matrix and generalized forces for the e-th element of Equation (30) are shown
in Appendix A.

In this paper, notches are applied to the viscoelastic damping layer and the piezo-
electric constraining layer of the beam as a means of segmentation. The cuts are placed
at node k between the two elements during the finite element modeling and are consid-
ered as discontinuities. As shown in Figure 5, the degree of freedom at the k-th node is
changed from the original

{
w1

(k) w3
(k) w(k) w′(k)

}
to
{

w1
(k) w3l

(k) w3r
(k) w(k) w′(k)

}
, and

the cutout is treated discontinuously during the element assembly. Integration of the mass
matrix and generalized forces for the e-th element yields the equation of motion of SACLD
in the global coordinate system as:[

M11 M12
M21 M22

][ ..
θ
..
q

]
=

[
Qθ

Qq

]
(31)

where M11 denotes the rotational inertia of the SACLD beam. M12 = M21
T is the nonlinear

inertial coupling term between the rigid body motion and elastic displacement. M22 is the
generalized mass array.
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It can be assumed that the angular velocity of the hub is constant at
.
θ = Ω, neglecting

the higher order coupling terms in Equation (30) involving a nonlinear coupling term,
and linearizing it to obtain the vibration equation for the e-th cell of the rotating SACLD
beam as:

M̃22
(e) ..

q + G̃22
(e) .

q + K̃22
(e)q = 0 (32)

in which the generalized mass matrix M̃22
(e), the damping matrix G̃22

(e), and the element
stiffness matrix K̃22

(e) are given in Appendix B.
The overall vibration equation of the system can be obtained by segmenting the beam

during the finite element assembly as:

M̃22
..
q + G̃22

.
q + K̃22q = 0 (33)

It should be noted that after applying n cuts to the beam, the size of q changes from the
previous 4(ne + 1)× 1 to [4(ne + 1) + n]× 1. Correspondingly, the size of M̃22, G̃22, and
K̃22 will increase from 4(ne + 1)× 4(ne + 1) to [4(ne + 1) + n]× [4(ne + 1) + n]. And if the
cuts number is 0, the model degrades into that of a rotating beam with ACLD treatment.

The vibration equation of the system is reduced in order and written in state
space form:

A
.
z + Bz = 0 (34)

where

z =

[ .
q
q

]
, A =

[
M̃22 0

0 I

]
, B =

[
G̃22 K̃22
−I 0

]
(35)

The eigenvalue problem associated with A
.
z+Bz = 0 can be written as (λA + B)Θ = 0,

in which Θj denotes the corresponding complex eigenvector; λj represents the vector of
complex eigenvalues:

λj = σj + iωj (36)

where σj indicates the vibration-index decay; ωj denotes the j-th modal frequency. The loss
factor of the j-th mode is:

ηj = −
σj√

σ2
j + ω2

j

(37)

3. Results and Discussion
3.1. Validations of the Hub–SACLD Beam System

In this section, three validation examples are used to verify the model. The first
three modal frequencies are compared with the results from Ref. [12] (ACLD), Ref. [55]
(SACLD), and the commercial software ANSYS (ACLD–SACLD) during the different
rotating velocities and the base layer’s relative thicknesses, respectively. Table 1 shows the
comparison of the first three frequencies of the structure under different angular velocities
between the hub–ACLD beam and this model. The comparison shows that the first three
frequencies of the two models coincide very well, and the maximum error is 0.11%. Table 2
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compares the first three frequencies with the base layer’s relative thicknesses Hb = h1
L of

0.01, 0.012, and 0.015, respectively. The results indicate that the data are in good agreement
with those of Ref. [55]. To further verify the accuracy of these models, it is necessary to
validate the rotating ACLD and rotating SACLD beams. Table 3 compares the ACLD–
SACLD model with the model established by ANSYS. The first three frequencies of the
ACLD–SACLD rotating beam at angular velocities ω of 0–1000 rpm are compared. The two
works are consistent with the data from each other. The above three validation examples
show that this model is correct and can be used for analysis.

Table 1. Comparison between the model of Ref. [12] and the present model at different angular
velocities (unit: Hz).

ω (rpm) Mode No. Ref. [12] Present Err (%)

200
1 20.21 20.21412 0.0253
2 104.384 104.4093 0.0242
3 277.427 277.4587 0.0114

600
1 20.5604 20.55981 −0.0028
2 106.685 106.7338 0.0457
3 280.155 280.1561 0.11

1000
1 21.1927 21.19537 0.0126
2 111.178 111.2351 0.0514
3 285.44 285.466 0.0091

Table 2. The comparison of the cantilever SACLD beam model at different relative thicknesses of the
base layer (unit: Hz).

Hb Mode No. Ref. [55] Present Err (%)

0.01
1 18.9 19.4 2.6%
2 101 101.2 0.19%
3 283 283.8 0.28%

0.012
1 21.5 21.9 1.8%
2 119 119.4 0.34%
3 334 334.8 0.24%

0.015
1 25.6 25.9 1.17%
2 147 147.0 0.00%
3 412 412.4 0.97%

Table 3. The comparison between the FEM model by ANSYS and the present model with ACLD–
SACLD treatment at different angular velocities (unit: Hz).

ω (rpm) Mode No.
ACLD SACLD

Present ANSYS Present ANSYS

0
1 20.16942 20.08 19.4 19.1
2 104.1151 104.09 101.2 101.068
3 277.1195 277.1 283.8 283.26

200
1 20.21412 20.261 19.47999 19.25
2 104.4093 105.01 101.5351 101.451
3 277.4587 277.96 284.176 283.76

600
1 20.55981 20.321 19.95035 20.047
2 106.7338 106.3 103.8929 102.732
3 280.1561 279.27 286.812 285.63

1000
1 21.19537 21.179 20.78848 20.665
2 111.2351 111.201 108.4595 107.457
3 285.466 286.2 292.0034 291.32
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3.2. Dynamic Response Analysis

In this section, the dynamic response of the rotating SACLD beam is analyzed to verify
the vibration-suppression effect. And the influences of control gains, viscoelastic layer
thickness, central hub radius, and beam width on the dynamic response are discussed.
The dynamics equations of the system Equation (31) are solved by the HHT-α method,
which can be solved in small steps to reduce the dynamical equations’ solution time and
control the numerical damping’s dissipation. Table 4 shows the physical parameters for the
rotating SACLD beam. And the driving moment of the beam is set to:

Fτ =

 τ0 sin
(

2π
T

t
)

, 0 ≤ t ≤ T

0, t > T
(38)

where τ0 = 1 N·m, T = 2 s, and the simulation time is 3 s.

Table 4. Physical parameters of a rotating hub–beam system with SACLD treatment.

Parameter Value Parameter Value

L 0.3 m ρ1 2700 kg/m3

Le 0.03 m ρ2 1250 kg/m3

b 0.0127 m ρ3 7600 kg/m3

h1 1.8 × 10−3 m G2 2 × 106 Pa
h2 0.25 × 10−3 m η 0.38
h3 0.762 × 10−3 m d31 23 × 10−12 m/V
E1 64.9 GPa g31 0.216 V·m/N
E2 2(1 + η)G* k31 0.12
E3 64.9 Gpa k3t 12
Xk 0.7 R 0

Figure 6 compares the tip transverse displacement of the ACLD beam and the SACLD
beam in an open-loop case. It can be seen that the segmentation method reduces the maxi-
mum transverse displacement amplitude of the rotating beam. The maximum transverse
displacement amplitude of the rotating SACLD beam is also significantly smaller than the
maximum vibration amplitude of the rotating ACLD beam at t > T, i.e., when the driving
moment of the beam is zero. The vibration-suppression effect of SACLD is better than
ACLD when the material parameters and dimensional parameters are given in Table 4.
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Figure 7 shows the effect of the control gains on the transverse displacement of the
SACLD rotating beam when Kp = 1, Kd = −0.005. It can be seen that the amplitude of the
vibration of the SACLD beam becomes smaller and the vibration suppression of the beam
is better when the control gains are applied to the SACLD beam. Therefore, the control
for the vibration suppression is pronouncedly effective. Figure 8 shows the transverse
displacement of the SACLD rotating beam for different proportional control coefficients Kp,
while Kd = 0. It can be seen that the vibration-suppression effect of the SACLD rotating beam
is better as the proportional control coefficient Kp increases. The transverse displacement
of the SACLD rotating beam decreases the most when Kp = 5. Kp increases further on this
basis; the transverse displacement of the structure also decreases, but the reduction is no
longer obvious.
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The effect of structural parameters on the dynamic response of the rotating SACLD
beam is further analyzed. The rotating SACLD beam with different driving moments is
used for dynamic analysis, and the driving moments of the SACLD rotating beam are
set as:

Fτ = 0.1 exp(−120t) (39)

Figure 9 compares the effect of control on the dynamic response of the rotating SACLD
beams when Kp = 1, Kd = −0.005. It can be seen that, applying control to the beam,
the vibration amplitude of tip transverse displacement and longitudinal displacement of
the beam are significantly reduced. Both the longitudinal displacement and transverse
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displacement attenuate compared with the case without the control. Figure 10 compares
the effect of Kd on the dynamic response of the SACLD rotating beam. It can be seen
that the tip displacement of the SACLD rotating beam decreases during the derivative
control gain. Kd is set to be −0.01 and −0.005, respectively, while the decreasing trend
is faster when the gain is −0.01. Figure 11 compares the transverse and longitudinal
displacement of the rotating SACLD beam when the VEM layer thickness is h2 = 0.25 mm
and 0.5 mm, respectively. It can be seen that, with the increase of the VEM layer thickness,
the tip transverse displacement and tip longitudinal displacement of the SACLD beam are
reduced, while the displacement amplitude reduction is more pronounced when the VEM
layer thickness is larger. Figure 12 shows the dynamic response of the rotating SACLD
beam with the central hub radius R = 0 and 0.025 m, respectively. The results show that the
tip transverse displacement and tip longitudinal displacement of the rotating SACLD beam
increase after the radius of the central hub increases. And the displacement increase is due
to the increase of the hub radius resulting in an increase in centrifugal force during the
SACLD beam rotation. The radius of the central hub has less influence on the displacement
of the end of the SACLD rotating beam. Figure 13 shows the effect of beam width b on
the dynamic response of the rotating SACLD beam. It can be seen that the tip transverse
displacement and the tip longitudinal displacement of the SACLD rotating beam increase
when the width of the beam decreases. And the width b impacts the flexural rigidity and
the tension rigidity of the beam; the decrease of the width makes the beam more flexible.
The width of the beam has a more significant effect on the tip displacement of the SACLD
rotating beam.
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3.3. Vibration Analysis

This section performs a modal vibration analysis of the flexible hub–beam covered
with SACLD treatment. The physical parameters of the SACLD rotating beam are the same
as those given in Table 4. Since segmentation is not always effective [55], and the level of
shear strain inside the viscoelastic material layer affects the applicability and effectiveness
of the segmentation, it is necessary to investigate the effect of the relative thicknesses of the
base beam, the PZT layer, and the VEM layer on the structural vibration.
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The following size ratios are defined for a broad comparison of the findings. The
dimensionless ratio parameters are used to describe the relative thicknesses of the layers as
well as the location of the cuts:

Hb =
h1

L
, Hv =

h2

h1
, Hc =

h3

L
, 0 < Xk < 1 (40)

where Hb, Hv, and Hc are the relative thicknesses of the base layer, VEM layer, and PZT
layer, respectively. Xk is the location of the cutout.

Figures 14–16 show the variation of the first three natural frequencies and damping
ratios with the relative thickness of the VEM layer for the ACLD beam (the cuts number
is 0), and SACLD beams with the numbers of cuts of one, two, and three, with Hb = Hc
of 0.001, 0.005, and 0.012 when the angular velocity ω = 0, Kp = 0, and Kd = 0. According
to the study of Tian et al. [55], the notch position of one notch is set as Xk = 0.7. Set the
notch positions for two cutouts to Xk1 = 0.3 and Xk2 = 0.7, and for the case of three notches,
set the notch positions to Xk1 = 0.3, Xk2 = 0.4, and Xk3 = 0.7 according to Mohammed’s
optimal design of the notch positions [52]. It can be seen in Figure 14 that the segmentation
method consistently reduces the first three frequencies of the beam when Hb = Hc = 0.001.
The reduction effect on the first three frequencies is always greater for three cuts than
for two cuts, and one cut has the relatively smallest reduction on the first three frequen-
cies. The segmentation method can always increase the first three damping ratios when
Hb = Hc = 0.001. The enhancement effect on the first three damping ratios is always the best
with three cuts, followed by two cuts, and the worst with one cut. It can be shown that
the SACLD beam has a better damping effect than the ACLD beam when Hb = Hc = 0.001.
With the increased number of cuts, the vibration-damping effect of the segmental method
is better when Hb = Hc = 0.001. It can be seen from Figure 15 that the segmentation method
consistently reduces the first three frequencies when Hb = Hc = 0.005. As the number
of cuts increases, the segmentation method is more effective in reducing the first three
frequencies of the beam. However, the segmentation method does not always reduce the
first three damping ratios, with the base layer’s relative thickness and the PZT layer’s
relative thickness becoming thicker. The segmentation method can improve the first-order
damping ratio when Hb = Hc = 0.005. The best vibration-suppression effect is achieved
at the two cuts. However, as the VEM layer’s relative thickness increases, the damping
effect of three cuts changes from better than that of one cut to worse than that of one cut.
With the increase of the VEM layer’s relative thickness, the second-order damping ratio is
smaller than that of the ACLD beam. At this time, the damping effect of one cut is the best,
followed by two cuts, and that of three cuts is the worst. For the third-order damping ratio,
with the increase of the VEM layer’s relative thickness, the third-order damping ratio of
the SACLD beam is smaller than that of the ACLD beam. It can be seen from Figure 16 that
the segmentation method always reduces the first three frequencies when Hb = Hc = 0.012.
Applying one cut to the ACLD beam can always increase the first-order damping ratio.
However, only when the VEM layer’s relative thickness is small, applying two notches and
three notches can improve the first-order damping ratio. In this case, the segmentation
method cannot increase the second-order and third-order damping ratios. A comparative
analysis of Figures 14–16 shows that the segmentation method can always reduce the first
three frequencies when Hb = Hc = 0.001–0.012. However, the vibration-suppression effect
of the segmentation method gradually becomes smaller as the relative thickness of the base
layer and the PZT layer increases. It can be shown that, with the increase of the base layer’s
relative thickness and the PZT layer’s thickness, the shear-strain level within the VEM layer
increases, and the segmentation method changes from effective to ineffective.
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Figure 17 discusses the variation of the first three natural frequencies and damping
ratios, with the angular velocity with the number of cuts of zero, one, two, and three, when
Hb = Hc = 0.012, Hv = 0.2. It can be seen that the first three frequencies increase gradually
with the increase of angular velocity. The segmentation method can reduce the first three
natural frequencies. Only by applying one cut to the beam can the first damping ratio
be increased. In this case, applying two and three notches to the beam reduces the first
damping ratio. For the second-order and third-order damping ratios, the damping effect of
three notches is the worst, followed by two notches, and the damping effect of one notch is
relatively the best.
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Figure 18 shows the variation of the first three natural frequencies and damping ratios
with the VEM layer loss factor η, with the number of cuts set to be zero, one, two, and
three, respectively, when Hb = Hc = 0.012 and Hv = 0.2. It can be seen that the first three
natural frequencies and damping ratios increase with the increase of η. While the natural
frequencies and the damping ratios decrease with the increase of the cuts number, and the
effect is obvious to the first and the third natural frequencies and damping ratio while the
cut number is one and three, while the cut number is two, the vibration suppression is
obvious to the second natural frequency and damping ratio.
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Figures 19 and 20 discuss the active control of the first natural frequency and damping
ratio by the proportional control gain Kp of the PD control law with angular velocity in a
closed-loop case when n = 1 and Xk = 0.7. It can be seen that the first natural frequency of
the rotating SACLD beam decreases, and the first damping ratio increases as Kp increases,
which leads to the conclusion that the vibration-suppression effect of the rotating SACLD
beam is better with Kp.
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4. Conclusions

In this paper, based on the floating frame-of-reference method and finite element
method, the dynamics of the hub–beam with a segmented active constrained layer damping
treatment was modeled by disregarding the gap of the cutout and placing the cutout at
the node between the elements. The discontinuity was set at the cutout location during
finite element assembly. The dynamic response analysis of the SACLD beam shows that
the segmental treatment of the ACLD beam had a better vibration-suppression effect when
suitable material and dimensional parameters were used for it. The effects of control
parameters, viscoelastic material layer thickness, central hub radius, and beam width on
the dynamic response of the SACLD beam are discussed. Meanwhile, a modal vibration
analysis of the SACLD beam was performed. It was found that the SACLD beam had
better vibration suppression when compared with the ACLD beam when a smaller base
beam thickness and piezoelectric constraining layer thickness were used. The vibration
suppression of the SACLD beam could be improved by appropriately increasing the loss
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factor of the viscoelastic damping layer and adopting appropriate control parameters. The
research in this paper provided a new dynamical model for active and hybrid vibration
control of flexible beam structures during large overall rotational motion.
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3 −

3
∑

i=1
mi(R + xe + x)Sq+

3
∑

i=1
miNT

4 N4qeBe

]
dx

+2
.
θ
∫ Le

0

[
m1NT

1 N4
.
qeBe −m1NT

4 N1
.
qeBe + m2NT

2 N4
.
qeBe −m2NT

4 N2
.
qeBe

+m3NT
3 N4

.
qeBe −m3NT

4 N3
.
qeBe −

3
∑

i=1
miSq·N4

.
qeBe +

3
∑

i=1
miNT

4 ·qTS
.
q
]

dx

+
∫ Le

0

[
−

3
∑

i=1
miSq· .qTS

.
q + m1NT

1 ·
.
qTS

.
q + m2NT

2 ·
.
qTS

.
q + m3NT

3 ·
.
qTS

.
q
]

dx

−
3
∑

i=1
Ei Ii
∫ Le

0 N4
′′ TN4

′′qeBedx− E1 A1
∫ Le

0 N1
′TN1

′qeBedx

−E2 A2
∫ Le

0 N2
′TN2

′qeBedx− E3 A3
∫ Le

0 N3
′TN3

′qeBedx− G∗A2
∫ Le

0 N6
TN6qeBedx

(A6)

Appendix B. The Matrices in Equation (33)

M̃22
(e) =

∫ Le
0

[
m1BT

e N1
TN1Be + m2BT

e N2
TN2Be + m3BT

e N3
TN3Be

+
3
∑

i=1
miBT

e N4
TN4Be

]
dx

(A7)

G̃22
(e) = −Kd

(
Qp f + Qpm

)
− 2Ω·

∫ Le
0

(
m1NT

1 N4−m1NT
4 N1 + m2NT

2 N4 −m2NT
4 N2

+m3NT
3 N4−m3NT

4 N3
)
dx

(A8)

K̃
(e)
22 = −Kp

(
Qp f + Qpm

)
−Ω2∫ Le

0

[
m1BT

e NT
1 N1Be + m2BT

e NT
2 N2Be

+m3BT
e NT

3 N3Be +
3
∑

i=1
miBT

e NT
4 N4Be −

3
∑

i=1
mi(R + xe + x)S

]
dx

+
3
∑

i=1
Ei Ii
∫ Le

0 BT
e N4

′′ TN4
′′Bedx

+E1 A1
∫ Le

0 BT
e N1

′TN1
′Bedx + E2 A2

∫ Le
0 BT

e N2
′TN2

′Bedx

+E3 A3
∫ Le

0 BT
e N3

′TN3
′Bedx + G∗A2

∫ Le
0 BT

e N6
TN6Bedx

(A9)
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