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Abstract: This paper briefly reviews recent work on gaseous plume impingement flows. As the
major part of this paper, also included are new comprehensive studies on high-speed, collisionless,
gaseous, circular jet impinging on a three-dimensional, inclined, diffuse or specular flat plate.
Gaskinetic theories are adopted to study the problems, and several crucial geometry-location
and velocity-direction relations are used. The final complete results include impingement surface
properties such as pressure, shear stress, and heat flux. From these surface properties, averaged
coefficients of pressure, friction, heat flux, moment over the entire flat plate, and the distance
from the moment center to the flat plate center are obtained. The final results include accurate
integrations involving the geometry and specific speed ratios, inclination angle, and the temperature
ratio. Several numerical simulations with the direct simulation Monte Carlo method validate these
analytical results, and the results are essentially identical. The gaskinetic method and processes are
heuristic and can be used to investigate other external high Knudsen (Kn) number impingement flow
problems, including the flow field and surface properties for a high Knudsen number jet from an exit
and flat plate of arbitrary shapes. The results are expected to find many engineering applications,
especially in aerospace and space engineering.

Keywords: plume flows; plume impingement; surface properties; gaskinetic method;
DSMC simulations

1. Introduction

Gaseous jet impingement on a plate is a fundamental fluid dynamic problem with many reports
and applications in the literature, for example [1–6], just to name a few. As the counterpart to the
continuum flow situation, highly rarefied jet and jet impingement flows provide the other bounding
limits and insights to many problems by solely including molecular movements. In many applications
involving high Knudsen (Kn) numbers or high speed velocities, the contributions from particle–particle
collisions are insignificant. The Kn number is usually defined as Kn = λ/L, where λ is the molecule
mean free path and L is a characteristic length. Several examples include atomic/molecular beams [7,8],
materials processing inside vacuum chambers [9], rocket plume effects on spacecraft solar panels [10],
and lunar landing vehicles and missions [11–16]. In fact, if the exit speed is high relative to the mean
thermal speed, molecules leaving the nozzle exit quickly, barely having time for collisions. As such,
high-speed, non-dilute, gaseous, plume flows are quite similar to high Kn number flows.

Compressible flows usually can be divided into four regimes according to the Kn number:
continuum, velocity slip and temperature jump, transitional, and free molecular or collisionless
(Kn > 10). For jet/plume impingement on a plate, there are many studies concentrating on flows in
the continuum and near continuum regimes, for example [17,18]. For the transitional flow regime,
past investigations relied on particle simulations, such as the direct simulation Monte Carlo (DSMC)
method [19].
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This paper does not intend to work on the gaseous jet/plume impingement flows in the first
three flow regimes. Instead, this paper concentrates on highly dilute plume impingement flows in the
collisionless, or free molecular, flow regime. This paper presents recent and new analysis methods to
analyze dilute plume impingement flows, with several sets of analytical solutions for the flow field
and surface properties. With these analytical solutions, it is feasible to perform perturbations for less
rarefied impingement flows in the future.

For collisionless jet or impingement flows from a nozzle exit, most other researchers relied on
numerical and experimental studies on the flow field and surface properties, for example [20–22].
By comparison, this paper presents new analytical investigation methods leading to exact expressions.

The paper is organized as follows: Section 2 briefly reviews past results on collisionless gaseous jet
expanding into a vacuum, and their solutions serve as the foundations to investigate the impingement
flow problem; Section 3 presents approaches to analyze plume impingement flows, and the exact
results for surface properties for collisionless jet impingement on an inclined, planar, diffuse or
specular reflective plate; Section 4 presents similar methods, and solutions to the corresponding jet
impingement on an inclined, rectangular, flat, diffuse or specular reflective plate surface, from a round
exit. Because the final expressions are quite complex, several particle simulation results are included
for validations. The last section summarizes this paper with several conclusions.

2. Background and Gaskinetic Methods to Investigate Plume and Impingement Flows

Dilute gas jet/plume impingement flows rely on the solutions to the problems of a free plume
expanding from a nozzle. Another paper [23] will offer reviews and present recent work on free plumes
in a vacuum condition. Here, only a few of examples for plume flows are listed. For high-speed,
gaseous, collisionless flows out of an exit, many past studies adopted simplifications. For example,
Noller [24] proposed a solid angle treatment to implicitly consider the nozzle exit geometry, and he
obtained the plume density field expressed with integrations over solid angles that are subtended
by a flow field point and many small surface elements; the cosine law/Simons model [25] treats a
rocket plume as from a point source; Narasimha’s early investigations [26] indicated that the plume
solution is rather complicated with many cosine functions. Another rocket plume treatment, which is
also based on collisionless flows, was suggested by Woronowicz [27]. His treatment splits the exit into
many small segments; as such, the density and pressure distributions in the flow field can be computed
numerically. Furthermore, he proposed the concept of starting surfaces alleviating the difficulty of
this problem. Because the plume and plume impingement flows are so important, many communities
have been investigating them for many decades. For example, the bi-annual international rarefied
gas-dynamics symposiums usually collect papers on gaseous jet impingement [22,28,29] and molecular
beams, and the NASA Johnson center developed the versatile DSMC Analysis Code (DAC) package to
simulate plume impingement [30,31] on spacecraft surfaces. Kannenberg and Boyd [32] used the cosine
law/Simons model [25] and particle simulation method to compute the density of a plume impinging
on a flat plate. Vashchenov et al. [33] and his colleagues performed particle simulations of plume flows
from a nozzle. Morris [34] provided a good survey on plume impingement in a space environment.

This paper presents recent work on collisionless plume impingement on an inclined plate with
a diffuse or specular surface. A diffuse reflection means that when a particle collides on a surface,
it bounces in reverse and uniformly inside the solid angle in a local plane. For a specular reflection case,
the reflected particles’ normal velocities are reversed, while the tangent moment maintains unchanged.
Recently, detailed solutions for collisionless two-dimensional and circular plume flows were developed
and reported followed by progress on the corresponding plume impingement problems [35–39].
These plume solutions only consider collisionless flow situations, such as those cold gas flows
firing from an electric propulsion device. The collision effects are completely neglected; and for the
impingement problem, only surface properties and diffuse reflections are considered. Following the
same vein, Chen [40] calculated the collisionless impingement force on a spacecraft solar panel.
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For a dilute equilibrium gas flow with a zero average macroscopic velocity, the velocity
distribution function (VDF) is described by a full Maxwellian distribution [19,41], with a number
density n0, and a temperature T0, or β0 = 1/(2RT0), where R is the gas constant for a specific gas.
It shall be emphasized that β0 is related with the most probable molecular thermal speed, not a
temperature. For a flow with a nonzero average value of U0 along the flow or the X direction but zero
values along the Y and Z directions, the integration domain maintains the same shape but shifts left
along the u-axis by U0 [37,38]. For an impingement flow, the reflective plate effect can be represented
with other velocity distributions.

If there are several known VDFs, fi(u, v, w), within multiple integration domains, Ωi, for a specific
flow field point, the local macroscopic average bulk number density, velocities, temperature and
pressure can be evaluated using those VDFs [37,38]. For the problem of a free jet expanding into a
vacuum, there is only one VDF within an integration domain; however, for the problems of free jets
impinging on a plate, there are two separated VDFs with two separated integration domains. One of
its corresponding integration domains represent the contributions from the free jet, and the other VDF
and its integration domain represent the contribution from the reflective plate.

3. Gaseous Jet Impingement on a 2D Inclined Planar Plate

In the past few years, a new gaskinetic approach with a fundamental velocity-location relation
was revealed. With that approach, it is possible to obtain exact solutions to several collisionless flow
problems [35–38]. Figure 1 illustrates the problem of collisionless jet impingement on an inclined,
diffuse, flat, planar plate; the nozzle exit has a width of 2H, the center-to-center distance from the
nozzle exit to the plate is L, the plate semi-width is W, and the plate inclination angle is α0. The jet
bulk properties at the nozzle exit are characterized by a number density n0, a temperature T0, and
a bulk velocity U0. The solutions to this problem may find many engineering applications because
most surface plates can be represented well by diffuse reflections, and the plate surface may have
an inclination angle. Figure 2 shows the corresponding two velocity-phase domains for the problem
of free jet impingement on a diffuse reflective plate. The key relation of velocity-direction and
geometry-position is, from a specific point, (0, y) at the exit with a semi-height of H, and only particles
with specific velocity components can arrive at a specific point P(X, Y) in front of the exit. For the
two-dimensional situation, this mapping relation for the free jet problem is:

tan θ =
Y− y

X
=

v
u + U0

,−H < y < H; tan θ1 =
Y− H

X
, tan θ2 =

Y + H
X

. (1)

Figure 1. Free jet impingement on an inclined planar diffuse reflective plate, 6 POX = θ0, 6 PBF = θ1,
6 PAG = θ2, 6 PEH = θ3 = α0 + β2, and 6 ICP = θ4 = α0 + π − β1.
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Figure 2. Velocity spaces for jet impinging on a planar, flat, diffuse reflective plate. Left: 6 HFu = θ1,
6 GFu = θ2; Right: 6 uoI = θ3 = α0 + β2, 6 Jou = θ4 = α0 + π − β1. Integration Ω1 is for the free jet,
and Ω2 is for the reflected particles.

The solutions to the problem of highly dilute jet impingement on an inclined, flat, diffusive plate
are based on the free jet flow problem. At any point in front of the nozzle, the velocity phase consists
of two groups of particles, one group of particles are from the nozzle and the other are from the flat,
inclined, and diffuse plate. The lines in Figure 2, FG, FH, JO, OI are parallel to lines AP, BP, PC,
and PE in Figure 1.

The formulas for surface coefficients of pressure, shear stress, and heat fluxes over a diffuse plate,
i.e., Cp,d(s), C f ,d(s), and Cq,d(s), are derived with the gaskinetic theory. With very lengthy derivations,
the following expressions are obtained:

Cp,d(s) =
1

n0U2
0 /2 ∑

i=1,2

∫
Ωi

c2
n,i fi(u, v, w)dudvdw =

2e−S2
0

πS2
0

∫ θ2

θ1

A1 sin2(α0 − θ)dθ +
1

2S2
0

Tw

T0

nw(s)
n0

(2)

C f ,d(s) =
1

n0U2
0 /2 ∑

i=1,2

∫
Ωi

cn,icτ,i fi(u, v, w)dudvdw =
e−S2

0

πS2
0

∫ θ2

θ1

A1 sin(2α0 − 2θ)dθ (3)

Cq,d(s) = 1
n0U3

0 /2 ∑
i=1,2

∫
Ωi

1
2 cn,i(c2

n,i + c2
τ,i + w2) fi(u, v, w)dudvdw

= e−S2
0

2πS3
0

∫ θ2
θ1

(√
π

2 [2 + 7a2 + 2a4]ea2
[1 + erf(a)] + 3a + a3

)
sin(α0 − θ)dθ − nw

n0
ε3/2
√

πS3
0
,

(4)

where Ω1 and Ω2 are the integration domains (shown in Figure 2) for the jet and impinged flows,
correspondingly; f1 and f2 are the corresponding Maxwellian velocity distribution functions; cn,i and
cτ,i are the instantaneous velocity components along the directions normal and parallel to the flat plate
surface, for the two groups of particles, correspondingly; s is the distance from the plate center to
a point on the plate; ε = Tw/T0; a = S0 cos θ; S0 = U0/

√
2RT0; nw(s) is the number density for the

Maxwellian distribution function representing the plate surface, and its value is determined by the
non-penetration boundary conditions at the plate surface [35,37]. The dynamic pressure at the nozzle
exit is used to normalize the surface pressure and friction coefficients, Cp,d(s) and C f ,d(s). Along the
plate surface, pressure and heat flux are computed along the direction perpendicular to the plate
surface, while shear stress is computed along the direction parallel to the flat plate surface.

To compute the flow field properties at point P(X, Y), contributions from the plate must
be included. Different from the specular reflective plate scenario to be discussed in the next
section, all diffuse plate points contribute to the flow field properties. A similar mapping relation
between geometry-location and velocity-directions is introduced to handle the contributions from the
plate surface:
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u
v
= tan θ =

Y− s sin α0

X− (L + s cos α0)
, (5)

where 0 < θ(s) < 2π, and θ is the slope of a line connecting point P(X, Y) and a specific point at the
plate with a distance of s from the plate center. It can be demonstrated that the follow relation holds:

dθ =
Y cos α0 − (X− L) sin α0

(Y− s sin α0)2 + (X− L− s cos α0)2 ds. (6)

It was demonstrated that the flow field properties can be integrated out with the above relation [39].
A specular plate is the other limiting case for molecule reflections, corresponding to the diffuse

reflection scenario. These two limiting cases bound all practical plate reflections, which are a mixture
of specular and diffuse reflections. For specular reflections, the crucial requirement is to satisfy the zero
number flux along the normal direction of the wall, while the tangent direction velocity component
is unchanged. Figure 3 illustrates the specular reflective plate problem and an approach to solve it.
A “virtual” nozzle is mirrored and placed at the other side of the plate, i.e., points F and A, E and B,
are symmetric to each other about the specular reflective plate. The virtual jet from the virtual nozzle
FE has the same number density, velocity magnitudes, and temperature as the true nozzle exit, but the
directions for the exit velocity components from the true and virtual nozzle must be symmetric about
the flat plate. This virtual exit contributes to the flow field properties. Figure 4 shows the velocity
phases for a general point P(X, Y) between the real nozzle and the plate. As illustrated, there are
two integration domains: the solid wedge shape is for the free jet and the other for the virtual nozzle.
The latter domain has the same format of a general zero-centered Maxwellian VDF, characterized by
the same n0 and T0. By following this approach, it is convenient to illustrate that the particles’ thermal
velocity components are related to the actual and virtual nozzles. Molecules from the true nozzle
are confined inside the triangle with a vertex (−U0, 0), and those reflected particles, from the virtual
nozzle, are confined within another triangular domain with a vertex (−U0 cos(2α0),−2U0 sin(2α0)).
The mirrored points F and E can be conveniently computed with vectors and the final coordinates can
be represented with two complex numbers:

Ex + iEy = L(1 + e(2α0+π)i) + He(2α0−π/2)i, Fx + iFy = L(1 + e(2α0+π)i) + He(2α0+π/2)i, (7)

where the real and imaginary parts are for the x- and y-coordinates, correspondingly. A bounding
edge of the integration region for the virtual nozzle has a slope of θ5 = atan((PFy)/(PFx)), i.e., the
inclination angle of line PF in Figure 3. This angle corresponds to 6 QMP in Figure 4. The other
integration domain edge is θ6 = atan((PEy)/(PEx)), i.e., the inclination angle of line PE in Figure 3,
and it corresponds to angle 6 NMP in Figure 4. In this paper, the atan() function has a value range of
(−π, π), which is slightly different from the traditional domain for function atan() with a range of
(−π/2, π/2). With this treatment, it is shown possible to obtain the exact flow field properties for the
planar impingement flow problem [39].

The pressure coefficient on the specular reflective plate surface can be computed conveniently
by doubling the free jet local pressure component along the surface normal direction, due to the
symmetry relation:

Cp,s(s) =
4e−S2

0

πS2
0

∫ θ2

θ1

A1 sin2(α0 − θ)dθ. (8)

Shear stress and heat flux on the specular plate are zero due to the symmetry condition.
The expressions for flow field properties are quite complex [39] and not included to keep this paper

concise. The surface properties are the most important ones for plume impingement flows involving
several complex integral terms and need numerical evaluations with a computer. Several DSMC
(Direct Simulation Monte Carlo) simulations are performed to validate the flow field and surface



Aerospace 2016, 3, 43 6 of 17

properties, and the details of the simulation are available from the literature [39]. A specific DSMC
simulation, GRASP (General Rarefied gAs Simulation Package) [42], is adopted for the simulations.

Figure 3. Free jet impingement on an inclined specular planar reflective plate. 6 PBI = θ1, 6 PAJ = θ2,
6 PoX = θ0, 6 PFK = θ5, 6 PEL = θ6.

Figure 4. Velocity space for jet impinging on a specular planar reflective plate. 6 TRu = θ1, 6 SRu = θ2,
6 QMP = θ5, 6 NMP = θ6. Integration domain, Ω1 is for the free jet, and Ω2 is for the reflected particles.

Figures 5 and 6 are the temperature contours for a planar jet impinging on a diffuse or specular
reflective plate surface. The results are normalized by the corresponding values at the nozzle exit.
The contours for specular reflections are symmetric about the plate surface. Because the temperature
expressions heavily involve the density and velocity results, the almost identical agreement between
the numerical and analytical temperature contours indicating the expressions for flow field density,
velocity components, and temperatures are accurate, for a diffuse or a specular reflective surface.

Figures 7 and 8 are the plate surface pressure coefficient distributions. With different parameter
combinations of the exit speed ratio, S0, and the plate inclination angle, α0, the plate surface pressure
profiles show different skewness. Each figure only includes a set of DSMC simulation results for
clearer illustrations. As demonstrated, the simulation and analytical results are essentially identical.
Also illustrated are the facts that the pressure distributions may not be solely determined by the exit
speed ratio, S0, a smaller exit speed ratio with a larger plate inclination angle can also result in higher
pressure distributions. The pressure profiles can be skewed with a smaller inclination angle α0.

Figure 9 shows diffuse plate surface friction coefficients. It demonstrates that plates with a smaller
inclination angle can create large friction coefficients. For the parameter combinations of S0 = 2.0 and
α0 = 60◦, there is a zero point in the profile, indicating that a flow separation may happen at that spot.
Figure 10 shows the diffuse plate surface heat flux. The larger the S0 is, the larger the heat flux is. It is
also shown that the surface coefficient profiles have perfect agreement between the analytical and
numerical simulation results.
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Figure 5. Temperature contours for free jet impingement on an inclined, planar, flat, diffuse reflective
plate. Solid: analytical; dashed: DSMC (Direct Simulation Monte Carlo).
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Figure 6. Temperature contours for free jet impingement on an inclined, flat, planar, specular reflective
plate. Solid: analytical; dashed: DSMC.
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Figure 7. Diffuse planar plate, surface Cp,d(s), Tw/T0 = 1.5. Lines: analytical; symbols: DSMC.
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Figure 8. Specular planar plate, surface Cp,s(s). Lines: analytical; symbols: DSMC.
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Figure 9. Diffuse planar plate: surface C f ,d(s), Tw/T0 = 1.5. Lines: analytical; symbols: DSMC.
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Figure 10. Diffuse planar plate: surface Cq,d(s), Tw/T0 = 1.5. Lines: analytical; symbols: DSMC.

This recent work [39] on a planar jet impinging on an inclined plate is quite general, and past
work [35,37] includes simple scenarios.
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4. 3D Diffuse and Specular Reflective Plate Surface Properties

For real engineering applications, the following new work on three-dimensional impingement
flows is important, more practical, and more challenging. The scenario of the gas jet from a round
nozzle exit on a rectangular flat plate is used to illustrate the new work on collisionless jet impingement
flow; however, the method is general and applicable to an exit or a flat plate of arbitrary shapes.
The nozzle exit is assumed to have a radius of R0. The exit center is the coordinate origin. The flat
plate inclination angle is α0, and the center-to-center distance from the nozzle to the flat plate is L.
The plate semi-width (horizontal direction) is W0, the semi-length along the inclined direction is H0.
The gas at the nozzle exit plane is assumed to have a bulk number density of n0, an average velocity
U0, and a temperature T0. The plate temperature is assumed to be Tw.

Figure 11 illustrates the situation for a free jet impinging on a diffuse reflective plate. The flow
field properties at point P(X, Y, Z) have contributions from the free jet and the surface. For the flat
plate surface properties, it is assumed that the coordinates for a point on the plate are (X, Y, Z), which
can also be represented by two local coordinates of (s, τ), along the plate surface: −W0 < s < W0,
and −H0 < τ < H0. Figure 12 shows the corresponding velocity domain, and the left side is for the
free jet, and it has an oblique cone shape starting from (−U0, 0, 0) and extends to infinity on the right.
The right side velocity phase is for the contribution from the diffuse plate surface to the flow field point
P(X, Y, Z). It has a pyramid shape with a vertex point (0, 0, 0) and extends to infinity. However, due to
the inclination angle, it is possible to have −∞ < u < +∞, or −∞ < v < +∞, or −∞ < w < +∞.
This situation is different from the normally set plate situation [37]. There are several parallel relations
between Figures 11 and 12; e.g., PG ‖ OG, PJ ‖ OJ, FP ‖ OF, and PI ‖ OI.

Figure 11. Illustration of the problem of a round jet impinging on a diffuse reflective plate.

Figure 12. Velocity phases for the problem of a round jet impinging on a diffuse reflective plate.
Left: for the free jet; Right for the reflected particles.
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Figures 13 and 14 show the corresponding specular reflective, flat plate situation. The effect
from the plate is equivalently treated by placing a virtual nozzle on the right side of the flat plate.
The virtual nozzle is mirrored from the real nozzle, about the plate surface. With this virtual nozzle,
particles from the real nozzle can be considered absorbed when they collide at the specular plate
surface. Those reflected particles are considered as new particles emitted from the virtual nozzle;
hence, the specular plate effects can be considered when computing the flow field properties on the
left side, and the plate is neglected. To satisfy the zero number flux or non-penetration condition at
the specular plate surface, the virtual nozzle has a position of (L− L cos 2α0, 0,−L sin 2α0), and the
velocity components are (−U0 cos 2α0, 0,−U0 sin 2α0), with the same magnitudes as the jet from the
true nozzle. As such, two oblique cones are included in Figure 14. The solid oblique cone in Figure 14
represents the contribution from the true nozzle, while the dashed oblique cone represents the virtual
nozzle. Even though both oblique cones are bounded and extending to infinity, only the solid cone
has a lower bound for the u− component (i.e., −U0 < u < +∞). This relationship simplifies the
later integrations. Due to the inclination angle and the rotation relations, such a bounding relation
cannot be asserted for any velocity components from the virtual nozzle. There are also several parallel
relationships between Figures 13 and 14: for example, PO ‖ AC, GF ‖ J I ‖ CE.

Figure 13. Illustration of the problem of a round jet impinging on a specular reflective plate. Dashed
lines: virtual nozzle.

Figure 14. Velocity phases for the specular reflective plate impingement problem. Solid cone: for the
free jet; dashed red cone: reflected particles.
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Based on the gaskinetic theory, the following new solutions to the surface coefficients are obtained.
For a diffuse plate, the surface pressure coefficient at point P(X, Y, Z) in the global coordinate system,
or P(s, τ) in the local coordinate system, can be derived as:

Cp,d(s, τ) = 1
n0U2

0 /2 ∑
i=1,2

∫
Ωi

c2
n,i fi(u, v, w)dudvdw

= 2
S2

0

e−S2
0

π3/2X2

∫ R0
0 rdr

∫ 2π
0

A2
Q5 [sin α0 − B1 cos α0]

2 dθ + ε
2S2

0

nw(s,τ)
n0

,
(9)

where Q2 =
X2 + Y2 + Z2 + r2 − 2rY cos θ − 2Zr sin θ

X2 , (10)

where “d” represents a diffuse flat plate, cn,i is the instantaneous velocity components (for the two
groups of particles, correspondingly), which are normal to the plate surface, A2 is listed in the appendix,
and B1 = (Z− r sin θ)/X.

For a diffuse flat surface, there are two surface friction forces and both depend on α0. The friction
coefficient for the force parallel to line FG in Figure 11 is:

C f 1,d(s, τ) = 1
n0U2

0 /2 ∑
i=1,2

∫
Ωi

cn,icτ,i fi(u, v, w)dudvdw

= 2
S2

0

e−S2
0

π3/2X2

∫ R0
0

A2
Q5 rdr

∫ 2π
0

[
1−B2

1
2 sin 2α0 − B1 cos 2α0

]
dθ,

(11)

where cτ,i is the instantaneous velocity components (for two groups of particles correspondingly) that
are parallel to the plate surface.

The other friction force is along the v− or Y−direction, parallel to line FI in Figure 11, and R0 is
the exit radius. The corresponding coefficient is:

C f 2,d(s, τ) = 1
n0U2

0 /2 ∑
i=1,2

∫
Ωi

cn,iv fi(u, v, w)dudvdw

= 2
S2

0

e−S2
0

π3/2X2

∫ R0
0

A2B2
Q5 rdr

∫ 2π
0

(
sin α0 − B1 cos α0

)
dθ,

(12)

where B2 = (Y− r cos θ)/X. By definition, the heat flux is along the plate normal direction, and the
coefficient reads:

Cq,d(s, τ) = 1
n0U3

0 /2 ∑
i=1,2

∫
Ωi

1
2 cn,i(c2

n,i + c2
τ,i + w2) fi(u, v, w)dudvdw

= 1√
πS3

0

(
e−S2

0

πX2

∫ R0
0

A3
Q4 (sin α0 − B1 cos α0)rdr

∫ 2π
0 dθ −

√
ε3 nw(s,τ)

n0

)
,

(13)

where a = S0/Q, and A3 is listed in the appendix. The expressions for a diffuse plate surface are
complex and the surface temperature can affect these coefficients.

For a specular surface, the shear stress and heat flux are zero due to the symmetry, and the surface
pressure coefficient is simply two times the contribution from the free jet to the surface:

Cp,s(s, τ) =
4
S2

0

e−S2
0

π3/2X2

∫ R0

0
rdr

∫ 2π

0

A2

Q5 [sin α0 − B1 cos α0]
2 dθ. (14)

The plate temperature does not have any effects on the plate surface pressure coefficient.
Most of the above analytical solutions and expressions involve complex integrations that need

numerical evaluations with a computer. Due to their complex expressions, several DSMC numerical
simulations for validations are performed. The simulation package is GRASP [42]. In these simulations,
the nozzle exit diameter is set as 1.0 m, the center-to-center distance from the exit to the plate, L,
is chosen as four times the nozzle diameter. Both the plate semi-length W0 and the semi-height H0 are
set as the same length of L. The gas from the exit is Argon, the bulk temperature is T0 = 200 K, and the
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characteristic speed ratio is S0 = 2.0. The flat plate surface temperature is Tw = 300 K, and the plate
inclination angle is α0 = 60◦.

Figures 15 and 16 show the pressure contours in the vertical plane, Y = 0, passing through the
nozzle exit. As shown, there are gas accumulations in the impingement center region. In general, the
numerical and analytical solutions are essentially identical. Due to the same reason that the pressure
results strongly depend on the number density and velocity components, the good agreement of
pressure contours indicates that the flow field density and velocity component results are also correct.
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Figure 15. Pressure contours for free jet impingement on an inclined diffuse rectangular reflective plate,
from a round exit, in the middle vertical plane. Results normalized by the static pressure at the nozzle
exit. Dashed: analytical; solid: DSMC.
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Figure 16. Pressure contours for free jet impingement on an inclined specular rectangular reflective
plate, from a round exit, in the middle vertical plane. Results normalized by the static pressure at the
nozzle exit. Dashed: analytical; solid: DSMC.

Figures 17 and 18 show the surface pressure coefficients. In these two figures, local coordinates
along the horizontal and the inclined directions are adopted. The symmetric patterns from the left to
the right are evident, and for these parameter combinations, the specular reflective plate scenario has
a slightly higher value at the impingement center. Figures 19 and 20 are the shear stress coefficients
along the inclination and horizontal directions for a diffuse reflective plate. The sign on the skin
friction coefficient indicates the flow direction. Figure 19 indicates, at the upper plate surface, gas
flows upwards with positive friction coefficients, and at the lower plate surface, gas flows downwards
with negative friction coefficients. There are stagnation lines with zero shear stress. Figure 21 shows
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the heat flux distributions at a diffuse reflective plate. At a specific point beneath the plate center, the
heat flux reaches the highest value.
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Figure 17. Diffuse plate, pressure contours, Cp,d(s, τ), S0 = 2.0, Tw/T0 = 1.5, α0 = 60◦. Plate lengths
are normalized by the nozzle diameter. Solid: analytical; dashed: DSMC.
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Figure 18. Specular plate, pressure contours, Cp,s(s, τ), S0 = 2.0, α0 = 60◦, Tw/T0 = 1.5. Plate lengths
are normalized by the nozzle diameter. Solid: analytical; dashed: DSMC.
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Figure 19. Diffuse plate, friction coefficient, C f1,d(s, τ), S0 = 2.0, Tw/T0 = 1.5, α0 = 60◦. Plate lengths
are normalized by the nozzle diameter. Solid: analytical; dashed: DSMC.
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Figure 20. Diffuse plate, friction coefficient, C f2,d(s, τ), S0 = 2.0, Tw/T0 = 1.5, α0 = 60◦. Plate lengths
are normalized by the nozzle diameter. Solid: analytical; dashed: DSMC.
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Figure 21. Diffuse plate, heat flux, Cq,d(s, τ), S0 = 2.0, Tw/T0 = 1.5, α0 = 60◦. Plate lengths are
normalized by the nozzle diameter. Solid: analytical; dashed: DSMC.

5. Averaged Surface Properties for Gaseous Plume Impinging Flows

The considerations of an inclined plate angle are important with many practical and important
applications. The validations of flow field and surface properties offer solid foundations to compute
the global or average loads on the whole flat plate. These properties include force, moment, torque,
heat flux, and the center-to-center distance from the moment to the plate. These averaged properties
are named CP, CF1, CF2, CQ, CM, and scc. Let us take the 3D impingement flow results as an example.
Because the plate setup is symmetric, the total shear stress along the horizontal direction (y-axis) is
zero. However, as shown in this paper, the object surface and the nozzle can have arbitrary geometric
shapes. Hence, in general, the shear stress coefficient, CF2, can also be computed with the expressions
obtained in this study. These five properties are defined as follows:

CP = 1
S
∫

p Cp,d(s, τ)dsdτ, CF1 = 1
S
∫

p C f ,τ(s, τ)dsdτ, CF2 = 1
S
∫

p C f ,τ(s, τ)dsdτ,

CQ = 1
S
∫

p Cq,d(s, τ)dsdτ, CM = 1
2H0S

∫
p τCp(s, τ)dsdτ, scc =

CM
CP

.
(15)

where subscript “p” means the integration domain over the whole flat plate surface, and "S" represents
the plate area.
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6. Conclusions

The paper includes two parts. The first part reviews recent progress on planar jet impingement on
an inclined plate [39], which is the general situation for past work [35,37]. The second part reports new
work on dilute plume from a round exit and impingement on a flat plate, and it is general to cover the
work in two past papers [36,38].

Several relationships between geometry-locations and velocity-directions are used to solve for the
flow field and surface solutions. A virtual nozzle is adopted to investigate the specular reflective plate
scenarios. Important surface properties, such as coefficients of pressure, shear stress and heat flux are
obtained. By including the inclination angle, the expressions are rather complicated but more general
and widely applicable. Several DSMC simulations are performed to validate these new analytical and
comprehensive solutions over the plate surface. Essentially identical agreements are observed.

It shall be emphasized that these formulas includes trigonometric, exponential, and error
functions. The exact formulas include: (1) near field detailed free jet and impingement flow field
properties, including velocity components, density, temperature and pressure; (2) detailed surface
properties, including surface slip velocity, pressure, friction, and heat fluxes; (3) effects of plate
reflection types, i.e., diffuse or specular; (4) different ratios that have appreciable effects for the diffuse
reflective surfaces; and (5) the averaged or total properties, such as the moment coefficients and the
center-to-center distances.

These solutions are the counterpart solutions to the continuum jet impingement flow scenario, and
they offer new insights. With a quick glance, it is convenient to tell the roles that a physical factor plays
in the surface properties (e.g, in Equations (9),(11)–(14), and the inclination angle effects are represented
by sin α0, cos α0, sin 2α0 and cos 2α0); by comparison, numerical simulations can offer results with
physical factors buried inside numbers. The speed to evaluate these formulas is considerably faster
than simulations. For example, for the 3D impingement flows in Section 4, it only took a few seconds
to evaluate the flat plate surface properties, but it took days to perform DSMC simulations.

The new method of treating a specular plate with a virtual nozzle is crucial to solving the flow
field properties. In general, the approaches in this work can be extended to analyze collisionless
free jet impingement flow from exits with arbitrary shapes onto flat plates of arbitrary shapes.
It is also possible to adopt other VDFs (not Maxwellian) for the gas at the nozzle exits and diffuse
reflective surface.
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Appendix A. Several Important Integrals

A0 =

√
π

4
[1 + erf(a)]ea2

(1 + 2a2) +
a
2

,

A1 =

√
π

4
[1 + erf(a)]ea2

(3a + 2a3) +
1
2
+

a2

2
,

A2 =

√
π

4
[1 + erf(a)]ea2

(
3
2
+ 6a2 + 2a4) +

5
4

a +
1
2

a3,

A3 =

√
π

4
[1 + erf(a)] ea2

[2a5 + 10a3 +
15
2

a] +
a4

2
+

9
4

a2 + 1.
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