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Abstract: Recently, innovative aircraft designs were proposed to improve aerodynamic performance.
Examples include high aspect ratio wings to reduce the aerodynamic induced drag to achieve
lower fuel consumption. Such solution when combined with a lightweight structure may lead to
aeroelastic instabilities such as flutter at lower air speeds compared to more conventional wing
designs. Therefore, in order to ensure safe flight operation, it is important to study the aeroelastic
behavior of the wing throughout the flight envelope. This can be achieved by either experimental
or computational work. Experimental wind tunnel and scaled flight test models need to exhibit
similar aeroelastic behavior to the full scale air vehicle. In this paper, three different aeroelastic
scaling strategies are formulated and applied to a flexible high aspect-ratio wing. These scaling
strategies are first evaluated in terms of their ability to generate reduced models with the intended
representations of the aerodynamic, structural and inertial characteristics. Next, they are assessed in
terms of their potential in representing the unsteady non-linear aeroelastic behavior in three different
flight conditions. The scaled models engineered by exactly scaling down the internal structure
suitably represent the intended aeroelastic behavior and allow the performance assessment for the
entire flight envelope. However, since both the flight and wind tunnel models are constrained by
physical and budgetary limitations, custom built structural models are more likely to be selected.
However, the latter ones are less promising to study the entire flight envelope.

Keywords: aeroelastic scaling; nonlinear aeroelasticity; high aspect-ratio wings; fluid-structure interaction

1. Introduction

One of the design solutions for improving the aerodynamic performance of commercial jetliners
is to increase the aspect-ratio of the wing such that a reduction in the induced drag is obtained.
Aspect-ratio increase is usually achieved by a compromise in chord reduction and span increase
that enables aerodynamic advantages at typical operating conditions, namely in cruise and high g’s
maneuvers, without a severe increase of the structural weight. This design solution has however
an impact on the wing’s structure which is now more prone to higher deflections and root bending
moments with the increase of wing span, which may result in geometric nonlinearities [1–9]. Hazardous
aeroelastic phenomena such as flutter may arise from this higher flexibility in the flight envelope.
Hence, the importance of studying aircraft aeroelastic behavior computationally and devising sub-scale
models that are representative of the aeroelastic behavior of full size wing designs to enable the study
of these new designs [10–12].
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The topic of aeroelastic scaling is not new and significant efforts were made over recent decades.
In fact, there are recent survey papers that cover the efforts carried out in aeroelastic scaling, but in
general their focus are in broader subjects such as structural engineering [13,14] or aerodynamics [15].
Coutinho et al. [13] have presented an overview of the efforts done to build reduced scale models
for structural engineering applications up to 2015. The recent paper from Casaburo et al. [14] which
covers the main similitude methods for structural engineering, where simple and complex structures
from different engineering fields are discussed, expands the previous revision paper. In a more recent
paper [15], the author surveys wind tunnel models designed by recurring to additive manufacturing
technologies, including some aeroelastic models built to study steady and unsteady aeroelastic
phenomena.

There are some papers wherein the goal is set at devising aeroelastically scaled models of
high aspect-ratio wings to study their behavior in flight [16–19] or in wind tunnel [20–22]. In the
vast majority of the research articles in aeroelastic scaling, optimization is used as a numerical
tool to build sub-scale models with the same structural dynamic behavior as their full size
counterpart [17,20,21,23–27]. To achieve this, some authors set as design variables the dimensions of a
predefined sub-scale internal structure and in some case mass points with the goal of reaching the same
stiffness and mass characteristics of the full scale model, which requires solving at each optimization
iteration a modal analysis. The mass points are sometimes defined in a second optimization loop, which
succeeds a first optimization problem set to match the stiffness properties, evaluated using a static
analysis, such as in [17,24,27]. Different objective functions and constraints are defined to replicate
the dynamic properties in the sub-scale models, such as static deflection to a prescribed load, natural
frequencies and corresponding mode shape, reduced frequencies, overall mass, and flutter speed,
among others. Recently, a methodology to evaluate and design dynamically scaled models was
proposed based on approximate similitude [28].

Nevertheless, only a few of these papers aim at studying nonlinear aeroelastic
phenomena [18,19,21,25–27]. In this current work, the authors present different aeroelastic scaling
strategies, for devising flight or wind tunnel models, formulated using three different sets of primary
quantities to evaluate their performance in replicating the same nonlinear aeroelastic behavior of a full scale
high aspect-ratio wing for different conditions in the flight envelope. This performance assessment is done
and discussed in light of geometric, aerodynamic, structural, inertial, and aeroelastic (nonlinear unsteady
response for three flight conditions) characteristics.

2. Methodology

The methodology section is organized as follows: (a) first the scaling strategies required to
ensure aeroelastic similarity between full and scaled models are presented and discussed; (b) then the
aeroelastic scaling methodology employed in this work is summarized; (c) and finally the aeroelastic
framework is briefly introduced.

2.1. Aeroelastic Scaling

To aeroelastically scale a given model and before establishing scaling factors, one has to choose
a set of three primary quantities encompassing mass, length and time. This choice has an impact on
how well the scaled model represents its full size counterpart and is normally conditioned by several
factors, especially by the purpose of the scaled model itself (i.e., for wind tunnel or flight testing)
and the available budget which will dictate among others the size, mass and airspeed of the model.
A suitable aeroelastic scaling is attained when the reduced model, also known as sub-scale model,
mimics the structural dynamic and unsteady aerodynamic behavior of the real size model as well as
the coupling behavior of these disciplines, i.e., the aeroelastic behavior. The aeroelastic behavior can
be written in terms of the vector of elastic degrees of freedom {x} as follows,

[M] {ẍ}+ [C] {ẋ}+ [K] {x} = [AM] {ẍ}+ [AC] {ẋ}+ [AK] {x} , (1)
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where the left hand side terms are related to the structural dynamic behavior considering the mass
[M], damping [C] and stiffness [K]; while in the right hand side the equivalent aerodynamic terms are
represented, i.e., mass [AM], damping [AC] and [AK] stiffness.

Herein, three different sets of primary quantities are investigated to evaluate their applicability in
devising aeroelastically scaled models for high aspect-ratio wings:

1. Density (ρ), Velocity (v) and Span (b);
2. Frequency (ω), Mass (m) and Span (b);
3. Pressure (p), Density (ρ) and Span (b).

The first set is a common choice for devising flight test models since normally size, engine power
and air properties choices are very limited, although it can also be used for designing aeroelastically
scaled wind tunnel models. Values for the primary quantities of Set 2 have to be carefully selected
such that it does not result in infeasible air properties. Set 3 can be seen as a promising option if the
size of the model allows for manufacturing an exact scale down of the internal structure since the same
material can be selected (given that these primary quantities have units of pressure and density).

After establishing a set of primary quantities, the Buckingham’s Π theorem [29] can then be
applied to derive other relevant physical parameters by means of scaling factors (k). Length, time (t),
frequency, mass, density, velocity, pressure, force (F), moment (M); and inertia (I) parameters are
summarized in Table 1. The scaling factors are the result of the application of this theorem and are
essential to derive the target parameters that the sub-scale model should match. The scaling factors
directly associated with the primary quantities of each set, also known as independent scaling factors,
are shaded and the subscripts s and r denote scaled and real size models, respectively.

Table 1. Summary of the scaling factors for the 3 sets of primary quantities. The shaded cells correspond
to the selected primary quantities in each set.

Parameter Set 1 Set 2 Set 3
Length, kl

bs
br

bs
br

bs
br

Time, kt
kl
kv

1
kω

√
kρk2

l
kp

Frequency, kω
kv
kl

ωs
ωr

√
kp

kρk2
l

Mass, km kρk3
l

ms
mr

kρk3
l

Density, kρ
ρs
ρr

km
k3

l

ρs
ρr

Velocity, kv
vs
vr

kωkl

√
kp
kρ

Pressure, kp kρk2
v kmk3

l k2
ω

ps
pr

Force, kF kρk2
vk2

l kmklk2
ω kpk2

l
Moment, kM kρk2

vk3
l kmk2

l k2
ω kpk3

l
Inertia, kI kρk5

l kmk2
l kρk5

l

These scaling factors should ensure both aerodynamic and dynamic similarities besides the
obvious geometric similarity. The latter is achieved in all three sets.

Starting with aerodynamic similarity, despite the external geometry being the same it is difficult to
completely achieve this similarity since both Reynolds (Re) and Mach (Ma) numbers are not necessarily
maintained. The task of matching these two dimensionless numbers in an aeroelastically scaled model
is deemed very difficult and it is normally not done; it usually requires a compromise between model
size (mass and length) and air properties (namely its density and temperature) which is usually
not possible, especially if flight testing is sought. This shortcoming has influence on the viscous
(Reynolds) and compressibility effects (Mach) of the scaled model. Sometimes roughness in added to
the scaled model to induce separation at the same location of the full size computational model [30].
Nevertheless, accordingly to Pittit et al. [31] the Reynolds number is generally of minor importance
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for evaluating aeroelastic effects on main wings, as will be the case in study here; and accordingly
to Ricciardi et al. [25] the Mach number is also assumed to present a small influence. Mach number
similarity is enabled with Set 3, which might be useful if one desires to evaluate possible shock wave
variation on the wing induced by the aeroelastic behavior, although this would be very difficult to
achieve in a sub-scale flight test model. Therefore, in this work the similarity of both Reynolds and
Mach numbers is set as a desirable goal, but not essential.

In what concerns the dynamic behavior, its similarity, also known as dynamic scaling, is reached
when the target modal parameters, i.e., natural frequencies and associated mode shapes and damping
ratios, are matched. In the case of exactly scaling the internal structure and using the same material,
this similarity is automatically attained; however, since it is not often the case, for instance due to
manufacturability issues, an optimization problem is normally employed to design a structure that
can match the first target natural frequencies and associated mode shapes with those of the real model.
Damping ratios are more difficult to account for in computational models and due to this reason they
are rarely used and will not be considered in this work.

There are several strategies to dynamically scale a model resorting to optimization and starting
with a simplified internal structure, as recommended by Bisplinghoff et al. [32], such as those presented
in [17,18,25,27], but in this work only the method depicted in Figure 1 from [27] is used, but with
different objective function and constraints established.

Figure 1. Scaling methodology.
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A generic problem statement for the scaling methodology selected can be formulated as follows,

minimize

√√√√ 1
N

N

∑
i=1

(
fi(x)− f t

i
)2

+

√√√√ 1
N

1
N

N

∑
i=1

N

∑
j=1

(
MACi,j(x)−MACt

i,j

)2

with respect to x

subject to ( fi(x)− f t
i )/ f t

i − 0.05 ≤ 0 with i = 1 : N

(m(x)−mt)/mt − 0.05 ≤ 0

(Ii,j(x)− It
i,j)/It

i,j − 0.05 ≤ 0 with i = 1 : 3 and j = 1 : 3

, (2)

where fi is the ith natural frequency of the structure; N is the number of mode shapes to match;
superscript t denotes target value for the given parameter; m and I represent the overall mass and
the inertia tensor of the structure, respectively; x is a set of design variables; and MAC is the Modal
Assurance Criterium matrix, which is a metric to evaluate how two different sets of mode shapes,
in this case the target and the obtained ones, are correlated:

MAC =
φT × φt

(φT × φ)
(
φT

t × φt
) , (3)

where φ is a matrix with a set of mode shapes. To avoid nomenclature misunderstanding, t referring
to target is now a subscript since T denotes transpose. Two different sets of mode shapes are said to be
perfectly correlated when the MAC matrix is an identity matrix.

The optimization problem (Equation (2)) is posed differently to that from [27] where direct mode
matching was preferred instead of MAC in the objective function definition and the inertia tensor
of the structure was added to the set of constraints. The former was chosen to improve numerical
performance, while the latter accounts for the inertial properties, which is expected to be more relevant
when flexibility effects are higher in the scaled model, which is the case of high aspect-ratio wings.

Other dimensionless parameters that should be kept in the scaled model are the reduced
frequencies (κ) and the Froude number (Fr). Reduced frequencies are computed for a given airspeed
considering the natural frequencies and the wing span:

κ =
f b
v

. (4)

Froude number accordingly to Wan and Cesnik [19] should be matched to ensure similarity when
flexibility effects are relevant to be analyzed in the devised model; this parameter is given as follows:

Fr =
v√
bg

, (5)

where g is the acceleration of gravity.

2.2. Methodology

The following methodology was the one applied in this work:

1. Build a full size wing model in the aeroelastic framework and run time domain simulations for
three flight conditions (cruise, hold and alternate);

2. Derive the scaling factors and the resulting target parameters to be matched by the sub-scale
models, considering 3 different sets of primary quantities;

3. Apply a scaling methodology resorting to optimization with the aim at reaching the same dynamic
scaling of the full size wing model;
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4. Run nonlinear unsteady simulations to predict the nonlinear aeroelastic response of the 3 scaled
models and compare with the responses estimated for the initial wing model, i.e., the target
responses for cruise, hold and alternate flight conditions.

2.3. Aeroelastic Framework

An in-house nonlinear aeroelastic framework described in [33,34] was used in this work.
This framework is capable of analyzing flexibility effects on high aspect-ratio wings in the time domain
considering both constrained, i.e., simulating wind tunnel conditions, and unconstrained i.e., emulating
free-flight conditions, models. For this task, the code was enabled with a Fluid-Structure Interaction
(FSI) algorithm responsible for coupling the structural and aerodynamic models by recurring to a
loosely coupled scheme (where despite fluid and structure models being solved separately, the solution
only advances in time when convergence between fluid and structure models is reached) that ensures
consistency, but not energy conservation. Despite the use of low-medium fidelity aerodynamic
(3D panel method with viscous and compressibility corrections) and structural (3D condensed beam
model based on wing-box mass and inertia calculations) models, their applicability to preliminary
design is adequate since they capture the main physical phenomena and allow exploring the design
space [35,36]. The aerodynamic, structural and aeroelastic models were benchmarked [33,34] with
existing data available in the literature. Furthermore, the application of this framework to estimate the
aeroelastic behavior of both full and reduced size models ensures comparability between these models.
Another feature available is the optimization capability [37], which for this work is necessary to design
the structure of the sub-scale models such that it ensures dynamic similarity (i.e., to solve Equation (2)).

3. Wing Model

3.1. Full Size Model

For the wing model, such as in [27], a modified version of the main wing of the NOVEMOR
project [38] was employed, but with an even higher aspect-ratio. The unmodified wing with an
aspect-ratio and area of 9 and 110 m2, respectively, was stretched to increase the aspect-ratio to 16.
For this task, the wing area and the angles of leading edge sweep and dihedral were kept unchanged,
while the planform was altered by increasing the span and reducing the chord in a proportional
way, i.e., indexed to the original span and mean aerodynamic chord. This geometrical modification
combined with the chosen internal layout allows the wing to already present flexibility effects during
normal operating conditions (e.g., at cruise). A simplified aluminum made wing box (with density of
2700 kg/m3, Young’s modulus of 70 GPa and Poisson’s ratio of 0.33) comprised between 25 and 75%
of the local chord along the entire span was defined as the internal structure and the thicknesses of the
spars and skins were assumed uniformed with values of 28 mm and 5.6 mm, respectively. This is an
assumption made for this work. A different thickness distribution along the wingspan could have
been made for the spar and skin, as well as a different material. However, the applicability of the
scaling strategies here applied would not change. Only the inertial properties of the wing model would
change and as a consequence the structural and aeroelastic behavior would also change, thus resulting
in different target values for the scaled models to match. The main geometric characteristics of the
modified wing are presented in Table 2 and its planform depicted in Figure 2.

Before proceeding with the scaling of this full size wing model, nonlinear aeroelastic time domain
responses are estimated considering the already mentioned three different flight conditions: cruise;
hold; and alternate (see Table 3). To obtain the unsteady aeroelastic responses for each of these
flight conditions, the aeroelastic framework above mentioned was employed. The computational
models for the aerodynamics and structures were defined based on a convergence study and have
the following characteristics: an aerodynamic mesh built with an uniform distribution in the span
direction (28 divisions), a cosine distribution in the chord direction (divisions) and an uniform wake of
100 chords length; structural mesh composed of 50 equally spaced nonlinear 3D beam finite elements.
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In the aeroelastic model the wing was set to be constrained at its root and the simulations start from an
undeformed state; then the wing model is released into a constant airflow corresponding to the chosen
flight condition, thus emulating a wind tunnel model with a sudden wind on condition. Despite this
choice to estimate the aeroelastic response of both full and reduced models, the initial conditions could
have been changed to simulate a flight test condition.

Table 2. Main geometric characteristics of the modified wing.

Characteristic Value

Area (m2) 110
Aspect-ratio (-) 16
Span (m) 41.95
Mean Aerodynamic Chord (m) 2.62
Root Chord (m) 4.95
Inboard Wing Half Semi-span (m) 8.24
Break Chord (m) 2.61
Outboard Wing Half Semi-span (m) 12.73
Tip Chord (m) 1.13
Dihedral Angle (deg) 4.4
Leading Edge Sweep Angle (deg) 27.5

Figure 2. Wing model.

Table 3. Flight conditions.

Cruise Hold Alternate

Mach (-) 0.78 0.5 0.3
Altitude (m) 11582 5486 610
Air density (kg/m3) 0.332 0.698 1.155
Velocity (m/s) 230 159 101
Trim lift coefficient (-) 0.588 0.584 0.872
Trim angle of attack (deg) 5.36 5.33 7.95

3.2. Reduced Scale Models

The definition of each primary quantity value for each Set to design aeroelastically scaled models
was mainly based on having a wing semi-span large enough to accommodate the internal structure
and the necessary instrumentation for flight testing, but not larger than 2.5 m to disable its testing on
some closed-loop wind tunnel facilities; utilizing a material that potentiates the usage of 3D printing
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technology for building cheaper but yet complex geometries [39,40] when a direct scale down of the
geometry is not possible; and enabling flight or wind tunnel testing.

Based on the above rational, a length scale of 1/10th resulting in a wing semi-span lower than
2.2 m was selected for all the analyzed sets of primary quantities; aluminum and nylon (Young’s
modulus of 1.27 GPa, shear modulus of 0.3 GPa and density of 1010 kg/m3) materials were selected
for Sets 3 and Sets 1 and 2, respectively. For Sets 2 and 3 the air density and speed were obtained
by the application of the scaling factor, although for Set 1 they were set to 1.225 kg/m3 and 50 m/s,
respectively, since it is possible to choose them in this Set. Considering the choices of values for the
primary quantities and the scaling factors derived from them (given in Table 4), the main geometric,
aerodynamic and structural parameters for each reduced model can be determined. Both geometric
and aerodynamic parameters are inputs for the design of the reduced size models, while the structural
parameters will be set as targets to be obtained; these are summarized in Table 5, from which one can
add some comments regarding similarities between sub-scale models and full size model:

• Geometric similarity is achieved with all the Sets of primary quantities at an external level,
while only Set 3 provides internal geometric similarity due to the possibility of manufacturing the
wing box structure using the same material (with thickness of 2.8 mm and 0.56 mm);

• Reynolds number is not matched using any of the Sets of primary quantities (Set 3 is the one
that is closest to the full size model) which means that the viscous effects will not be sufficiently
represented in the sub-scale models, especially for the Set 2 for which a low Reynolds number was
derived; as mentioned before Reynolds number is not considered to be of major importance for
aeroelastic problems on the wing [31], although if deemed important for a given flight condition
skin roughness can be changed to induce transition to turbulent flow as suggested in [30];

• Compressibility effects will only be accurately represented when using Set 3; it is worth noting
that the interaction between viscous and compressibility effects, if exists, will not be adequately
captured since Reynolds number is not matched;

• Dynamic similarity is immediately achieved by using Set 3 of primary quantities, because besides
geometric similarity being possible both pressure and density are selected as primary quantities
which enables the usage of the same material as in the full size model;

• Froude number similarity is another similarity parameter that is not achieved with any of the Sets
of primary quantities, although Set 2 provides the closest value.

Table 4. Summary of the resulting scaling factors for the 3 sets of primary quantities. The shaded cells
correspond to the primary quantities chosen for each set.

Parameter Set 1 Set 2 Set 3
Length, kl 0.1 0.1 0.1
Time, kt 0.4603 0.4541 0.1
Frequency, kω 2.1725 2.2023 10
Mass, km 0.0037 3.7407 × 10−4 0.001
Density, kρ 1 0.3741 1
Velocity, kv 0.2172 0.2202 0.3162
Pressure, kp 0.1741 0.0181 1
Force, kF 0.0017 1.8143 × 10−4 0.01
Moment, kM 0.0002 1.8143 × 10−5 0.001
Inertia, kI 3.6899 × 10−5 3.7407 × 10−6 1.0 × 10−5
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Table 5. Summary of the geometric, aerodynamic and structural parameters for the 3 sets of
primary quantities.

Parameter Full-Size Set 1 Set 2 Set 3

Wing semi-span (m) 20.975 2.0975 2.0975 2.975
Mean aerodynamic chord (m) 2.62 0.262 0.262 0.262
Wing area (m2) 110 1.1 1.1 1.1

Air density (kg/m3) 0.332 1.225 0.124 0.332
Air speed (m/s) 230 50 51 230
Mach number (-) 0.78 0.15 0.17 0.78
Reynolds number (-) 13,987,903 1,121,297 115,235 1,398,790
Trim lift coefficient (-) 0.588 0.588 0.588 0.588
Trim angle of attack (deg) 5.36 5.36 5.36 5.36

Mass (kg) 1874 6.915 0.701 1.874
Ixx (kg.m2) 183,312 6.764 0.686 1.833
Iyy (kg.m2) 59,838 2.208 0.224 0.598
Izz (kg.m2) 240,147 8.861 0.898 2.401
Ixy (kg.m2) −100,368 −3.704 −0.375 −1.004
Ixz (kg.m2) 8915 0.329 0.033 0.089
Iyz (kg.m2) −16,459 −0.607 −0.062 −0.165

Froude number (-) 11.4 20.3 7.9 35.9

Overall mass and inertia moments are set as targets to be matched in the structural design of the
scaled models to reinforce the need to account for flexibility effects, due to the slenderness characteristic
of high aspect-ratio wings.

4. Results

4.1. Aeroelastic Scaling

The previous section sets the targets to be met in the structural design of the sub-scale models.
These targets, i.e., natural frequencies, correlation between mode shapes, overall mass and inertia
moments compose the objective function and set of constraints of the optimization problem to be
solved (Equation (2)) for each set of primary quantities. The selected design variables are related to the
wing box characteristics: thickness of the leading and trailing edge spars at root, break and tip sections
(linear interpolation is considered between sections); thickness of the wing skin, assumed uniformed,
at root, break and tip sections (again linear interpolation is considered between sections); initial and
final local chord positions of the wing box at each section (root, break and tip). A total of 15 design
variables (x in Equation (2)) are thus used to design the internal structure of the sub-scale models.

Starting with Set 1, for which span, density and velocity were established as primary quantities,
both aerodynamics and structural results are far from the defined target values, as one can notice
from Table 6. It is worth recalling that the target values are obtained by applying the scaling factors
of Table 4 to the corresponding parameter and set. Regarding aerodynamics, the lower velocity
(v = 50 m/s set for cruise) and the smaller scale (10 times smaller when compared with the full
size model) have dictated the reduction of the Mach and Reynolds numbers with consequences on
the aerodynamic coefficients (lift, drag and pitch moment), specially for the faster flight conditions,
where compressibility effects have more influence as expected. Another aerodynamic problem with
this Set of primary quantities is related to the exploration of the flight envelope: if we define, as we did
for cruise, the speed and air density at 50 m/s and sea level conditions, respectively, for the remaining
conditions (alternate and hold) the air densities will be higher which will be very difficult to achieve
in a flight testing campaign, despite the lower speeds. Thus, this Set might only be appropriate for
evaluating aeroelastic behavior for a given flight condition. In what concerns the structure, the different
characteristics of the materials between full and scaled models combined with a relatively simple
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structural layout and a low number of design variables have not allowed achieving the same structural
dynamic behavior, despite the relative differences between full and scaled models inertial properties
being lower than 12.4%. If one computes the reduced frequencies, they will also be far from the ones
calculated for the full size model. From the authors experience [27] with this Set it should be possible
to improve the structural dynamic behavior with a higher number of design variables and recurring to
mass points to tune the sub-scale model.

Table 6. Aerodynamics, structural and inertial results obtained using Set 1.

Parameter Full Size Target Scaled Difference (%)

CL @ cruise (-) 0.779 0.779 0.614 21.2
CD @ cruise (-) 0.067 0.067 0.011 83.7
CM @ cruise (-) 1.305 1.305 0.954 26.9
CL @ alternate (-) 0.697 0.697 0.607 12.9
CD @ alternate (-) 0.014 0.014 0.011 24.2
CM @ alternate (-) 1.082 1.082 0.943 12.9
CL @ hold (-) 0.871 0.871 0.833 4.4
CD @ hold (-) 0.021 0.021 0.018 11.3
CM @ hold (-) 1.381 1.381 1.321 4.4

1st Flap (Hz) 1.263 2.745 3.845 40.2
2nd Flap (Hz) 5.155 11.198 11.321 1.1
1st Chord (Hz) 5.228 11.357 11.635 2.5
3rd Flap (Hz) 11.677 25.368 23.100 8.9
2nd Chord (Hz) 20.904 45.414 24.030 47.1
4th Flap (Hz) 21.211 46.080 36.705 20.4
1st Torsion (Hz) 27.660 60.090 41.495 30.9
5th Flap (Hz) 34.253 74.412 45.931 38.3
3rd Chord (Hz) 47.553 103.308 65.918 36.2
6th Flap (Hz) 50.178 109.009 70.851 35.0

Mass (kg) 1874 6.915 7.281 5.3
Ixx (kg.m2) 183,312 6.764 6.015 11.1
Iyy (kg.m2) 59,838 2.208 2.008 9.1
Izz (kg.m2) 240,147 8.861 7.926 10.6
Ixy (kg.m2) −100,368 −3.704 −3.300 10.9
Ixz (kg.m2) 8915 0.329 0.288 12.4
Iyz (kg.m2) −16,459 −0.607 −0.536 11.8

The selection of frequency and mass primary quantities in Set 2 has allowed for scaling the
material properties from aluminum to nylon, by means of manipulating material density and Young’s
modulus relations through density and pressure scaling factors to establish mass and frequency scaling
factors. This resulted in a close structural and inertial properties match to the target values, as one can
observe from Table 7. An exception was the first torsion mode which depends on both the Young’s
modulus and the Poisson’s ratio; this last property is not maintained hence the discrepancy that can be
of relevant importance in the typical case of flutter occurring due to the coupling of bending and torsion
modes. The reduced frequencies are closer (about 30% of relative difference) to those from the full
size model, except again for the torsional reduced frequency which has a higher discrepancy (45% of
relative difference). In what concerns aerodynamics, the same comment made for the application of
Set 1 can be done to Set 2 with the aggravation of an even higher relative error for the Reynolds number,
with consequences in its ineptitude to account for the existing viscous effects. As a consequence of
setting density scaling factor considering only material properties, the resulting air densities for each
flight condition are even lower than the ones from the full scale, for instance a density equivalent to
17,820 m of altitude is calculated. This means that for flight testing one has to fly at the equivalent
altitude or using lighter gases than air in a wind tunnel facility. Both options seem expensive.
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Table 7. Aerodynamics, structural and inertial results obtained using Set 2.

Parameter Full size Target Scaled Difference (%)

CL @ cruise (-) 0.779 0.779 0.628 19.5
CD @ cruise (-) 0.067 0.067 0.014 79.1
CM @ cruise (-) 1.305 1.305 0.974 25.4
CL @ alternate (-) 0.697 0.697 0.614 11.9
CD @ alternate (-) 0.014 0.014 0.013 9.5
CM @ alternate (-) 1.082 1.082 0.953 12.0
CL @ hold (-) 0.871 0.871 0.836 4.0
CD @ hold (-) 0.021 0.021 0.019 5.7
CM @ hold (-) 1.381 1.381 1.326 4.0

1st Flap (Hz) 1.263 2.784 2.781 0.1
2nd Flap (Hz) 5.155 11.295 11.350 0.5
1st Chord (Hz) 5.228 11.490 11.503 0.1
3rd Flap (Hz) 11.677 25.621 25.710 0.4
2nd Chord (Hz) 20.904 45.788 45.988 0.4
4th Flap (Hz) 21.211 46.630 46.648 0.0
1st Torsion (Hz) 27.660 60.921 47.821 21.5
5th Flap (Hz) 34.253 75.151 75.429 0.4
3rd Chord (Hz) 47.553 104.341 105.147 0.8
6th Flap (Hz) 50.178 110.321 110.619 0.3

Mass (kg) 1874 0.701 0.702 0.2
Ixx (kg.m2) 183,312 0.686 0.687 0.1
Iyy (kg.m2) 59,838 0.224 0.224 0.1
Izz (kg.m2) 240,147 0.898 0.899 0.1
Ixy (kg.m2) −100,368 −0.375 −0.376 0.1
Ixz (kg.m2) 8915 0.033 0.033 0.1
Iyz (kg.m2) −16,459 −0.062 −0.062 0.2

With Set 3, for which no optimization problem was needed, the inertial and structural properties,
including the reduced frequencies, of the scaled model are the same as the target ones (see Table 8).
When looking at the aerodynamic results, one can notice that the Mach number similarity has allowed
for errors lower than 1% for lift and pitch moments coefficients. The exception was the drag coefficient
which has a higher difference from the target one, although it not as important in aeroelastic problems
as the lift coefficient due to its lower value when compared with the latter. This discrepancy is
explained by the Reynolds number that was not maintained, but is in fact 10 times lower due to the
length scaling factor used to derive the scaled model. A note to the velocities and air densities which
are the same as the ones from the full scale model, i.e., the same flight condition, thus requiring the
model either to fly at high altitudes or to be tested in a transonic wind tunnel with a gas mixture
lighter than air. Any of these options again might be expensive. Nevertheless, this Set seems the
most adequate option for devising an aeroelastically scaled model if it is possible to manufacture an
exactly scale down version of the internal structure recurring to the same material and to fly at the
flight condition.

Table 8. Aerodynamics, structural and inertial results obtained using Set 3.

Parameter Full Size Target Scaled Difference (%)

CL @ cruise (-) 0.779 0.779 0.779 0.0
CD @ cruise (-) 0.067 0.067 0.066 2.1
CM @ cruise (-) 1.305 1.305 1.305 0.4
CL @ alternate (-) 0.697 0.697 0.699 0.2
CD @ alternate (-) 0.014 0.014 0.013 6.1
CM @ alternate (-) 1.082 1.082 1.085 0.2
CL @ hold (-) 0.871 0.871 0.872 0.1
CD @ hold (-) 0.021 0.021 0.020 5.3
CM @ hold (-) 1.381 1.381 1.382 0.1

1st Flap (Hz) 1.263 12.642 12.642 0.0
2nd Flap (Hz) 5.155 51.285 51.285 0.0
1st Chord (Hz) 5.228 52.174 52.174 0.0
3rd Flap (Hz) 11.677 116.340 116.340 0.0
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Table 8. Cont.

Parameter Full Size Target Scaled Difference (%)

2nd Chord (Hz) 20.904 207.912 207.912 0.0
4th Flap (Hz) 21.211 211.734 211.734 0.0
1st Torsion (Hz) 27.660 276.627 276.662 0.0
5th Flap (Hz) 34.253 341.240 341.240 0.0
3rd Chord (Hz) 47.553 473.783 473.786 0.0
6th Flap (Hz) 50.178 500.939 500.942 0.0

Mass (kg) 1874 1.874 1.874 0.0
Ixx (kg.m2) 183,312 1.833 1.833 0.0
Iyy (kg.m2) 59,838 0.598 0.598 0.0
Izz (kg.m2) 240,147 2.401 2.401 0.0
Ixy (kg.m2) −100,368 −1.004 −1.004 0.0
Ixz (kg.m2) 8915 0.089 0.089 0.0
Iyz (kg.m2) −16,459 −0.165 −0.165 0.0

4.2. Aeroelastic Response

The nonlinear aeroelastic behavior of the reduced scaled models designed with the 3 different sets
of primary quantities is now estimated in the time domain and compared with the one estimated for
the full size model. As mentioned before, the wing model is constrained at its root and released into a
constant flow corresponding to the desired flight condition. The response at the wing tip is measured
in plunge (vertical motion of the wing), pitch (wing torsion) and chord (horizontal motion) degrees
of freedom. To enable the comparison between full and reduced scale models, the plunge and chord
degrees of freedom are divided by the wing’s semi-span and mean aerodynamic chord, respectively.
A time step study was carried out using the full size wing for which a value of 0.01 s was selected
in the end. The time step for the scaled models was estimated by applying the time scaling factor
(corresponding to each Set) to the one used for the full scale model.

The poor matching of the aerodynamic and structural characteristics using Set 1 is clearly visible
in the nonlinear aeroelastic response measured at the 3 degrees of freedom, for the 3 flight conditions,
as shown in Figure 3. Similar trends are observed when the wing model is released into the constant
airflow, although the behavior tends to get further apart from the full size model, especially for
alternate and hold conditions.

A better correlation between full and scaled models can be observed for Set 2 in Figure 4 from the
nonlinear aeroelastic responses, which seem to follow the same trends independently of the degree
of freedom or the flight condition. However, the aeroelastic response of the scaled model is shifted
(under estimated) when compared with the full model due to the discrepancies in the aerodynamic
coefficients (which are lower for the scaled model).

As expected from the very good matching of aerodynamic, structural and inertial properties
between full and scaled models using Set 3 (Table 7), the nonlinear aeroelastic responses given in
Figure 5 for both models are very close with only small deviations. Since both the Mach number and
the structural behavior are replicated in the scaled model for this particular case, the authors are led to
believe that the source of slight deviation found in the aeroelastic behavior may be due to Reynolds
number, given that it is 10 times lower in the scaled model. This issue can be mitigated as mentioned
above if transition to turbulent flow is induced by means of skin roughness. The good agreement
between aeroelastic responses independently of the flight conditions is a promising indication that this
Set of primary quantities can be applied to devise aeroelastically scaled models, which can be tested
throughout the flight envelope.
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Figure 3. Aeroelastic response measure at the wing tip for plunge, pitch and chord degrees of freedom
for the reduced and target models, considering SET 1.
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Figure 4. Aeroelastic response measure at the wing tip for plunge, pitch and chord degrees of freedom
for the reduced and target models, considering SET 2.
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Figure 5. Aeroelastic response measure at the wing tip for plunge, pitch and chord degrees of freedom
for the reduced and target models, considering SET 3.

5. Concluding Remarks

Three different strategies to formulate aeroelastically scaled models, based on several
combinations of primary variables, were studied and compared for their aerodynamic, structural,
inertial, and aeroelastic characteristics for different flight conditions. The first two sets (1 and 2) of
primary quantities require solving an optimization problem to design the internal structure of the
scaled model that matches the structural dynamic behavior (and inertial properties) of the full scale
model. Set 3 represents an exact geometric scaling of the internal structure using the same material
and it allows to promptly define the scaled structure without resorting to costly optimization methods.

In terms of aerodynamics, both Sets 1 and 2 perform poorly since neither Mach number nor
Reynolds number are reproduceable in the scaled models due to the lower velocities and geometric
sizes, when compared with the full size model. Mach number is matched in Set 3 thus improving
the aerodynamic similarity between full and reduced models, while the Reynolds number is not
maintained. Regarding structural dynamics and inertial properties, Set 3 outperforms the other
sets since the direct scale down with the same material as the full size model is carried out. For the
structural model and corresponding design variables defined in this work, Set 2 yields better agreement
in natural frequencies when compared to Set 1. The better overall similarity (aerodynamic, structural
and inertial) of Set 3 was also noticed in the nonlinear aeroelastic response (plunge, pitch and chord
degrees of freedom measured at the wing tip), where good agreement between full and sub-scale
models is observed independently of the flight condition, thus showing its potential for exploring the
entire flight envelope.

Looking at the feasibility of devising the scaled models, Set 1 leads to designs that are easier to
build and cheaper to test in both flight and wind tunnel, while it may only be suitable for a small
variation of the flight condition and not the entire flight envelope. Models scaled using Set 2 should be
easy to build as well, but they will probably be much more expensive to test since they require low air
densities. Set 3 clearly exhibits better results and allows for an exploration of the entire flight envelope,
although the exactly scaled down internal structure may be larger than most closed-loop wind tunnel
test sections to ensure manufacturability.

Finally, the scaling strategies presented can be improved using higher fidelity aeroelastic tools that
enable the study of other nonlinear aeroelastic phenomena such as shock waves along the wing span.
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Nomenclature

The following nomenclature is used in this manuscript:

[AC] aerodynamic damping matrix
[AK ] aerodynamic stiffness matrix
[AM] aerodynamic mass matrix
b wing span
[C] damping matrix
kM moment scaling factors
f frequency
F force
Fr Froude number
g gravity acceleration
I inertia
k scaling factors
kF force scaling factors
kI inertia scaling factors
kl length scaling factors
km mass scaling factors
kM moment scaling factors
kp pressure scaling factors
kt time scaling factors
kv velocity scaling factors
kρ density scaling factors
kω frequency scaling factors
[K] stiffness matrix
m mass
M moment
[M] mass matrix
Ma Mach number
MAC Modal Assurance Criteria
p pressure
Re Reynolds number
t time
v velocity
x set of design variables
{x} vector of displacements
{ẋ} vector of velocities
{ẍ} vector of accelerations
κ reduced frequency
ρ density
φ matrix with a set of mode shapes
ω natural frequency
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