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Abstract: A majority of the eddy viscosity models for supersonic turbulent flow are based on linear
relationship between Reynolds stresses and mean strain rate. The validity of these models can be
improved by introducing non-linearity in relation as RANS models offer advantages in terms of
reduced turnaround times typical of industry applications. With these benefits, the present work
utilizes quadratic constitutive relation (QCR) with Menter’s k omega SST model to characterize the
flowfield of rectangular jets. The sensitivity of this model with QCR, weighted towards diffusion,
dissipation, and a combination of both, is addressed. Viscous large eddy simulations (LES) with
WALE subgrid scale models are employed for qualitative comparisons using a commercial solver.
Massively parallel LES are enabled by the new in-house 1088-core computing cluster at the University
of Cincinnati and are also used for benchmarking. The nearfield results are validated with available
experimental data and show good agreement in both fidelities. Flow characteristics, including the
shear layer profiles, Reynolds stresses, and turbulence kinetic energy (TKE) and its production
are compared. LES reveal higher TKE production in the regions with highest Reynolds stresses.
It is comparatively lower in QCR RANS. As a special case of TKE analysis in jets, a preliminary
investigation of retropropulsion is outlined for rectangular nozzles for the first time. Improved flow
behavior by implementation of a non-linear relationship between Reynolds stresses and mean strain
rate is demonstrated.

Keywords: LES; turbulent kinetic energy production; quadratic constitutive relation; anisotropy;
retropropulsion

1. Introduction

Turbulence is the most fascinating yet complex phenomenon that we encounter in
our daily interaction with different types of fluids. Simulation of turbulent flows has been
a topic of research for many years. While LES and DNS are the most computationally
expensive techniques since they involve ‘less’ modeling and ‘more’ resolved flow, RANS
models have become common in many industries due to their reduced turnaround time.
One- and two-equation eddy viscosity RANS models are based on Boussinesq approx-
imation, which assumes that the Reynolds stress tensor is linearly proportional to the
mean strain rate and is correlated by turbulent eddy viscosity [1]. The validity of this
hypothesis has been examined by Schmitt [1] to demonstrate its limitations. Therefore, the
present work attempts to consider non-linear eddy viscosity relation through multi-fidelity
simulations for rectangular jets. High-speed flows are dominant in aerospace applications
where turbulence becomes complicated due to compressibility effects. One such example
is jets emanating from exhaust nozzles. Their flow structure is of particular importance
due to shear-layer mixing, where the mean flow contributes to the turbulent fluctuations.
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Traditionally, axisymmetric jets have been studied exhaustively due to their wide variety of
applications in many industries. With integrated aircraft-body concepts, non-axisymmetric
jets have gained attention as they offer frame-integration benefits, along with reduced
noise characteristics. From the early 1960s until now, many researchers have contributed to
the fundamental understanding of turbulent jet mixing. Sforza et al. [2] experimentally in-
vestigated turbulent 3D jets with different orifice shapes, including rectangular, triangular,
elliptical, and axisymmetric geometries, and concluded that they decay to axisymmetry far
downstream of the jet exit. Some notable experimental work on rectangular jets include
the studies reported in references [3–8]. Zaman [7] highlighted the significance of vorticity
dynamics in the development of rectangular jets. While these experimental works aided
the understanding of flow physics, some researchers also approached the problem compu-
tationally. One such early work is by Bobba and Ghia [9]. They calculated the flow field of
a rectangular jet using a two-equation turbulence model and noted that the conditions at
the nozzle exit play a dominant role in flow development downstream. In late 1990s, Moin
and Kim [10] emphasized the use of supercomputers for tackling turbulence in various
applications ranging from automotive to aerospace. With significant advancements in
compute power over the last ~20 years, many researchers have conducted computationally
intensive large eddy simulations to investigate the aerothermodynamics and acoustics
of compressible jets [11–14]. These studies utilized various strategies for LES, such as
the compressible Euler solver reported in [13]. Meanwhile, Bellan [14] used the dynamic
Smagorinsky model to achieve closure. Others [15,16] reported the experimental results on
flow and noise characteristics of rectangular jets. Bridges and Wernet [17] experimentally
investigated the turbulence statistics associated with rectangular jets at low to high aspect
ratios, which provided some insights on crossflow turbulence.

The authors’ previous work on this topic addressed the nozzle aspect ratio effects
and the role of multiphysics modeling in design cycles [18–21] that used the k-omega
SST turbulence model with Boussinesq approximation. The model assumes the tensor of
turbulent stresses is proportional to the mean strain-rate tensor [22]. This assumption has its
own deficiencies, as discussed by Wilcox in his famous book on turbulence modeling [22].
To circumvent these deficiencies, non-linear constitutive relations have been suggested in
the literature [22]. Among such relations, quadratic constitutive relation is employed in
the present work which was first suggested by Spalart [23]. The motivation is to examine
the turbulence statistics associated with rectangular supersonic jets using LES and RANS
on the common grounds of non-linear eddy viscosity models. Some researchers have
attempted to characterize the turbulence in a tip-leakage flow of a single blade using
non-linear RANS and zonal LES, as shown by Monier et al. [24]. While Chen et al. [25,26]
demonstrated the vorticity dynamics-based flow diagnosis for a 1.5 stage high-pressure
compressor using RANS simulations to improve compressor aerodynamic performance,
Wu and Porté-Agel [27] presented the atmospheric turbulence effects on wind turbine
wakes using LES. While these studies employed LES, Siddappaji [28] demonstrated TKE is
equal to viscous dissipation using momentum, vorticity, and entropy transport through
RANS simulations in adiabatic process with an in-house analysis framework. Although
these references provided some background on turbulence characterization for various
applications, the same has not yet been shown for rectangular jets using such models.
Therefore, the goal is to use verified and validated high-fidelity simulations to compare
with RANS. Note that the primary focus is to capture the non-linearity in the relationship
between Reynolds stress and mean strain rate through multi-fidelity simulations. Since the
approach is general, preliminary analysis of retro propulsive flow physics is also discussed
briefly in Section 3.4.

The nozzle geometry is shown in Figure 1. It has a rectangular cross-section with
aspect ratio (AR) = 2, equivalent diameter = 20.65 mm, and design Mach number = 1.5.
The sharp throat causes a shock wave just downstream of the throat. The remaining of
paper is outlined as follows. The methodology section details the non-linear RANS and
LES simulations, the sensitivity analysis of the k-omega SST model towards diffusion and
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dissipation, the verification and validation and kinetic energy spectra for the LES case,
and the HPC runtime statistics. The subsequent sections describe the results, primarily
focusing on turbulence characterization and TKE. The final subsection briefly describes the
retropropulsion flow physics of rectangular nozzles as a preliminary analysis.
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2. Methodology

The present work utilizes RANS with quadratic constitutive relations (QCR), which is
called QCR RANS from here onwards. A full-fledged LES with WALE (wall-adapting local
eddy viscosity) subgrid scale model is used for flow diagnosis and comparing with QCR
RANS solution. We focus on the generality of this approach.

2.1. RANS Details

3D steady RANS equations are solved for compressible flow of air, modeled as an
ideal gas that uses Menter’s k-omega SST turbulence model with QCR. All simulations are
conducted using the commercial solver Simcenter Star-CCM+ 15.04.008-R8 [29]. A coupled
implicit solver with second-order spatial discretization is used. All simulations correspond
to design operating conditions i.e., nozzle pressure ratio (NPR) = 3.67, with Mach number
= 1.5 and unheated jet. NPR is defined as the ratio of total pressure at nozzle inlet to
freestream pressure. Nozzle inlet is modeled as stagnation inlet, nozzle walls are modeled
as no-slip adiabatic walls, and domain boundaries are modeled as freestream, representing
atmospheric pressure and temperature. The computational domain extends 100xDe down-
stream of the nozzle exit, 15xDe radially, and 10xDe upstream. To capture the shock-wave
formation and the plume, volumetric refinements are used for polyhedral mesh. A total
of 15 prism layers with expansion factor of 1.5 are used for the boundary layer. Wall, y+,
is maintained ~ 1 along the nozzle walls.

In the k-omega SST model, the linear relation between the Reynolds stresses and
the mean strain rate tends to strongly underpredict the anisotropy of turbulence [29].
To overcome this issue, non-linear constitutive relations have been suggested, and a brief
account can be found in reference [22]. In this work, the quadratic constitutive relation
suggested by Spalart [23] is used since it accounts for the non-linear turbulence production
without introducing additional partial differential equations.

2.2. LES Details

LES with WALE subgrid scale model is conducted as it accounts for both strain and
rotation tensor [30]. A compressible viscous solver that solves the energy equation is used.
More details on LES in Star-CCM+ can be found in reference [30]. Nozzle inlet is specified
as stagnation inlet corresponding to NPR = 3.67 and unheated jet. The filtered governing
equations of mass, momentum, and energy are given by

∂ρ

∂t
+∇.(ρṽ) = 0 (1)
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∂(ρṽ)
∂t

+∇.(ρṽ⊗ ṽ) = −∇.p̃I +∇.(T̃ + TSGS) + fb (2)

∂(ρẼ)
∂t

+∇.(ρẼṽ) = −∇.p̃ṽ +∇.(T̃ + TSGS)ṽ−∇.q̃ + fbṽ (3)

In above equations, ρ is the density, ṽ is the filtered velocity, p̃ is the filtered pressure,
I is the identity tensor, T̃ is filtered stress tensor, TSGS is subgrid scale stress tensor, fb is
resultant of body forces, Ẽ is filtered energy per unit mass, and q̃ is the filtered heat flux.

Obtaining precursor converged RANS solution is crucial before launching LES case.
Therefore, much attention was given to the setup of the RANS case, which captured the
nozzle internal wall-bounded flow and jet region. Appropriate grid refinements are used
in these areas to keep wall y+ ~1 along nozzle walls. This ensures a converged RANS
with adequate quality of agreement of the results. The LES are run for a total time = 6
× (100 De/uj) seconds, i.e., six flow-through times with fixed time step size = 10−6 s
and constant CFL. Three volumetric grid refinement zones are used for nozzle, near-
field, velocity decay region, and details are shown in Table 1. Zone I corresponds to the
refinement in the nozzle, and Zone II corresponds to the region spanning from nozzle
exit to five diameters downstream, which covers the shear layers on both minor and
major axis. Zone III starts immediately after the end of Zone II and lasts 25 diameters
downstream. These zones are in cylindrical frustrum shape, in line with the direction of jet
spread. Figure 2 shows the computational grid on minor and major-axis symmetry plane,
illustrated in black and blue, respectively. The bottom image shows a close-up view of the
grid on minor axis symmetry plane.
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Table 1. Grid refinement details.

Mesh Size Number of Cells
(Million) Zone I Zone II Zone III

Coarse 28 De/34 De/41 De/34
Medium 37 De/41 De/69 De/41

Fine 73 De/51 De/82 De/51

LES cases were run on the new in-house HPC cluster (described in Appendix A)
at University of Cincinnati’s Advanced Research Computing (ARC) Center and are also
used as a suite of load tests. The cases were run on a 17-node cluster with a total of
1088 cores. Note that this is the first time such heavy computations have been conducted
with massive parallelization using an in-house cluster at University of Cincinnati. HPC
statistics for coarse, medium, and fine-mesh LES cases are shown in Figure 3a,b. Although
medium mesh is heavier in terms of number of cells, it took less time to complete than
the coarse mesh case. We anticipate that this could be due to the cluster not taking 100%
case load, as well as the recommended scaling for parallelization, which is ~50,000 cells
per core for Star-CCM+ [29]. The total CPU time is calculated as—Number of cores × total
wall-clock time.
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It does not include the time taken for precursor RANS simulations, LES setup, cluster
idle time, job restart time due to wall-clock time limit, and post-processing time. It includes
the runtime for completion of six flow-through times only. The quantities of interest
were automatically extracted after a certain number of time steps after the completion of
~2–3 flowthrough times to ensure the accuracy without effects from precursor simulation.

2.3. Sensitivity of K-Omega SST with QCR towards Diffusion and Dissipation

Menter’s k-omega SST model uses blending function, which is a hyperbolic tangent
function that appears in the diffusion and dissipation terms. In free shear layers, jet mixing
is governed by turbulence mechanisms where diffusion and dissipation play a key role.
Therefore, their sensitivity is analyzed in this section to examine the effect on centerline
velocity prediction. Equations (4) and (5) represent the transport equations of TKE (k) and
specific dissipation rate (ω). In below equations, v is the mean velocity, µ is the dynamic
viscosity, σk and σω are the model coefficients, Pk and Pω are the production terms, fβ∗ is
the free shear modification factor, fβ is vortex stretching modification factor, and Sk and Sω

are the user defined source terms. The first term on the right-hand side of Equations (4) and
(5) represents diffusion, and the second-last term represents dissipation. Three variations
of blending function are chosen, which are categorized as highly diffusive, low diffusive
and a combination of diffusion and dissipation. Figure 4 shows the jet centerline velocity
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prediction for all. It can be seen that the slope of centerline velocity decay is sensitive to
these terms, although the amplitude of velocity variations is unchanged until x/De ~ 7.

∂

∂t
(ρk) +∇.(ρkv) = ∇.[(µ + σkµt)∇k] + Pk − ρβ∗ fβ∗(ωk−ω0k0) + Sk (4)

∂

∂t
(ρω) +∇.(ρωv) = ∇.[(µ + σωµt)∇ω] + Pω − ρβ fβ

(
ω2 −ω0

2
)
+ Sω (5)
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2.4. Validation

Experimental data for jet centerline velocity and TKE along lip lines are reported
in references [15,16], which are based on PIV measurements conducted at University of
Cincinnati’s Gas Dynamics Propulsion Lab, and are used for validation. PIV is a non-
intrusive measurement technique with minimal distortion to the flow, and therefore, is an
obvious choice for the validation of results. Figure 5 shows that the coarse and medium
mesh matches well at the initial shock cells, but further downstream, the effect of mesh
resolution plays a significant role, and fine mesh LES captures the velocity decay quite well.
The improvements in centerline velocity prediction can be seen by comparing baseline
RANS case [19] with Boussinesq approximation, denoted as ‘baseline BSQ’ vs. QCR
RANS. The baseline RANS case overpredicts the length of potential core, and therefore, the
centerline velocity decay starts at a later location compared to experimental data. On the
other hand, QCR RANS captures the trends exhibited by experimental data quite well, with
diffusion and dissipation playing an important role, as discussed in the previous section.
Figure 6a,b show the comparison of TKE along the minor and major-axis lip lines. On
minor axis, LES underpredicts TKE magnitudes because the turbulence in the shear layer
is underpredicted in LES as compared to experimental data. This is primarily because the
boundary layer inside the nozzle develops to become turbulent until the nozzle throat, and
after the throat, it undergoes shock-induced separation and reattachment. However, as one
moves further downstream, the turbulence levels are in good agreement with experimental
data. The TKE on major axis matches quite well with experimental data. Length of potential
core in LES is also predicted well compared with experimental data from reference [16],
which is, x/De = 7. This indicates that LES has captured the necessary trends exhibited in
the experiments. QCR RANS overpredicts the TKE along minor-axis lip line, while it is
adequate on major-axis lip line.
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The TKE in experimental data [16] is defined as TKE = 1
2

(
u′u′ + 2v′v′

)
, and therefore,

this definition is used to plot the TKE in LES. The results are agreeable in quality and
sufficient to move forward with the objective of the present study.

2.5. Kinetic Energy Spectrum in LES

Figure 7 shows the fast Fourier transform (FFT) of time history of kinetic energy at
x/De = 20 along the jet centerline. It verifies that the present LES has captured the necessary
length scales according to Kolmogorov energy spectrum. The time history is recorded after
every 20 time steps. A Python-based tool was written to automatically extract the data and
perform FFT. Please note that the spectrum was verified for all three cases, and the results
for fine mesh are shown.
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3. Results

The results are mainly focused on turbulent flow characterization, and the final section
briefly describes the retropropulsion flow physics.

3.1. Turbulent Kinetic Energy

Turbulent fluctuations in the flow arise due to the inherent differences between minor
and major-axis boundary layer to shear layer transformation. Therefore, the primary source
of asymmetry is through the boundary-layer growth. TKE magnitudes are dependent on
the definition used, meaning whether the three components of velocity fluctuations are
considered or whether the definition assumes v′v′ = w′w′. Computationally, it is possible
to access all three components of TKE, while it may be a challenge in an experimental
setup. The experimental data [16] were based on the assumption of v′v′ = w′w′. The
validity of this assumption is examined by highlighting the differences in both definitions
in Figure 8a,b. They reveal the TKE magnitudes on the minor and major axis planes, as
well as on the crossflow planes. The difference is dominant on the major axis plane, as can
be seen in Figure 8b. This is because radial and spanwise components of TKE are not equal
at all locations.
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This is further confirmed by the Reynolds normal stresses shown in Figure 9. Minor-
axis lip line stresses from LES are shown in Figure 9b. This indicates the dominance of the 
axial component of stresses, while radial and spanwise components are comparable. The 
major-axis lip line in Figure 9d shows the asymmetry in radial and spanwise components, 
which is also seen in the corresponding QCR RANS solution from Figure 9c. This explains 
the differences in TKE on the major-axis lip line seen in Figure 8b. In all plots, QCR RANS 
predicts the asymmetry of Reynolds stresses. Past 30 De, the Reynolds stresses damp out 
monotonically. 

Figure 8. TKE from LES on minor and major axis planes and crossflow planes (x/De = 4, 5, 7, 9, 10, 12). (a) TKE based on all
three components; (b) TKE based on the assumption of v′v′ = w′w′.

This is further confirmed by the Reynolds normal stresses shown in Figure 9. Minor-
axis lip line stresses from LES are shown in Figure 9b. This indicates the dominance of the
axial component of stresses, while radial and spanwise components are comparable. The
major-axis lip line in Figure 9d shows the asymmetry in radial and spanwise components,
which is also seen in the corresponding QCR RANS solution from Figure 9c. This explains
the differences in TKE on the major-axis lip line seen in Figure 8b. In all plots, QCR RANS
predicts the asymmetry of Reynolds stresses. Past 30 De, the Reynolds stresses damp out
monotonically.
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Figure 9. Comparison of the three Reynolds normal stresses normalized by u2
j for LES and QCR RANS on lip lines. (left)

Minor and major axis lip line for QCR RANS; (right) Minor and major axis lip line for LES. (a) Minor-axis lip line—QCR
RANS; (b) Minor-axis lip line—LES; (c) Major-axis lip line—QCR RANS; (d) Major-axis lip line—LES.

3.2. Shear Layer Profiles

Figure 10 compares the radial velocity profiles in QCR RANS and LES on the minor-
axis plane at various streamwise locations. They are in good agreement with one another
until x/De = 4.9. However, the potential core in LES ends at x/De = 7, and therefore,
the profiles differ past that location. This difference is clearly visible from Figure 10c,d,
indicating that QCR RANS predicts the radial profiles in close agreement with LES up to a
few diameters downstream of the nozzle exit.



Aerospace 2021, 8, 352 11 of 18
Aerospace 2021, 8, x  11 of 18 
 

 

  
(a) (b) 

 
  

(c) (d) 

Figure 10. Radial velocity profiles at (a) x/De = 2.6; (b) x/De = 4.9; (c) x/De = 7.3; (d) x/De = 9—LES and QCR RANS. 

3.3. Turbulent Kinetic Energy Production and Reynolds Stresses 
Production of turbulent kinetic energy is one of the main mechanisms of turbulence 

transport. As the jet exits the nozzle, the velocity fluctuations reach peak values. Recalling 
TKE transport Equation (4) in k-omega SST model, the first term on the right-hand side is 
the diffusion term, combining turbulence diffusion and molecular diffusion. ௞ܲ  is the 
production term and is the sum of turbulent production, ܩ௞, buoyancy production, ܩ௕, 
and non-linear production, ܩ௡௟. The third term on the right-hand side represents dissipa-
tion, and the fourth term is a user-defined source term. At RANS level, the Reynolds stress 
tensor is given as the sum of linear and non-linear terms, ࢀோ஺ேௌ = ோ஺ேௌ,௅ࢀ + ோ஺ேௌ,ே௅ࢀ . 
QCR, which is included in the production term, activates the antisymmetric normalized 
rotation tensor in addition to the linear part and accounts for the anisotropy of turbulence 
by adding non-linear functions of strain and vorticity tensors [29]. When QCR is activated 
in the solver, Reynolds stresses are internally calculated at RANS level. ܩ௞ and ࢀோ஺ேௌ,ே௅ 
are given by 

௞ܩ = ௧ߤ ௖݂ܵଶ −
2
3

.ߘ݇ߩ ݒ̅ −
2
3

.ߘ)௧ߤ ଶ (6)(ݒ̅

ோ஺ேௌ,ே௅ࢀ = .ࡻ)௧0.04645ߤ2− ࡿ − .ࡿ (7) (ࡻ

where ࡿ is the strain-rate tensor, ߤ௧ is the turbulent eddy viscosity, and ࡻ is normal-
ized-rotation tensor [23,29]. Favre-averaged TKE transport equation [23] is given by 

Figure 10. Radial velocity profiles at (a) x/De = 2.6; (b) x/De = 4.9; (c) x/De = 7.3; (d) x/De = 9—LES and QCR RANS.

3.3. Turbulent Kinetic Energy Production and Reynolds Stresses

Production of turbulent kinetic energy is one of the main mechanisms of turbulence
transport. As the jet exits the nozzle, the velocity fluctuations reach peak values. Recalling
TKE transport Equation (4) in k-omega SST model, the first term on the right-hand side
is the diffusion term, combining turbulence diffusion and molecular diffusion. Pk is the
production term and is the sum of turbulent production, Gk, buoyancy production, Gb, and
non-linear production, Gnl . The third term on the right-hand side represents dissipation,
and the fourth term is a user-defined source term. At RANS level, the Reynolds stress
tensor is given as the sum of linear and non-linear terms, TRANS = TRANS,L + TRANS,NL.
QCR, which is included in the production term, activates the antisymmetric normalized
rotation tensor in addition to the linear part and accounts for the anisotropy of turbulence
by adding non-linear functions of strain and vorticity tensors [29]. When QCR is activated
in the solver, Reynolds stresses are internally calculated at RANS level. Gk and TRANS,NL
are given by

Gk = µt fcS2 − 2
3

ρk∇.v− 2
3

µt(∇.v)2 (6)

TRANS,NL = −2µt0.04645(O.S− S.O) (7)

where S is the strain-rate tensor, µt is the turbulent eddy viscosity, and O is normalized-
rotation tensor [23,29]. Favre-averaged TKE transport equation [23] is given by

ρ
∂k
∂t

+ ρũj
∂k
∂xj

= ρτij
∂ũi
∂xj
− tji

∂u′′i
∂xj

+
∂

∂xj

[
tjiu

′′
i − ρu′′j

1
2

u′′i u′′i − p′u′′j

]
− u′′i

∂P
∂xi

+ p′
∂u′′i
∂xi

(8)
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In the above equation, the first term on right-hand side is the production term, where
τij is the Reynolds stress tensor. The second term is the viscous dissipation term. The
third term represents the sum of molecular diffusion, turbulence diffusion, and pressure
diffusion. The fourth term is the pressure work, and last term is pressure dilatation. LES
simulations provide access to the turbulent quantities required to calculate the transport
terms. Therefore, the production term is plotted using the definition from Equation (8).
Note that minor and major-axis planes correspond to XY and XZ planes, and therefore, the
Reynolds stress definition changes.

As seen in Figure 11, TKE production is the highest in LES in the region of highest
Reynolds stresses on minor axis. Comparatively lower values of TKE production are seen
in QCR. Additionally, it is steeper in LES, while gradual trends are seen in QCR in Figure
11a. Higher TKE production indicates more contribution from mean flow to turbulent
fluctuations, which causes better mixing, and the potential core does not sustain longer
in LES. Meanwhile, in QCR RANS, lower production values and a gradual rate cause the
potential core to sustain longer. The production term reaches its peak on minor axis in LES
where the Reynolds stresses are highest, as shown in Figure 12a,b.
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TKE production obtained from LES is visualized in Figure 13, with isosurfaces of Q
criteria colored by TKE production normalized by ρju3

j . Figure 14 shows the isosurfaces of
Q criterion colored by streamwise vorticity, which are obtained from LES solution.
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3.4. Retropropulsion Flow Physics—A Special Case Analysis

Retropropulsion is gaining momentum, although it has been a topic of research for
last fifty years or so [31–33]. It is a phenomenon where engines are fired against an
opposing freestream during descent in order to slow down. Soft landing, vertical takeoff,
landing, and re-entry are some of the applications. SpaceX has recently demonstrated
this technology in Earth’s atmosphere for their reusable Falcon 9 orbital rocket [32]. With
the latest advancements in the space-exploration industry, retropropulsion has become
crucial. This kind of technology is still relatively new and is useful not only on Earth but
also on other planets for vertical takeoff, landing, and re-entry. Traditionally, the literature,
as well as technology demonstrations, has employed circular nozzles for retropropulsion
applications [33]. Since non-axisymmetric nozzles offer their own benefits, we feel the
need to explore this area, and as a preliminary analysis, retropropulsion flow physics with
rectangular nozzles is discussed in this section. Flowfield characterization is the main goal
rather than a mission-specific application of retropropulsion. Note that the effect of angle
of attack is not in the current scope. Three operating conditions are chosen to account for
deceleration from the supersonic to subsonic regime:

1. Supersonic nozzle-exit Mach and subsonic freestream;
2. Subsonic nozzle-exit Mach and subsonic freestream:

(a) high subsonic;
(b) low subsonic.

The relationship between nozzle-exit thrust and freestream dynamic pressure can be
quantified by thrust coefficient, which is defined as CT = FT

q∞ A , where FT is the nozzle-exit
thrust, q∞ is the dynamic pressure, and A is the reference area. Table 2 describes the three
cases with boundary conditions

Table 2. Operating conditions.

Case Nozzle-Exit Mach
Number

Freestream Mach
Number CT

a 1.6 0.95 1.24
b 0.7 0.55 0.74
c 0.7 0.3 1.65

Figure 15 shows the contour plots of density-gradient magnitude, defined as ‖∇ρ‖ =√(
∂ρ
∂x

)2
+
(

∂ρ
∂y

)2
+
(

∂ρ
∂z

)2
and TKE normalized by u2

j for the three cases. For the first

case, which is Figure 14a, Mexit = 1.6 and M∞ = 0.95, a normal shock wave is present at
location x/De = 1, and a recirculation zone occurs due to the opposing freestream. The
TKE magnitudes increase in this zone, as seen in the corresponding TKE contour plots.
For the second case with Mexit = 0.7 and M∞ = 0.55, a similar flow structure can be seen.
However, the recirculation zone and the normal shock wave are pushed further towards the
nozzle exit. This is because the plume does not grow further due to an increase in opposing
dynamic pressure. For the third case with Mexit = 0.7 and M∞ = 0.3, the recirculation
zone is larger. This is because the lower opposing dynamic pressure allows the plume
to grow further downstream of the nozzle exit. The third scenario reveals an unstable
flowfield as the plume shows flapping motion. In all three cases, the TKE is present in the
recirculation zones, as opposed to a forward-propulsion case where the TKE is present
along the shear layers/jet boundaries.
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4. Conclusions

In this paper, non-linear eddy viscosity relation is employed in RANS and LES to
characterize the turbulent flow in supersonic rectangular jets using a commercial solver.
Menter’s k omega SST model with QCR is used. The sensitivity of k omega SST model
with QCR weighted towards diffusion, dissipation, and a combination of both is discussed,
which indicates that they play a key role in jet centerline velocity decay. Massively parallel
compressible viscous LES are conducted on the new in-house 1088-core computing cluster
at the University of Cincinnati. LES are also used for benchmarking the cluster. Kinetic
energy spectrum is verified for LES that follow the Kolmogorov energy spectrum. Nearfield
results are validated against the experimental data from available literature and are in
good agreement for both fidelities. Flow characteristics, such as the Reynolds stresses
and TKE and its production are analyzed. The asymmetry of turbulent kinetic energy is
demonstrated through the TKE production term to show the differences in RANS and
LES. The production is comparatively higher along minor axis plane in LES in the region
where Reynolds stresses are highest. Relatively lower values of production and gradual
rate cause the potential core to sustain longer in QCR RANS simulations. The assumption
of v′v′ = w′w′ is examined by using both definitions of TKE, i.e., the one with all three
components and another with the assumption that radial and spanwise components are
equal. This reveals that they are not equal at all locations. Reynolds normal stresses reveal
asymmetry in both QCR RANS and LES. As a preliminary TKE analysis, retropropulsion
flow physics is discussed for the first time concerning rectangular nozzles. Qualitative
analysis of RANS and LES through non-linear eddy viscosity relation is demonstrated,
which shows improved flow characteristics.
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Nomenclature

AR Aspect Ratio
CFD Computational Fluid Dynamics
CPU Central processing unit
DNS Direct numerical simulation
HPC High performance computing
LES Large Eddy Simulation
NPR Nozzle pressure ratio
PIV Particle image velocimetry
QCR Quadratic constitutive relation
TKE Turbulent Kinetic Energy
RANS Reynolds Averaged Navier Stokes
SATA Serial advanced technology attachment
SSD Solid state drive
SST Shear Stress Transport
WALE Wall adapting local eddy viscosity
u Axial component of velocity
De Nozzle equivalent diameter
uj Jet velocity at nozzle exit
ρj Jet density at nozzle exit

Appendix A

Availability and access to high performance computing (HPC) clusters for high fidelity
simulations is challenging due to the costs. Therefore, in-house clusters play a significant
role in advancing the computational research. Current LES was performed on an in-house
compute cluster which is (at the time of writing this article) equipped with 17 nodes and is
being expanded to 70 CPU nodes by Fall 2021. Each compute node is configured with

• 2× AMD EPYC 7452 CPUs (32 Cores, 2.3 GigaHertz);
• 256 GB RAM (16× 16 GigaBytes Dual Rank x8 DDR4-3200 DIMMS);
• 1× HPE 960GB SATA 6G Read Intensive SFF SSD;
• 100 gb/s InfiniBand network card.



Aerospace 2021, 8, 352 17 of 18

References
1. Schmitt, F.G. About Boussinesq’s turbulent viscosity hypothesis: Historical remarks and a direct evaluation of its validity. Comptes

Rendus Mécanique 2007, 335, 617–627. [CrossRef]
2. Sforza, P.; Steiger, M.; Trentacoste, N. Studies on three-dimensional viscous jets. AIAA J. 1966, 4, 800–806. [CrossRef]
3. Sfeir, A. The velocity and temperature fields of rectangular jets. Int. J. Heat Mass Transf. 1976, 19, 1289–1297. [CrossRef]
4. Koshigoe, S.; Gutmark, E.; Schadow, K.; Tubis, A. Initial development of noncircular jets leading to axis switching. AIAA J. 1989,

27, 411–419. [CrossRef]
5. Sfeir, A. Investigation of Three-Dimensional Turbulent Rectangular Jets. AIAA J. 1979, 17, 1055–1060. [CrossRef]
6. Zaman, K.B.M.Q. Axis switching and spreading of an asymmetric jet: The role of coherent structure dynamics. J. Fluid Mech.

1996, 316, 1–27. [CrossRef]
7. Gutmark, E.; Schadow, K.C.; Bicker, C.J. Near acoustic field and shock structure of rectangular supersonic jets. AIAA J. 1990, 28,

1163–1170. [CrossRef]
8. Krothapalli, A.; Baganoff, D.; Karamcheti, K. On the mixing of a rectangular jet. J. Fluid Mech. 1981, 107, 201–220. [CrossRef]
9. Bobba, C.R.; Ghia, K.N. A study of three-dimensional compressible turbulent jets. In Proceedings of the 2nd Symposium on Turbulent

Shear Flows; Imperial College: London, UK, 1979; pp. 1–26.
10. Moin, P.; Kim, J. Tackling Turbulence with Supercomputers. Sci. Am. 1997, 276, 62–68. [CrossRef]
11. Brès, G.; Jordan, P.; Jaunet, V.; Rallic, M.; Cavalieri, A.; Towne, A.; Lele, S.; Colonius, T.; Schmidt, O. Importance of the nozzle-exit

boundary-layer state in subsonic turbulent jets. J. Fluid Mech. 2018, 851, 83–124. [CrossRef]
12. Bogey, C.; Bailly, C. Turbulence and energy budget in a self-preserving round jet: Direct evaluation using large eddy simulation.

J. Fluid Mech. 2009, 627, 129–160. [CrossRef]
13. Viswanath, K.; Johnson, R.; Corrigan, A.; Kailasanath, K.; Mora, P.; Baier, F.; Gutmark, E. Noise Characteristics of a Rectangular

vs. Circular Nozzle for Ideally Expanded Jet Flow. In Proceedings of the 54th AIAA Aerospace Sciences Meeting, San Diego, CA,
USA, 4–8 January 2016.

14. Bellan, J. Large-Eddy Simulation of Supersonic Round Jets: Effects of Reynolds and Mach Numbers. AIAA J. 2016, 54, 1482–1498.
[CrossRef]

15. Baier, F.; Mora, P.; Gutmark, E.; Kailasanath, K. Flow measurements from a supersonic rectangular nozzle exhausting over a flat
surface. In Proceedings of the 55th AIAA Aerospace Sciences Meeting, Grapevine, TX, USA, 9–13 January 2017; p. 932.

16. Baier, F.; Karnam, A.; Gutmark, E. Cold flow measurements of supersonic low aspect ratio jet-surface interactions. Flow Turbul.
Combust. 2019, 105, 1–30. [CrossRef]

17. Bridges, J.; Wernet, M. Turbulence Measurements of Rectangular Nozzles with Bevel. In Proceedings of the 53rd AIAA Aerospace
Sciences Meeting, Kissimmee, FL, USA, 5–9 January 2015.

18. Bhide, K.; Siddappaji, K.; Abdallah, S. A combined effect of wall curvature and aspect ratio on the performance of rectangular
supersonic nozzles. In Proceedings of the 6th International Conference on Jets, Wakes and Separated Flows, Cincinnati, OH, USA,
9–12 October 2017.

19. Bhide, K.; Siddappaji, K.; Abdallah, S. Influence of fluid–thermal–structural interaction on boundary layer flow in rectangular
supersonic nozzles. Aerospace 2018, 5, 33. [CrossRef]

20. Bhide, K. On Shock-Boundary Layer Interactions—A Multiphysics Approach. Master’s Thesis, University of Cincinnati,
Cincinnati, OH, USA, 2018.

21. Bhide, K.; Siddappaji, K.; Abdallah, S. Aspect Ratio Driven Relationship between Nozzle Internal Flow and Supersonic Jet Mixing.
Aerospace 2021, 8, 78. [CrossRef]

22. David, C.W. Turbulence Modeling for CFD; DCW Industries: La Canada, CA, USA, 1998; Volume 2.
23. Spalart, P.R. Strategies for turbulence modelling and simulations. Int. J. Heat Fluid Flow 2000, 21, 252–263. [CrossRef]
24. Monier, J.F.; Boudet, J.; Caro, J.; Shao, L. Budget analysis of turbulent kinetic energy in a tip-leakage flow of a single blade: RANS

vs zonal LES. In Proceedings of the 12th European Turbomachinery Conference (ETC2017-113), Stockholm, Sweden, 3–7 April
2017.

25. Chen, H.; Turner, M.G.; Siddappaji, K.; Mahmood, S.M.H. Vorticity dynamics based flow diagnosis for a 1.5-stage high pressure
compressor with an optimized transonic rotor. In Turbo Expo: Power for Land, Sea, and Air; American Society of Mechanical
Engineers: Seoul, Korea, 2016; Volume 49699, p. V02AT37A018.

26. Chen, H.; Turner, M.G.; Siddappaji, K.; Mahmood, S.M.H. Flow Diagnosis and Optimization Based on Vorticity Dynamics for
Transonic Compressor/Fan Rotor. Open J. Fluid Dyn. 2017, 7, 40. [CrossRef]

27. Wu, Y.; Porté-Agel, F. Atmospheric turbulence effects on wind-turbine wakes: An les study. Energies 2012, 5, 5340–5362. [CrossRef]
28. Siddappaji, K. On the Entropy Rise in General Unducted Rotors Using Momentum, Vorticity and Energy Transport. Ph.D. Thesis,

University of Cincinnati, Cincinnati, OH, USA, 2018.
29. Star-CCM+ User Guide. Available online: https://support.sw.siemens.com/en-US/ (accessed on 15 October 2021).
30. Nicoud, F.; Ducros, F. Subgrid-Scale Stress Modelling Based on the Square of the Velocity Gradient Tensor. Flow Turbul. Combust.

1999, 62, 183–200. [CrossRef]

http://doi.org/10.1016/j.crme.2007.08.004
http://doi.org/10.2514/3.3549
http://doi.org/10.1016/0017-9310(76)90081-8
http://doi.org/10.2514/3.10128
http://doi.org/10.2514/3.61277
http://doi.org/10.1017/S0022112096000420
http://doi.org/10.2514/3.25187
http://doi.org/10.1017/S0022112081001730
http://doi.org/10.1038/scientificamerican0197-62
http://doi.org/10.1017/jfm.2018.476
http://doi.org/10.1017/S0022112009005801
http://doi.org/10.2514/1.J054548
http://doi.org/10.1007/s10494-019-00098-w
http://doi.org/10.3390/aerospace5020033
http://doi.org/10.3390/aerospace8030078
http://doi.org/10.1016/S0142-727X(00)00007-2
http://doi.org/10.4236/ojfd.2017.71004
http://doi.org/10.3390/en5125340
https://support.sw.siemens.com/en-US/
http://doi.org/10.1023/A:1009995426001


Aerospace 2021, 8, 352 18 of 18

31. McGhee, R. Effects of a Retronozzle Located at the Apex of a 140 Deg Blunt Cone at Mach Numbers of 3.00, 4.50, and 6.00. 1971.
Available online: https://ntrs.nasa.gov/api/citations/19710005139/downloads/19710005139.pdf (accessed on 17 October 2021).

32. Wikipedia. Falcon 9 First-Stage Landing Tests. Available online: https://en.wikipedia.org/wiki/Falcon_9_first-stage_landing_
tests (accessed on 15 October 2021).

33. Korzun, A.; Braun, R.; Cruz, J. Survey of supersonic retropropulsion technology for mars entry, descent, and landing. J. Spacecr.
Rocket. 2009, 46, 929–937. [CrossRef]

https://ntrs.nasa.gov/api/citations/19710005139/downloads/19710005139.pdf
https://en.wikipedia.org/wiki/Falcon_9_first-stage_landing_tests
https://en.wikipedia.org/wiki/Falcon_9_first-stage_landing_tests
http://doi.org/10.2514/1.41161

	Introduction 
	Methodology 
	RANS Details 
	LES Details 
	Sensitivity of K-Omega SST with QCR towards Diffusion and Dissipation 
	Validation 
	Kinetic Energy Spectrum in LES 

	Results 
	Turbulent Kinetic Energy 
	Shear Layer Profiles 
	Turbulent Kinetic Energy Production and Reynolds Stresses 
	Retropropulsion Flow Physics—A Special Case Analysis 

	Conclusions 
	
	References

