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Abstract: A simplified finite element model of riveted joints for structural analyses which effectively
incorporates nonlinear response of riveted joints is proposed. Load-transfer characteristics of riveted
joints were experimentally and numerically studied. First, a detailed finite element analysis for the
process of a tensile test of a single-row joint which consists of squeezing of the rivet and tensile
loading to the joint was conducted to confirm the validity of a conventional method of analysis. The
load–relative displacement behaviors of single-row joints observed in the detailed finite element
analysis and previously conducted experiments agreed well. Then, a simplified method of the
analysis was developed based on the detailed analysis and the experiments and was applied to
analyses of multiple-row joints. A nonlinear relationship between load and relative displacement in
the simplified analyses had good agreement with the detailed one. Distributed loads to the multiple
rivets in the simplified analysis coincided with those of the detailed analysis under the maximum
load. Memory and CPU time required to run the simplified analyses were reduced to about 1/4 and
1/6 compared to those of the detailed analysis, respectively.

Keywords: finite element analysis; joints; aircraft structure

1. Introduction

In the structural design of an aircraft, damage tolerance is required to be carefully
considered to ensure structural integrity under service conditions. Numerical analyses
are widely utilized to evaluate the structural integrity to meet the requirements. As it is
difficult to directly analyze the effect of damage in a component of the structure on the
whole aircraft in terms of computational costs, multiple analyses for different scales of the
structure are generally conducted, as shown in Figure 1. The nonlinear response of the
structures, such as buckling, plasticity, effect of damage, etc., is usually considered in the
analysis with a lower scale due to the limitation of computational costs [1–8].

As loads in components of aircraft structures are mainly transferred through joints such
as rivets under complex service conditions, the rivet is a potential origin of damage [9–11].
Therefore, it is important to incorporate characteristics of the rivet joints in the analysis of
damage-tolerant structures. When the effect of multiple damages in different components
on the whole aircraft structure is considered, a nonlinear response of the rivets is desired to
be incorporated into analyses in the higher scale of the structure.

However, a method that can express the nonlinear load-transfer response of riveted
joints in large-scale structures in an effective way in terms of accuracy and computational
costs has not yet been proposed as of the time of writing [12–22]. In this study, we propose
a method where the nonlinear response of riveted joints is accurately expressed with a low
computational cost.
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Figure 1. Practical finite element analyses for the design of an aircraft structure.

2. Definition of Loads Transferred through Rivet Joints

Huth proposed that loads transferred through a riveted joint can be expressed in the
following equation [23].

F0 = Fjnt + Fbyp = Fbr + Ff r + Fbyp (1)

where F0 shows total load in the joint and Fjnt and Fbyp show load transferred through
the joint and load bypassed to the plates. Fjint has two parts, where Fbr, Ffr, are bearing
load between rivets and holes and frictional load between fastened plates, as shown in
Figure 2a. In the case of a single-row joint, as shown in Figure 2b, the relationship can be
written in a simple form as follows because of the lack of the bypassed load.

F0 = Fbr + Ff r (2)

In this study, the above relationship is adopted to evaluate the transferred load.
Although it is difficult to experimentally evaluate Ffr for a fastened plate, it can be eval-

uated in a finite element analysis by the Coulomb friction law using the following equation.

Ff r =
nnode

∑
i=1

µFi
n (3)

where µ is a coefficient of friction and Fn
i is the contact reaction force normal to the plates

at the ith node.

Figure 2. Definition of loads carried through rivet joints.
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3. Experiment
3.1. Experimental Set Up

Tensile tests were conducted to evaluate the relationship between the load and relative
displacement of riveted joints [24]. Equipment and specimens used in the experiments are
shown in Figure 3a,b, respectively. Two plates of 2024-T3 aluminum alloy with a thickness
of 1.8 mm were cut into pieces with dimensions of 20 mm × 60 mm and fastened by
a single lap joint with an MS20426AD countersunk rivet with a diameter of ϕ 3.2 mm.
The squeezing force Fsq of rivets was set to a small value of 13 kN since we aimed to
evaluate load-transfer characteristics without effects of frictional force in this study. A
small LSC-2kN desktop test machine (Tokyo Experimental Equipment, Co., Tokyo, Japan)
was used for the experiments. A tensile load of 2 kN was applied with a cross-head speed
of 1.0 mm/min.

Figure 3. Experimental setup for tensile tests of a single-row joint.

A Strainscope noncontact measurement system (JT Toshi, Co., Tokyo, Japan) was used
to evaluate relative displacement of the joints. In this system, relative displacement between
2 measuring points previously marked on the specimen were consecutively measured
based on images from a digital camera. The specimens were painted white and black
markers were attached to the specimen with a distance of 50 mm, as shown in Figure 3b.
Nominal strain can be automatically calculated in this system by dividing the original
distance by the relative displacement when the material and its cross-section are uniform
between the 2 measuring points. In our case, the relative displacement between the markers
was only obtained because of nonuniformity of the cross-section.

3.2. Results and Discussion

Relationships between applied loads and relative displacements obtained from the
experiments are shown in Figure 4. Two solid lines show the experimental results, where
the two curves are almost coincident with each other. The results shown with dashed
lines are discussed in Section 4. At the initial stage of the experiment, a nonlinear rela-
tionship between the load and relative displacement is observed. This is considered to
be mainly caused by a difference in the neutral axes of two fastened plates and initial
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clearance between the rivet and hole. After that, the load increases linearly with the relative
displacement until the load reaches about 1.3 kN. The stiffness of the specimen decreases
with the further increase in the load. Due to a lack of frictional force, it is considered that
the stiffness reduction is mainly caused by plastic deformation in the vicinity of rivets.

Figure 4. Relationship between applied load and relative displacement where Fsq = 13 kN.

4. Finite Element Analysis of a Single-Row Rivet
4.1. Analytical Model

Li demonstrated that the load–relative displacement relationship and strain distribu-
tion around holes of specimens during tensile tests can be precisely analyzed by nonlinear
finite element analyses with an elastic–plastic material model and continuum elements [25].
Nonlinear load-transfer characteristics of riveted joints were analyzed in a similar manner
in this study [26]. Marc and Mentat 2017 (MSC Software Co.) were used as a solver and pre-
post software of the finite element analyses. Eight-node hexahedral reduced-integration
elements (Type 117) were used to avoid volumetric locking due to excessive plastic defor-
mation. The half model was developed based on symmetry in the lateral direction of the
specimen. The analytical model and material properties used for the analyses are shown
in Figure 5 and Table 1, respectively. Specifications of hardware used for the analyses are
shown in Table 2. Processes from squeezing of a rivet to the application of tensile load
were sequentially analyzed with consideration of contact conditions of each part and large
strain due to plastic deformation, as shown in Figure 6. The Coulomb friction law was
adopted and the coefficient of friction µ was set to 0.2.

Figure 5. Detailed finite element model of a single-row joint.
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Table 1. Material properties used for the finite element analysis.

Parameters MS20426AD Rivet 2024-T3 Alloy Bare Sheet

Young’s modulus 71.7 GPa 72.4 GPa
Poisson’s ratio 0.33 0.33

Flow stress σtrue = C (εtrue)m σtrue = C (εtrue)m

Initial yield stress 172 MPa 310 MPa

Hardening parameters
C = 544 MPa, m = 0.23

(εinit ≤ εtrue ≤ 0.02)
C = 676 MPa, m = 0.14

(εinit ≤ εtrue ≤ 0.02)
C = 551 MPa, m = 0.15

(0.02 < εtrue ≤ 1.0)
C = 745 MPa, m = 0.164

(0.02 < εtrue ≤ 0.1)

Slope of linear hardening curve 1034 MPa
(0.1 < εtrue ≤ 1.0)

Table 2. Hardware specification used for the finite element analyses.

Manufacturer Hewlett Packard
Product name ProDesk 600 G2 SFF

Operating system Windows 10 Professional
CPU Core i5-6500 Quad-core 3.20 GHz

Memory PC4-17000 64 GBytes
Storage 500 GBytes Hard disk

Figure 6. Processes analyzed in the finite element analyses.

4.2. Results and Discussion

The relationship between applied load and relative displacement obtained from the
finite element analysis with 13 kN of squeezing force is shown as a dashed line in Figure 4.
At the stage where the load–displacement curve is linear, stiffness of the joint in the
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experiment and the analysis are nearly coincident. The curves also demonstrated that
stiffness starts to decrease with a similar level of the load in the two results.

Figure 7 shows axial displacement along the center line of the specimen with 1.5 kN
of applied load. The vertical axis shows the displacement, and the horizontal axis shows
the location along the center line. The distribution of displacement in the analysis is shown
as a gray line. Displacements at two measurement points and the cross-head of the testing
machine are plotted for the experimental results due to the limitation of the measurement
system. The distribution shows that deformation is especially large around the rivet. At the
upper and lower measuring points in the experiment, the displacements in the analytical
and experimental results agreed well.

Figure 7. Distribution of displacement along the center line of the specimen where F0 = 15 kN.

These agreements of the load–relative displacement relationships indicate the feasibil-
ity of the analytical model developed in this section.

Variations in the load–relative displacement curve with a squeezing force Fsq ranging
from 13 to 52 kN are shown in Figure 8. At the initial stage in all cases, there are linear
regions of the load–relative displacement relationships where elastic deformation is domi-
nant. The stiffness starts to decrease with further increases in the loads due to slip under
further loads larger than the frictional force and plastic deformation of the joint. The larger
squeezing force applied to the rivet, the larger load the stiffness reduction of the joint
starts with.

Figure 8. Load–relative displacement curves of single-row joints with various squeezing forces.
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In order to study the effect of friction on the relationship between the load and relative
displacement, frictional force Ffr was evaluated by using Equation (3). Frictional force Ffr
was regularized by total applied load to the joint, as shown in Figure 9. In the initial stage
when the total applied load is small, the frictional force accounts for a large percentage of
the total applied load. With a further increase in the total applied load, the effect of the
frictional force decreases and it ultimately becomes almost zero. Due to the difference in
the axis of the applied load and neutral axes of the plates, out-of-plane deformation of
the plates increases with the increase in the applied load, and finally the applied load is
transferred in the direction that separates the plates. This behavior can be seen in Figure 6c.
The effect of friction does not monotonically increase with the increase in the squeezing
force Fsq. This is considered to be due to reduction in the contact surface caused by local
deformation of the plates near the rivets in the squeezing process with 39 kN of squeezing
force Fsq or more.

Figure 9. Ratio of frictional force to total transferred load of the single-row joint.

Bearing load Fbr was evaluated by substituting the total load F0 and frictional load
Ffr into Equation (2), as shown in Figure 10. Each curve shows similar trends, although
the bearing load required to start the stiffness reduction increases with squeezing force Fsq.
Figure 11 shows that the cross-sectional area of the rivet shank increases in the squeezing
process. We focused on this behavior for further investigations of the trend. Figure 12
shows that the cross-sectional area of the rivet shank immediately after the application of
squeezing force Fsq. As shown in Figure 13, the curves of bearing force Fbr were regularized
by a ratio of variation of the cross-sectional area A0/A where A0 and A are cross-sectional
areas before and after the squeezing process, respectively. As the regularized curves are
nearly coincident, an increase in the cross-sectional area of the rivet shank with squeezing
force Fsq has a dominant effect on the increase in the bearing load Fbr.

The maximum amount of computational resources required to run these analyses was
about 850 MB of memory and 8300 s of CPU time.
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Figure 10. Bearing load–relative displacement curve of the single-row joints.

Figure 11. Change in cross-sectional area of rivet shank after squeezing where Fsq = 19.5 kN.
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Figure 12. Difference in cross-sectional area of rivet shank with respect to squeezing force.

Figure 13. Regularization of the curves of bearing load by the cross-sectional area of rivet shank.

5. Finite Element Analysis of Multiple-Row Riveted Joints
5.1. Analytical Model

A simplified model for multiple-row riveted joints, which is usually adopted in real
aircraft structures, was developed. First, triple-row riveted joints were precisely analyzed
by the same method presented in the previous section to evaluate loads distributed to
each rivet, as shown in Figure 14. Next, the simplified model of the triple-row joint with
the same boundary conditions as the detailed model was developed and its results were
compared to that of the detailed analysis to confirm the effectiveness of the simplified
model. In the simplified model, the plates were modeled with a four-node thick shell
element (Type 75), as shown in Figure 15.
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Figure 14. Detailed model of triple-row joint for the finite element analyses.

Figure 15. Simplified model of triple-row joint for the finite element analyses.

The rivets were modeled with a nonlinear spring element connected to nodes located
in the center of each rivet. The relationship between shear load and relative displacement
of the nonlinear springs was defined in the following way. In Figure 16, the load–relative
displacement and the stiffness of the springs are shown as blue and red lines, respectively.
As shown with the last two points of the blue line, slopes of the load–relative displacement
curve were calculated by dividing the load increment between two consecutive points by
the corresponding displacement increment using Microsoft Excel. These consecutive data
express the stiffness as a function of the relative displacement, as shown with the red curve.
This curve became a stepwise function because the stiffness between two points in the
load–displacement curve is constant. The stiffness of nonlinear springs for the simplified
analyses was defined with these data.

There are scatters of the stiffness observed in a region where the relative displacement
is small. They are numerically caused when the detailed analysis faced severe nonlinearity,
such as plasticity and a change in contact conditions, especially in the vicinity of the rivet
hole. The time step of the analysis was automatically adjusted to overcome the difficulty
of convergence of the nonlinear solution, which resulted in a change in the slope of the
load–relative displacement relations. The moving average of the stiffness is shown as a
dashed line for reference. The scatter was about 10% and did not have a significant effect
on the result of the carried load in the simplified analysis, as shown in the next section.
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Figure 16. Derivation of stiffness of nonlinear springs in the simplified model.

As shown with the curves in Figure 13, the relationship for the nonlinear springs can
be derived for any case of squeezing force Fsq without many experiments by regularizing
one curve by calculated the cross-sectional area of the rivet shank after squeezing.

5.2. Results and Discussion

Figure 17 shows a comparison of load–relative displacement curves from the detailed
and simplified analyses. Stiffness in the simplified analysis is found to be lower than that
of the detailed analysis. Deformation of the rivet shank can be taken into account in the
detailed analysis, but on the other hand it is not expressed by the nonlinear springs in the
simplified model, which is considered to be the reason for the difference in the stiffness.
The stiffness decreases with the further increase in the load and eventually reaches the
same level in both analyses. The difference between ultimately transferred loads in the
detailed and simplified analyses is about 7.5%.

The ratio of the distributed loads to each rivet to the total applied load was evaluated
as shown in Figure 18. The change in the ratio and the total applied load are plotted on the
vertical and horizontal axes, respectively. A dashed line shows the result from the detailed
analysis and a solid line shows the results from the simplified analyses.

In the detailed analysis, loads that the upper and lower rivets bear are higher than
that of the center rivet in the initial stage. The ratio of the distributed loads to the rivets
changes with further loading, and the ratio for all rivets reach almost the same level in
the end. The initial difference in loads in the upper and lower rivets are considered to
be due to asymmetry in the thickness direction of the plates, attributed to asymmetry of
the countersunk rivets and residual stress in the squeezing process of the rivets. In the
simplified analysis, where the aforementioned factors are not considered, the distributed
loads to the upper and lower rivets are coincident through the analyses, as shown with
two overlapped lines in Figure 17.

In both the simplified and detailed analyses, the initial ratios of distributed loads to
the upper and lower rivets are larger than that of the central rivet. The difference in the
distributed load decreases with the increase in the applied load and it ultimately vanished.
This trend has been observed in riveted joints in practical use [25] but cannot be expressed
by a conventional method of finite element analysis where rivets are modeled as linear
elastic materials. Under conditions where the total applied load is about 2 kN or more,
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ratios of distributed loads to each rivet are almost same for the results in the detailed and
simplified analyses. Under the loading conditions in the presented analyses, shear stress in
each rivet is about 80 MPa and lower than 180 MPa, which is the strength of the adopted
rivets. This indicates that the present loading condition fits the practical use of riveted
joints in aircraft structures.

Figure 17. Load–relative displacement curves obtained from the detailed and simplified analysis of
triple-row joints.

Figure 18. Ratio of distributed loads on each rivet to total applied load to the triple-row joints.

Computational resources were greatly reduced in the simplified analysis compared
to the detailed analysis. Memory required for the detailed and simplified analyses was
about 1700 MBytes and 370 Mbytes, respectively. Elapsed CPU times were 13,000 s for the
detailed analysis and 2100 s for the simplified analysis. Required memory in the simplified
analysis decreased to about 1/4 of the detailed analysis, and CPU time in the simplified
analysis was reduced to about 1/6 of the detailed analysis.
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6. Conclusions

A simplified model of nonlinear response of riveted joints was developed for analyses
of aircraft structures in the following steps. Firstly, finite element analyses of single-row
riveted joints precisely modeled with continuum elements were conducted to analyze
processes from squeezing of rivets to tensile loading to joints. Nonlinear relationships
between applied load and relative displacement as well as an effect of squeezing force on
the nonlinear relationships were successfully obtained. Secondly, the knowledge obtained
from the detailed analyses of the single-row rivet was utilized with multiple-row joints,
and a simplified analytical model which utilizes shell elements and nonlinear springs was
developed to reduce computational costs while keeping the same accuracy as the detailed
analysis. In cases where bearing loads of the rivets are dominant in the total applied load,
the following results were obtained.

• The nonlinear relationship between load and relative displacement obtained from the
detailed and simplified analyses of the triple-row joints agreed well.

• The detailed and simplified analyses showed the same trend of distribution of loads
to each rivet, i.e., the distributed loads, which were initially different from each other,
came close with an increase in the applied load and were ultimately distributed evenly
to all rivets.

• In the simplified analysis, the memory and CPU time required to run the analyses were
reduced to about 1/4 and 1/6 compared to those of the detailed analysis, respectively.

These results indicate that the present simplified model is effective in terms of accuracy
and computational resources for analyses of structures using multiple-row riveted joints.

7. Future Work

Although the finite element analyses derived a lot of field variables, such as displace-
ment distribution, experimental results that can be compared to the detailed analytical
results were not obtained in this study. To improve the present method, the following
points are desired to be studied in the future.

1. Further experimental investigation on displacement and strain field with methods
such as digital image correlation.

2. Obtaining experimental results with different squeezing forces of rivets under condi-
tions where the frictional force is not small.
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