1 Statistical study of MCC

1.1 General framework

Let T = (T))o<n<n—1 be a corpus of N texts we want to classify into K classes.
We have at our disposal a classifier that associates to each text its predicted
class Ak"’ l,, denotes the true class of the text T,,.

Let C = (¢ j)o<i,j<n—1 be the empirical confusion square matrix of size K
defined by

N-1
Gy= > Xulij) (1)
n=0
with
Xn(lhj) = 1kn:i1ln:ja (2)
and let P = (Pi,;) be the proportion matrix defined by P= %6

Assumption 1

For all (i,j) € {1,..., K}?, the elements of the sequence (X, (i,5))o<n<n_1 are
i.i.d random variables of the same law as X (i, j) with:

P(Xn(i,j) = 1) =1 = P(Xu(i,j) = 0) = pi - (3)

Remark 1. p; ; represents the probability that a text categorized in the i-class
belongs to the j-class. By the strong law of large number we have

-~ a.s.
Pij - Pi (4)

1.2 Quantifying the efficiency of the classifying procedure

Definition 1. The empirical Matthews Correlation Coefficient (MCC) metric
is defined by:

N % S50 @ik = Lo (i ik X Z )
\/N2 - 15:701( >izo Clk \/N2 gKolaw)2
and the true MCC' is defined by
>iico Pk zf‘&(zfalm x zf‘olm,f)

\/1_ k:_O( = 0 plk \/1_ ] _0 ka)Q

Remark 2. Note that by multiplying the numerator and denominator of (5) by
we have

MCC = (5)

MCClyye = (6)

1
N27
K-1~ K1, ~K-1~

k=0 Pkt — ko(Z‘opikxz opka)
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MCC = (7)




Hence, by FEquation (4)
MCC —*"— MCCipye. (8)
N—o00

In practice, we only have access to the empirical value MCC. Tt is desirable
to quantify how far MCC' is from MCCye. One classical way to answer this
question is to provide a confidence interval for MCCy,... Moreover, if one
wants to compare two different classification procedures, one can compute for
each procedure the associated M icc 1and M icc 2, and investigate whether there
is statistical evidence that:

M/CTCl < M/CTCQ(T'GSP. >) = MCClyer < MCClyea(resp. >).

This can be done thanks to a confidence interval for MCC 1—M C’C’g which
is classically derived from a joint Central Limit Theorem for (M CcCy,M CCQ)
1.2.1 Vectorial central limit theorem for MCC and application to

confidence interval

Let P, be the square matrix of size K, where the variable at the column j and
line i is X, (¢, 7). We obtain that

R 1 N-1
=¥ > P (9)
n=0

Let Mg be the space of all the square real matrices of size K, and g be the
application defined by:

g : Mg — R
(zig) = 9((ziy),
where
Zk =0 Thk — f_ol(zz =0 Tik X Ej =0 xlw)
((zi)) = K - . (10)
S CE w1 S (T )
Theorem 1.1. If Assumption 1 holds, then
1. -
VN((MCOC — MCCirie) —=— Mi(0,01), (11)
—00
where 01 = \/Dgt¥Dg, and ¥ is the covariance matriz of size K?
Cov(X(0,0), X(0,0)) Cov(X(0,0),X(K —1,K — 1))
Y=
Cov(X(K—-1,K—-1),X(0,0)) .. Cov(X(K-1,K-1),X(K-1,K-1))

and Dg = (%)(i7j)e{071{_1}2 is the gradient at the coordinates p of the
i,
application g.

)



2. Let 0 < a <1 and o1 a consistent estimator of o1, then

. T qaxal =y qaxal
lim P MCC — ——— < MCCirye < MCC + =1—-a«a
N—oo ( N ¢ VN )

where qqo, is such that P (—qo < N(0,1) < qo) =1 —a.

Remark 3. In particular, the confidence interval with a 95% confidence level
18 given by

1,96 x 61— 1,96 x 5,

,MCC + —————|.
VN VN |
Remark 4. Closed formula for Dg and 5 provided in the Appendiz.

|MCC — (13)

Proof 1. 1. According to the vectorial central limit theorem, we have

N—o00

N-1
\/N(% 3 (P~ BP)) —5— Ng2(0,%)
n=0

Now setting o1 = \/Dgt¥Dg, the Delta method ensures
R | Nl .
VN((g(P) = g(= Y _ E[P,])) == N1(0,0%)

N—o0
n=0

2. According to the Slutsky Lemma

VN((g(P)— g(: SN0 ER)) ¢

where,

o1 =/ Dg'SDg (14)

and 3 any consistant estimator of .

1.2.2 Application to statistical test

In this Section, we aim to provide statistical evidence that two models’ perfor-
mance differ significantly. To do so, we test Hy : Hy : MCCryer = MCClryes
against Hy : Hy : MCClrye1r # MCClryes, where MCClypyer is the true MCC
value for model 1, and M CCyyeo is the M CC value for model 2.

Let X1(7,7),..., X, (4,J) be i.i.d variables and of the same law as X (i, j).
Let P, be the square matrix of size K, where the variable at the column j and
line 7 is X, (4, 7).



Let Y1(i,35), ..., Yn(4,) be i.i.d variables and of the same law as Y (i, j).
Let @, be the square matrix of size K, where the variable at the column j and
line ¢ is Y, (4, 7).

Let Uy, be the vector of such that U, is the juxtaposition of P, and Q.
Let Uy be defined by:

— 1
Uy =+ n;) Un,. (15)
We define the functions J and f by
J Mg xMg — R2
o R2 — R
(z,y) +—  z-y.
Theorem 1.2. Under Hy,
VN(MCC, — MCC) NL> N(0,02). (17)
—00

where
02 = /D5, D, (18)

Df is the gradient of the application f, and Xy, = DJ'Y,DJ with DJ the gra-
dient of the application J, and X, = Cov(U,,) is a covariance matriz of size 2K?2.

Remark 5. Hence, we will reject Hy as soon as |M/C\’C1 — M/502| > qo. The
threshold q, is qualified thanks to Theorem 1.2 and the slutsky Lemma. For
1.9655

example the threshold for a test of level o = 5% is given by N

Remark 6. Note that the framework developed in Section 1 can be applied on
any of the classical metrics such as precision, recall, or fI score.

Remark 7. Closed formula for DJ and X, is in the Appendiz.

Proof 2. According to the vectorial central limit theorem

N—-1
V(5 3 (U = BlU]) —£0 Nosea(0,20),
n=0

where ¥, = Cov(U,) is a covariance matriz of size 2K?. According to the
delta method,

N—-1
VN(ITn) ~ (5 3 BlU]) —~ Mo(0, )
n=0

where ¥, = DJ'S,D.J. Now since J(Uy) = (M/C\C’l,M/C\C'g) we have



MCC,

MCCrirye L
VN ( Aicc —[ }) —= 5 N3(0,%).

MOC2true N —o00

Applying again the delta method, we get

\/N((M/C\Cl - M/602) - (Mccltrue - MCCQtrue) %) N(O ’ U%)
— 00

where oo = /D ftY,Df, with Df the gradient of the application f
Under Hy, we have

VN(MCC; — MCCs) NL> N(0,02).
—00

APPENDIX:

Calculating 5
For elements in the diagonal of 3, we have:

COU(Xh,mlaXll,ml) - E(Xlzhml) - E(Xll,ml)Q

= Ply,m; X (1 7pl1,m,1)-

We obtain that a consistent estimation for & is: Dty ma X (1 — Dy my)-

For elements outside the diagonal, we obtain that:

COU(Xll,ml’lz,m2 ) = E(Xh,ml X Xlz,mz) - E(Xll,ml) X E(Xlz,mz) ( )
2

= —Pli,m1 * Plo,ms-

We obtain that a consistent estimation for & is: —Diy.my * Dig,ms-

Calculating Dg

We introduce the following notation for the purpose of clarity in our calcula-
tions: Let p; . designates the sum of the elements of row ¢ of P.

Let p.; designates the sum of the elements of column j of p.

Let P, —[jo,...j4] With A € [0, K — 1] designates p;,. — Zf:(] Dija

Let p_i,...ia],; With A € [0, K — 1] designates p, j — Zf:o Din.j
Let Tr(p) designates the sum of the elements in the diagonal of P.

We must obtain agg -. We distinguish between the case where ¢ = j and i # j.
(¥

When i = j, we have:
wi+a— (b+af, +xy X c)
g(x1) = = 5
VI—d—(zi+e)?x /1 f—(xi+9)




Then we have:

dg  (L—2xa—¢) x Ax B+ ((z+e) x § 4 (21 +9) x 5) % (w1 +a— (b+a7, +a1; % c))

6l‘l7l B A? x B2

with:

A:\/l—d—(xz,z+e)2 and B:\/l—f—(zz,l+9)2-

When the input for g is our matrix ]3, we have:

K-—1
a=Tr(p)—pii, b= Z (D.j *Di,.) +DP-pyg X Di—p)y, €= D—py0 + Pr—)
k£l
K-—1 K-—1
d= Zﬁ%ka ezﬁ*[lLla f: Zﬁi,
kAL kAL
g=0pi,—p and x5 =Py

When i # j, we have:

_ a; — (bl + (xlﬂn +El) X dl + (xl,nb + 61) X fl)
V1I—g1 — (@ m +h1)? x /1T =iy — (@1,m + j1)?

, (4)

9(x1,m)

then we have:

dg B
ath
—(di + f1)A1B1 + ((x1,m + h1)B1/A1 + (z1,m + §1) A1/ B1) (a1 — (b1 + (@1,m + €1)d1 + (@1,m + €1) 1)

AiB}
with:

Ar=1/1=g1 — (@ +m)? and B =/1— i1 — (@rm +jr)*

When the input for g is our matrix ﬁ, we have:

K-—1
ay =Tr(p), b= Z (D *Dr,.)s €1 = Di,—[m]
k()

di=Dp1, e1=p_jym> [f1=Dm,

K-1 K—1
g1 = Z P h=D_pm, 1= Z pi,
km e



calculating i;
We have 6 cases:
o Cov(Xiy mys Xiym,)
o Cov(Xiy my» Xiy,my)
o Cou(Yy, mis Yiyms,)
o Cov(Yy, mis Y1, my)
o Cov(Xy, my, Yiy,my)
o Cov(Xy, my, Yip,ms)

with (ll,ml) 75 (lz,mz).
The four first cases are already covered by our previous work on confidence

intervals.
For the two next cases, we obtain that:

CO/U(Xllaml’Y—ll,ml) = E(Xl17m1 X }/llyml) - E(thml) X E(lelmh) (5)
We obtain that a consistent estimation for f); is:

N—-1
Ym0 Xn(ti,my) X Yo(,,m)
N

— Pli,mi X iy yma

Cov(Xh,ml ) lez,mz) = E(Xllaml X Yzmmz) - E(Xll,ml) X E(lez,mz) (6)
We obtain that a consistent estimation for E/J; is:

N-1
Zn:O Xn(lhml) X Yn(l2,m2)
N

— Piy,mi X Qly,me

Notice that when X,,(i1,j1) = 1, it means that j1 is the true label for the
nt" text. As such, Y,(i2,72) = 0 when j1 # j2. This means that for cases

where j1 # j2, a consistent estimation for ¥, is:
_Z/)\ll,ml X alz,mz

Calculating DJ

We obtain:

dy y

ODJs(x,y) _ 99(y)

ox ox =0

=0,




