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Abstract: An equilibrium problem of the Kirchhoff-Love plate containing a nonhomogeneous
inclusion is considered. It is assumed that elastic properties of the inclusion depend on a small
parameter characterizing the width of the inclusion ¢ as ¢N with N < 1. The passage to the limit
as the parameter ¢ tends to zero is justified, and an asymptotic model of a plate containing a thin
inhomogeneous hard inclusion is constructed. It is shown that there exists two types of thin inclusions:
rigid inclusion (N < —1) and elastic inclusion (N = —1). The inhomogeneity disappears in the case
of N e (—-1,1).
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1. Introduction

An equilibrium problem of a Kirchhoff-Love plate containing a nonhomogeneous inclusion is
considered. It is assumed that the elastic properties of the inclusion depend on a small parameter
characterizing width of the inclusion ¢ as ¢N with N < 1. The problem is formulated as a variational one;
namely, as a minimization problem of the energy functional over a set of admissible deflections in the
Sobolev space H2. This implies that the deflections function is a solution of a boundary value problem
for bi-harmonic operator (pure bending, see, e.g., [1-4]).

The aim of the present work is to justify passing to the limit as ¢ — 0. To do this, we apply a
method that was originally introduced in [5,6] for problems of gluing plates. The method is based
on variational properties of the solution to the corresponding minimization problem and allows for
finding a limit problem for any N < 1 simultaneously. It is shown that there exist two types of hard
inclusions in dependence of N: thin rigid inclusion (N < —1) and thin elastic inclusion (N = —1). In
case N € (—1,1), the influence of the inhomogeneity disappears in the limit. We get limit problems in a
variational form, which is convenient, for example, for numerical analysis by the finite element method.

Let us give a short survey of works that are close to the present investigation. Note that there
are not so many works devoted to study of models of thin inclusions in plates. We mention [7-9],
in which thin elastic inclusions in pates were studied. Papers [10-13] are devoted investigations of
thin rigid inclusions. We refer to [14-21] for asymptotic analyses for different models of bonded
structures in Elasticity. We indicate also paper [22], where a geometry-dependent state problem for a
heterogeneous medium with defects is investigated in framework of anti-plane elasticity.

Finally, we mention paper [23], where the mechanical behavior of an anisotropic nonhomogeneous
linearly elastic three-layer plate with soft adhesive, including the inertia forces, was studied, and the
various limiting models in the dependence of the size and the stiffness of the adhesive was derived.
The problem under consideration in the present paper is different from the mentioned paper because we
consider the hard inhomogeneity lying strictly inside the plate and derive limiting problem depending
on the size and stiffness of the inclusion. Wherein, the plate size does not vary and remains constant.
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2. Statement of Problem

Let us fix a small parameter ¢ € (0,1) and consider an inhomogeneous rectangular plate Q C R?
with a thin rectangular inclusion Q)f, . C Q) of width 2ed, where d is diameter of (). Let us specify
some notations:

Q= (—ay,ap) X (=by,b2), ag, by >0, a =1,2,

Qf,. = (—ed,ed) x (—c1,¢2), 0<cu <by, x=1,2,
={y2) € Q| £y1 >0},
S=00_Nad0y,
Sine =5N Qfm,
at = O\ Qie, Q% = Qe N O,
Note that, for all small enough ¢ > 0 a family of subdomains ), . lies strictly inside Q).
Besides, let us define the following notations:

g ={yLy) € Q| —ed <y1 <ed, y» €S},

4 ={(yvy2) €Q | y1 = +ed, y2 € S},

We assume that S;;,. is divided into three subsets S, C S;;,., where each S, is an union of finite
number of segments or empty set, « = 1,2, 3.

In our consideration, () is a composite plate, consisting of the elastic matrix (Of , and the
inhomogeneous inclusion Qf, . = U3_ (), where

Qf ={(y1, ) € R? | —ed <y <ed, y2 € Sa}, a=1,23.

Moreover, in the sequel, we will use the following notations:

mzd \ U 1621
So=S5 \ §inc-

Denote, by Ey, E; and ko, k., Young’s modules and Poisson’s ratios of parts (2t and Q) of the
composite plate (), respectively, « = 1,2, 3. The compound character of the structure is expressed by
the fact that E, ko, and k, are constants, while Young’s modulus E§ depends on ¢, as follows:

EE =eMeE, in OF, «=1,2,3,
where Nj, N, N3 are real numbers, such that
N1 < -1, Np=-1, N3 € (-1,1).

Parameters N; and N; correspond to hard inclusions in the plate Q) (see [6,24,25]).
Moreover, put Ny = 0.

Denote, by w, deflections of the composite plate (). Then the bending moments are defined by
formulae (see, e.g., [26,27])

%w

mij(w) = diggwi, =12 wp =5 50
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where the positive definite and symmetric tensor {d;j; } is orthotropic with the following components:

45 (y) = DE(y), digi(y) = DR (Y),
df-]-l-]-(y) = d?jji(]/) =D (y)(1—k*(y))/2,i#j i,j=12,

De(y) = { Dy in Qf,,,

)

eNeDy in QF, & =1,2,3,

Eqh®
Di=—" 4=01,23,
*T -k "

kQ in OF
k€ — mat’
) { K, inQF, a=1,2,3,

h is a thickness of the plate () that is constant. Note paper [28], where it was shown non-standard
behaviour in the asymptotic two-dimensional reduction from three-dimensional elasticity, when the
thickness and size of inclusions depend on the same parameter.

The potential energy functional of the plate has the following representation (see [27]):

1
(w) = 5 /dfjkzw,kzw,ij dy — /fwdy,
0 0

where f € Ly(Q) is a bulk force acting on the plate (). Subsequently, the equilibrium problem of
nonhomogeneous plate clamped on the external boundary 9Q) can be formulated as the minimization
problem: find a function w, € H3(Q)) such that

I[M(we) = inf TII(w). 2)
weHZ(Q))

Problem (2) is known to have a unique solution w, (see, e.g., [26,29]), which satisfies the
variational equality:

/ dfjk,w&klw,ij dy = /fw dy Yw € H3(Q). 3)
O QO
Moreover, the function w, is a unique solution the following boundary value problem:

(dijqwen)ij = f in Q,

0w,
We = v

=0 on 0Q),
where v is a unit normal vector 9Q).

3. Decomposition of the Problem and Coordinate Transformations

In the sequel, we will have deal with the problem (3). Let us rewrite it in an equivalent form.
For this, we introduce the following set:

Ke = {v = (v_,v4,0m) € H(Q) x H(QF) x H*(QF,) |
U4 = Uy, Vi1 = Upqae onSg,

Uy = aav—vi = 0a.e. on 905 N 9O }.
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Taking into account the (1), problem (3) can be reformulated, as follows: find a triplet
(We—, Wet, Wem) € K satisfying a variational equality

be— (ws—/ U—) + bs+(ws+/ U+) + bem (wsm/ Um) =

4

1 (0_) + L+ (02) + In(0m) V(0,04 0m) € Ke, @

where
bex (u,v) = Dy / (u119,11 + U202 +ko(u,11022 + 120 11) +2(1 — ko)u,120,12) dy,
0f
3
bem(u,0) = Y D /(u,nv,u + U202 + ko (111922 + 1,22011) +2(1 — ka)1,120,12) dy.
a=0
Q)

From the Calculus of Variations, it follows that problem (4) has a unique solution (we—, We+,em ) €
K. for all ¢ > 0 small enough (see, e.g., [2,26]). Herewith, w.+ and w,, are restrictions of w, on
subdomains Q)4 and ()}, respectively.

Next, we introduce coordinate transformations that map domains Q)% and ()}, onto domains
independent of e. For this, we consider two convex domains wj and wp, such that

S Cwiy, W Cwy, dwpyN{y; = —a1} =@, dwy N{y; = ar} = @,
and a smooth cut-off function 6, such that
0=1inw;, 0< 60 <1inwy, 0 =0inR?\ @,.
Let us introduce the following notations:
Qn={(z1,22) €R? | —d <z <d, €S},

Si ={(z1,22) €ER? | z; = +d, z, € S},
Oy ={(z1,22) €R? | —d <z <d, zp€8:}, a=0,1,2,3,
SIXi = {(Zl’zz) € R% | Zl = :td, ZZ S SlX}/ o= 0/1/2/3~

and define coordinate transformations in the domains Q)+ and ), as follows:
y1=x1£edd(x1,x2), y2=2x2, (x1,%2) € Qx, (y1,42) € OF, )

]/1 = €27, ]/2 = Zy, (21/22) S le (]/LyZ) S Q;/z (6)

It is not difficult to show that for all sufficiently small coordinate transformations (5) and (6) map
bijectively the domains )+ and Q) onto Q)% and )f,, respectively, (see, e.g., [30,31]). Note that the
subdomain Q)f is mapped into subdomains )y, « =0, 1,2, 3.

Denote, by @ (x) and J:, Jacobian matrices and Jacobians of transformations (5), respectively,

1+edfq(xq,x +edf,(xq, x
ot (1) st )

]gi(xl,xz) = det¢§[(x1,x2) =1+edb;(x1,x2).
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Coordinate transformations (5) and (6) establish one-to-one correspondences between spaces
H?2(Qy4), H*(Qy) and H2(QF.), H?(QF,), respectively. Moreover, the set K¢ is transformed into a
set K¢,

Ke = {v = (v_,v4,vp) € H(Q_) x H*(Q}) x H*(Qy) |

1
S = gvm,l St }/

U+|s = Umls,, Vi1

where

H?(O4) = {vs € H*(Q4) | v4 = ag—j = 0 a.e. on 00§ N O}

Hereinafter, we assume that, for any functions v+ (x), x € Qu4, and v, (z), z € Oy, equality v |g =
Um|s, means that
v4(0,%2) = vy (Ed, z2), xp =2 €8S.

Introduce the following notations:
W (x1,X2) = Wex (x1 £ ed0(xq,x2),%2), (x1,x2) € Oy,

w;,l(21,22) == wem(521122>/ (21122) S Qm

Becase of the smoothness of coordinate transformations (5), we have asymptotic expansions for
the transformations of the second-order derivatives for (5) (see, e.g., [30-33])

+
Weij = W i+ ePy (e, ws), @)

with
B (e 0| < Clwh | + [t gl), ikl = 1,2.

Besides, we have for (6)

wfn,n(zl/ZZ) wfn,lz(zl,zz)

Wem11(Y1,Y2) = - a2 Wem,12(Y1,Y2) = P Wem22(Y1,Y2) = wfn,zz(zlfzz).

After applying coordinate transformations (5) and (6) to (4), we get that the triplet
(w®, w, uw},) € Ke is a unique solution to the following variational equality:

b (w® ,v_) + b (wh,vy) + U (why, vm) = 18 (v-) + 15 (vy) + I (vm) V(v—,v4,0m) € K, (8)
where, taking into account (7) and (1),
b4 (u,v) = be(u,v) +re(eu,v),

by (u,v) = Dy / (111911 + U202 + ki (111020 + U 20011) +2(1 — k+) 1190 12) dx,
(QFS

r=(em,0)] < exe) (e, + Iolea,)) 0 < exle) =o(1) ase 0, ©)
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be,(u,v) =
U110 k 2(1—k
= Dy / (12311 +euv» + ?m(u,llU,ZZ +v20w11)+ (em)u,lzv,u) dz+
Qp
U011 | U202 | km 2(1 — k)
+ D4 / ( AN + o Ni—1 + AN (u,nv,zz +v,22w,11)+ 81771\]1“,127),12 dz+
Qyy
U110 k 2(1—-k
+ Dy / (% + U200+ f(“,llv,zz +vwi1) + (Szm)u,uv,lz> dz+
Qﬂ‘l
v k 2(1—k
+Ds / (% + M 000 99+ LN(M,llv,zz +02w11) + (811\[:1)”,1277,12> dz,
QWI
I5 (v /f x1 £d6(x1,x2),x2)(1 £d01(x1, x2)vdx,
(QXS
c(v)=¢ / f(ezq,zp)vdz,
Qm
50| < Cllolya.y (10)
L (0)] < Cellv[|1y(0,)- (11)

4. Limit Problem

To justify passing to the limit as ¢ — 0, we need some auxiliary lemma proved in [5,6].

Lemma 1 (Poincare-typé inequalities). For any triplet (v—,vy,vy) € Keand € € (0,1), the inequalities

lomll 0y < € (Ioma113, 0 + o+ oy )

Fac < € (o) + b))

hold, where a constant C > 0 does not depend on (v_, v, vy ) and € > 0.
Our main result is the following theorem.

Theorem 1. Let w® = (w® ,wir,wfﬂ) be a solution to (8); let wy € Ko be a solution to the following
variational equality:

)

dzy = l(w) Vw € Ky, (12)

b(wo, )+4d 1—ky)D /

S2

aZQ aZZ

where
Ko={we H}(Q) | w=ax,+pae onSy, a,pcR; wyc H(S,)}.

Denote, by w, a restriction of w to subdomain Q)+ and, moreover, put
wWm(z1,22) = wo(z1,0) for (z1,22) € Q.
Then, the following convergences
£

wh — wy  weakly in Hz(Qi),

w;, — Wy, weakly in - Ly(Qy),
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take place as € — 0.

Proof. Let us substitute (w® , w’ , w%,) in (8) as a test function. Taking into account Lemma, (9)—(11),
we obtain an estimate

Hw£i||%-12,0(07) + Hwi||1zqz,0(g+)+

wt 2 wt 2
7710,11 7710,12 1 e 2
+ 3 + I + lle2wy o l7, (o) +
€ L (o) € L (o)
2 2
t) el &
w w
nq ,11 m1,12 m1,22
+ || N e t =N +
€ 2 Ly (y) € 2 Ly () € 2 Ly ()
2 2
& tel
w w 2
'rflz,ll mz,12 =
+1-3 + || o T
Ly (M) Ly ()
2 2
te) te)
w w Ny+1
ms3,11 ms3,12 BT . 2
= nal| ey + [le™ Wy, o ll7, (0, <€ (13)
€ 2 Ly () € 2 lLy(03)

with a constant C independent of e. Here, by wy}, , denote a restriction of w* to Oy, « = 0,1,2,3.
Moreover, from (13), Lemma, and definition of the set K¢, we additionally have

[winlly(0,) < € llwiill ) < Ce (14)

Estimates (13) and (14) entail the existence of functions wi € HZ'O(Qi), Wy € Lo(Q),
ParGarta € La(Q), « = 0,1,2,3, such that for some subsequence {e,}5 ; still denoted by ¢,
the following convergences:

ws — wy weakly in HZ(Qi),
wy, — wy, weakly in Ly (Qy),
Na—3 .
€ 7 Wy — pa weaklyin Lr(Qy), (15)
e Wy, 10 — qa Weaklyin  Lr(Qy),
Nyl

€ 2 W0 — 7y weaklyin Lo(Qy)

hold as ¢ — 0, with 7, = wy;, 20. Moreover, from (13) and (14), it follows that

w1 — Wy =0 stronglyin  Lo(Qu), (16)
Wy 11 = W11 =0 strongly in - Lo (Qu), (17)
Wy, 20 — W2 =0 strongly in - Lp(Qq), (18)

and there exists . € Ly((),) such that
o
- U weakly in Ly (()).

From definition of the set K¢, after passing to the limit as ¢ — 0, we obtain

wm'Si = wi'S' (19)
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Because wy, 1 = 0in QO (see (16)), wy;, does not depend on z,. Therefore, taking into account (17),
we conclude that there exists a function B(z) € Ly(Qy) such that

wm(z1,22) = B(z2), (21,22) € Q.

Condition (18) means that the function w,, is affine in the domain (), with respect to zj,
i.e., there exists §, v € R, such that

W (z1,22) = 6zp + 7 in Q. (20)

Because of (19), we have
w,|5 :ZU+|5. (21)

Now, let us show that w4 satisfy the following equality:

wy1=w_; on S. (22)
Indeed, from the relation
d
[ w1, z2)dz =l (d,22) = why 1 (—d, 2),
—d

it follows that

b
[ 105104, 22) = iy 1 (=, 22) P2z < 2, 1,0,
a

Due to estimate (13) and the equalities wy, {(£d,z2) = ew?, (0,22) for z € (a,b) (see the definition

of the set K), we obtain
2d

L(9) < 7 lwmulliya,) =0

Hwi-,l - w€_,1
as ¢ — 0. From (15) (the first line) and the compactness of trace operator, it follows
wft,l — wy 1 strongly in Ly(S)

as ¢ — 0, and (22) holds.
At last, using the same arguments as in [6], we can prove additionally that

w1ls, € H'(S2) (23)
and, moreover,
p2 = —kuwp o in Oy,
a(w, 1 |Sz)
=A%) ih 0
q2 92, mn 1lp,

u=w_qls, in Oy.

Now, let us define a function

() = w_(x) xeQ_,
O< ) { w+(x) X€Q+. (24)

Conditions (19)—(23) imply that the function wg belongs to the set K.
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In order to proceed with a problem defining the function wy, we take arbitrary function
v e C2(Q) N Koy and define three functions v_, v, vy, by

v- =v|ln, vy =0|a,,

om(z1,22) = 0(0,22), (21,22) € Q.

Subsequently, for these functions, we consider a triplet (v— + e, vy + Py, Uy + €P) € K,
where ¢, (z1,22) = v1(0,22)21 for (z1,22) € Qm, and Y+ € H>O(Q4) is arbitrary extensions of i, in
domains Q)+, such that

lpi|5 - lpm|5$/ lpi,1 =0 on S,

and substitute it in (8). Since v,1; = 0 and ¢,,;;7 = 0 in ), weak convergences in (15) and
Formulas (23) allows for us to pass to the limit as ¢ — 0 and obtain the following relation:

a(w,,l 52) a(U,J
822 aZQ

52) dzr =

bo(w_,v_) +by(wy,vy) +4d(1— kz)DZ/
S2

=1_(v_)+14(vy) Yo e CHQ)NKy.
Taking into account (24) and the fact that C(Q)) N Ky is dense in Ko, we obtain (12). O

Assuming that the solution wy to variational problem (12) has additional regularity, by applying
the generalized Green formula (see, e.g., [2,26]), we deduce differential equations and boundary
conditions for the functions wy:

D()AZZUO = f in Q\ (gl ng),

aZU()
wo =5,

wo = dpX2 +‘30 on S, 9, ﬁo € R,

=0 on 0Q),

[m' (wo)] =0 on Sy,

/[tl(wo)] dx, =0, /[tl(wo)]xz dx, =0,

S 3
[*(wp)] = 0 on Sy,
p=wpy on Sy,
4dD>(1 —ky)p.ap = [m*(wg)] on Sy,
p2 =0 at 95y,
where m*(wy) and t*(wp) are bending moments and transverse forces, respectively, defined by

9%w
m® (wo) = Dy (kaAwo +(1- k“)aT;’),

0 82w0
14 . . — R
(wo) = Daz- (Bwo + (1 - k) 55 ),
v = (1,0) and T = (—1,0) are an unit normal vector and an unit tangent vector, respectively, « = 1, 2.
The mechanical interpretation of boundary conditions can be found in [6], see also [10,34,35].
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5. Concluding Remarks

We proposed a method of asymptotic derivation of plate models containing hard thin inclusions
lying strictly inside the plate. The method is based on the variational properties of the solution of
the equilibrium problem and allows for one to simultaneously construct all possible cases of hard
thin inclusions. It is shown that there exist two type of thin inclusions in the Kirchhoff-Love plate,
namely, the rigid inclusion S for N < —1 and the elastic inclusion S; for N = —1. The inhomogeneity
disappears in the case of N € (—1,1). The last means that we have no any peculiarity along the set S.

In the conclusion, we note that the proposed method does not allow considering the case of the
exponent N > 1 simultaneously with the case of the exponent N < 1, because, for the first case, we
need to use other type of test functions (see [6]), which cannot be substituted in variational equality for
the second case of the exponent.

Funding: The work is supported by the Russian Foundation for Basic Research (project 18-29-10007).
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