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Abstract: Mathematical manipulatives and the concrete–representational–abstract (CRA) instruc-
tional approach are common in elementary classrooms, but their use declines significantly by high
school. This paper describes a mixed methods study focused on knowledge retention and perceptions
of students in a high school Algebra I inclusion class after a lesson on square roots using a novel
algebra manipulative. Twenty-five students in a high school Algebra I inclusion class engaged
in an interactive lesson on square roots paired with the manipulative to support their conceptual
understanding. Participants completed a pretest, a post-treatment questionnaire, and a delayed
post-test. The two-sample t test showed a significant difference in students’ pretest–post-test scores.
However, conventional content analysis of the questionnaires showed that most students did not
believe the CRA instructional approach supported their learning. Implications include increased use
of manipulatives to teach abstract algebraic topics to support students’ conceptual understanding
and destigmatizing the use of manipulatives in secondary mathematics classrooms.

Keywords: algebra manipulative; inclusion class; concrete–representational–abstract approach; high
school algebra; secondary mathematics; student perceptions

1. Introduction

“Our goal must be to develop the talents of all to their fullest. Attaining that goal
requires that we expect and assist all students to work to the limits of their capabilities” [1]
(p. 12).

The quotation above is taken from the seminal report A Nation at Risk and still applies
regarding the need for educators to implement instructional practices that assist all students
in reaching their fullest potential [1]. As of 2017–2018, the most recent data available,
approximately 14% of all public school children in the United States are educated under
the Individuals with Disabilities Act [2]. Students with a specific learning disability (i.e.,
learning disability or LD) constituted the largest percentage of students with disabilities,
at 33.6% [2]. The call for equitable treatment of and access for all students has echoed
throughout the years in mathematics education reform [3–5].

When examining high school mathematics classrooms that include students with LDs,
mathematics teachers focus on providing accommodations to students with LDs that range
from additional time to complete assignments to alternative homework assignments and
to the use of calculators [6]. These accommodations can be attributed to interventions
that target procedural mimicry and recall of facts [7]. A growing body of research studies
examining the effectiveness of using hands-on and interactive materials with high school
students with LDs provide consistent support for instructional practices that go beyond
the accommodations and interventions referenced above [8,9]. Within the mathematics
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education community, hands-on and interactive materials often include what are referred
to as “manipulatives”.

Manipulatives are objects (either virtual or concrete) used to represent abstract mathe-
matical ideas concretely [10]. The conceptual grounding for using manipulatives originates
from aspects of constructivist theory that connect students’ concrete perceptions and expe-
riences of the world and abstract thinking [11]. The constructivist perspective provides a
promising approach as students with LDs have difficulty generalizing learned material and
conceptualizing abstract algebraic concepts and tasks [7,12,13]. Manipulatives are concrete
objects that students can arrange, partition, and group in ways that assist them in abstract
thinking associated with specific mathematical concepts [14].

With the increased availability of electronic devices (e.g., computers, tablets, and
interactive whiteboards) in classrooms, the use of virtual manipulatives has also increased.
Virtual manipulatives are digital representations of concrete objects. Studies have compared
the effectiveness of concrete manipulatives to virtual manipulatives and found them to be
equally effective [15–17]. Specifically, Westenskow and Moyer-Packenham [17] examined
the use of both concrete and virtual manipulatives for students with mathematical learning
disabilities and found that both types of manipulatives provided evidence of statistically
significant knowledge gain on a variety of fraction concepts; concrete manipulatives were
favored approximately half of the time, and virtual manipulatives favored the other half.

However, it should be noted that using manipulatives does not elicit the automatic
learning of mathematical concepts. Ball’s [18] article on using mathematical manipula-
tives with elementary school students puts this notion of mathematical understanding
in perspective: “[U]nderstanding does not travel through the fingertips and up the arm.
Although concrete materials can offer students context and tools for making sense of
the content, mathematical ideas really do not reside in cardboard and plastic materials”
(p. 47). Manipulatives need to be implemented in the classroom using appropriate instruc-
tional practices. After a 72 h rigorous professional development program specific to a
constructivist approach that included manipulatives, for example, teachers of mathematics
expressed a belief that students learn abstract topics best when engaged with hands-on
activities but noted classroom management (e.g., distractions due to manipulatives) as a
barrier to implementation of this approach [19].

One instructional approach that uses concrete models, such as manipulatives, is the
concrete–representational–abstract (CRA) approach, which is sometimes referred to as the
graduated instructional sequence or the concrete–pictorial–abstract approach. The three
parts of the CRA instructional approach build upon each other. The CRA sequence begins
with students using the manipulative as they work on a task (i.e., the concrete stage). Once
students master the concrete stage, they can create a pictorial display of a completed task
with the manipulative (i.e., the representational stage). In the last stage (i.e., the abstract
stage), students use numerical or algebraic symbols to facilitate abstract reasoning [20]. For
example, students could use base-ten blocks to display a multidigit multiplication problem
at the concrete stage, a drawing of the base-ten blocks to comprise the representational
stage, and Arabic numerals and symbols to show the same problem during the abstract
stage (see Figure 1).

In the early 1980s, Singapore’s Ministry of Education began advocating for the im-
plementation of the CRA instructional approach [21]. The strategy has become a staple
of teaching mathematics in Singapore and is the grounding behind the country’s success
on several international mathematics achievement assessments [22]. The CRA sequence
has been used while teaching with manipulatives for decades in the United States and has
been shown to be an effective approach in mathematics classrooms that include students
with LDs [9,23]. Unfortunately, using manipulatives and, therefore, the CRA approach has
not been implemented regularly in high school mathematics classrooms [24], likely due
to the misconception of the effectiveness of manipulatives with older students [25] and
that manipulatives use is distracting [19]. Implementing instructional practices that assist
all students includes examining manipulatives that target high school concepts through
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concrete and visual representations using the CRA approach. Therefore, this article will ex-
amine the implementation of the CRA approach with an Algebra I inclusion class, focusing
on students’ knowledge retention and perception of their learning.
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Figure 1. A multidigit multiplication problem, 12 × 13, is displayed using each stage of the CRA
approach: (a) Panel 1 shows base-ten blocks, which is the concrete stage; (b) Panel 2 shows a diagram,
which is the representational stage; and (c) Panel 3 shows symbols that model the problem, which is
the abstract stage.

2. Perspectives on Manipulatives Use and Need for the Study

A common view among researchers is that instructional practices involving manipula-
tives are beneficial for young students but unnecessary for older students [25,26]. Using
manipulatives in the mathematics classroom has typically been associated with a child’s
stage of cognitive development [27]. Cognitive development theories suggest that there are
developmental stages in children’s ability to think and learn as they age [28–30]. For this
paper, we focus on the progression from concrete to formal or abstract operations [30,31]. In
this progression, children go from using concrete materials to assist them in learning math-
ematics to the ability to more fully rationalize abstraction while learning mathematics [32].
As a result of this developmental-based progression, hands-on materials and manipulatives
are predominantly used to help students learn mathematics in elementary grades [25,26].

Results from a survey conducted by Swan and Marshall [24] reported that using such
hands-on materials is almost entirely abandoned by the time students reach high school.
Even in middle schools, for example, only 17% of mathematics teachers use manipulatives
frequently or very frequently [33]. It is important to note that cognitive development theory
suggests that adolescents develop the ability to more fully rationalize abstraction, but not
that concrete materials hinder them in the development of knowledge [34]. The overgener-
alization of this theory has contributed to a view of children’s cognitive development as
inflexible and dichotomous [34].

Research suggests that nearly two-thirds of 17-year-olds (i.e., high school juniors and
seniors) have yet to move past the concrete level of thinking and will struggle to formulate
abstract thought patterns using purely symbolic representations and making generaliza-
tions with little context [32,35]. Furthermore, national groups involved in mathematics
education advocate for all students to be actively engaged in the learning of mathematics
at all grade levels [4,5,36]: “Students at all grade levels can benefit from the use of physical
and virtual manipulative materials to provide visual models of a range of mathematical
ideas” [5] (p. 82).

Limited research exists on implementing the CRA approach in high school mathematics
courses (e.g., algebra, geometry, trigonometry, and calculus). Bouck and Park [37] conducted
a systematic literature review of studies between 1975 and 2017 on using manipulatives
to support students with LDs; 29 articles explored using manipulatives through the CRA
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approach. Of those 29 articles, 5 were identified as targeting secondary mathematics stu-
dents [13,38–41], 4 of which found that all students increased their mathematical knowledge,
skills, or both. Maccini and Hughes [39] found that five of the six student participants
improved on all mathematical tasks. This small set of studies presents a promising approach
to teaching mathematics to high school students with LDs and requires further investigation.

The low number of studies on high school students’ manipulatives use may also be a
function of the small number of manipulatives available that target abstract concepts typically
taught in the high school mathematics curriculum. Linking concrete materials to abstract
representations has presented a significant challenge for educational research [42]. Inherent
in this challenge is the dual-representation hypothesis. The dual-representation hypothesis
occurs when “symbols are simultaneously objects in their own right and representations
of something else” [42] (p. 156). For example, when using algebra tiles, the variable x is
represented by the length of a rectangle. The fact that the rectangle has a fixed length may
make it harder for the student to focus on the representation of the length, as x is typically
presented as an unknown value. This dual representation presents a need to examine and
evaluate different manipulatives that target high school concepts through concrete and visual
representations while minimizing unnecessary complexities and dual representations.

Indeed, one response-to-intervention recommendation for elementary and middle
school students is using concrete manipulatives when visual representations are insufficient
for student understanding of the abstract [43]. In fact, the systematic use of manipulatives
and visual representations in 13 randomized controlled trials showed moderate evidence
for improving students’ conceptual understanding [43]. However, others have argued for
the appropriateness of manipulative use when introducing new mathematics topics to
enhance conceptual understanding and problem solving [44–46]. After an updated review
of mathematics interventions for secondary students with learning disabilities, Maccini
et al. [46] called for future studies to be conducted within general education classrooms to
enhance generalizability and to address middle or high school mathematics topics instead
of remedial topics. The focus of this mixed methods study is to determine the knowledge
acquisition and retention of knowledge by students after a CRA lesson about an abstract
algebra concept. The following research questions guided this study:

1. To what extent will students in a high school Algebra I inclusion class retain the
knowledge of simplifying square roots after being instructed using the CRA instruc-
tional approach?

2. How will students in a high school Algebra I inclusion class describe the effectiveness
of using a mathematical manipulative to learn about a specific mathematical procedure?

3. Materials and Methods

The data highlighted in this article were from a larger study involving 4 teachers and
212 students within 10 college preparation mathematics classes (five Algebra I and five
Geometry) at a suburban high school in the southeastern United States. The larger study
was a pretest-delayed post-test control group experimental design with three randomly
selected algebra classes and three randomly selected geometry classes receiving instruction
using the CRA approach (treatment). The remaining two algebra classes and two geometry
classes received traditional, didactic instruction (control). Each student in the treatment
group received an anonymous open-response questionnaire to complete after the treatment
lesson. Approximately one month after the lesson, the post-test was administered to
students in both the control and treatment groups.

During the analysis of the pretest–post-test data, the second author discovered that
one of the Algebra I classes from the treatment group showed a statistically significant
difference that was much greater than any of the other classes. For example, the analysis of
two Algebra I treatment classes produced p values of 0.017 and 0.0031, but the other class
had a p value less than 0.0001. The researcher contacted the teacher of record to discuss
the outlier findings and was informed that the class was an inclusion class. Because this
information was not known prior to the study, there was no control group specific to the
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inclusion class. The statistically significant results in the larger study led to this deeper
investigation into the qualitative responses of the students in the inclusion class. This type
of retrospective analysis has been referred to as “unmotivated looking”—a term coined by
Sacks [47] to describe qualitative analysis when the results are expected to have practical
application [48]. For example, educational researchers have applied unmotivated looking
to (re)analyze transcripts after unexpected but salient findings in their initial analysis [49].

This study applied a complementarity mixed methods design, which “seeks elabo-
ration, enhancement, illustration, clarification of the results from one method with the
results from the other method” [50] (p. 259). Unlike the more commonly used triangulation
designs, in which two methods assess the same aspect of a phenomenon, qualitative and
quantitative methods in a complementarity design assess different but overlapping facets
of a phenomenon [50].

3.1. Context and Participants

The mid-sized high school enrolled 911 students; 53% were deemed proficient in
mathematics as measured by state standardized test scores. The school receives Title I
funding, with 50% of the population considered economically marginalized [51]. The
student racial/ethnic identification is 78% White, 12% African American, 5% Hispanic, and
5% Asian or American Indian.

College preparation and honors were the only two levels of Algebra I classes offered
at this school. The class of interest for this article, the Algebra I inclusion class, comprised
25 students, of which at least 40% were identified as having a high-incidence disability
(e.g., specific learning disability, speech impairment, language impairment, or other health
impairment). The teacher of record was not at liberty to disclose students’ specific diagnoses.

3.2. Lesson

During the lesson, the second author facilitated the entire lesson and took field notes
while students worked in small groups. The teacher of record was present in the classroom
for the entirety of the lesson. The teacher sat in the back of the classroom, away from the
students, and observed the lesson.

The students were taught one lesson on simplifying square roots by the researcher (not
the teacher of record) over one 90 min class block using the CRA instructional approach.
The lesson began with a 10 min discussion about square roots and their connection to side
lengths of squares and ended with introducing the students to the geometric definition of
a square root, the length of the side of a square with a given area. Students were placed
in pairs, pre-assigned by the teacher of record, and provided with instructions regarding
the manipulative and the activity sheet. Students were then instructed to begin working
on the first task. The researcher acted as a facilitator, monitoring and answering technical
questions regarding the manipulative. After each task, the researcher asked groups to
present their solutions and provided time for whole group discussion and connections
before moving on to the next task. The first three tasks focused on developing conceptual
understanding through the use of the manipulative (i.e., concrete stage), the next two
tasks transitioned to drawing representations of the manipulative (i.e., representational
stage), and the remaining three tasks provided opportunities to connect the concrete
and representational stages to the numerical representation (i.e., abstract stage). This
was performed by completing a table, making conjectures, and analyzing the numerical
progression, which is traditionally associated with simplifying square roots. Neither group
of students received additional instruction on the concept.

The Manipulative

As both concrete and virtual manipulatives have been found to be equally effective [17],
the second author in this study used a concrete version of the manipulative; a virtual version
is being developed. The manipulative, which was piloted and refined prior to the larger
study [52], has since been cited in multiple state standards documents [53–55] and has been used
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in mathematics professional development grant projects [56]. To initiate the CRA approach,
the second author created concrete (i.e., tactile) square manipulatives by printing, laminating,
and cutting out squares with whole number areas ranging from 2 cm2 through 10 cm2.

Students can select square tiles of a particular size and arrange them in an array to
create squares of larger areas, such as those shown in Figure 2. This process allows students
to physically model finding perfect square factors rather than watching the teacher model
the process. The second author created an activity sheet that provided students with
different-sized squares to partition using the manipulative. This activity sheet provided
students with opportunities to think and write about the partitions, generalize, and connect
the visual representation to the corresponding numerical process.
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The manipulative minimizes dual representation because the representation of the
manipulatives (squares) is directly related to the task (simplifying square roots). The
manipulatives are represented as squares of specific whole number areas (in cm). It is
critical that all of the squares represent accurate measurements for this model to work. To
complete the task, students do not need to interpret these squares in any other context, size,
or representation. In fact, it is essential that students see the manipulatives as squares with
given areas that correspond to their side lengths. The properties of the square manipulatives
are important to their use and, therefore, do not present dual representation. Minimizing
dual representation with this type of design has been hypothesized to facilitate transfer
and retention [57].

3.3. Instrumentation

Two paper-and-pencil instruments were used for this study: a pretest–post-test and
an anonymous open-response questionnaire. The pretest–post-test consisted of three
procedural items and two relational items [58]. The procedural items asked students
to simplify a given square root. The relational items focused on student explanation,
the connection between perfect square factors, and the simplification process. The first
relational item asked students to explain why a given square root could not be simplified.
The second relational item asked students to identify an error in the simplification process,
explain the error, and correct the error. The total score of the assessment was five points
(one point for each item). All the questions targeted knowledge needed when simplifying
square roots and not knowledge specific to the manipulative or activity.

The questionnaire consisted of two items, each followed by several lines for students
to write their responses. The first question asked the students how the activity was helpful
to them and to provide support and explanation for their response. The second question
asked students whether they thought the activity would help them remember how to
simplify square roots and why.
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3.4. Procedure
3.4.1. Data Collection

Data were collected using the pretest, questionnaire, and delayed post-test. The five-
question pretest was administered by the teacher of record the day before the intervention
lesson, and the post-test was administered approximately one month after the lesson had
been taught. This length of time between the lesson and the post-test was chosen to measure
knowledge retention [59]. All 25 students completed both the pretest and post-test. The
open-response questionnaire was provided to the students after the lesson by the teacher
of record. Students were given approximately 10 min to complete the questionnaire, and
all 25 students responded to each question.

3.4.2. Quantitative Data Analysis

Pretest–post-test scores for each treatment group were analyzed to determine if stu-
dents (N = 25) showed a significant score increase using matched pair t tests. Normality
was confirmed for the group using histograms and Q-Q plots in the computer program
SAS. The t test examined if there was a significant gain from the pretest to the post-test,
making the test one-sided. The alpha value used to determine significance was 0.01.

3.4.3. Qualitative Data Analysis

The open-response questionnaire was analyzed using conventional content analy-
sis [60]. Conventional content analysis is often used when the goal of a study is to describe
a phenomenon where limited information is available related to the phenomenon under
study, and open-ended responses are available to form a basis for theory regarding the
phenomenon rather than moving toward an existing theory [60]. Analysis, therefore, began
by creating word clouds for each set of responses to look for emergent trends in the data
that might assist with coding schemes. Word clouds have been found to be a useful tool
in determining trends and coding schemes for qualitative data [61,62]. Categories were
generated from the data, therefore, in a manner consistent with inductive analysis [60].

Using steps outlined by Hsieh and Shannon [60], the responses for both open-ended
items were read, and any words or phrases that suggested a reaction related to the per-
ception or efficacy of the manipulative were highlighted. The highlighted portions were
then reviewed to identify common ideas among the highlighted portions. The common
ideas were reviewed to identify, categorize, and label themes. Next, the responses were
reviewed to bring related categories together and ensure there are categories for response
data that do not fit the previously established categories. Lastly, the final list of categories
was evaluated and arranged into a hierarchical structure based on how often responses
occurred within the category.

4. Results
4.1. Knowledge Acquisition and Retention

A total of 112 treatment students had both pre- and post-test scores (see Table 1). The
matched pair t tests indicated significant differences in all three Algebra 1 classes and in
the Geometry A and C classes. Inspection of the worksheets from the Geometry B class
determined that three students had multiplication errors on the procedural items, which
caused their post-test scores to be lower than their pretest scores.

To examine the effect size for each class, Cohen’s d was calculated. The effect size
for the Geometry B class provided evidence of a small effect (0.202). The effect sizes for
the Algebra A, Algebra B, Geometry A, and Geometry C classes provided evidence of a
medium effect (ranging from 0.526 to 0.842). The Algebra C (inclusion) class provided
evidence of a very large effect (1.378).

The results support that instruction using the CRA approach with a mathematical
manipulative had a statistically significant increase in knowledge retention. The quantita-
tive analysis provides evidence of significant knowledge gain after using the manipulative.
These results support the hypothesis that knowledge transfer and retention can be facili-
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tated by a manipulative that minimizes dual representation [57]. These results also support
discussions that hands-on experiences assist students with LDs in their understanding of
how numerical and abstract concepts operate at a concrete level [20,63,64].

Table 1. Matched pair t test and Cohen’s d for the pretest and delayed post-test (N = 95).

Class n M diff. SD t p Cohen’s d

Algebra A 22 −1.272 1.9623 −3.04 0.0031 0.701
Algebra B 22 −0.9773 2.0206 −2.27 0.017 0.526
Algebra C
(Inclusion) 25 −1.88 1.8044 −5.21 <0.0001 1.378

Geometry A 10 −0.8 1.2517 −2.02 0.037 0.842
Geometry B 18 −0.5278 1.48 −1.51 0.0743 0.202
Geometry C 15 −0.8333 1.5079 −2.14 0.025 0.744

4.2. Perception of Manipulative Effectiveness

The initial word cloud coding process indicated that students’ responses focused on
the value of the manipulative (e.g., helped, easier, understand, and better) and the attributes
of the manipulative/activity (e.g., visual, way, and squares). Three simple categories were
defined to examine how the students perceived the effectiveness of the lesson in developing
an understanding of simplifying square roots: positive, neutral, and negative responses.
The first category was identified as positive responses and included clear indications that
the student found the manipulative helpful, enjoyable, easy, or simple were coded as
having a positive response. The second category was identified as neutral responses and
included indications that the student found the manipulative somewhat useful, that there
was some confusion, or that the student needed more practice. The third category was
identified as a negative response and included indications that the student did not find the
manipulative useful or that they found the activity/method overly confusing.

Among all six treatment classes (n = 115), the majority of students (80%) made positive
comments, whereas the remaining students were split among neutral (11.3%) and negative
comments (8.7%). See Table 2 for complete data.

Table 2. Student perceptions of manipulative effectiveness (N = 115).

Class Positive Neutral Negative

n % n % n %

Algebra A 14 87.5 2 12.5 0 0
Algebra B 20 87 2 8.7 1 4.3
Algebra C
(Inclusion) 9 36 8 32 8 32

Geometry A 13 100 0 0 0 0
Geometry B 17 94.4 1 5.6 0 0
Geometry C 19 95 0 0 1 5

Within the inclusion class, however, nine students (36%) had responses coded as
positive, eight students (32%) had responses coded as neutral, and eight students (32%)
had responses coded as negative. The responses coded as positive included phrases such
as “visual understanding” and “hands-on”, but there were fewer positive responses than
the other responses. The majority (64%) of the students in the inclusion class were coded
as having either neutral or negative perceptions of the lesson. Further analysis of the
neutral and negative responses was conducted to find sub-themes. The predominant sub-
themes from these responses were a lack of confidence and an aversion to being challenged.
The responses coded as a lack of confidence showed a negative outlook on learning and
mathematics. One student responded with “I don’t remember nothing”, while another
responded with “Honestly it made me confused. I didn’t really understand it, so show it
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to the honors class, they’ll understand”. The responses coded as having an aversion to
being challenged all referenced being confused or that the process was too long and had
too many steps. One student responded, “No because it’s too many steps”, while another
responded, “Not really. It takes time for me to know the steps and the process. Factors and
square roots make it more confusing for me with all the steps”.

The qualitative analysis provides some insight into students’ perceptions of how
this manipulative was used to deliver effective instruction. The Algebra I inclusion class
showed mixed perceptions of the effectiveness of using a mathematical manipulative.
The first level of coding found that the responses were almost evenly distributed among
the three themes. The sub-themes provided insight into why the students had either a
neutral or negative response to using the manipulatives. The manipulative challenged
the students to see connections between the geometric representation and a numerical
process for simplifying square roots (i.e., identifying perfect square factors). The researchers
believe that the students were viewing the lesson in a direct instruction context, typical
in mathematics instruction, where everything that is performed in the lesson is modeled
by the teacher and then reproduced by the student, step by step. It seems that it was
unclear to these students that using the manipulative was to gain a better understanding of
simplifying square roots rather than to replicate the entire activity on their own.

When it comes to students’ development of knowledge, the majority of the students
stated that they were either unsure or did not believe that they would gain and retain
knowledge from the lesson. On the contrary, the quantitative analysis provided evidence
of significant gains. Perhaps the implementation of CRA, an unfamiliar instructional
approach, impacted their perception of knowledge gain and retention. The lesson was
designed so that students had to make sense of the process of simplifying square roots
visually and progress to making connections to the numerical method while the teacher
facilitated the activity. Many students perceived this process as confusing, with several
stating that they needed repeated practice before they would retain the knowledge (e.g., “If
we continue to practice, then yes! If not, no!”).

A need for repeated practice is a hallmark of direct instruction. Based on questionnaire
responses, students in the inclusion class seemed to believe that mathematics learning
occurs through teacher-led instruction followed by repeated practice. Often, students per-
ceive confusion during a direct instruction lesson to be associated with not learning [65,66].
Perhaps the extensive prior use of direct instruction with students with LDs made them less
comfortable with the experience of using manipulatives to develop relational understand-
ing. Providing these students with more information about the CRA instructional approach
and how it compares to direct instruction at the beginning of the lesson may have avoided
some of the confusion and misunderstood expectations of what students were learning.
Implementing the CRA instructional approach regularly may also help students with LDs
see the value of this approach. Further research is needed to test these hypotheses.

5. Discussion

Providing high school mathematics students with LDs with an effective instructional
approach to develop connections between concrete representations and abstract procedures
is within mathematics teachers’ reach. Unlike studies presented by Maccini et al. [46], this
study provides support that the CRA instructional approach, along with a manipulative
that minimizes dual representation, can be effective in both knowledge acquisition and
retention in a high school setting. It is important to highlight, however, that the majority of
students expressed that they did not believe that this approach was helpful. The students
in the larger study, in contrast, had predominately positive statements about the efficacy of
the CRA instructional approach.

This study adds to the limited research on using manipulatives in secondary school
mathematics classrooms and suggests that the CRA instructional approach needs to be
explored further with other abstract topics. As several topics in the typical high school
curriculum relate to the properties of squares, this manipulative has the potential to
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further assist students with abstract thinking across mathematics courses. Two such
topics are proportional reasoning related to the area and side length of squares and the
converse of the Pythagorean theorem. Further expansion of manipulatives and the CRA
approach in secondary school mathematics classrooms also aligns with successful practices
demonstrated by Singapore.

This approach allows students to focus on the properties of the manipulative and
support their progress to abstract thinking. As many abstract mathematical concepts are
grounded in geometric representations, other similar manipulatives should be developed and
explored. As further studies emerge that support using manipulatives for abstract thinking,
the CRA instructional approach in high school classrooms should increase. In turn, all high
school students will have multiple opportunities to develop their relational understanding
by making clear connections between visual representations and abstract procedures.

There are several limitations to this study that should be highlighted and discussed.
The first limitation was the lack of a control group for the inclusion class. Data from a
control group could have compared the CRA approach to traditional instruction. Since the
identification of the inclusion class happened after data analysis, data from a control group
could not be collected. Including a control group in a future study could provide more
clarity regarding student retention when using the CRA approach. Additionally, because
the open-ended questionnaire was anonymous, we were unable to link specific students’
perceptions of the manipulative lesson with their post-test scores to determine any patterns
of student improvement and their perceptions. Future research should create a participant
number for each student so these data can be linked.

This study was also limited in what could be determined related to the student’s per-
ception of mathematics and the learning of mathematics. The open-response questionnaire
provided the researchers with insight into the students’ perceptions of the instructional
approach and the manipulative as they related to learning a mathematics topic, but not
the students’ perceptions of themselves as a learner of mathematics. The limited data did,
however, provide glimpses into students’ perceptions of the purpose of the activity. Future
research may indicate the role of the instructor in metacognitive modeling (e.g., “think
alouds” [67]) to support students’ conceptual understanding of the mathematics content, in
general, and the CRA activity, specifically. Creating a classroom culture in which students
not only identify confusions but discuss them will also increase metacognition, which
can sometimes be neglected when the focus is on a hands-on or interactive lesson [67].
Normalizing these confusions could influence students’ willingness to try new activities or
persevere when a lesson seems particularly challenging or unhelpful, as was the case with
some participants.

Finally, follow-up questionnaires or semistructured interviews could provide further
insight into high school inclusion students’ self-efficacy as a learner of mathematics after
partaking in lessons using the CRA approach, particularly as the students in the present
study had substantial misperceptions of their learning with this lesson. Teachers and
researchers could conduct clinical interviews, which would elicit information related to stu-
dents’ problem-solving processes that are difficult to obtain through other methods [68,69].
Collecting more qualitative data would allow for a more robust analysis and provide aware-
ness of how different instructional approaches impact students’ self-efficacy as learners
of mathematics. This type of information could be helpful to teachers, researchers, and
policymakers as they consider implementing different instructional approaches throughout
the mathematics curriculum.

Author Contributions: Conceptualization, S.F.B.; methodology, S.F.B. and S.K.P.; validation, S.F.B.
and S.K.P.; formal analysis, S.F.B.; investigation, S.F.B.; resources, S.F.B.; writing—original draft prepa-
ration, S.K.P.; writing—review and editing, S.K.P.; visualization, S.K.P.; supervision, S.F.B.; project
administration, S.F.B. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.



Educ. Sci. 2023, 13, 1061 11 of 13

Institutional Review Board Statement: The study was conducted in accordance with the Declaration
of Helsinki and approved by the Institutional Review Board of the University of South Carolina
(protocol code Pro00043889 and 8 September 2015).

Informed Consent Statement: Informed consent was obtained from all subjects involved in the study.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Acknowledgments: We would like to acknowledge and thank the teachers at Chapman High School
in Spartanburg, South Carolina, for opening their classrooms and providing students with the
opportunity to explore different ways to think about and learn mathematics.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. United States National Commission on Excellence in Education. A Nation at Risk: The Imperative for Educational Reform. 1983.

Available online: http://edreform.com/wp-content/uploads/2013/02/A_Nation_At_Risk_1983.pdf (accessed on 8 May 2023).
2. U.S. Department of Education. The Condition of Education: Students with Disabilities. 2020. Available online: https://nces.ed.

gov/pubs2020/2020144.pdf (accessed on 8 May 2023).
3. Association of Mathematics Teacher Educators. Position: Equity in Mathematics Teacher Preparation. 2015. Available online:

https://amte.net/sites/default/files/amte_equityposistionstatement_sept2015.pdf (accessed on 6 May 2023).
4. National Council of Teachers of Mathematics. Principles and Standards for School Mathematics; National Council of Teachers of

Mathematics: Reston, VA, USA, 2000; pp. 1–402.
5. National Council of Teachers of Mathematics. Principles to Actions: Ensuring Mathematics Success for All; National Council of

Teachers of Mathematics: Reston, VA, USA, 2014; pp. 1–139.
6. Bone, E.K.; Bouck, E.C. Evaluating calculators as accommodations for secondary students with disabilities. Learn. Disabil.

Multidiscip. J. 2018, 23, 35–49. [CrossRef]
7. Miller, S.P.; Hudson, P.J. Using evidence-based practices to build mathematics competence related to conceptual, procedural, and

declarative knowledge. Learn. Disabil. Res. Pract. 2007, 22, 47–57. [CrossRef]
8. Jitendra, A.K.; Lein, A.E.; Im, S.H.; Alghamdi, A.A.; Hefte, S.B.; Mouanoutoua, J. Mathematical interventions for secondary

students with learning disabilities and mathematics difficulties: A meta-analysis. Except. Child. 2017, 64, 21–43. [CrossRef]
9. Marita, S.; Hord, C. Review of mathematics interventions for secondary students with learning disabilities. Learn. Disabil. Q. 2017,

40, 29–40. [CrossRef]
10. Moyer, P.S. Are we having fun yet? How teachers use manipulatives to teach mathematics. Educ. Stud. Math. 2001, 47, 175–197.

[CrossRef]
11. Thompson, P.W. Notations, principles, and constraints: Contributions to the effective use of concrete manipulatives in elementary

mathematics. J. Res. Math. Educ. 1992, 23, 123–147. [CrossRef]
12. Gagnon, J.C.; Maccini, P. Preparing students with disabilities for algebra. Teach. Except. Child. 2001, 34, 8–15. [CrossRef]
13. Strickland, T.K.; Maccini, P. The effects of the concrete-representational-abstract integration strategy on the ability of students

with learning disabilities to multiply linear expressions within area problems. Remedial Spec. Educ. 2012, 34, 134–153. [CrossRef]
14. Clements, D. ‘Concrete’ manipulatives, concrete ideas. Contemp. Issues Early Child. 1999, 1, 45–60. [CrossRef]
15. Burns, B.A.; Hamm, E.M. A comparison of concrete and virtual manipulative use in third- and fourth-grade mathematics. Sch.

Sci. Math. 2011, 111, 256–261. [CrossRef]
16. Moyer-Packenham, P.; Baker, J.M.; Westenskow, A.; Rodzon, K.; Anderson, K.; Shumway, J.; Jordan, K. A study comparing virtual

manipulations with other instructional treatments in third- and fourth-grade classrooms. J. Educ. 2013, 193, 25–39. [CrossRef]
17. Westenskow, A.; Moyer-Packenham, P. Using an iceberg intervention model to understand equivalent fraction learning when

students with mathematical learning difficulties use different manipulatives. Int. J. Technol. Math. Educ. 2016, 23, 45–62. [CrossRef]
18. Ball, D. Magical hopes: Manipulatives and the reform of math education. Am. Educ. 1992, 6, 14–47.
19. Corkin, D.S.; Coleman, S.L.; Ekmekci, A. Navigating the challenges of student-centered mathematics teaching in an urban context.

Urban. Rev. 2019, 51, 370–403. [CrossRef]
20. Anstrom, T. Supporting Students in Mathematics through the Use of Manipulatives (Research Brief); Center for Implementing Technology

in Education: Washington, DC, USA, 2006.
21. Leong, Y.H.; Ho, W.K.; Cheng, L.P. Concrete-pictorial-abstract: Surveying its origins and charting its future. Math. Educ. 2015, 16,

1–18.
22. Mullis, I.V.S.; Martin, M.O.; Goh, S.; Cotter, K. (Eds.) TIMSS 2015 Encyclopedia: Education Policy and Curriculum in Mathematics

and Science. 2016. Available online: http://timssandpirls.bc.edu/timss2015/encyclopedia/ (accessed on 6 May 2023).
23. Witzel, B.S. Using CRA to teach algebra to students with math difficulties in inclusive settings. Learn. Disabil. Contemp. J. 2005, 3,

49–60.
24. Swan, P.; Marshall, L. Revisiting mathematics manipulative materials. Aust. Prim. Math. Classr. 2010, 15, 13–19.

http://edreform.com/wp-content/uploads/2013/02/A_Nation_At_Risk_1983.pdf
https://nces.ed.gov/pubs2020/2020144.pdf
https://nces.ed.gov/pubs2020/2020144.pdf
https://amte.net/sites/default/files/amte_equityposistionstatement_sept2015.pdf
https://doi.org/10.18666/LDMJ-2018-V23-I1-8437
https://doi.org/10.1111/j.1540-5826.2007.00230.x
https://doi.org/10.1177/0014402917737467
https://doi.org/10.1177/0731948716657495
https://doi.org/10.1023/A:1014596316942
https://doi.org/10.2307/749497
https://doi.org/10.1177/004005990103400101
https://doi.org/10.1177/0741932512441712
https://doi.org/10.2304/ciec.2000.1.1.7
https://doi.org/10.1111/j.1949-8594.2011.00086.x
https://doi.org/10.1177/002205741319300204
https://doi.org/10.1564/tme_v23.2.01
https://doi.org/10.1007/s11256-018-0485-6
http://timssandpirls.bc.edu/timss2015/encyclopedia/


Educ. Sci. 2023, 13, 1061 12 of 13

25. Carbonneau, K.J.; Marley, S.C.; Selig, J.P. A meta-analysis of the efficacy of teaching mathematics with concrete manipulatives. J.
Educ. Psychol. 2013, 105, 380–400. [CrossRef]

26. Sowell, E.J. Effects of manipulative materials in mathematics instruction. J. Res. Math. Educ. 1989, 20, 498–505. [CrossRef]
27. McNeil, N.; Jarvin, L. When theories don’t add up: Disentangling the manipulatives debate. Theory Pract. 2007, 46, 309–316.

[CrossRef]
28. Bruner, J.S. On learning mathematics. Math. Teach. 1960, 53, 610–619. [CrossRef]
29. Bruner, J.S.; Goodnow, J.J.; Austin, G.A. A Study of Thinking, 2nd ed.; Transaction Publishers: New Brunswick, NJ, USA, 1986;

pp. 1–350. [CrossRef]
30. Piaget, J. The Origins of Intelligence in Children, 2nd ed.; International Universities Press: Madison, CT, USA, 1952; pp. 1–419.

[CrossRef]
31. Lawson, A.E.; Wollman, W.T. Encouraging the transition from concrete to formal cognitive functioning: An experiment. J. Res.

Sci. Teach. 2003, 40, S33–S50. [CrossRef]
32. Ojose, B. Applying Piaget’s theory of cognitive development to mathematics instruction. Math. Educ. 2008, 18, 26–30.
33. McKinney, S.; Frazier, W. Embracing the principles and standards for school mathematics: An inquiry into the pedagogical and

instructional practices of mathematics teachers in high-poverty middle schools. Clear. House A J. Educ. Strateg. Iss. Ideas 2008, 81,
201–210. [CrossRef]

34. Balter, L.; Tamis-LeMonda, C.S. (Eds.) Child Psychology: A Handbook of Contemporary Issues; Psychology Press: London, UK, 2016;
pp. 1–522.

35. Orlich, D.C. Education reform and limits to student achievement. Phi Delta Kappan 2000, 81, 468–472.
36. National Governors Association Center for Best Practices, Council of Chief State School Officers. Common Core State Standards

for Mathematics. 2022. Available online: https://learning.ccsso.org/wp-content/uploads/2022/11/ADA-Compliant-Math-
Standards.pdf (accessed on 15 January 2023).

37. Bouck, E.C.; Park, J. A systematic review of the literature on mathematics manipulatives to support students with disabilities.
Educ. Treat. Child. 2018, 41, 65–106. [CrossRef]

38. Cass, M.; Cates, D.; Smith, M.; Jackson, C. Effects of manipulative instruction on solving area and perimeter problems by students
with learning disabilities. Learn. Disabil. Res. Pract. 2003, 18, 112–120. [CrossRef]

39. Maccini, P.; Hughes, C.A. Effects of a problem-solving strategy on the introductory algebra performance of secondary students
with learning disabilities. Learn. Disabil. Res. Pract. 2000, 15, 10–21. [CrossRef]

40. Maccini, P.; Ruhl, K.L. Effects of a graduated sequence on the algebraic subtraction of integers by secondary students with
learning disabilities. Educ. Treat. Child. 2000, 23, 465–489.

41. Scheuermann, A.M.; Deshler, D.D.; Schumaker, J.B. The effects of the explicit inquiry routine on the performance of students with
learning disabilities on one-variable equations. Learn. Disabil. Q. 2009, 32, 103–120. [CrossRef]

42. Uttal, D.H.; O’Doherty, K.; Newland, R.; Hand, L.L.; DeLoache, J. Dual representation and the linking of concrete and symbolic
representations. Child. Develop Perspect. 2009, 3, 156–159. [CrossRef]

43. Gersten, R.; Beckmann, S.; Clarke, B.; Foegen, A.; Marsh, L.; Star, J.R.; Witzel, B. Assisting Students Struggling with Mathematics:
Response to Intervention (RTI) for Elementary and Middle Schools. NCEE 2009-4060; National Center for Education Evaluation and
Regional Assistance, Institute of Education Sciences, U.S. Department of Education: Washington, DC, USA, 2009.

44. Kelly, C.A. Using manipulatives in mathematical problem solving: A performance-based analysis. MT Math. Enthus. 2006, 3,
184–193. [CrossRef]

45. Larkin, K. Mathematics education and manipulatives: Which, when, how? Aust. Prim. Math. Classr. 2016, 21, 12–17.
46. Maccini, P.; Mulcahy, C.A.; Wilson, M.G. A follow-up of mathematics intervention for secondary students with learning disabilities.

Learn. Disabil. Res. Pract. 2007, 22, 58–74. [CrossRef]
47. Sacks, H. Notes on methodology. In Structures of Social Action: Studies in Conversation Analysis; Heritage, J., Atkinson, J.M., Eds.;

Cambridge University Press: Cambridge, UK, 1984; pp. 2–27.
48. O’Reilly, M.; Kiyimba, N.; Lester, J.N.; Muskett, T. Reflective interventionist conversation analysis. Discourse Comm. 2020, 14,

619–634. [CrossRef]
49. Weiner, J.M.; Burton, L.J. The double bind for women: Exploring the gendered nature of turnaround leadership in a principal

preparation program. Harv. Educ. Rev. 2016, 86, 339–365. [CrossRef]
50. Greene, J.C.; Caracelli, V.J.; Graham, W.F. Toward a conceptual framework for mixed-method evaluation designs. Educ. Eval.

Policy Anal. 1989, 11, 255–274. [CrossRef]
51. U.S. News and World Report. U.S. News & World Report Releases the 2016 Best High Schools Rankings. 19 August 2016.

Available online: https://www.usnews.com/info/blogs/press-room/articles/2016-04-19/us-news-releases-the-2016-best-high-
schools-rankings (accessed on 27 August 2022).

52. Schultz, K.T.; Bismarck, S.F. Radical thoughts on simplifying square roots. Math. Teach. Middle Sch. 2013, 19, 222–228. [CrossRef]
53. Georgia Department of Education. What Do Mathematics Standards Look Like in the Classroom? 2020. Available online:

https://www.georgiastandards.org/ (accessed on 27 August 2022).
54. New York State Education Department. NYS Next Generation Mathematics Learning Standards Unpacking Documents. 2019.

Available online: http://www.nysed.gov/ (accessed on 27 August 2022).

https://doi.org/10.1037/a0031084
https://doi.org/10.2307/749423
https://doi.org/10.1080/00405840701593899
https://doi.org/10.5951/MT.53.8.0610
https://doi.org/10.4324/9781315083223
https://doi.org/10.1037/11494-000
https://doi.org/10.1002/tea.3660130505
https://doi.org/10.3200/TCHS.81.5.201-210
https://learning.ccsso.org/wp-content/uploads/2022/11/ADA-Compliant-Math-Standards.pdf
https://learning.ccsso.org/wp-content/uploads/2022/11/ADA-Compliant-Math-Standards.pdf
https://doi.org/10.1353/etc.2018.0003
https://doi.org/10.1111/1540-5826.00067
https://doi.org/10.1207/SLDRP1501_2
https://doi.org/10.2307/27740360
https://doi.org/10.1111/j.1750-8606.2009.00097.x
https://doi.org/10.54870/1551-3440.1049
https://doi.org/10.1111/j.1540-5826.2007.00231.x
https://doi.org/10.1177/1750481320939710
https://doi.org/10.17763/1943-5045-86.3.339
https://doi.org/10.3102/01623737011003255
https://www.usnews.com/info/blogs/press-room/articles/2016-04-19/us-news-releases-the-2016-best-high-schools-rankings
https://www.usnews.com/info/blogs/press-room/articles/2016-04-19/us-news-releases-the-2016-best-high-schools-rankings
https://doi.org/10.5951/mathteacmiddscho.19.4.0222
https://www.georgiastandards.org/
http://www.nysed.gov/


Educ. Sci. 2023, 13, 1061 13 of 13

55. Ohio Department of Education. Ohio’s Model Curriculum with Instructional Supports: Mathematics. 2018. Available online:
http://education.ohio.gov/ (accessed on 27 August 2022).

56. Bowling Green State University. NWO/COSMOS: Grant Projects: Middle Grades Resources. n.d. Available online: https:
//www.bgsu.edu/nwo/current-grant-projects/c2am2p-middle-grades/resources/ (accessed on 27 August 2022).

57. Sloutsky, V.M.; Kaminski, J.A.; Heckler, A.F. The advantage of simple symbols for learning and transfer. Psychon. Bull. Rev. 2005,
12, 508–513. [CrossRef]

58. Skemp, R. Relational understanding and instrumental understanding. Math. Teach. Middle Sch. 2006, 12, 88–95. [CrossRef]
59. Brown, G.T.L.; Irving, E.; Keegan, P. An Introduction to Educational Assessment, Measurement, and Evaluation: Improving the Quality of

Teacher-Based Assessment; Dunmore Publishing: Aukland, New Zealand, 2014; pp. 1–194.
60. Hsieh, H.-F.; Shannon, S.E. Three approaches to qualitative content analysis. Qual. Health Res. 2005, 15, 1277–1288. [CrossRef]
61. Kurz, T.L. Insight into Perceptions of Mathematics Using Wordle. In Proceedings of the Society for Information Technology &

Teacher Education International Conference, Las Vegas, NV, USA, 2–6 March 2015; Rutledge, D., Slykhuis, D., Eds.; Association
for the Advancement of Computing in Education: Waynesville, NC, USA, 2015; pp. 2702–2704.

62. McNaught, C.; Lam, P. Using Wordle as a supplementary research tool. Qual. Rep. 2010, 15, 630–643. [CrossRef]
63. Devlin, K. Finding Your Inner Mathematician. 29 September 2000. Available online: https://www.chronicle.com/article/finding-

your-inner-mathematician/ (accessed on 15 January 2023).
64. Maccini, P.; Gagnon, J.C. Best practices for teaching mathematics to secondary students with special needs. Focus Except. Child.

2000, 32, 1–22. [CrossRef]
65. Wentzel, K.R.; Brophy, J.E. Motivating Students to Learn, 4th ed.; Routledge: Oxfordshire, UK, 2013; pp. 1–312.
66. D’Mello, S.; Lehman, B.; Pekrun, R.; Graesser, A. Confusion can be beneficial for learning. Learn. Instr. 2014, 29, 153–170.

[CrossRef]
67. Tanner, K.D. Promoting student metacognition. CBE Life Sci. Educ. 2012, 11, 113–120. [CrossRef] [PubMed]
68. Forbringer, L.L.; Fuchs, W.W. RTI in Math: Evidence-Based Interventions for Struggling Students; Routledge: Oxfordshire, UK, 2014;

pp. 1–304.
69. Long, M.J.; Ben-Hur, M. Informing learning through the clinical interview. Arith. Teach. 1991, 38, 44–46. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://education.ohio.gov/
https://www.bgsu.edu/nwo/current-grant-projects/c2am2p-middle-grades/resources/
https://www.bgsu.edu/nwo/current-grant-projects/c2am2p-middle-grades/resources/
https://doi.org/10.3758/BF03193796
https://doi.org/10.5951/MTMS.12.2.0088
https://doi.org/10.1177/1049732305276687
https://doi.org/10.46743/2160-3715/2010.1167
https://www.chronicle.com/article/finding-your-inner-mathematician/
https://www.chronicle.com/article/finding-your-inner-mathematician/
https://doi.org/10.17161/foec.v32i5.6919
https://doi.org/10.1016/j.learninstruc.2012.05.003
https://doi.org/10.1187/cbe.12-03-0033
https://www.ncbi.nlm.nih.gov/pubmed/22665584
https://doi.org/10.5951/AT.38.6.0044

	Introduction 
	Perspectives on Manipulatives Use and Need for the Study 
	Materials and Methods 
	Context and Participants 
	Lesson 
	Instrumentation 
	Procedure 
	Data Collection 
	Quantitative Data Analysis 
	Qualitative Data Analysis 


	Results 
	Knowledge Acquisition and Retention 
	Perception of Manipulative Effectiveness 

	Discussion 
	References

