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Abstract: In this paper, we introduce the structure of extended cone b-metric-like spaces over Banach
algebra as a generalization of cone b-metric-like spaces over Banach algebra. In this generalized space
we define the notion of generalized Lipschitz mappings in the setup of extended cone b-metric-like
spaces over Banach algebra and investigated some fixed point results. We also provide examples to
illustrate the results presented herein. Finally, as an application of our main result, we examine the
existence and uniqueness of solution for a Fredholm integral equation.
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1. Introduction

Fixed point theory is a well furnished concept and plays a fundamental role in analysis
and topology. It has wide applications in different domains of mathematics such as in the
theory of ODEs, PDEs, integral Equations and so forth. Metric space was introduced by
Fréchet [1] and in the last 50 years it has become a dynamic area of research. There are
various generalizations of metric space such as b-metric space, 2-metric space, G-metric
space, fuzzy metric space, cone metric space, and so forth.

Huang and Zhang [2] generalized the concept of metric space and introduced cone
metric space. They replaced the set of real numbers to real Banach space. Recently, many
articles have discussed the results on cone metric spaces being identical to results on
ordinary metric spaces.

Finally, Liu and Xu [3] introduced the concept of cone metric spaces over Banach
algebras and proved Banach contraction principle in the setting of cone metric spaces over
Banach algebras. The authors presented some fixed point theorems of generalized Lipschitz
mappings in the new setting without the assumption of normality, which are not equivalent
to metric spaces in terms of the existence of the fixed points of the mappings. Motivated
and inspired by the research works mentioned above, in 2017, Fernandez et al. [4] proposed
cone b-metric-like spaces over Banach algebra, a generalization of b-metric-like spaces and
investigated the fixed point of generalized contractions and expansive mapping in the
setting of cone b-metric-like spaces over Banach algebras with a nonnormal cone. More
about the results on conus metric spaces and generalizations in those spaces can be seen in
Fernandez et al. [5,6], Mitrovi¢ et al. [7-9], Roy et al. [10], Shatanawi et al. [11], Radenovi¢
and Rhoades [12], and Rezapour and Hamlbarani [13].

The purpose of this paper is to present the notion of an extended cone b-metric-like
space over Banach algebra and investigate the existence of a fixed point for generalized
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Lipschitz maps. As an application, we study the existence and uniqueness of solution for a
Fredholm integral equation. Our results generalize and improve the results in [4].

2. Preliminaries

Let A always be a real Banach algebra such that
(co)v =(0v),
¢(e+v) =co+gvand (¢c+0)v=cv+v,
a(co) = (ag)o = g(ag),

lsell<ll¢llel
forallg,o,ve A0 € R.

Ll

Ifec = ce =g forall ¢ € Athene € Ais called unit (i.e., a multiplicative identity). If
there is an element ¢ € A such that go = o¢ = e, then ¢ € A is said to be invertible. ¢! is
the inverse of ¢. For more details, we refer the readers to [14].

The following proposition is given in [14].

Proposition 1. Suppose that the spectral radius p(g) of an element ¢ € A is less than 1, that is,

~ . 1 . 1
p(¢) = lim |¢"||" = inf [[¢"[|" <1,
n>1

n—+oo
then e — ¢ is invertible, where e € A is a unit. Moreover, then (e — ¢) is invertible. Actually,

—+o0

(e—g)t=Y ¢

i=0

Remark 1. From [14] we see that the spectral radius p(g) of ¢ satisfies p(g) <|| ¢ || forall ¢ € A,
where A is a Banach algebra with a unit e.

Remark 2. In Proposition 1, if the condition p(g) < 1is replaced by || ¢ || < 1, then the conclusion
remains true, ref. [15].

Remark 3. Ifp(g) < 1then || ¢" |- 0 (n — +o0) (see [15]).

Definition 1. A subset P of A is called a cone if:

1. P is non-empty, closed and {6,e} C P;

2. awa+ bB C P for all non-negative real numbers «, B and a,b > 0;
3. PP=PPCP;

4. PN (—P)={6};

where 0 denotes the null of the Banach algebra A.

For a given cone P C A, we can define a partial ordering < with respect to Pby ¢ < ¢
ifand only if ¢ — ¢ € P, ¢ < ¢ will stand for ¢ < ¢ and ¢ # ¢, while ¢ <« ¢ will stand for
0 — ¢ € int P, where int P denotes the interior of P. If int P # @, then P is called a solid
cone. The cone P is called normal if there is a number A > 0 such that, forall ¢, 0 € A4,

0=¢=2o=>cl<Alel.

The least positive number satisfying the above is called the normal constant of P,
ref. [2].

Definition 2. A cone b-metric on a nonempty set M is a function oy, : M x M — R such that
forall g,0,v € M and a constant s > 1 the following conditions hold:

(@,) o(¢0) =0 ¢=g

(03,) ov(6,0) = ap(e/6),
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(0v,) o3(c, 0) = s[ov(c, v) + o3 (v, 0)]-
The pair (M, 0y,) is then called a cone b-metric space.

Definition 3 (Ref. [4]). A cone b-metric-like on a nonempty set M is a function o, : M x M — A
such that for all g, 0,v € M and a constant s > 1 the following conditions hold:

(@,) o(c0)=0=¢c=¢

(0p,) 03(5,0) = (0, 6),

(@5) ov(c,0) = slop(c,v) +0p(v, Q)]
The pair (M, 0y) is then called a cone b-metric-like space over Banach algebra A.

A cone b-metric-like on M satisfies all of the conditions of a cone b-metric space except
that 03, (g, ¢) need not be 6 for ¢ € M.

3. Extended Cone b-Metric-Like Space over Banach Algebra

We present a generalized cone b-metric-like space over Banach algebra namely an
extended cone b-metric-like space over Banach algebra, as follows.

Definition 4. Let M be a non-empty set,  : M x M — [1,+00) be a mapping. A mapping
op : M x M — A is said to be extended cone b-metric-like space over Banach algebra such that:
(@1): o(g0) =0=¢=0
(@2): av(6,0) = 0v(e,6),
(@3): ov(c, ) = n(g 0)[op (g, v) + 0p(v, 0)).

The pair (M, 0y,) is called an extended cone b-metric-like space over Banach algebra.

Remark 4. An extended cone b-metric-like space over Banach algebra generalizes several known
cone metric structures, such as:

(i) Ify(g,0) =1, forall ¢, 0 € M, then an extended cone b-metric-like space over Banach algebra
reduces to a cone b-metric-like space over Banach algebra;

(ii) A cone b-metric-like space over Banach algebra is an extended cone b-metric-like space over
Banach algebra for (g, 0) =s > 1 forall g,0 € M.

Example 1. Let M = {0} UN and p a positive even integer. Define a mapping 7 : M x M —
[1, +00) by

1 ifc=q
forall g, 0 € M. Define 03,(g,0) : M x M — A by oy(g,0) = (¢ + 0)Pe!, forall ¢, 0 € M and for
all t € [0,1]. Then (M, 0y) is an extended cone b-metric-like space over Banach algebra. Condition
(0p1) and (0y2) are clearly satisfied. Now, we prove (03,3) in Definition 4 is satisfied. For this, we
take ¢ € M as arbitrary then we see that
(i) If ¢ = o then (0},3) is clear.
(ii) If ¢ # 0,6 = v, then

1(¢,0)lop (s, v) + o (v, 0)]()

(g, 0) = { L+ eI+ el ifc#e

(1+ gl + leD[lg + v[? + [v + o|]¢f
(14 [g] + lel)[g + e|7¢!

6+ olF]ef

oy(6,0)(t).

AVANAY)
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(iii) If ¢ # 0,0 # v,v # ¢, then

(6, 0)[on(c,0) + op(v,0)](t) = (1+1g|+[e))[lg+vl” + v+ el?]e

1

> (7+|g2|+‘g|)p\9+v+v+e\’”ef
1

= (i 20 gt

> [g+2v+g|Pe

> |g+olPe

= (g 0) ().

Example 2. Let M = {0} UN and p a positive even integer. Define a mapping 7 : M x M —
[1, 4-c0) by
_ [ tHlel el Feo#e
1(¢, @) { 1 ife—o,

forall ¢,0 € M. Define 0,(g,0) : M x M — A by 0,(g,0) = (¢P + oF)Pe!, forall g,0 € M
and for all t € [0,1]. Then, (M, 0y,) is an extended cone b-metric-like space over Banach algebra.
Condition (0},1) and (0},2) are clearly satisfied. Now, we prove (03,3) in Definition 4 is satisfied.
For this, we take ¢ € M as arbitrary then we see that

(i) If ¢ = o then (03,3) is clear.

(ii) If ¢ # 0,6 = v, then

1(¢,@)[ov(g,v) + op(v, Q)] (1) 1+ lgl+ leD[Ie? +vP + [vP + oP|V]e!

> (L+cl+lel)le? + o [Pe!
> [P +o"IPle!
= ol Q)
(iii) If ¢ # 0,0 # v, v # ¢, then
1(s,Q)lov(c,v) +op(v,l(t) = (1+lgl+leDllc? + "I + [vF + o |P]e’
1
> (M)qu PP 4 PP
> |gP +20vP + oF |Pe!
> |¢P +of|Pe!
= ale e )
n+1
Lemma 1. Let A be the real Banach algebraand 1 € A, (1 # 04). If hT |||lln ||| exists, then
n——+00
im L o)
n—too || I || '

Proof. The proof follows directly from Proposition 1 and the Stolz-Cesaro theorem (let

given any sequence (I,),>1 of (strictly) positive real numbers, suppose that Llrf lnl+1
- n o] n

1 1
exists (finite or infinite), then lim ;] = lim il ) O
n—co n—oo [,
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Now, we prove some fixed point theorems in the setting of an extended cone b-metric-
like space over Banach algebra. Let us define a subset of A as follows:

« N [
P*=<S1+#(64)€P: lim exists ;.

n—oo | I

4. Topology on Extended Cone b-Metric-like Space over Banach Algebra

In this section, we define topology on extended cone b-metric-like space over Ba-
nach algebra.

Definition 5. Let (M, 0y,) be an extended cone b-metric-like space over Banach algebra A, ¢ € M
and ¢ > 6, then oy-ball with centre ¢ and radius ¢ > 6 is

By, (¢,¢) = {o € M:| (5, 0) — (5, 6) [< c}

and put B = {ng(g,c) g EeEMand f K c}.

Theorem 1. The collection 6 = {ng (c,c):ce M, c> 6} of all open balls forms a basis for a
topology T, on M.

Proof. (i) Suppose ¢ € M. Clearly ¢ € Bg,(c,c) for ¢ > 6. This gives ¢ € By, (g,c) C
UQEM,C>9 BUb (Q, C)'

(i) Suppose thata € By, (g, c1) N By, (G, c2). Then there exists ¢ > 0 such that By, (a,¢) C
By, (¢, c1) and By, (a,¢) C By, (g, ¢2). Suppose that v € B, (a,c) then oy,(a,v) — 0(a,a) < c.
Thus, By, (a,c¢) € By, (g,¢1) N Bg,(6,c2). O

Definition 6. Let (M, 0},) be an extended cone b-metric-like space over Banach algebra. A sequence
{cn} in (M, 0y) converges to a point ¢ € M if and only if

lim 0y (6n, ) = 0v(c,)-

Definition 7. Let (M, 0},) be an extended cone b-metric-like space over Banach algebra and {¢, }
be a sequence in (M, 0y,) is called a 6-Cauchy sequence if 0, (Gn, Gm) is a c-sequence in A, that is,
for every ¢ € int P there is a positive integer ng € N such that 0,(Gn, Gm) < ¢ for all n,m > ny.

Definition 8. Let (M, 0},) be an extended cone b-metric-like space over Banach algebra A then
(M, 0y) is said to be -complete if every 0-Cauchy sequence {c, } in M converges to a point ¢ € M,
that is,

om0y (6n om) = lim 0y(cn, ) = 0b(c,¢) = 0.
Definition 9. Let (M, 03, A) be an extended cone b-metric-like space over Banach algebra. A
mapping G : (M, 0y) — (M, 0y,) is said to be oy-orbitally continuous at a point u € M, if for some
ceM,

lim G"¢ = uimplies lim G"itlg = Gu,

1— 400 1—+00

if G is oy-orbitally continuous at each point of M, then we say that G is oy-orbitally continuous in M.

5. Generalized Lipschitz Mappings

In this section, we define generalized Lipschitz maps on extended cone b-metric-like
space over Banach algebra.
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Definition 10. Let (M, 0,) be an extended cone b-metric-like space over Banach algebra. A
mapping T : M x M is called a generalized Lipschitz mapping if there exists a vector k € P with
p(k) < 1and forall g,0 € M, we have

oy(T¢, To) = koy(g, Q)-
Example 3. Let A, P, M be as in Example 2. Define a mapping 0, : M x M — A by

a(c,0)(t) = (¢ +0)%¢,

forall g,0 € M. Then (M, 0y,) is an extended cone b-metric-like space over Banach algebra A with
1(g,0) = 2P Take T: M x M by Tg = %,for all ¢ € M, we have:

where p(k) < 1. Obviously, T is a generalized Lipschitz map.
Now, we review some facts on c-sequence theory.

Definition 11 ([16]). Let P be a solid cone in a Banach space E. A sequence {¢,} C P is said to
be a c-sequence if for each ¢ >> 0 there exists a natural number N such that ¢, < c foralln > N.

Lemma 2 ([15]). Let P be a solid cone in a Banach algebra A. Suppose that | € P is an arbitrary
vector and {¢, } is a c-sequence in P. Then, {I¢,} is a c-sequence.

Lemma 3 ([14]). Let A be a Banach algebra with a unit e, € A, then limy,_s 1 || I" ||% exists
and the spectral radius p(1) satisfies

p(1) = lim || 1" 5= inf || " |3 .

n——+o00
Ifp(1) <| A |, then (Ae — 1) is invertible in A, moreover,
o=
(Ae—1)"" = Z N1
i=0
where A is a complex constant.

Lemma 4 ([14]). Let A be a Banach algebra with a unit e, o, B € A. If & commutes with B, then

pla+B) = pa)+p(B), p(ap) = p(a)o(B).

Lemma 5 ([17]). Let A be Banach algebra with a unit e and P be a solid cone in A. Let a,k,1 € P
hold 1 < kand o < la. If p(k) < 1, then a = .

Lemma 6 ([17]). If E is a real Banach space with a solid cone P and {¢,} C P is a sequence with
' gn [[— 0 (n — 400), then {gu} is a c-sequence.

Lemma 7 ([17]). Let E be a real Banach space with a solid cone P.
(1) Ifa,B,y€Eandua =X B KL v, then a K 7.
(2) Ifa € Pand o < 7y for each y > 6, then o = 6.
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Lemma 8 ([17]). Let A be a Banach algebra with a unit e and | € A. If A is a complex constant
and p(1) <| A |, then

ey < L
Pe=7) 2 ey

6. Main Results

The following theorem is our main result.

Theorem 2. Let (M, 0y, A) be a 6-complete extended cone b-metric-like space over Banach algebra.
Let P be a solid cone in A not necessarily normal in A; suppose that T : M — M is a mapping such
that forallg € M :

Ub(TGI TZQ) = lUb(g/ Tg)/ (1)
* . . 1 _ n . .
where | € P*,p(l) < 1 with Mgr}rwn(gn,gm) < o and {¢n} = {T"go} is the Picard
iterating sequence generated by ¢o € M. Then T has a fixed point in M provided that T is
op-orbitally in M.

Proof. From the contractive condition (1), we have:

0p(Gn 1) = 0p(Tgn-1,T?Gu-1) @)
lUb(Qn—lngn—l)
lo’b(gnflzgn)

PN

= 1"oy(60,61)-

Now, foralln € N and forany p =1,2,...

U(angn—i-}ﬂ)[ab(Gn/QnJrl) +‘7b(€n+1/€n+p)] (©)]
1(gn s Cntp )05 (Gns Gny1) + W(Gn/€n+p)‘7b(€n+lr€n+p)

1(Gn, €n+p)(7b(€n/ Gnt1) +1(Gn, €n+p)77(€n+1/ €n+p)

(05 (Gnt1,Gnt2) + 05 (Grr2,s Qner)]

1(6ns Gntp)0(6ns Gn1) + 1(6ns Gntp) 1 (Gns1, Gntp) b (Gnr1, Gni2)
1(Gn, Qn—i—p 1(Gnt1s €n+p)‘7b(€n+2/ €n+p)

Ub(@ﬂr@n-&-p)

PN

+

77(€n/€n+p)‘7b(€nr€n+1)+77(€n/€n+p)77(€n+1/§n+p) o (Gn1,Gnt2)
+ A+ (6n Gntp)o(Gut1, Gntp) N (Gntp—2,Gntp)
[Ub<€n+p—2r€n+pfl) + Ub(€n+p71/€n+p)]

= 7(6n Gnap)"0(60,61) + 17(6ns Gt )1 (Gnsts Gt p) " 0w (G0, 61)
+ U(Gn/€n+p)77(€n+l/€n+p) T W(Qnﬂz*l/€n+p)ln+pil‘7lz(€01(§l)
n+p—1 r
= [ Y l’]—[ﬂ Qs/€n+p>}‘7b(€0/€1)
r=0 s=
Again, we have:
n+p—1 r n-l-p 1 7
Z erU(QSrQﬂﬂﬂ Z H’7 Gs Gnrp)- |17l
r=n s=1 r=n s=
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For r € N, let us define:

r

A = TTsscuen) IV

s=1
Then, forany p =1,2,3,...
(n+p) n+1
un+1 T ! ||
n—r—+o0 u£ZH+P) - ngTwﬂ(€n+1/Gn+p) ||ln||
= lim 7(Gu+1,Gn+p) lim ||1"+1||‘
n—+oo Al Pl 5o ||l”||

)

Since | € P*, we have lim p(l) and, therefore, forany p = 1,2,...

= 7]

(n+p)

Uytq T
n—+oo u,(1n+p) - ngrfmﬂ(gn+1r Qn+p)p(l) < 1.

So, by ratio test, we have forany p =1,2,...

n+p—1 ntp-1 r
I " , < i , .
Jm L E’?(Qs Grtp)|| < Jim ) gn(gs Gnip) ]

Therefore from (3), we conclude that {¢,} is Cauchy sequence in M. Since M is
complete, there exists an element ¢ € M such that

p A ob(Gn om) = Hmop(cn, 6) = 0p(6,¢) = 6.
Now, if T is orbitally continuous in M, then ¢j = ¢, — ¢ implies T¢j = Tg, =
¢n+1 — Tg. Hence Tg = ¢ and ¢ is a fixed pointin M. O

From Theorem 2, we obtain the following result for generalized Lipschitz mapping in
extended cone b-metric-like space over Banach algebra, that is, Banach theorem on a fixed
point (see [18]).

Corollary 1. Let (M, 0y, A) be 6-complete extended cone b-metric-like space over Banach algebra.
Let P be a solid cone in A not necessarily normal in A suppose that T : M — M be a mapping such
that forallg,0 € M

(T6, Te) = kay (g, @), )
. . 1  imm . .
where k € P,p(k) < 1 with n’mh_rg_ooiy(gn,gm) < o0 and {¢,} = {T"go} is the Picard
iterating sequence generated by ¢o € M. Then T has a fixed point in M provided that T is
op-orbitally in M.

Proof. From condition (4), if put ¢ = T¢ we obtain condition (1). O
Remark 5. Note that from condition (4) we conclude that the fixed point is unique.

Example 4. Let us consider the Banach algebra A = Cx[0,1] with the norm || ¢ ||a=|| ¢ llo + |
¢ |leo and usual pointwise multiplication obviously, A is a Banach algebra with unity e4 = 1.
Let us take P = {g € A : ¢(t) > 0 forall t € [0,1]}. Then it can be verified that p is a
non-normal cone. Now, let M = {0,1,2}. Defineny : M x M — [1,00) and 0, : M x M — A
as 7(g,0) = 14+¢+o, forall g,o € M and 0,(0,0)(t) = 03(1,1)(t) = 0,(2,2)(t) = 6
(0, 1)(t) = 0y (1,0)(t) = €', 0(1,2)(t) = 0,(2,1)(t) = 4e',04(0,2)(t) = 05(2,0)(t) = 8¢',
forall t € [0,1]. Then (M, 0y) is a 0-complete extended cone b-metric-like space over Banach
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algebra but not a cone metric-like space over Banach algebra. Let T : M — M be defined by
TO = T1 = 1,T2 = 0. Then, 0,(Tg, T?¢) = loy(g, Tg), for all ¢ € M, with I(t) = } + &
forall t € [0,1]. We show that I € P*. Then I"(t) = (3 + )", forall t € [0,1] and for
all n € N. Therefore (I") (t) = L1+ ﬁ)nil forall t € [0,1] and for all n € N. Thus,

| 17 || a= & n ﬁ)n—l [(}1 + i2> + 1”2] forall n > 1. Hence, we get
17 |4 (G+4)"[(+4)+ 5] 5
D -
el G () + 8
+

= (411_‘_%) {%} forall n>1.

So, from Equation (5) it follows that I € P*. One can also check that T satisfies all the
conditions of Theorem 2 and | € M is the fixed point of T.

7. An Application to an Integral Equation

In this section, we endeavor to apply Corollary 1 to investigate the existence of the
Fredholm integral equation.

Consider C|[0, 1], the class of continuous functions on [0, 1]. Let A = C[0, 1] be equipped
with the norm ||¢|| = |/¢|leo + ||¢’||co. Take the usual multiplication, then A is a Banach
algebra with the unit e = 1. Define 0, : M x M — A be the extended cone b-metric-like
space over Banach algebra by

c(t) +alt)
2

4

op(g,0)(t) = sup
tela,b]

where p > 1, with 57(g,0) = 1+ [¢| + |o|, for all g, 0 € C[0,1]. Then (M, 0}) is a 6-complete
extended cone b-metric-like space over Banach algebra.

Theorem 3. Assume that for all g,0 € C[0,1],
P 1
k(t,r, Tg(t)) + k(t, 7, ng(t))] < (L+lel +lel)7ls(t) + ()],
forall t,r € [0,1]. Then the integral equation:
T
¢(t) = /0 k(t,r,¢(t))dr, (6)
where t € [0, 1], admits a solution in C|0, 1].

Proof. Define T: M — M by:

1
Tg(t) :/0 k(t,r,¢(r))dr, forall t,s € [0,1]
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References

we have

Tg(t) + To(t)
2

14
op(Tg, T%G)(t) = sup '
t€[0,1]

_ /1 k(t,rg(8) +k(tr,0(t) [P
0 2
Ykt r,(t) +k(t,r,0t) |\
< (/0 > dr> e

['| st is +eni, y
0 2

r e

<1(¢ 0)ap(s, 0)(t).

Thus, condition (1) is satisfied; therefore, all conditions of Corollary 1 are satisfied.
Hence T has a fixed point, which means that the Fredholm integral Equation (6) has a
solution. This completes the proof. [

In the end, we give some open problems.

Problem 1. Whether condition lim  1(gu, ¢m) < 1 in Theorem 2, can be replaced with
n,m——+00 p(l)

. . ’
condition n,ril_rgooﬂ(GnIQm) < +o0!

Problem 2. Prove analogue results for Kannan, Chatterjee, Reich, Ciri¢ and Hardy—Rogers type
contractions in extended cone b-metric-like space over Banach algebra.

Remark 6. Regarding Problem 2, see papers [19-23].

8. Conclusions

Fixed point theory is a very important tool for solving problems emerging in various
domains of analysis and other fields of science. In this note, we introduce the notion
of extended cone b-metric like spaces over Banach algebra where we generalized the
constant s > 1 by a function #(g, ¢) in triangle inequality and investigated the existence
and uniqueness of a fixed point using generalized Lipschitz maps. At last, some open
problems are given for the readers.
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