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Abstract: In this work, we introduce a mixed type of quadratic-additive (QA) functional equation
and obtain its general solution. The objective of this work is to investigate the Ulam-Hyers stability
of this quadratic-additive (QA) functional equation in matrix paranormed spaces (briefly, MP spaces)
using the Hyers method for the factor sum of norms.
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1. Introduction

The problem of Ulam [1] about the stability of group homomorphisms was originated
by the stability problem of functional equations: suppose that A is a group, B(d) is a metric
group, and ¢ : A — B. For any € > 0, does there exists a § > 0 such that

d(yp(ab), p(a)p(b)) <4,

holds and which gives a unique homomorphism W : A — B is such that
d(p(a), W(a)) <e,

for all @ € A? If the answer is affirmative, we can say that the Cauchy equation (ab) =
Y (a)p(b) is stable.

In 1941, Hyers [2] provided the case of approximately additive mapping F: A — A’,
where A and A" are Banach spaces and F satisfies the below Hyers inequality

VabeA,

|F(a+b)—F(a)—F(b)|| <e Va,beA.
This proved that the limit
.. F(2"a)
B(a) —nh_r}go ST VaeA,

exists with the unique additive mapping B: A — A', which satisfies

|F(a) = B(a)|| <e, VacA.
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Moreover, if (ca) is continuous in ¢ for each fixed a € A, then the function B is linear.

The result declared was that the Cauchy functional equation is stable for any pair of
Banach spaces. The method that was provided by Hyers formed the additive function B(a)
called the Direct Method. This is called the stability (Hyers—Ulam stability) of the Cauchy
additive functional equation.

Every solution of the following Cauchy additive functional equation

p(u+0) =¢u) +y(o), @

is known as additive. The functional equation

Y(u+0) +p(u—0) = 2¢(u) +2¢(v), €

is connected to a symmetric bi-additive. A quadratic function is a name given to each
solution of the functional Equation (2). It is widely known that real vector space ¥ is
quadratic if and only if a single symmetric bi-additive function B exists for all a and
¢(u) = B(u,u). The function B is presumptively assumed by

B(1,0) = § (plu+0) — plu—0)).

Skof explored the Ulam-Hyers stability problem for the functional Equation (2) for the
mapping i between a normed space and a Banach space. The stability results of a cubic-
additive functional equation have been established by Jun [3]. Najati [4] has investigated
stability of a quadratic-additive, in quasi-Banach spaces. After this, Najati [5] introduced
an additive-cubic functional equation and examined its stability for a mapping between
two quasi-Banach spaces.

In 2012, Choonkil Park [6] examined the stability of the functional Equations (1) and (2)
in paranormed spaces. In 2013, Choonkil Park extended this work to examine (Ref. [7])
the stability results of the functional Equations (1) and (2) and the below Cauchy additive
functional inequality

Y(a) + ) +9(c) <yplatbto),

in matrix paranormed spaces. Based on these two works, Murali et al. [8] investigated the
stability for the quadratic and cubic functional equations in matrix paranormed spaces.
Moreover, Murali et al. [9] investigated the Hyers—Ulam stability of the quartic mappings in
the same space. Tamilvanan et al., who developed this work, explored numerous functional
equations in various normed spaces [10-12].

2. Quadratic-Additive Functional Equation and Its General Solution
We introduce a new mixed type of quadratic-additive (in brief, QA) functional equation:

lP(;ZZi;lhah) = ) ‘/’(hﬂh%-gag)—(l_Q)I;hz[W

1<h<g<l

Lo [(an) = 9(—ap)
—(1-2 h| I ——1 22, 3
1-2) | KL= pond] ®

where [ > 4, and we obtain its general solution. The main objective of this work is to inves-
tigate the Ulam-Hyers stability results of this functional equation in matrix paranormed
spaces by using the Hyers method for the factor sum of norms.

We utilize some notions from [7,13] as follows:

e M;(V) is the set of all | X [-matrices in V;

e ¢ € M;(C)isthe it" element, which is 1, and the remaining elements are 0;
e Ej € M;(C) indicates that the (h, i)-element is 1 and the remaining elements are 0;
e E;;®a € M;(V) indicates that the (/,7)-element is a and the remaining elements are 0.
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Fora € M;(V),b € My(V),

a 0
adb= (0 b)'

We remark that (V,||-||;) is a matrix normed space if and only if (M;(V), ||-]|;) is a
normed space for every integer / > 0 and

[EaF |, < [IE[[E]Hlall;,

holds for all E € My, ;, a = [a;] € M;(V) and all F € M, ,,, and that (V, ||-||;) is a matrix
Banach space if and only if (V, ||-||;) is a matrix normed space, where V is a Banach space.

Lemma 1. If an even mapping  : V. — W, which satisfies the functional Equation (3) for all
ai,az,- -+ ,a; € V, then the mapping ¢ : V. — W is quadratic.

Proof. In terms of the evenness of i, we obtain ¢(—a) = 1(a). Now, Equation (3) becomes
l l
9 han) = Y p(han+gag) = (1=2) ¥ iPp(ar), @)
h=1 1<h<g<I h=1

forallay,ap,--- ,a; € V. Replacing (ay,4ap,- -+ ,a;) by (0,0,---,0) in (4), we have ¢(0) = 0.
Now, replacing (ay,ap,-- - ,a;) by (0,4,0,---,0) in (4), we obtain

p(2a) = 2¢(a), ®)
for all a € V. Replacing a by 24 in (5), we obtain
p(2%) = 2y (a), (6)

for all a € V. Replacing a by 24 in (6), we obtain
$(2%a) = 2°¢(a), @)
for all 2 € V. Finally, we conclude that, for any non-negative integer [, we obtain
p(2a) = 2%y(a), ®)
a

for all a € V. Now, replacing (aq,ap,- - - ,a;) by (0, 5,0, ,0) in (4), we have

a

1
1/’(5) = 5 ¥(a), ©)
forall a € V. Replacing a by 5 in (9), we obtain
1
¥(z) = zv@ o

forall a € V. Replacing a by 5 in (10), we obtain
a 1
lP(f) = 5 ¥(a),
for all 2 € V. Finally, we conclude that, for any non-negative integer i, we obtain
a 1
¥(3) = @)

forall a € V. Replacing (al,az,- . ,al) by (a, %, -3, 72,0,- . ,O) in (4), we obtain (2) for
alla,b € V. Therefore, the mapping ¢ : V — W is quadratic. O
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Lemma 2. If an odd mapping ¢ : V. — W, which satisfies the functional Equation (3) for all
ai,az,- -+ ,a; € V, then the mapping ¢ : V. — W is additive.

Proof. In terms of the evenness of ¢, we obtain ¢(—a) = —(a). Now, Equation (3)
becomes
1 l
p( L) = ¥ p(hen+gag) - (1-2) Y hplar), (11
h=1 1<h<g<I h=1

for all ay,ap,- -+ ,a; € V. Now, replacing (a1,az,-- - ,a;) by (0,0, --,0) in (11), we have
$(0) = 0. Next, replacing (a1, az,- - ,a;) by (0,4,0,---,0) in (11) and using the oddness of
1, we obtain

p(2a) = 2¢(a), (12)
for alla € V. Again, replacing a by 24 in (12), we have
$(2%0) =2%(a), (13)

for alla € V. Replacing a by 2a in (13), we obtain
¢(2%a) = 2¢(a),

for all 2 € V. Finally, we conclude that for any non-negative integer /, we have
p(2'a) = 2'y(a),

a

for all a € V. Now, replacing (ay,a,- - - ,a;) by (0, 5,0, ,0) in (11), we obtain

p(2) = v, (14)

forall a € V. Replacing a by 5 in (14), we obtain

1(8) - 300 &

forall a € V. Replacing a by 5 in (15), we obtain

a 1
¥(5) = )
for all 2 € V. Finally, we conclude that for any non-negative integer i, we have

a 1
¥(3) =zv@

forall a € V. Replacing (al,az, . ,lZ[) by (a, %, %, %,O, o ,O) in (11), we reach (1) for all
a,b € V. Therefore, the mapping ¢ : V. — W is additive. [

Lemma 3. A mapping ¢ : V. — W such that {(0) = 0 and (3) for all ay,ay,--- ,a; € V ifand

only if there exist a mapping Y : V x V. — W which is symmetric bi-additive and a mapping
X : V. — W which is additive such that p(a) = Y(a,a) + X(a) foralla € V.

Proof. Let i with ¢(0) = 0 satisfy (3). Now, split ¥ into an even part and odd part
by taking

Pela) = 3(9(@) + 9(~a) and  o(a) = 3 (p(a) ~ p(~a)),
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foralla € V. Clearly, ¢(a) = .(a) + ¢o(a) for all a € V. Thus, ¢ and ¢, satisfy the
functional Equation (3). From Lemmas 1 and 2, we obtain that ¢, (quadratic) and ¢,
(additive). Thus, there exists Y : V x V — W, which satisfies i.(a) = B(a,a) foralla € V.
Therefore,
Y(a) =X(a)+Y(a,a), acV,
where X(a) = ¢, (a).
Conversely, suppose that there exist mappings Y : VXV — Wand X : V — W

satisfies
Y(a) = B(a,a)+X(a), acV.

Easily, we can prove that the mappings 4 — Y(a,4) and X satisfy the functional
Equation (3). Thus, the mapping ¢ satisfies the functional Equation (3). O

3. Stability Results in Matrix Paranormed Spaces

Here, we take (V,||-||;) as a matrix Banach space and (W, P;(-)) as a matrix Frechet
space. For a mapping ¢ : V — W, define Dy : V! — W and Dy, : M;(V') — M;(W) by

Dy(ay, az, -+~ ,a;) = lP(}lZl‘,lhﬂh)— ). ¢<hﬂh+gﬂg>

1<h<g<l
YR [+ )]
h=1

Lo Tylan) — p(—ay)
=2y Y | Pl —¥(=an) |
-2 % o) b

and
I
Dy ((a1)i], [(a2)i], -+, [(ar)if]) = lPl(h;h[(ﬂh)ij])
- ) ll’l(h[(ﬂh)ij]Jrg[(ﬂg)ij])

1<h<g<l
-2y [l/ﬂz([(am]) +2¢z<{<—ah>ﬁ1>}
]
+(1-2) i I [lpl([(ﬂh)ij]) —zllil([(—ah)i]-])]l
=1

forallay,ap,- -+ ,a € Vandalla; = [(at);] € My(V),t =1,2,--- 1.
Note that P(2a) < 2P(a) foralla € W.

Theorem 1. Let a, A € Ry with a > 2. If an even mapping ¢ : V. — W such that

1 1 N
By (D ([(ar)g), [(@)y), -+ [(an)]) ) < ngg(gllwt)ﬁ\! ) (16)

forall a; = [(at);j] € My(V),t = 1,2,---,1, then there exists a unique quadratic mapping
Q:V — W satisfying

1
Py (1 ([ag]) — Qilla])) < ). (l_z)éa_zz)\!au

ij=1

0
7

fOl’ alla = [Lll‘j} S MI(V).
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Proof. Let! = 1in (16). Then, the inequality (16) becomes

1
P(Dl)b(al/aZ/ o ,LZI)) < A<Z||at|k>/ (17)
t=1

forall aj,ay,--- ,a; € V. Replacing (ay,az,- - - ,a;) by (0,0,0,---,0) in (17), we obtain

P((zz4—13 —6712—l+6>¢(0)> <0,

Therefore, (0) = 0. Replacing (a1,4az,--- ,a;) by (0,4,0,---,0) in (17), we have

P((1 =2)9(2a) — 4(1 = 2)y(a)) < Aljall", (18)
for all a € V. From inequality (18), we have

P(p(2n) ~49()) < =5 el

and so

P(v@) -24(3)) < =g lel

foralla € V. Clearly,

P(#9(5) - 20(3)) < £ el o

o=r

for all 2 € V and all positive integers 7, s with r < s. From (19), the sequence {22‘51/) (2%) }
is Cauchy for everya € V.

Since W is complete, the sequence {22‘5 P (2‘1—5) } converges. Next, we can define a
mapping Q : V — W by

Y 25, (4
Q) = Jim 29 (55).
forall a € V. Setting ¥ = 0 and taking the limit s that tends to co in (19), we have

P((®) ~ QW) < =557z Il 20)

for all 2 € V. From inequality (17),
PPy (G i ) = (PG5 )

225/\ 1
Do <Z||“t||a>
t=1

—0 as 6 — oo.

IN
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Therefore, P(Q(ay, a2, -+ ,a;)) = 0. Therefore, the function Q satisfies the functional
Equation (3). Hence, the function Q is quadratic. Now, we prove that Q is unique. Consider
Q/ to be another quadratic function which satisfies the functional Equation (3). Hence,

P(Q-Q@) = P(2%Q(5)-2*C (5))
< P(ZZS(iglz‘i)—¢(§s)))+1’(2“(¢(§s)—Q'(§s>))

(1—2)(2% — 22)25"‘H ”
—0 as s — oo,

foralla € V. Thus, Q(a) = Q'(a) for all a € V. This shows that Q is a unique function. By
Lemma 2.1 in [5] and (20), we can conclude that

1
(1 (fg]) ~ @nlag) < X P (o) - (aij))SZ(l—z)(Aw—z’Z)Haif“

i,j=1 i,j=1

7

for all a = [a;;] € M;(V). Hence, the proof of the theorem is now completed. [

Theorem 2. Let «, A € Ry with o < 2. If an even mapping ¢ : W — V such that
D (1@ a2l L)) < 32 A(Z P((a); ) 1)
ij=1 t=1

forall a; = [(ar);] € My(W),t = 1,2,--- 1, then there exists a unique quadratic mapping
Q: W — V satisfying

1 A N
1 (lai)) = QullesD |, = X 725z =y P ()"
i,j=1
forall a = [a;;] € Mj(W).
Proof. Assume that! = 1in (21). Then, the inequality (21) becomes
l
IDg(ar,a2,- -, )| SA(Z P(at)“>, (22)
t=1

forall aj, ay,--- ,a; € W. Replacing (ay,ay,- - - ,a;) by (0,0,0,---,0) in (22), we have

2B _72_1+6
|(=—=—")so <o

Therefore, (0) = 0. Replacing (a1,4az,--- ,a;) by (0,4,0,---,0) in (22), we have
1(1 = 2)p(2a) — 41 = 2)p(a)[| < AP(a)", (23)
for all a € W. It follows from the inequality (23) that we obtain

H P(2a) A
2

@) < 2

P(a)",

for alla € W. Replacing a by 2a and dividing by 22 in inequality (23), we obtain

2%A

‘ =yt @

Hl/1(22a) _ ¥(2a)
o4 22
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foralla € W. Clearly,

P(a)", (24)

H p(2 p(2°a)
22r 22s

r—1 2“5)\
’ = 2(6+1)
=s 2 (l - 2)

4
for all a € W and all positive integers r, s with s < r. From (24), the sequence { lp(;;) } isa
Cauchy sequence for alla € W.
1,;7(2‘s u)

Since V is complete, the sequence { 5% } converges. Next, we can define a mapping

Q:W —= Vby

for alla € W. Now, setting s = 0 and taking the limit r — oo in (24), we have

A

[p(a) —Qa)| < mp(@“, (25)

for all a € W. From inequality (22),

zits(Dl/J(Z‘suyZ%z,...,25{11))H < 225"1)1/,(20,11,20”2, Zéﬂz)H

2o l N
< ot Y llall
t=1
—0 as {6 — oo
Therefore, ||Q(a1,az,--- ,a;)|| = 0. Thus, the function Q satisfies the functional

Equation (3). Hence, the function Q is quadratic. Now, we prove that the quadratic
function Q is unique. Consider Q' to be another quadratic function which satisfies the
functional Equation (3). Hence,

, er Q Q or or Q’ or
low - - H U ’ | "’(zzr”)\+H"’(zzf)— 2(2,“)‘
o(ra+1) y

< P(a)* —0 as r— oo,

(1—2)(22 —2%)2%

foralla € W. Thus, Q(a) = Q'(a) for all a € W. This proves that the function Q is unique.
By Lemma 2.2 in [5] and (25), we can conclude that

!
[ (i) — Qi([ag]) ||, < Z [ (ai;) — Qay) || < )2 mp(”ﬁ)ar

ij=1 i,j=1
forall a = [a;] € M;(W), which ends the proof. [J

Theorem 3. Let o, A € Ry with a > 1. If an odd mapping 1 : V. — W such that

R (o ([l ) < o Elenglt), o

ij=1 t=1
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for all a; = [(ar);;] € Mi(V),t = 1,2,---,1, then there exists a unique additive mapping
AV — W satisfying

!
Py (i ([a]) — Ar(lag])) < Y2 (Z_Z)(AMH%H“ 27)

i,j=1

foralla = [a;;] € M;(V).

Proof. Assume that! = 1in (26). Then, the inequality (26) becomes

1
P(Dlp(al/QZ/ e ,lll)) S A<Z||at|lx>/ (28)
t=1

forall ay,ap,--- ,a; € V. Replacing (ay,az,- -+ ,a;) by (0,4,0,---,0) in (28), we have
P((I—2)p(2a) — 4(1 - 2)y(a)) < Alall®, (29)
for all 2 € V. From the inequality (29), we obtain

P(p(2n) ~29()) < =5 el

and so
P(v@) -20(3)) < 7=z lel" 30)

forall a € V. Replacing a by 5 and multiply by 2 in (30), we obtain

P(9(3) -24(5)) < gyl

forall a € V. It is easy to show that

a a st 200

P(2y(7) -2v(5)) < E goapamr ol 1)

for all 4 € V and all positive integers r, s with r < s. From (31), the sequence {2‘5 P (2%) } is
a Cauchy sequence foralla € V.
Since W is complete, the sequence {2‘547(2”7)} converges. Next, we can define a
mapping A : V — W by
Aa) = lim 2°p(55),

d—r00
forall a € V. Now, taking r = 0 and the limit s that tends to co in (31), we arrive at

P~ AW) < G—gyrz—gs Il )
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for all a € V. From inequality (28),
P (Dp(2,2, 4))) < 2p(Dp(2, 2,4

m(Datn )

—0 as 0§ — oo.

IN

Therefore, P(A(ay,az,- -+ ,a;)) = 0. That is, the function A satisfies the functional
Equation (3). Thus, the function A is additive. Now, we want to prove that the function
A is unique. Consider A’ as another additive function which satisfies the functional

Equation (3). Hence,
P(zA(5) -24(3))

(a) - A(a))
P(2(a(5) —v(5))) +2(2(v(5) -4 (5)))
2s+1) N
S =)@ =2 Il

!

P(A

IN

—0 as s — oo,

foralla € V. Thus, A(a) = A (a) for all a € V. This proves that the function A is a unique
function. By Lemma 2.1 in [5] and (32), we can conclude that

!

Pr(r([a]) — Ai([a])) < 3 P(¢(ay) — A(ay)) < le (l_)(/\z)H“U ’

ij=1 ij=1

7

forall a = [a;] € M;(V). Hence, the proof of the theorem is now completed. [

Theorem 4. Let a, A € Ry with a < 1. If an odd mapping 1 : W — V such that

| (1), (@), L) |, < ZA(ZP a)i ) (33)

for all a; = [(a);j] € M(W),t = 1,2,---,1, then there exists a unique additive mapping
AW — V satisfying

1 A N
1 (laij]) = Ar(la]) ||, < i,j; =22 )"

forall a = [a;;] € M;(W).

Proof. Assume that! = 1in (33). Then, the equality (33) becomes

1
|Dy(ar,az,- - ,a1)|| SA(Z P(ﬂt)'X)/ (34)
t=1
forallaq,ap,--- ,a; € W. Replacing (ay,az,-- - ,a;) by (0,4,0,---,0) in (34), we obtain
(I —=2)p(2a) - 2(1 = 2)p(a)|| < AP(a)", (35)

for alla € W. It follows from the inequality (35) that we obtain

’Vg@_¢ww§zuimPWﬁ (36)
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for all a € W. Replacing a by 2a and dividing by 2 in (36), we obtain

$(2%)  ya)| o 2%A ’
[0 -1 = e
for alla € W. It is easy to show that
pRa) _pEa)| 20
H G > | = gz(m)(z P (37)

4
for all a € W and all positive integers r, s with s < r. From (37), the sequence {W} isa

Cauchy sequence for alla € W.

3
Since V is complete, the sequence { @ } converges. Next, we can define a mapping
A:W = Vby
26
Afa) = tim $27)

b—o0 207
for all a € W. Now, setting s = 0 and taking the limit ¥ — oo in (37), we obtain

9@~ AW < G—g575—57 )" 9)

for all 2 € W. From inequality (34),

‘ %(Dlp(zﬁal,z%z, . ,2%,)) H

IN

1
L or(et e 2a)|

2(50( i u
DT Y llall
t=1
—0 as J — oo.

IN

Therefore, ||A(ay,az,--- ,a;)|| = 0. That is, the function A satisfies (3). Hence, the
function A is additive. Now, we want to prove that the additive function A is unique.
Consider A’ as another additive function which satisfies the functional Equation (3). Hence,

‘ . H p(2ra)  A'(2a)

A(2'a)  A'(2)

27 2r
H A(2"a)  ¢(2"a)

2" 2"

27 27

o(ra+1) y .
—2a—wp W
—0 as r— oo,

IN

foralla € W. Thus, A(a) = A'(a) for all a € W. This shows that A is a unique function. By
Lemma 2.2 in [5] and (38), we can conclude that

1
o) = (Dl < 3 oGos) = AGw)] < 3 g7y 20"

ij=1 ij=1

forall a = [a;;] € M;(W), which ends the proof. [J
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Proposition 1. Let o, A € Ry witha > 2o0ra > 1. Let ¢ : V. — W be a mapping with (0) =
such that (16) holds for all a; = [(at);;] € M;(V),t = 1,2,---,1. Then, there exists a unique
quadratic mapping Q : V. — W and a unique additive mapping A : V. — W that satisfies

A

Py (i ([ai]) — Qi([ay]) — Ar(la])) < )2 = ||”ina[(2a izZ) + (2041_2)}’

i,j=1

forall a = [a;;] € My(V).
Proof. Let us define ¢([a;]) = e([a;j]) + o([a;j]), where

pellay]) = lP([aij])JrzlPe(—[aijD and yollay]) = ([a;]) ztpe( ;)

are even and odd functions, respectively. Hence,
Pr(r (laig]) — Qu([ayg]) — Ai(lai]))

P ((wr)e([aif]) + (Wr)o ([ai]) — Qi (la]) — Ar([a]))

Pr((¢r)e(lai]) — Qi([ai])) + Pr((w1)o([aif]) — Ar([ai]))

for all [a;;] € M;(V). The remaining proof is followed by the results of Theorem 1 and
Theorem 3. O

IN

Proposition 2. Let o, A € Ry witha < 2o0rwa < 1. Let ¢ : W — V be a mapping with 1(0) =
such that (16) holds for all a; = [(at);;] € M;(W),t = 1,2,--- 1. Then, there exists a unique
quadratic mapping Q : W — V and a unique additive mapping A : W — V such that

!
[ ([ai]) = Qi[ay]) — Ar(lay]) ||, < 2 Ui\@P(aif)“[(ZZ - OREP _12a)}’

forall a = [a;;] € Mj(W).
Proof. Let us define ¢([a;;]) = ¢e([a;;]) + o ([a;j]), where

Ye(lag)) = lp([aij])JrzlPE(_[aijD and  o([a;j]) = $i) 2%( o)

are even and odd functions, respectively. Hence,

i ([ai]) — Qi ([ai]) — Ar(lay]) ||,
= [|(0)e([ai]) + (d1)o([a5]) — Qi ([ay]) — Ar([ai]) |,
< || @r)e(lai)) = Qu(lag))[[, + | (¢1)o ([ai]) — Ar(la])

for all [a;;] € M;(W). The remaining proof is followed by the results of Theorem 2 and
Theorem 4. O

%

4. Ilustrative Example

We use a suitable example to show that the functional Equation (3) fails to be stable
in the singular situation. In response to Gajda’s excellent example in [14], we give the
following counter-example, which demonstrates the instability in Theorem 1 of Equation (3)
under specific conditions « = 2.
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Remark 1. If an even mapping ¢ : R — V satisfies the functional Equation (3), then the below
assertions hold:

(1) $(m?a) = m°¢(a), foralla e R,m € Qand c € Z.
2)  (a) = a’y(1), for all a € R if the function  is continuous.

Example 1. Let an even mapping ¢ : R — R defined by

(39)

7

2Pa)
2p

pla) = Y- 28
p=0
where

o) = {Aaz, —1<a<1

A, else.

Suppose that the function 1 defined in (39) satisfies

24— 1P -2 -51+6\8 . [
Dy(ay,az, -+, a1)] s( e >3/\<Z|”j|2 : (40)
j=1

forall ay,az,- -+ ,a; € R. We show that there does not exist a quadratic mapping Q : R — R
such that

[p(a) — Q(a)| < 6lal?, (41)

forall a € R, where A and b are constants.
We can easily find that  is bounded by 23—2)\ onR. IfZ;-:l |a]-\2 > 2% or 0, then

214 — P —22 —51+6)\22
|Dy(ay, a0, ,a;)| < —A.
6 3
Thus, (40) is valid. Next, suppose that
S 2 1
0< Z laj|* < 7
j=1
and then there is an integer s > 0 that satisfies
LY ap ! 42
zem = L19°< pey 42

Thus, 2°%|aq| < 21—2,22S|a2| < 21—2,22S|a3| < 21—2,~ -, 25| < 21—2 and

2ta1,2ta2,- c ,Ztal
!
< E Zthah>
h=1

Z (Zthah +2tgﬂg> € -11, t=01,---,s—1
1<h<g<l

1
Z hz (Ztllh)
h=1
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Moreover, fort =0,1,--- ,s—1

Y(ay,ap,---,q) = cp(hZi:lhaO— ) (i)(hah—i-gag)

1<h<g<l
!
+(1-2) ) Wg(an)
h=1
= 0.
Next, by inequality (42), we obtain that

21

|D1IJ((11,112,‘ o /al)| S Z ﬁry(ztalrztaZ/' o /Ztal)‘
t=0
© 1 /22— _212_5/+6
R e
=S

It follows from (42) that

24— 3212 _5/+6)\8A [
|Dy(ay, a2, ,a1)| < ( 6 >3 Z;|ﬂj|2 .
]:

Thus, the function  satisfies the inequality (40). Suppose, on the contrary, that there exists a
quadratic mapping Q : R — R which satisfies (41).
From Remark 1, Q must be Q(a) = ca®, a € R. Thus, we obtain

x(@)] < (0 +lc])al?, a € R.

However, we have a choice s > 0 with sA > 6 + |c|. Ifa € (0, T%), then 2'a € (0,1) for
everyt =0,1,---,5s —1, we have

s—1 t.\2
A(2a
> ) (22t) =sAa® > (6 +cl) |a?),
=0

2tq)
2

pla) =y 2
t=0
which contradicts. Thus, Equation (3) is not stable.

The upcoming counter-example shows the non-stability in a particular condition & = 1
in Theorem 3 of the functional Equation (3).

Remark 2. If an odd mapping ¢ : R — V satisfies the functional Equation (3), then the below
assertions hold:

(1) y(ma) =mPp(a), acR,meQandc e Z.
(2)  ¢(a) =ayp(1), a < Rifthe function  is continuous.

Example 2. Let an odd mapping ¢ : R — R defined by

2Pq)
o, 13)

pa) = Y 20
p=0
where

q)(a)_{)\a, 1<a<1

A, else.
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Suppose that the function  is defined in (43) such that
21— 13 —212—51+6 ’
‘Dlp(a1/a2/"'/al>|§ ( 6 >4A<Zla]|2
=
(44)

forall ay,ay,--- ,a; € R. We show that there does not exist an additive mapping A : R — R
satisfying

y(a) — A(a)| < dlal, acR, (45)

where A and 6 are constants.
We can easily find that ¢ is bounded by 2A on R. IfE;-:l laj| > 5 or 0, then

4_ 3 _ o2
Dtp(al,a2,~~-,al)|<<2l > —21 5l+6>2/\‘

6
Thus, (44) is valid. Next, suppose that

J 1
0< Z ‘ﬂ]‘ < 5,
j=1

and then there exists an integer s > 0 that satisfies

1 l 1
2612) < ]; laj| < S+ (46)

Thus, 2°|a1| < %,25|a2| < %,25|g3| < %, ,25|ay| < %and
2tal/2t02/ et /2tlll
!
(Zzthah)
h=1

Z (Zthah—l—Ztgag) el-1,1, t=01,---,s—1.
1<h<g<l

i h(Ztah)

h=1

Moreover, fort =0,1,--- ,s —1

Y(ay,az,- - ,0;) = cp(hzl; hah)— ) 4><hah —i—gag)
=1

1<h<g<l
1
+(1—2) ) ho(ay)
h=1
= 0.

Next, by inequality (46), we obtain that

e
N

w
Il
o

‘Dlp(alfab e /al)| < |‘P(2ta1/2ta2/' e rztal>|

ngk:
N =

(214 —PB =22 51+6)
- A.

ﬁ
I
1%
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It follows from (46) that

21— 1P -2 -5 +6 l
Doy )| < (202 )4A<z|aj| . @)
=1

Thus, the function 1 satisfies the inequality (44). Assume that, on the contrary, there is an
additive mapping A : R — R which satisfies (45).
From Remark 2, A must be A(a) = ca, a € R. Thus, we have

Ix(a)| < (6+|c|)|al, a € R.

However, we have the choice of s > 0 with sA > 5 + |c|. Ifa € (O, 25%1), then 2'a € (0,1)
forallt =0,1,---,s — 1, and we have

S

AN
>

(2'a)
2t

P(a) = io"’(;t”) > = sAa > (5 +|c|) |a],
t=i

t=0

which contradicts. Thus, the functional Equation (3) is not stable.

5. Conclusions

In this work, we have introduced a new dimension to the finite variable QA functional
Equation (3) and its general solution for the function ¢ was derived. Mainly, Ulam-
Hyers stability in the matrix paranormed spaces has been explored by employing the
Hyers method for the sum of norms factor of the generalized finite variable QA functional
Equation (3).

Author Contributions: Conceptualization, K.T. and S.A.M.; Formal analysis, Y.A. and R P.A.; Investi-
gation, K.T. and S.A.M.; Methodology, Y.A. and R.P.A.; Writing—original draft, K.T., S.A.M. and Y.A.;
Writing—review and editing, K.T., S.A.M., Y.A. and R.P.A. All authors have read and agreed to the
published version of the manuscript.

Funding: The authors extend their appreciation to the Deanship of Scientific Research at King Khalid
University, Abha, Saudi Arabia, for funding this work through the research group program under
grant number RGP.2/211/43.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare that they have no conflict of interest.

References

1. Ulam, S.M. A Collection of Mathematical Problems, Interscience Tracts in Pure and Applied Mathematics; No. 8; Interscience Publishers:
New York, NY, USA, 1960.

2. Hyers, D.H. On the stability of the linear functional equation. Proc. Nat. Acad. Sci. USA 1941, 27, 222-224. [CrossRef] [PubMed]

3. Jun, K.-W,; Kim, H.-M. Ulam stability problem for a mixed type of cubic and additive functional equation. Bull. Belg. Math. Soc.
Simon Stevin. 2006, 13, 271-285. [CrossRef]

4. Najati, A.; Moghimi, M.B. Stability of a functional equation deriving from quadratic and additive functions in quasi-Banach
spaces. J. Math. Anal. Appl. 2008, 337, 399-415. [CrossRef]

5. Najati, A.; Eskandani, G.Z. Stability of a mixed additive and cubic functional equation in quasi-Banach spaces. J. Math. Anal.
Appl. 2008, 342, 1318-1331. [CrossRef]

6.  Park, C.; Shin, D.Y. Functional equations in paranormed spaces. Adv. Difference Equ. 2012, 2012, 123. [CrossRef]

7. Park, C.; Lee, ].R.; Shin, D.Y. Functional equations and inequalities in matrix paranormed spaces. |. Inequal. Appl. 2013, 2013, 547.
[CrossRef]

8. Murali, R; Raj, A.A.; Sudha, S. Hyers-Ulam stability of cubic and quartic functional equations in matrix paranormed spaces.

Internat. ]. Math. Soft Comput. 2016, 6, 1-11. [CrossRef]


http://doi.org/10.1073/pnas.27.4.222
http://www.ncbi.nlm.nih.gov/pubmed/16578012
http://doi.org/10.36045/bbms/1148059462
http://doi.org/10.1016/j.jmaa.2007.03.104
http://doi.org/10.1016/j.jmaa.2007.12.039
http://doi.org/10.1186/1687-1847-2012-123
http://doi.org/10.1186/1029-242X-2013-547
http://doi.org/10.26708/IJMSC.2016.2.6.01

Mathematics 2022, 10, 1940 17 of 17

10.

11.

12.

13.
14.

Murali, R.; Raj, A.A.; Boobalan, M. Hyers-Ulam stability of quartic functional equation in matrix paranormed spaces. Internat. J.
Math. Appl. 2016, 4, 81-86. [CrossRef]

Park, C.; Tamilvanan, K.; Balasubramanian, G.; Noori, B.; Najati, A. On a functional equation that has the quadratic-multiplicative
property. Open Math. 2020, 18, 837-845. [CrossRef]

Park, C.; Tamilvanan, K.; Noori, B.; Moghimi, M.B.; Najati, A. Fuzzy normed spaces and stability of a generalized quadratic
functional equation. AIMS Math. 2020, 5, 7161-7174. [CrossRef]

Tamilvanan, K.; Lee, ].R.; Park, C. Hyers-Ulam stability of a finite variable mixed type quadratic-additive functional equation in
quasi-Banach spaces. AIMS Math. 2020, 5, 5993-6005. [CrossRef]

Wilansky, A. Modern Methods in Topological Vector Spaces; McGraw-Hill International Book Co.: New York, NY, USA, 1978.
Gajda, Z. On stability of additive mappings. Internat. |. Math. Math. Sci. 1991, 14, 431-434. [CrossRef]


http://doi.org/10.26708/IJMSC.2016.2.6.01
http://doi.org/10.1515/math-2020-0032
http://doi.org/10.3934/math.2020458
http://doi.org/10.3934/math.2020383
http://doi.org/10.1155/S016117129100056X

	Introduction
	Quadratic-Additive Functional Equation and Its General Solution
	Stability Results in Matrix Paranormed Spaces
	Illustrative Example
	Conclusions
	References

