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Abstract: In a real Hilbert space, let the CFPP, VIP, and HFPP denote the common fixed-point
problem of countable nonexpansive operators and asymptotically nonexpansive operator, variational
inequality problem, and hierarchical fixed point problem, respectively. With the help of the Mann
iteration method, a subgradient extragradient approach with a linear-search process, and a hybrid
deepest-descent technique, we construct two modified Mann-type subgradient extragradient rules
with a linear-search process for finding a common solution of the CFPP and VIP. Under suitable
assumptions, we demonstrate the strong convergence of the suggested rules to a common solution of
the CFPP and VIP, which is only a solution of a certain HFPP.

Keywords: modified Mann-type subgradient extragradient rule; linear-search process; variational
inequality problem; countable nonexpansive operators; strong convergence
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1. Introduction

Throughout this paper, we assume that P is the metric projection of H onto C, with
(-,-) and || - || denoting the inner product and induced norm of real Hilbert space H and C
being a convex and closed set satisfying @ # C C H. Given nonlinear mapping S : C — H,
let the Fix(S) and R indicate the fixed-point set of S and the real-number set, respectively.
In the fixed point theory, we recall an important class of mappings. A self-mapping S on C
is known as being asymptotically nonexpansive iff 3{6;}{*; C [0, 4+-c0) s.t. lim; ,, 6; = 0
and
|S'u — S| < |lu—o||+6i|ju—o| Vi>1, u0eC. 1)

In particular, whenever 6; = 0 Vi > 1, S is said to be nonexpansive. In the past several
decades, the fixed point theory has played a key role in solving real-world problems such
as the time-fractional biological population model [1], fractional multi-dimensional system
of boundary value problems on the methylpropane graph [2], traumatic avoidance learning
model [3], and so forth.

Given a self-mapping A on H, we consider the classical variational inequality problem
(VIP) of finding u € Cs.t. (Au,v —u) >0 Vo € C. Its solution set is written as VI(C, A).
To the best of our awareness, one of the most effective techniques for treating the VIP is
the extragradient one put forward by Korpelevich [4] in 1976, i.e., for any starting point
ug € C, {u;} is fabricated below
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0; = Pc(ui — ZAui), (2)
uiy1 = Pc(u; — LAv;) Vi >0,

where ¢ € (0, 1) and L is Lipschitz constant of A. Whenever VI(C, A) # @, the sequence
{u;} converges weakly to a point in VI(C, A). At present, the vast literature on Korpele-
vich’s extragradient technique shows that many authors have paid great attention to it and
enhanced this technique in different manners; for details, refer to [5-28] and references
therein, to name but a few.

Very recently, Xie et al. [9] suggested the amended inertial extragradient approach
with a line-search process for solving the pseudomonotone VIP in H. Let f : H — H be
a contraction with constant § € [0,1) and assume that Q) := VI(C, A) # @. Given the
sequences {a;}, {Bi} C (0,1] such that lim;_,, B; = 0and Y ;°; B; = oc. Their approach is
formulated by Algorithm 1 below:

Algorithm 1 Modified inertial extragradient approach (see [9])

Initial Step: Letg € (0,1), £ € (0,1), u € (0,1) ¢ € (0, 00), given any starting points x1, Xo
in H.

Iterations: Given the iterates x;_1,x; (i > 1), compute x;;1 below:

Step 1. Set w; = x; + a;(x; — x;_1).

Step 2. Calculate v; = Pc(w; — ;Aw;) and z; = Pc(w; — ¢T;Av;), where T; := 0™ and m;
is the smallest nonnegative integer m such that

0" (Aw; — Avj, z; — v;) < pfw; — vill|z; — vl
If w; = v; or Av; = 0, then stop and v; is an element of (). Otherwise, go to Step 3.

Step 3. Calculate x; 1 = B;f(z;) + (1 — Bi)zi. f w; = z; = xj;1, then w; € QL.
Again, seti: =i+ 1and go to Step 1.

Under appropriate assumptions, they showed the strong convergence of {x;} to the
solution p = P o f(p) provided lim; ¢, % lx; — xi—1]| = 0. In the extragradient technique,
two projections onto C have to be calculated per one iteration. In 2018, Thong and Hieu [22]
first proposed the inertial subgradient extragradient method, and then proved the weak
convergence of this method to an element of VI(C, A) under mild assumptions. In 2019,
Thong and Hieu [17] proposed the inertial-type subgradient extragradient method with a
linear-search process for settling the VIP with monotone and Lipschitzian operator A and
the fixed-point problem (FPP) of a quasi-nonexpansive operator S with the demiclosedness
in H. Assume that Q) := Fix(S) N VI(C, A) # @. Given the sequences {«;} C [0,1] and
{Bi} € (0,1). Their method is formulated by Algorithm 2 below:

Algorithm 2 Inertial-type subgradient extragradient method (see [17])

Initial Step: Letv € (0,1), I € (0,1), v € (0, o), given any starting points x1, xo in H.
Iterations: Compute x; 1 below:

Step 1. Put w; = x; + a;(x; — x;_1) and calculate v; = Pc(w; — g;Aw;), where g; is picked
to be the largest ¢ € {7,791, 71%,...} s.t.

¢l Aw; — Av;|| < vljw; —vi|.
Step 2. Calculate z; = P, (w; — ¢;Av;) with C; := {v € H : (w; — ;Aw; — v;,v — v;) < 0}.

Step 3. Calculate x; 1 = (1 — B;)w; + B;Sz;. If w; = z; = x;11, thenw; € Q.
Again, seti:=i+1and go to Step 1.

Under suitable assumptions, it was proven in [17] that {x;} converges weakly to a
point in Q). Subsequently, Ceng and Shang [25] proposed the hybrid inertial subgradi-
ent extragradient rule with a linear-search process for settling the VIP with Lipschitzian
pseudomonotonicity operator A and the common fixed-point problem (CFPP) of finite
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nonexpansive operators {S } ,Ic\[:l and asymptotically nonexpansive operator S on H. As-
sume that Q := VI(C, A) N (N}, Fix(Sy)) # @ with Sq := S. Given a é-contractive map
g :H — Hwith € [0,1), and an operator F : H — H of both 5-strong monotonicity
and x-Lipschitz continuity, fulfilling 6 < ¢ :=1— /1 — u(2y — ux?) with 0 < u < i—z
Let {B;}, {a;} C (0,1) and {e;} C [0,1] s.t. a; + B; < 1Vi > 1. In addition, one writes
S; := Simodn for each i > 1, where the mod function takes values in {1,...,N}, that is,
whenever i = gN + j for some integers ¢ > 0 and 0 < j < N, one has that S; = Sy in the
case of j =0and S; = §; in the case of 0 < j < N. Their rule is formulated by Algorithm 3
below:

Algorithm 3 Hybrid inertial subgradient extragradient rule (see [25])

Initial Step: Letv € (0,1), I € (0,1), v € (0,00), given any starting points x1, xp in H.
Iterations: Compute x;, 1 below:

Step 1. Put w; = S;x; + ei(Sixi - Sl‘xi_1) and calculate y; = Pc(wl' — gl-Awl-), with ¢; being
picked to be the largest ¢ € {7, 91, 7I?,...} s.t.

¢l Aw; = Ayil| < vllw; —yill

Step 2. Calculate q; = P¢,(w; — ¢;Ay;) with C; := {y € H : (w; — g;Aw; — y;,y; —y) > 0}.
Step 3. Calculate xj1 = ocig(xi) + Bix; + ((1 — ,B,')I — D(l']/lF)Siql‘.
Again, seti =i+ 1and go to Step 1.

Under appropriate assumptions, it was proven in [25] that, if Sig; — Slg; — 0,
then {x;} converges strongly to g* € Q if and only if x; — x;;1 — O and x; —y; — 0 as
i — oo, with g* € (2 being only a solution to the hierarchical fixed point problem (HFPP):
q" = Po(I—pF+g)q".

In the rest of this paper, we always assume that the CFPP and HFPP denote the
common fixed-point problem of countable nonexpansivity operators {S;}{*; and asymp-
totical nonexpansivity operator Sy := S and hierarchical fixed-point problem, respectively.
With the help of the Mann iteration method, a subgradient extragradient approach with a
linear-search process, and hybrid deepest-descent technique, we construct two amended
Mann-type subgradient extragradient rules with a linear-search process for finding a com-
mon solution of the CFPP of {S;}?°  and the VIP for pseudomonotone operator A. Via
suitable conditions, we show the strong convergence of the proposed rules to a point in
Q := VI(C, A) N (N2, Fix(Sx)), which is only a solution of a certain HFPP. In the end,
using the main results, we deal with the CFPP and VIP in an illustrated example.

The architecture of this paper is arranged as follows: In Section 2, we recollect certain
concepts and basic tools for subsequent applications. In Section 3, we prove the strong
convergence of the proposed rules. Finally, in Section 4, the main theorems are exploited to
settle the CFPP and VIP in a demonstrated instance. Our rules are more general and more
subtle than the above algorithms because they implicate settling the VIP for pseudomono-
tone operator and the CFPP for countable nonexpansive operators and an asymptotically
nonexpansive operator. Our theorems ameliorate and develop the associated theorems
pronounced in Xie et al. [9], Ceng and Shang [25], and Thong and Hieu [17].

2. Preliminaries

Given a sequence {v;} C H, let v; — v (resp., v; — v) represent the weak (resp.,

strong) convergence of {v;} to v. A mapping S : C — H is referred to as being

(a) of L-Lipschitz continuity (or of L-Lipschitzian property) iff 3L > 0s.t. L||p — g >
ISp = Sqll Vp,q € C;

(b) of monotonicity iff 0 < (Sp — Sq,p —q) Vp,q € C;

(c) of pseudomonotonicity iff (Sp,q —p) > 0= (Sq,g—p) >0Vp,q € C;

(d) of y-strong monotonicity iff Iy > 0s.t. y7||p —q||> < (Sp — Sq,p — q) Vp,q € C;

(e) of sequential weak continuity iff V{gq;} C C, the relation holds: 4; — g = Sg; — Sq.
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Obviously, each monotonicity mapping is of pseudomonotonicity. However, the
inverse is false. It is known that Vg € H, 3| (nearest point) Pcq € Cs.t. |lg—p| >
llg — Pcql| Vp € C. Pc is refereed to as a nearest point (or metric) projection from H onto C.
The statements below are valid (see [29]):

(@) [[Pcq = Pepl|* < (g — p, Pcq — Pep) Va,p € H;

b) p=FPeqe{qg—pt—p)<0VgecHtcC

©  llg=Pcqll® +|Pcq — ¢ = |lg — tl|* ¥q € H,t € C;

) lg—pll* =gl = lIpl* —2(q = p.p) Va,p € H;

© llsg+ 1 =s)pl* =slql>+ (1 =s)|[pl* = s(1=s)lla — plI* ¥q,p € H,s € [0,1].
The following concept and two propositions can be found in [30].

Definition 1. Let {{;}$2, C [0,1] and suppose that {S;}%°, is a sequence of nonexpansive
operators from C into itself. For any k > 1, the self-mapping Wy, on C is constructed as follows:

Ugp1 =1,
Uik = SeSili 1 + (1 — i),
Ugg—1 = Ck—1Sk—1Ugx + (1 = Cx—1)1,

3
Ui = CiSillgip1 + (1 —=¢)1, ©)

Ugr = 55Uz + (1 —C2)1,
Wi = U1 =1S1Uko+ (1 —-C1) L

Then, Wy is refereed to as a W-operator fabricated by Sy, ..., S, S1 and Gy, ..., G2, C1.

Proposition 1. Let {¢;}°, C (0,1] and suppose that {S;}?°, is a sequence of nonexpansive

operators from C into itself, such that N, Fix(S;) # @. Then,

(@) Wy is of nonexpansivity and (*_, Fix(S;) = Fix(Wy) Vk > 1;

(b) VqeC,i>1,limy_,q Uy q exists;

(c)  the operator W, formulated as Wq := limy_, o, Wq = limy_, Uy 19 Vg € C, is a nonexpan-
sive operator s.t. (7 Fix(S;) = Fix(W), and it is refereed to as the W-operator fabricated
b]/ 51, 52, ...and 51,52, e

Proposition 2. Let {¢;}7°, C (0,¢] for certain ¢ € (0,1) and suppose that {S;}°, is a
sequence of nonexpansive operators from C into itself, such that {2, Fix(S;) # @. Then,
limy_,00 SUP e [[Wxp — Wp|| = 0 for each bounded set D C C.

Throughout this paper, we always assume that {;}°, C (0,¢] for some ¢ € (0,1).
Later on, we will make use of the following lemmas to demonstrate our main results.

Lemma 1 ([28]). Let Hy and Hj be two real Hilbert spaces. Suppose that F : Hi — Hj is of
uniform continuity on each boundedness subset of Hy and D is of boundedness in Hy. Then, F(D)
is of boundedness.

It is clear that the relation below holds for the inner product in H:
2p,q+p) +lgl* = llg+pl* Va,p e H. 4)

Lemma 2 ([31]). Each Hilbert space fulfills Opial’s condition, that is, V{q,} C H with g, — q,
the relation iminf, e ||, — p|| > liminf, e ||gn — g|| Yp € H, p # q is true.

Lemma 3 ([9]). Suppose that F : C — H of both pseudomonotonicity and continuity, given u € C.
Then, the relation holds: (Fu,v —u) > 0Vv € C < (Fv,v—u) >0Vv e C.
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Lemma 4 ([32]). Suppose that the sequence {a,} C [0,00) is such that Ay, + (1 — A,)a, >
a,41 Vi > 1, where the real sequences {A,} and {vy,} satisfy the conditions: (a) {A,} C [0,1] and
Yioi Ay =o00,and (b) limsup,_, v, < 00r Y72 [Ayy,| < oo. Then, lim, ye0a, = 0.

Lemma 5 ([33]). Let E be a Banach space and admit a duality mapping of weak continuity. Suppose
that C is convex and closed such that @ # C C E, and that S is asymptotically nonexpansive
self-mapping on C such that Fix(S) # @. Then, I — S is demiclosed at zero, i.e., for {q,} C C
satisfying both q, — q € Cand (I — S)q, — 0, one has (I — S)g = 0, with I being the identity
operator of E.

The following lemmas are very crucial to the convergence analysis of our designed rules.

Lemma 6 ([34]). Suppose that {®,, } is a sequence in R, which does not decrease at infinity, that is,
H Py, } C{ P} st. O, < Py 41 Vi > 1. The sequence { (1) }y>m, of integers is formulated
below:

p(m)=max{i <m:®, < D1},

where my > 1s.t. {1t <mg: P, < P, 1} # D. Then, the statements hold below:
(a) p(mo) < p(my+1) <--- and @(m) — oo;

(b) q)(P(m) S CD(P(m)_H and q)m S CD(P(m)_H Vm Z my.

Lemma 7 ([32]). Given a number A in (0,1], suppose that S is a nonexpansive self-mapping

on C, and S* : C — H is the operator formulated as S*p := Sp — ApF(Sp) Vp € C, with

F : C — H being of both x-Lipschitz continuity and n-strong monotonicity. Then, S* is a

contractive map for p € (0, %’27), that is, ||S*q — S*p|| < (1 —AQ)|lg — pll Vq,p € C, with

{=1-+1-p(2y—px?) € (0,1].

3. Criteria of Strong Convergence

In what follows, let us suppose that the conditions are valid below.

{Si}2, is a sequence of nonexpansive operators on H and S is asymptotically nonex-
pansive operator on H with {6;}.

Wi, is the W-operator constructed by S, S,,—1, ..., Sy and &y, §y—1, ..., 1, with {G;}32, C
(0, ¢] for certaing € (0,1).

A is of both pseudomonotonicity and L-Lipschitz continuity on H, s.t. [[Au| <
liminf, e ||Avy|| for each {v,} C C with v, — u.

g is a -contractive map on H with é € [0,1), and F is of 5-strong monotonicity and
k-Lipschitz continuity on Hs.t. § < {:=1— /1 — u(2y — ux?) with 0 < p < 12(—2)

Q = VI(C, A) N (N52y Fix(S;)) # @ where Sj := S.

{en}, {on} C[0,1] and {ay}, {Bn} C (0,1) witha, + B, <1Vn >1,s.t.
(i) limp ety =0and ) | ay = 00;
(i) supnzl(en/zxn) < oo and limy, 00 (6, /20yy) = 0;
(iii) 1> limsup,_,, 0y > liminf, 0y > 0;
@iv) 1> limsup,_, Bn = liminf, B, > 0.

Lemma 8. The linear-search process (6) in the following Algorithm 4 is well formulated, and the
relation holds: v > ¢, > min{"fl,'y}.

Proof. Note that ||Au, — APc(uy — yI™Auy)|| < L|lup — Pc(uy — yI™Auy)||. Then, (6)
is valid for each I < % and ¢, is well defined. Clearly, ¢, < 7. When ¢, = 7, the
conclusion is true. When g, < v, from (6), one obtains ||Au, — APc(uy — - Auy)|| >
m |1n — Pc(un — 5 Auy) ||, which immediately yields ¢, > Vfl Thus, the conclusion is

true. [
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Lemma 9. Suppose that the sequences {wy}, {ttn}, {yn}, {qn} are constructed in Algorithm 4.
Then,
lgn = plI? < flwn = pl? = (1= v)llyn = gull* = (1= v)lyn — un? )
—on(1— an)||wn ann” Vp € Q.

Algorithm 4 The 1st modified Mann-type subgradient extragradient rule

Initial Steps: Let € (0,1), v € (0,1), v € (0, 0), given any starting points x, xo in H.
Iterations: Calculate x,, 1 (n > 1) below:

Step 1. Set w, = xn + €n(xn — x,—1) and u, = (1 — 0y)wy + 0, Wywy,, and calculate
yn = Pc(un — ¢nAuy), with ¢, being picked to be the largest ¢ € {, 91, 7I?,...} s.t.

llAuy — Aynll < vllun — yaull- (6)
Step 2. Calculate g, = Pc, (un — ¢nAyn) wWith Cy :={y € H : (uy — ¢nAuy — Yn,Yn —y) >

0}.
Step 3. Calculate

Xn+1 = “ng(xn) + ,ann + ((1 — ﬁn)I — anﬂp)ann' @)

Put n := n 4 1 and return to Step 1.

Proof. Itis clear that C;, D C D (). Observe that Vp € (3,

an — plI* = ||Pc, (n — gnAyn) — Pc,p|1?
< A{qn — p,un — GnAyn — p)
= %(Ilqn — pl? + llun = plI* = 90 — wall*) = 6n{qn — p, Aya).

Thus, one has
gn = plI* < llun = plI> = 11gn — wnll* = 260 (qn — p, Ayn). ®)

Thanks to g, = Pc, (n — ¢nAyn) where C, := {y € H : (uy — GnAuly — Yn,Yn —y) >
0}, one obtains (uy — AUy — Yu, Yn — Gu) > 0. Using the pseudomonotonicity of A,
from (8) and (6), we deduce that

IA

[t = plI* = 1lgn = wnll* = 26 (AYn, yn = P+ Gn — yn)

[lun — PH2 —lgn — ”n||2 =260 (AYn, Gn — Yn)

llun — PH2 — llgn _ynHz — |lyn — ”n||2 +2(un — 6nAYn — Yn, Gn — Yn)

= |t = plI* = lgn — yull* = lyn — wall® + 2(un — GnAun = yu, Gn — yn) )
+2§n<Aun _A]/n/%t _]/n>

< ln = pI* = llgn — ynll* = lyn — unll® + 20 )|t — yullllgn — ynll

< |lun — PH2 = lgn *yn”z — |lyn — ”n”z +v([lun *ynHZ + llqn *ynHZ)

= [lun = pI* = A =v)llyn = gall> = 1 =) lyn — un*.

lgn — plI?

I IA

Owing to u, = (1 — 0y, )wy + 04 Wy wy,, one has
[|un — PHZ (1= on)lwn — PHZ + 0 ||[Whnwy, — P”2 —0n(1—0n)|wn — annHz
(1 —0n)lwn — PHZ + o ||y — PHZ —0n(1 —0on)|lwy — annHZ
|wn P||2_‘7n(1_‘Tn)Hwn_ann”Z-

Al

Consequently, this, together with (9), ensures that inequality (5) is true. O

Lemma 10. Suppose that {wy},{un}, {xn},{qn} are boundedness sequences constructed in
Algorithm 4. Assume that S"x,, — Sy, -0, Uy —x, — 0, Wy, — gn — 0and x, — x,41 — 0.
Then, wy({xn}) C Q, where wy({x,}) = {q € H : x,, = q for some {x,,} C {x,}}.
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Proof. Take a fixed g € wy({x,}) arbitrarily. Then, 3{x,,} C {x,} st x,, — g € H.
Thanks to u, — x, — 0, we know that 3{u,, } C {u,} s.t. u,, — q € H. In what follows,
we claim g € Q). In fact, by Lemma 9, we obtain that, for each p € (),

(I =)lyn = gull> + (1 =) [lyn — unl® + 00 (1 = 00) [|0n — Wyw,||?
< lwn = plI* = llgn — plI* < llwn = gull ([ = pll + llga — pII).-

Since w, — g, — 0, v € (0,1) and 1 > limsup,,_,,, 0z > liminf, .o 0, > 0, from
boundedness of {wy, }, {q.}, we deduce that

lim |lyn —gnll = lim [lyn — un| = lim {Jw, — Wywy || = 0.

This immediately yields
lun = qnll < [ltn —yull + lyn — gull = 0 (n — o0).

Clearly, one has [|wy, — x4 || = €nl|xn —x4-1]| — 0(due tosup,~;(€n/an) < ). Hence,
we have

[Wixn — xull < [[Wixn — Wywn || + [[Wpwn — wn || + [[wn — x|

10
< 2| — | + Wt — ]| 0 (1 — o). 10)

Noticing xy,+1 = ang(xy) + BnXn + ((1 — Bn)I — aytF)S"qu, we obtain x,, 11 — S"q, =
ang(Xn) + Bn(xn — S"qn) — anFS"q,, which immediately yields

llxn —S"qull < lxn — Xpg1ll + [|¥n41 — S"qull
< lxn — xppall + @nllg(xn) | + Brllxn — S"qnll + anl|FS"gnl|-

Thus, it follows that

(1= Bu)llxn = S"qnll < llxn — xpsa || + an(([g(xn) | + |#ES" ul])-

Since x,,41 — xn — 0, &y — 0, liminf, (1 — Bx) > 0and {x,}, {g.} are of bound-
edness, one obtains
lim ||x, — S"gn|| = 0.
n—oo

We claim ||x, — Sxy|| — 0 (n — c0). Indeed, using the asymptotical nonexpansivity
of S, one deduces that

[0 — Sxull < [lxn — S"qull + [|S"qn — S"xu | + [|S"xn — Snﬂan
+ {15 xy — 8" g || + [|S" gy — Sxa|
< lxn = S™qull + (14 60) lgn — xull + 118" %0 — S" |
+ (14 0u11)[[xn — gull + (1 +61)([S"qn — xa|
(2 80) 0 S| 1 (2 B Byl 170 — 5|
< (2+01)[lxn — S"qull + (24 0 + 0n11) (190 — unl| + [[un — xal])
+ 118" xy — S x|

Since uy — x4, = 0, uy — g4 — 0 and x, — S"g, — 0, we obtain
lim |[x, — Sx,|| = 0. (11)
n—oo

In addition, let us show that lim,_,e ||x, — Wx,|| = 0. In fact, note that

[Wxy — xn|] < [[Wxy — Wpxy || + [|Waxn — xu|| < sup |[Wu — Wyul|| + [|[Wnxn — xnl|,
ueD
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where D = {x,, : n > 1}. Using Proposition 2, from (10), we obtain
lim |[Wx, — x| = 0. (12)
n—oo

O

In what follows, we claim g € VI(C, A). Indeed, noticing u, — y, — 0 and u, ;= g, we
have y,, — ¢. In addition, noticing {y,} C C and y,, — g, by the convexity and closedness
of C, one obtains q € C. Next, we discuss two situations. When Ag = 0, it is readily known
that g € VI(C, A) (due to (Ag,y —q) > 0Vy € C).

Let Ag # 0. Since y,, — q as | — oo, using the hypothesis on A, one obtains
liminf; o, ||Ayy, || > ||Aq|| > 0. Hence, one might assume || Ay, || # 0 VI > 1. Moreover,
using v, = Pc(un — gnAuy), one has (uy — ¢nAuy — Yn,y — yn) < 0¥y € C, and hence

gin(un — Y Y = Yn) + (At yn — un) < (Atty,y —uy) Vy € C. (13)

Since A is uniform continuous, {Auy, } is of boundedness (by Lemma 1). Noticing
the boundedness of {y, }, by Lemma 8 and (13), one obtains lim inf;_, o (Atty,, y — ttn,) >
0 Vy € C. In addition, it is readily known that (Ay,,y — yn) = (Ayn — Aun,y — uy) +
(Aun,y — uy) + (Ayn, uy — yn). Note that u, — y, — 0 and A is uniform continuous. Thus,
one obtains Ay, — Au, — 0. This hence arrives at liminf;_, (Avyy, y — yn,) > 0Vy € C.

In order to demonstrate g € VI(C, A), one chooses {x;} C (0,1) s.t. x; | 0 (I — o0).
For each I, one denotes by m; the smallest natural number satisfying

(AYn, ¥y —yn;) +161>0 Vi>my. (14)

Note that {x;} is of decreasement. Thus, it is readily known that {m,} is an increasing.
Aym .
Using Ay, # 0VI > 1 (owing to { Ay, } C {Ayy,}), we set vy, = HAyyilHZ’ and obtain
m,

(AYm,, Um,) = 1 VI > 1. Thus, from (14), one obtains (Ay,, Y + KjUm, — Ym,) > 0 VI > 1.
In addition, by the pseudomonotonicity of A, one has (A(y + kjvm,), Yy + KjUm, — Ym;) >
0VI > 1. This immediately arrives at

(Ay,y — ym;) > (Ay — A(y + K10m,), Y + K10, — Ymy) — K1(AY, Umy) VI > 1. (15)

We show that lim;_,, k0, = 0. In fact, from u,, — q € Cand uy, —y, — 0, we
obtain y,;, — q. Note that {y;,} C {ys,} andx; | 0 (I = o). Thus, one deduces that 0 <

K limsup;_, .
HAym] [ = liminf o HA]/"]‘

limsup,_,, [|xjvm, || = limsup,_, ; = 0. Therefore, one obtains

KjUm; — 0 (I = o0). Note that A is uniformly continuous, the sequences {v, }, {vi, } are
of boundedness, and lim;_,, x;v;;, = 0. Consequently, letting | — oo, one concludes that
(Ay,y —q) = liminf) ,(Ay,¥ — ym,) > 0Vy € C. By Lemma 3, one has q € VI(C, A).
Next, we show that g € Q). In fact, since (11) guarantees x,, — Sx,, — 0, by Lemma 5,
we obtain the demiclosedness of I — S at zero. Thus, from x,,, — g, one obtains (I — S)q = 0,
that is, ¢ € Fix(S). In addition, we claim g € Fix(W) = N2, Fix(S;). Conversely, we
suppose that g ¢ Fix(W), that is, Wg # ¢q. Using Lemma 2 and Proposition 1 (c), we obtain

liminf [|x,, — q|| < liminf ||x,, — Wq|| < liminf(||x,, — Wxy, || + [|Wx,, — Wq||),
I—o00 I—o0 [—0c0

which together with (12) yields liminf;_,q, || Xy, — q|| < liminf;_, ||x4, — q]|, which leads to
a contradiction. Thus, one has g € ;2 ; Fix(S;). Consequently, 4 € Ni~, Fix(S;) N VI(C, A),
thatis, g € Q).

Theorem 1. Suppose that {x,} is the sequence constructed in Algorithm 4. Then,

Sx, — Sy, — 0,

=g e &
sup,,~q |[Xn—1 — xn[| < oo,
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with q* € Q being only a solution of the HFPP: q* = Po(I — uF + g)q*.

Proof. Because 1 > limsup, _, 0y > liminf, ;o 05 > 0 and limy;, 0 6, /&, = 0, we might
suppose that {o,} C [3,b] C (0,1) and B,({ — &)/2 > 6, for all n. Let us show that
Po(I —uF +g) : H— H is the contractive map on H. Indeed, using Lemma 7, one has

[Pl = pF +g)u — Po(l — pF + g)vl| < [1 = (§ = d)]|lu —v|| Vu,veH.

This ensures that Po(I — uF + g) is a contractive map. Thus, it is readily known
that there exists 4* € H, which is only a fixed point of Po(I — uF + g), that is, ¢* =
Po(I — uF + g)gq*. That is, there exists ¢* € (), which is only a solution to the following
VIP:

(WF—g)q",9—q") >0 VgeQ. (16)

We first show the necessity of the theorem. In fact, when x,, — g* € ), we know that
q* = Sq* and

18" — S" aeul| - < (IS0 — || + g% — S™F |
< (L+0n)llxn = q"[| + (1460 11) 197 — x|
Since [[xy11 = 7| + 147 = xull = [|xn41 = xu ||, one has

Jim |2, 11 — 2] = 0.

This immediately yields sup,,~; ||x,—1 — xx| < oco.

In what follows, we claim the sufficiency of the theorem. To the goal, under the
assumption S"x, — §""x, — 0 with sup,~ [|x,—1 — xx| < oo, we divide the remainder
of the proof into several claims. [ -

Claim 1. One claims the boundedness of {x, }. In fact, picking a g € Q) arbitrarily, one has
that Sq = q, Wyq = g, and (5) leads to

lgn —qll* < llwn =gl = (1 =) [lyn — gull* = (1 = v) lyn — ua? (17)
— 00 (1 = o) |wy — Wywy |2 Vg € Q,

which hence yields
lgn = qll < llwn —4][- (18)

By the formulation of w,,, one obtains
€
lwn —gll < llxn — gl + enllxn — xu1ll = [[xn — qll + an - ;”Hxn =Xyl (19)
n

Noticing sup, - (€x/an) < oo and sup,.;|xs — x,-1|| < oo, one obtains
sup,,~q(€n/an)|[xn — x,_1]| < oo, which guarantees that IM; > 0s.t.

€
My > 2|2 — 1. (20)
Xp
From (18)—(20), one obtains
llgn —gll < llwn —qll < [|xn — gl + an M. (21)
In addition, observe that

[un = qll < (1= on)llwn = gl| + oul|[Wawn — ql| < [[wn —ql|, (22)
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which, together with (9) and (21), yields
lgn —gll < llun —gll < llwn —qll < llxn — gl + &n M. (23)
Thus, using (23) and &, + B, < 1Vn > 1, from Lemma 7, we obtain

2001 = qll = llang(xn) + Bnxn + (1 — Bu)I — anptF)S" g — ||
= llan (g () = 4) + Bu(n — 4) + (1 = an — Bu) { =t
< [(I = 125-uF)S"qn — (I — 125-uF)q) + =5, (I — uF)q}||

= |lan(g (xn)—g( )+ Bul(xn —q) + (1 — Bn)

X (I = 2, #F)S"qn — (I — )q) + an(f — uF)ql|
< anllg(xn) — g(@) + Bullxn — gl + (1 — Bn)

X NI = 2 uF)S"qn — (I = 125 uF)ql| + anl| (g — pF)q]|
< wndxn —qll + Bullxn — gl + (1 — Bu)

X (1= 12-0)(1+ 0n)llgn — qll + anll (g — pF)ql|
< wnd||xn — gl + Bu([lxn — qll + anMy) + (1 — Bn — an()

X ([[xn = qll + anM1) + 6nllgn — ql| + anll(g — uF)q||
< [and 4 Bn+ (1 = Bn — anl)]||xn — ql| + an My

+D¢n(§*0)(Hxn*QH+tng1)JHX (g — uF)q]|
< [1- v, — g + @ (2M; + || (g — uF)q]))
=[1- ”‘n@ %) ] — g + % C 9) (2M1+g(_85 #F)ql)

2(2My + (g uP)qH)}
-3 /

B2

< ma><{||xn —qll

which immediately arrives at

2(2M; + [|(8 — #F)qll)
=i b ovn>1

Therefore, one obtains the boundedness of {x, }. This ensures that {w, }, {ux}, {yn}, {91},
{g(xn)}, {Ayn} and {Wywy, }, {S"q, } are bounded.

1202 = ql| < max{|x1 — 4],

Claim 2. One claims that

(1= Bn = 2al) (1 +0){(1 = v)(lyn — gull® + lyn — uanll?*) + 0 (1 = o) | — Wyw,[|*}
< lxew — g% = X1 — g1I* + (2 + 64) My,

for certain My > 0. In fact, one has

w1 = = an((on) — )+ pulen )+ (1= an =) Wl
x [(I = 25 puF)S"qn — (I — 125 puF)q] + 1_%_5,1(1—%)61}
:D‘n(g( ) g( ))+ﬁn(xn_’7)+(l_ﬁn>
X [(I = 12 uF)S"qn — (I — 125 uF)q] + an(g — pF)gq.

Using the convex property of ¢(s) = s? Vs € R, one obtains

a1 = aql> < llan(g(xn) = &(q)) + Bu(xn —q) + (1 — Bn)
X [(I = g2 pF)S"qn — (I = 125 pF)q)|1? + 20 (8 = #F)q, Xns1 — 4)
< [ndl|xn — qll + Bullxn — gl + (1 = Bn)
x (1= g25-0) (14 0n)llgn — qllI? + 2000 ((8 — 1F), Xn+1 — q) (24)
= [wn|xn — gl + Bullxn — qll + (1 = Bn — an) (1 + 6n) [l g0 — q[1]
+ 20 (8 = pF)q, Xny1 — 1)
< andl|xn —qI> + Bullxn —qlI> + (1 — Bn — anl) (1 +0n) g0 — > + an M2
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(because of and + By + (1= Bn — anl) (1 +0,) < 1+ an(6 — ) + 6, < 1— 289y with
sup,~; 2[|(g — uF)ql|||xn — q|| < M, for certain M, > 0. Combining (17) and (24), one
obtains

xp41 = l1> < andllxn — ql1> + Bullxn — ql|* + (1 = Bu — 2nl) (1 + 64) [[|[wn — q]|?

25
=)l — gall? = (= ) [ — wnl? — 01— ) 0m — W] + M. 2

In addition, from (23), we have
(Ixn = q|| + anMy)?

<
= |lxn — ql1* + an My || xn — g| + €, MF) (26)
< lxn = qlI* + 2uMs,

Hwn—qllz

where sup,,~ (2M||x, — q|| + a,M?) < Mj; for certain M3 > 0. From (25) and (26), one
obtains

%011 = ql> < andllxn —ql* + Bulllxn — g1 + anMs] + (1 = By — Q) (1+ 6)[[|xn — g1
+ anMs] — (1= Bu — 22 0) (14 02)[(1 = V) lyn — qul* + (1 = v) lyn — un]?
+ Un(l - Un)Hwn - annHZ} + ay My
<1 —an(Z=0)]llxn —qll* = (1= Bn — anl) (14 0,)[(1 = v)(|lyn — gull?
+ lyn — unll?) + 00 (1 = 00) [|wn — Wow[|*] + (an + 6,) My
< lxn — gl = (1= Bu — 2a0) (1 + 02)[(1 = v) ([[yn — Gul1* + llyn — unl?)
+ 00 (1 = o) [wn — Wywnl|?] + (an + 6,) My,

where sup,, . (|[xx — q||* + M3z + My) < My for certain My > 0. Consequently,

(1= Bn— anl) (L +6){ (1= v)(lyn — gull® + llyn — uall?) + 00 (1 — o) |wn — Wyt [|*}

27
<t = g2 = onen — g1 + (& + 6 My. @)
Claim 3. One claims that
%01 —ql* < [1—an(C = 0)llxn —qll* + an(§ — O){25((g — HF)4, Xns1 —q)
+ M (83w — x|l + &)}
for some M > 0. In fact, one has
lwn —qll* < (Ilxn — ql| + enllxn — x5—1]])? (28)

= [lxn — qlI* + enlln — xu1 ]| 2l1xn — g1l + €nllxn — xp1l])-
Using (23), (24) and (28), one obtains

[Eeyils
< wnbllxn — g2+ Bullxn — qlI> + (1 = B — €nl) (14 04) [l — q1I?
+ 20, ((g = pF)q, X1 — q)
< andl|xn — g2 + Bullxn — qlI> + (1 = Bn — and)Jwn — q|?
+0ullgn — qll* + 200 ((§ — HF)q, Xp1 — q)
< and|xn — ql* + (1 = and)[l|lxn — q11* + €nllxn = xu-1 [ 2)xn — gl (29)
+ enllxn = xp-11)] + nllgn — q1|* + 200 ((g — #F)q, X1 — )
< 1= an (= )]llxn —qlI* + enllxn — x| (2l|xn — 4
+eullxn — xu_1l) + 6nllgn — qlI* + 200 ((g — uF)q, xps1 — q)
< 11— (€ — )] — a2+ (enlln — 513 + )M + 2en(5 — JE)G, st — )
= [1— an(Z = 0)]l|xn — qI2 + an (¢ — 8) [KE2R LI | Mgy, — x| + &)

with sup,~ 1 {||xn —qll, €nllxn — xn—1ll, lgn — q|I*} < M for certain M > 0.
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Claim 4. One claims that x, — g* € (), which is only a solution to the HFPP: g* =
Po(I — uF + g)g*. In fact, using (29) with g = g%, one obtains

s =712 < 1= wn(C )]s = 72 0 (¢ — o) AL

(30)
+ M (803, — ]| + )],

Putting ®, = ||x, — q*||?, one demonstrates &, — 0 (n — o0) in both aspects below.
Aspect 1. Suppose that 3 (integer) ny > 1s.t. {®,} is non-increasing. It is clear that the
limit limy, 00 @y = d < 00 and limy 00 (Py — Py+1) = 0. Setting g = g%, by (27) and

{ow} C [a,b] C (0,1) one obtains

(

—_

— B — 2x0) (14 0,){(1 = v)(lyn — qull* + lyn — unl?) + a(1 = b) ||wy — Wyw, |[*}
< (1= Bu = anl) (14 0:){(1 = v)(lyn — @l + [lyn — unll?) + 00 (1 — ) [|wn — Wywn|1?}
< |lxn fq N7 = lxnn = g7 (17 + (an + 6) My < @y — Pyypq + (n + 5) My

Noticing lim inf, e (1 — B1) > 0, &y — 0, 6, — 0 and ®, — P, ;1 — 0, one has

r}l_{{}o |[wn — Wy | = nlg{}o |yn — unl| = nlg{}o lyn — qull = 0. (31)
Thus, it follows that
lun — qnll < ltn = yull + lyn — qull = 0 (n — o). (32)

Noticing w, — xy, = €,(xn — x,—1) and u, — w, = 0, (Wyw,, — wy, ), we obtain

[ty — x|l < [Jn — wnl] + [Jwn — x|
= 0 ||Wanwy — wn | + €nllxn — x, 1]
< ||ann—wn”+lxn'(x” || Xn — Xp— l||

< |[Whwn — wal| + an - supg® - sup||xn — xp—1]|-
n>1 n>1

Since sup,,~q 3% < 0, SUp,,~q |[Xn — Xp—1| < o0 and &, — 0, using (31), one has

nlgrolo |tn — x4 || = O. (33)

Moreover, noticing x,4+1 — §* = Bu(xn —q*) + (1 — Bn)(S"qn — %) + an(g(xn) —
uES"q,,), we obtain from (23) that

xn g1 = q*[1> = |Bu(xn — %) + (1 = Bn)(8"qn — q*) + an(g(xn) — pFS™qn) >
< |IBn(xn — ") + (1 = Bn)(S"qn — ‘1*)”2 + 2{an(g(xn) — pFS"qn), Xp11 —q%)
< Bullxn — ||2 + (1= Bu)lIS"qn — q ||2_.Bn(1_/5n)||xn_5nqn||2
+ 2[|an (g ( n) = WES"qn) ||| xn+1 — g7 ||
< Bullxn — q* 17 + (1 = Bu) (1 + 61)* g0 — g*11> — B (1 = Bu) [|xn — S" ||
+ 200 ([|g(xn ) || + |1ES" ) [ X011 — g7
< Bu(1+00)2(lxn — g*[| + auM1)? + (1 = B) (1 + 02)* (||l xn — g%[| + 2n My )?
— Bu(1 = Bu)l|xn — S"qn|* + 200 (1§ (xn) | + [[LFS" g ||) || Xng1 — g7 ||
= (14 60)*(lxn — g*1l + €uM1)? = Bu(1 = Bu) |20 — S"qu]?
+ 20, ([[gCcn) | + |#ES™gn D) [[xn41 — g7
= (1+60)?[lxn — g% 1> + (1 4 6,) %@ M1 [2]| X0 — ¢* || + au M1 ]
— B (1 = Bu) 1xn — S"qu1* + 2 (|8 (x) || + [|[#FS™ g ) |41 — 77 -

This hence arrives at

Bn(1— Bn)l|xn — ann”z <1 +9n)2||xn - ‘7*”2 = xny1 — ‘7*”2
+ (14 600)2wn My 2] 200 — || + @My ] +24xn(||g(xn)|\ + [uES"qu|) || Xn41 — g7l

< (14 60,)2 Py — Ppp1 + (14 0,)2an My [2@2 + My + 20 (g (xn) | + [HES"gu ) Dy ;-
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Since 1 > limsup,_,, By > liminf, ;o By > 0,0, — 0, &, — 0, &, — P, 11 — 0 and
limy 00 @, = d < +00, from the boundedness of {g(x,)}, {S"q.}, we infer that

nlg{}o [lxn — S"qnl| = 0.
Thus, it follows that
lang(xn) + (1 = Bn)(S"qn — xn) — anpFS"qn||

< (1= Bu)lIS"qn — xull + anllg(xn) — uFS"qull (34)
< ||8"qn — xull + an(|g(xn) || + |#FS"qnl|) — 0 (1 — o0).

101 = Xl

Since {x,} is bounded, we know that 3{x,,} C {x,} s.t.

limsup((g — pF)q", xn — q°) = lim ((g — pF)q", xn, — 4"). (35)

n—oo

Noticing the reflexivity of H and boundedness of {x,}, one might suppose that
xn, — q. Hence, using (35), we obtain

lim su —uF)g*, xy —q*) = lm((g—uF)q*, xn, — q*
msup((g — #F)q q7) = lim((g—p )Nq q) 36)
=((g—uF)g",q—q").

Note that ||wy — xu| = €nllxn — x4-1]] — 0 (due to sup,,~;(€n/an) < ). Thus, we
obtain
1gn — wall < llgn — unll + [un — xnll + [[xn —wn|| = 0 (1 — o0).

Noticing x,+1 — Xy — 0, Uy — x, — 0, wy — gy — 0and S"x, — S"T1x, — 0, from
Lemma 10, one obtains § €€ wy ({x,}) C Q. Thus, using (36) and (16), one has
limjum(g —uF)q xn —q7) = ((§ —uF)q", 4 —q") <0, (37)
n o0
which, together with (34), yields

limjup<(g —uF)q*, xpp1 —q%)

= limsup[{(g = #F)", xn1 = xn) + (g = #F)4", xn = 47)] (38)
n—oo

< limjup[ll(g = uE) g lxp1 — x|l + ((§ — uF)g", xn — q")] < 0.
n—oo

Since {a,({ —6)} C [0,1], X q an({ —96) = o0, and

. 2(( —puF)g"  xp11—q") | M en B On
llznjip[ & + g_(s(an?)llxn Xn-1ll + iy

)] <0,

by the application of Lemma 4 to (30), one has lim e ||x;, — %> = 0.

Aspect 2. Suppose that I{P,,,} C {D,} s.t. Dy, < Py, 11 Vi € N, with N being the set of
all natural numbers. The self-mapping ¢ on N is formulated as

p(n):=max{t <n:®, < P}
Using Lemma 6, one obtains

Pyn) < Pypmy+1 and - Py < P41
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Putting g = g%, from (27), we have

(1 - ,B(p (n) — ‘ch(n)g)(l + 0 (n)){ ) H]/(p(n) ||
Ue

+||y(p (n) — (n)H )+a(1_b)”w(p(n)_ (n) n)” }
(1 *ﬁq)(n “(p(n)é)(l +0 o(n )){( )(”y(p H
2 (39)
+ ”yq)(n) g 1?) + o) (1 = o)) Wy —W (n)w 17}
< Hx - *H ||x(p(n)+1 —q H +( Xop(n) +9(p(n))M4

q
= %(n) = Py 1+ () +Op(n) ) Ma,
which immediately yields
nh_{{}on _Wq)(n) ” —nh_?go”ygo (n)” :i}g{}onygo(n) _q<p(n)H = 0.

Using the similar arguments to those of Aspect 1, one obtains

nlglc}o Hu(p(n) o) | = nlglgo ”u(p(ﬂ) — Xo(n) I= nlg{}o Hx(P(”)Jrl ~ Xo(n) =0,
and
limjup<(g —uF)q" X o1 —9") <0 (40)

On the other hand, by (30), one has

((§—1F)9" X p(m)41—9")

X (= 0) Py < Py(n) = Po(n)+1 + () (T — DIE . =3
e)n n
+ 25 (G280 — X1l + 25 2)]
2((g—uF)q* xp(my41—9"
S D‘(P(n) (g_év)[ <(g M )qg_g( )41 49 )
9 n
+§7A7/I§( n) —x¢(n)—1|| +#Eﬂ>))],
28— uh)q" xpmy11— 9" M € Op(n)
li d <1 3 /)] <0.
11:1_?:3}.) (p(i’l) — IT_?EP[ g_ (5 + é (S(DC ( ) ||x (n)le + lx(p(n) )] —
Thus, limy, 0 [|%4(s) — 4°[|* = 0. In addition, note that
1% p(m+1 = 01 = %g(m) — a*II7
= 2< o)1~ —x (n)r (n) T) + 1% p(n)11 = Xp(m I? . (41)
< 2||x<p(n ” Hx - q*H + ”x(p(n)-H — Xop(n) ” :

Owing to @, < CD(P(H)_H, one obtains

l2n = 11 < X gy 11 — 471
< ”xq)(n —q ” +2||xq)(n +1 (p(ﬂ)””x(p(n) - q*” + ”x(p(n)-i-l - xq)(n)”z —0 (1’1 - 00)

This means that x, — g* as n — oo.

In particular, when S is a nonexpansive operator, it is also asymptotically nonexpansive.
In this case, the power S§” in Algorithm 4 can be simplified into S. In this way, we can
obtain the following Theorem 2.

Theorem 2. Suppose that S is of nonexpansivity on H and {x, } is constructed in the modification
of Algorithm 4, i.e., for any starting points xq, xg in H,

Wy = Xp + €n(Xn — Xy-1),

Uy = (1 - Un)wn + o Wywy,

Yn = Pc(uy — gnAuy), (42)
an = PCH (”n - GnA]/n)/

Xp1 = ang(Xn) + Buxn + (1 — Bu)l — anpuF)Sqn Vn >1,
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with Cy, and ¢, being picked as in Algorithm 4. Then, x, — q* € QO & sup,~q [|xp—1 — x| <
oo, with q* € Q) being only a solution of the HEPP: q* = Po(I — uF + g)q*.

Proof. We first pick a g € () arbitrarily. Obviously, the necessity holds. Next, it is sufficient
to demonstrate the sufficiency. To this goal, under the condition sup,,~; ||x,—1 — x,| < oo,
one divides the remainder of the proof into several claims. [J

Claim 1. One claims the boundedness of {x, }. In fact, using the similar inferences to those
of Claim 1 in the proof of the above theorem, one obtains the claim.
Claim 2. One claims that

(1= Bn — an){(1 = v)(lyn — gull® + lyn — unll®) + 00 (1 — o) [wn — Wwn|?}

43
< [l — q12 = 21 — 117 + My, (43)

for some My > 0. In fact, using the similar inferences to those of Step 2 in the proof of the
above theorem, one obtains the claim.

Claim 3. One claims that

%01 —ql* < [1=an(C—0)llxn —qll* + an(§ — O){25((g — uF)4, Xns1 —q)
+ M S, — x4}

for some M > 0. In fact, using the similar inferences to those of Claim 3 in the proof of the
above theorem, one obtains the claim.

Claim 4. One claims that x, — g* € (), which is only a solution to the HFPP: g* =
Po(I — uF + g)g*. In fact, setting g = q*, by Claim 3, one obtains

lner = q* 7 < 1= an(@ = )]l — g% |1 + 2u(Z = 0) .

% % 44
<A — D) X — ) + B 2y ). &Y

Setting @, = ||x, — g*||, one demonstrates ®, — 0 (1 — o) in both aspects below.

Aspect 1. Suppose that 3 (integer) ny > 1 s.t. {®,} is non-increasing. Then, the limit
limy 00 @ = d < o0 and limy 00 (P — Dy1) = 0. Using the similar inferences to those
of Aspect 1 of Claim 4 in the proof of the above theorem, one obtains

nlglgo l[wn — Waton|| = nlgrolo [ttn =yl = nlglc}o [ttn — qnll = nlgrc}o [tn — xn| =0.  (45)
From (4) and (23), one has

%01 — %1% = 1Bn(xn — 4°) + (1 = Bu) (Sqn — 4*) + an(g(xn) — pFSqn)||?
< |1Bn(xn —g*) + (1 = Bu) (Sqn — 47) |1* + 20 (g (xn) — HFSGn, Xpi1 — q*)
< Bullxn — ‘7*H2 + (1= Bu)lSqn — ‘7*”2 = Bn(1 = Bu)llxn — S%HZ

+ 20 (g (xn) — WFSqn, X1 — q7)
< ([Jxn — q*H“an)z — Bu(1 = Bu)llxn — Sqn||2

+ 20 (|8 (xn) — pFSqnll|[xns1 — q7]|-

This hence arrives at

(1= Bu)llxn — Saull* < (lxn = 47|l + anM1)? = [[xns1 — 47|12 + 2| (xn) — pFSqn 0011 — 47|

Since 1 > limsup,,_,, By > liminf, e By > 0, &y — 0 and limy 00 Py = d < +o0,
from the boundedness of {g(x,)}, {Sqn}, we infer that

r}l_{{}o [[xn = Squl|l = 0.
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Therefore,

= [lang(xn) + (1 — Bn)(Sqn — xn) — anpFSqy|
< (1= Bu)lISqn — xull + anl|g(xn) — pFSqnl| (46)
< |1Sqn — xull + an(llg(xn)l| + [#FSqul]) — 0 (1 — o0).

%01 — 2|

Again utilizing the similar inferences to those of Aspect 1 of Claim 4 in the proof of
the above theorem, one obtains lim,_,« || X, — *||*> = 0.

Aspect 2. Suppose that 3{P,,,} C {D,} s.t. Dy, < Py, 1 Vi € N, with N being the set of
all natural numbers. The self-mapping ¢ on N is formulated as

p(n):=max{t <n:®, < P 1}
From Lemma 6, one obtains
Pon) < Pp(my+1 and Py < Dy 41

Finally, by the similar inferences to those of Aspect 2 of Claim 4 in the proof of the
above theorem, one can obtain the claim.

On the other hand, we put forward another modification of a Mann-type subgradient
extragradient rule.

It is worth mentioning that (9) and Lemmas 8-10 remain true for Algorithm 5:

Algorithm 5 The 2nd modified Mann-type subgradient extragradient rule

Initial Step: Let! € (0,1), v € (0,1), v € (0, 00), given any starting points x1, xg in H.
Iterations: Compute x,, 1 (1 > 1) below:

Step 1. Set w, = x, + €u(xy — x,—1) and u, = (1 — 0y)x, + 0w Wywy, and calculate
Yn = Pc(un — ¢nAuy), with ¢, being picked to be the largest ¢ € {7, vl,71?,...} s.t.

¢l Aun — Ayn|| < vljun — yal|- (47)
Step 2. Calculate g, = Pc, (un — ¢nAyn), where C, := {y € H : (uy — GnAlly — Yn, Yn —

y) 2 0}.
Step 3. Calculate

Xpi1 = ang(xXn) + Butin + ((1— Bn) [ — anpF)S"gp. (48)

Put n := n 4 1 and return to Step 1.

Theorem 3. Suppose that {x,} is the sequence constructed in Algorithm 5. Then,

S'x, —S"tx, — 0
=g el & /
n g { sup,,~q [|Xn-1 — xu| < oo,

with q* € Q being only a solution of the HFPP: q* = Po(I — uF + g)q*.

Proof. By the similar inferences to those in the proof of the first theorem, one obtains that
dg* € O, which is only a solution of the HFPP: q* = Pq(I — uF + g)q*. Obviously, the
necessity holds.

In what follows, one claims the sufficiency. To the goal, under the assumption 5"x;, —
Sy, — 0 with sup,; [|x,—1 — xu|| < o0, one divides the claim of the sufficiency into
several claims. O
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Claim 1. One claims the boundedness of {x, }. In fact, using the similar inferences to those
of Claim 1 in the proof of the first theorem, one has that (19) and (20) hold. It is easy to see
from (9) that

gn = aqll < llun —qll < (1 =) llxn =gl + oullwn =gl < [[xn =gl +anM1 Vn>1. (49)

Hence, using &, + B, < 1, Lemma 7, and (49), we obtain

IIan—qII—H n(&(xn) — g(q)) + Bn(un —q) + (1 = Bn)
x [(I— uE)S"qn — (I — 2 pF)g + 12%5-(8 — pF)q|l
<vcn\|g(xn) ()Il+ﬁn|\un q||+(1—/3n)

< (= 15 1F) 5" — (I — 1% 3F)g + 1%-(3 — uF)ql
< wndl|xn — qll + Bullun — qll + (1 — Bn)
X (1= 1250 (1 + 6290 — qll + an | (g — pF)ql
< wndlxn — qll + Bu([lxn — ql| + anMy) + (1= B — anl)
X (lxn — qll + anM1) + Onllgn — ql| + anll(§ — uF)q||
< wnd + Bu + (1= Bn — and)]||xn — g + an My
w0 (C—=0) (|| — y
+ 4 )(\L qll+ Ml)+tx (g — uF)q|l
< 1wl : ) —q||+wn(21;4145|2|A(Ag H(VF ;/)II ]

n Xy + 1
:[1_“(4; )] gl + 2xlf=0) . A 1|8 p)s
22My+| (8= HF ql\)}

-5 ‘

B2

< max{|[x, —q[,
which immediately yields

2(2M1 + |l(g — uF)qll)
; }ovn>1.

Therefore, we show the boundedness of {x,}. This ensures that the sequences

{wn}, {un}, {]/n}r {qn}/ {g(xn)}, {Ayn b AWhwn}, {Sn%} are bounded.

[0 = ql| < max{[|x1 — 4],

Claim 2. One claims that

(1= Bn — anl) (1 +0:){(1 = v)(lyn — gull* + lyn — uall*) + 00 (1 — o) |0 — Wyt [[*}
< lxw = ql1* = %1 — q1* + (an + 64) My,

for some My > 0—in fact, since

Xpp1—q = an(g(xn) — g(q))Bn(un —q) + (1 — Bu)
X [(I = 25, #F)S"qn — (I — 12, uF)q] + an(g — uF)g.

Using the same inferences as those of (24), one has

lxnir —ql* < andllxn —qll* + Bullun —gql* + (1 = B — @n) (1 + 6a) g — 4|17
+ 200 ((§ — F)q, Xnt1 — q) (50)
< apd|xn — ‘1”2 + Bnllun — 51”2 + (1= Bu—anl)(1+6n)lgn — LIHZ +an My,

with My > sup, . 2[/(g — pF)qlll|lx, — q| for certain My > 0. In addition, using (19)
and (20), one obtains

leon = g1 < (llxn = qll + & M1)? < 20 = ql|> + an Ms,

with M3 > sup, 1 (2M|xn — g + ayM?) for certain M3 > 0. Moreover, using (49), we
deduce that
n = ql* < llxn = 4l|* + 2 Ms,
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which, together with (9) and (50), leads to

%01 = ql1* < @nllxn = ql1> + Bullun — ql1* + (1 = Bn — and) (1 + 64)[[|un — 4|12
= (L =W)llyn = gull* = (U= V)llyn — 1 ]|*] + xn My
< wndllxn = gl + Bullun = gl* + (1 = Bn — 2u0) (1 + 6){ (1 — ) [ — ql|?
+ o || Wnwn — ‘7”2 — 0w (1= 0n)[xn — Wowy |2 = (1 - v)([lyn — anz
+ lyn = unl?)} + anMy
< wnd([lxn — gl + €nM3) + Bu([xn — qlI* + €nM3) + (1 = Bu — anl) (1 4 65)
X {1 =) ([|xn — q|1> + anMs) + o ([|xn — g|I> + anMsz) — 0n (1 = ) || X0 — Wawn >
= (=) ([[yn = gull® + llyn — unl*)} + an My
= [and + Bn + (1= Bu — €n0) (1 + 6,)] (|20 — 1> + @ M3) — (1 — By — an) (1 + 62)
X {1 =v)(lyn = qull* + llyn — unll?) + 0u (1 = o) X0 — Wowy ||} + €n Ma
< @b + B+ (1= Bn — and) + 0] (120 — gl1> + €nM3z) — (1 — By — and) (1 + 6,)
X {@=v)(lyn = gull*> + lyn = unll?) + 0u(1 = o) l|xn — Waton[|*} + an M,
=1 —an(Z—0) +6a)([xn — qlI*> + anM3) — (1 = Br — 2nl) (1 +6,)
XA =) (lyn = qull> + llyn — unll*) + 0u (1 = ) | X0 — Waaon[|*} + an My
< (1= an(@ = 0)]llxn —qll* + 6allxn — qlI* + 2nMs — (1 — Br — ang) (1 +6n)
XA =) (lyn = anll> + llyn — unll?) + 0 (1 — ) | xn — Waton||*} + anMp
<lxw = ql* = (1= Bn — @) (14 02){ (1 = v)([lyn — qull® + llyn — unll?)
+ 0 (1 = o) [|xn — Wawy |2} + (an + 62) My,

(51)

where My > sup,,~ ([[xx» — g[|* + M3 + M) for certain My > 0. Thus, we obtain

(1= Bn—anl)(1+0,){ (1 —v)([lyn — %Hz + lyn — ”nHZ) +0on(1—0n)|xn — annHZ}

52
< otw — 4112 — st — gl + (i + 6) M. 42)

Claim 3. One claims that

s =4l < [ — Olxn — gl + (Z — 6){ 254( — HE), X — 4)
+ M (€3], — x| + 22))

for certain M > 0. In fact, one has
lwn —qlI* < llxn — gl + €nllxn — 211 2l1xn — qll + €nllxn — xu-1ll),
and hence

(|14 _‘7”2 < (1 —=0n)lxn _‘1H2 + O ||Wh oy, — ‘7”2
< (L= on)llxn — ql* + on{llxn — ql* + enllxn — 201l llxn — gl + €nllxn —xu—1l)}  (53)
< lxn = qlI* + enllxn — xu—1 |2l — gl + €nllxn — xp-1))-

From (49), (50) and (53), one obtains

%11 — g2

< wndl|xn — ’1“2 + Bullun — qllz + (1= Bu—anl)llgn — 51”2
+ 0ullgn — qlI* + 20 ((g = HF)q, Xp i1 — 1)

< wndllxn = gl + (1= n) [0 — qll* + €nllxn — xp—11|(2l1x0 — q]| (54)
+ enllxn — xp—1])] + 0nllgn — qlI* + 20 (g — HF)q, Xpi1 — q)

< 1= an(Z = 6)]llxn — qll* + (enllxn — x4—1113 + 60) M + 20 ((§ — HF)q, X1 — q)

= (1= (g = O)]llxn — qI2 + an (g — 8)[Hs2RII=0) 4 Mo (5], — x| 4 D],

where M > sup, - {||xn — qll, €nllxn — 241, |90 — g1} for certain M > 0.



Mathematics 2022, 10, 1949 19 of 26

Claim 4. One claims that x, — g* € (), which is only a solution to the HFPP: g* =
Po(I — uF + g)g*. In fact, using (54) with g = g%, one obtains

[t = g2 < (1= (@ = )]l — 4|12 + an (¢ — 8) [HELE L)

(55)
+ A (823 — x| + 2],

Setting @, = ||x, — g*||%, one demonstrates ®, — 0 (1 — o) in both aspects below.
Aspect 1. Suppose that 3 (integer) ny > 1 s.t. {®,} is non-increasing. Then, the limit

limy 00 Py = d < 00 and limy,—ye0 (Py — Ppy11) = 0. Using (52) with g = ¢* and {0y, } C
[a,b] C (0,1), one obtains

(1= Bn— ) (L+02){ (1 = v)(lyn — gull® + llyn — ual*) +a(1 = b) [|xn — Wawn ||*}
<(1=Bn—anl)(1+0){(1—=v)(lyn — %”2 + llyn — ”n||2) +0n(1—0n)l|lxn — ann||2}
<@y — Dyyyq + (an + 0n) My.

Noticing lim inf, e (1 — Bx) > 0, &y — 0, 6, — 0 and ®, — P, ;1 — 0, one has
nh_I}olo ([0 — Whwn|| = nlgrolo lyn —unll = nlg{}o lyn — gqnll = 0. (56)
Hence, one obtains
lun = qull < lltn = yull + llyn — qull =0 (n — o0). (57)
Since wy, — Xy, = €,(xy — x,_1) and uy, — x, = 0, (Wywy, — x,), we obtain

lim ||wy, — x| = im ||uy, — x4|| = 0. (58)
n—oo n—oo
Moreover, noticing x,1+1 — g% = Bu(un —q%) + (1 — Bn)(S"qn — q°) + an(g(xn) —
#FS"qy,), we obtain from (49) that

[xns1 = g% = 1Bn(un — %) + (1 = Bu)(8"Gn — 4%) + an(g(xn) — pFS"qu) ||
< Bullun —q*[1* + (1= Bu) (1 +600)21gn — a*[1> — vu (1 — v2) [|1tn — S"qu|?
+ 20 (g(xn) — WFS"qn, Xny1 —q%)
< (14 60)*(lxn — g% || + anM1)? = Bu(1 = Bu) llun — S"qu]?
+ 20 ([|g () | + | HES"gn D) X041 — g7
=1+ 9n)2\|xn - q*HZ +(1+ 911)2“an 2|0 — q* || + anMy]
— Bu(1 = Bu)lun — S"qnl1* + 20 (|8 (xn) I| + |#FS™ g ||) 1 X031 — q* |-

This hence arrives at

Bn(1— Bu)lltn — S™qnl* < (1+ 604)2[[xn — g*11* — || Xps1 — q* |12
+ (14 60)2an My 20 — g*[| + anM1] + 20, (|| (x) || + |HES" Gu||) || %041 — ]|

1 1
< (14 6,)? @y — Dpgq + (14 64)?0n My 297 + an My ] + 20, (|| (xn) || + [HES" qn| )@} ;-

Since 1 > limsup,,_,, By > liminf, 00 B > 0,0, — 0, &y — 0, @, — P, — 0and
limy 00 @, = d < +00, from the boundedness of {g(x,)}, {S"gx}, we infer that

nlglc}o [tn — S"qul = 0.
Thus, it follows from Algorithm 5 that
xnt1 —xull = llang(xn) + Br(un — xn) + (1 = Bn)(S"qn — xn) — anpFS"qn|

= |lang(xn) + (un — xn) + (1 = Bu)(S"qn — un) — anpFS"qn|| (59)
< Mlun — xnl| + 118" qn — tnl| + an(lg(xn) | + |[#FS"qnl) — 0 (1 — o0).
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Utilizing the same inferences as those of (38), one obtains

limsup((g — uF)q*, xy41 —q") <O. (60)

n—oo

Since {a,({ —6)} C [0,1], Y q an({ —06) = o0, and

: 2(@ = p#F)q" Xui1 —q") . M enqy On
ll;njoljp[ =Y + g_5(06713”9(11 Xn-1ll + i

)] <0.

Therefore, by the application of Lemma 4 to (55), one has lim,_,c || x;, — 4*||*> = 0.

Aspect 2. Suppose that 3{®,,} C {®,} s.t. Py, < P11 Vi € N, with N being the set of
all natural numbers. The self-mapping ¢ on N is formulated as

p(n) :=max{i<n:®, <P, 1}
From Lemma 6, one obtains
Pon) = Pp(ny+1 and P < Py

Finally, by the similar inferences to those of Aspect 2 of Claim 4 in the proof of the first
theorem, one can derive the claim.

In particular, when S is a nonexpansive operator, it is also asymptotically nonexpansive.
In this case, the power S” in Algorithm 5 can be simplified into S. In this way, we can
obtain the following Theorem 3.

Theorem 4. Suppose that S is of nonexpansivity on H and {x, } is constructed in the modification
of Algorithm 5, i.e., for any starting points xq,xg in H,

Wy = Xn + €n(xn - xnfl)/

Uy = (1 — ‘Tn)xn + oWy,

Yn = Pc(un — GnAun), (61)
gn = Pc, (un - QnAyn)/

Xp1 = 0ng(Xn) + Buttn + (1 — Bn)I — aypuF)Sqn Vn >1,

with Cy and ¢y, being picked as in Algorithm 5. Then, xy — q* € Q & sup,q [[x,—1 — x|l <
co, with q* € Q) being only a solution of the HFPP: g* = Po(I — uF + g)q*.

Proof. We first pick a g € Q) arbitrarily. Obviously, the necessity holds. Next, it is sufficient
to demonstrate the sufficiency. To the goal, under the condition sup, . [[x,-1 — xu|| < oo,
one divides the surplus of the proof into several claims. O

Claim 1. One claims the boundedness of {x, }. In fact, using the similar inferences to those
of Claim 1 in the proof of the third theorem, one obtains the claim.

Claim 2. One claims that

(1= B — LA =v)(lyn — gull® + llyn — unll?) 4+ 00 (1 — 00) [0 — Wywy ||*}

62
< Jlxn — gl = [ xns1 — 1% + @My, (62)

for certain My > 0. In fact, using the similar inferences to those of Claim 2 in the proof of
the third theorem, one obtains the claim.

Claim 3. One claims that

w1 =gl < 1= an(C = O)]llxn — qll* + an(C — 0) {25 ((8 — HF)q, Xus1 — q)

+ 22l —x,q|}



Mathematics 2022, 10, 1949 21 of 26

for certain M > 0. In fact, using the similar inferences to those of Claim 3 in the proof of
the third theorem, one obtains the claim.

Claim 4. One claims that x, — g* € (), which is only a solution to the HFPP: q* =
Po(I — uF + g)g*. In fact, setting g = ¢*, by Claim 3, one obtains

ln1 = q* 17 < 1= an(@ = 0)]llxn — g% |1 + an(Z = 0) .

% % 63
A58 — DI X — ) + 24 2y -y O

Putting ®, = ||x, — g*||?, one shows &, — 0 (n — o) in both aspects below.

Aspect 1. Suppose that 3 (integer) ny > 1 s.t. {®,} is non-increasing. Then, the limit
limy 0o @, = d < +oc0 and limy, 0 (P, — Pj41) = 0. Using the similar inferences to those
of Aspect 1 of Claim 4 in the proof of the third theorem, one obtains

lim {|xy — Wawy|| = lim {[un = yul| = lim fuy = gal = lim [luy —xaf| = 0. (64)
From (4) and (49), one has

201 = q*11> = [|Bn (tn — %) + (1 = Bu) (Sqn — 4%) + an(g(xn) — pFSqn) |?
< |1Bn(un = q*) + (1= Bn) (Sqn — 4°) |1 + 2000 (g (x1) — pFSqn, X1 — q°)
< Bullun — q*Hz + (1= Bu)lSqn — q*Hz = Bu(1 = Bn) lun — SanZ

+ 200 (g (xn) — HFSqn, X1 — %)
< ([Jxn — g7 "’“an)Z — Bu(1 = Bu) |lun — S‘inHz

+ 20| (xn) — pESqn|| |01 — 7|,

which immediately yields

(L= Bu)llttn = Squll> < (lotn = q* || + &nM1)? = [[0n 11 — 47| + 20 1§ (xn) — pFSqull|xns1 — 7]

Since 1 > limsup,_, ., Bn > liminf, .0 By > 0, &y — 0 and lim, ;00 @y = d < +o0,
from the boundedness of {g(x,)}, {Sqn}, we infer that

nlg{}o [[n — Squll = 0.
Therefore,
xnt1 —xull = llang(xn) + Bn(un — xn) + (1 — Bn)(Sqn — xn) — anpFSqnl|
= |lang(xn) + (un — xn) + (1 = Bu)(Sqn — un) — anpFSqnl| (65)

< lun = x| + [1Sqn — tnll + anllg(xn) — uFSqa||
< lun = xnl| + [1Sqn — unl| + an([|g(xn) [| + |#ESqnl|) = 0 (n — o).

Again utilizing the similar inferences to those of Aspect 1 of Claim 4 in the proof of
the third theorem, one obtains lim,_,« || x;, — *||*> = 0.

Aspect 2. Suppose that 3{®,,,} C {D} s.t. D, < Py, 41 Vi € N, with N being the set of
all natural numbers. The self-mapping ¢ on N is formulated as

p(n) :=max{t <n: P, <P}
Using Lemma 6, one obtains
Po(n) < Pyp(my41 and  Pu < Py 13-

Finally, by the similar inferences to those of Aspect 2 of Claim 4 in the proof of the
third theorem, one can obtain the claim.
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It is remarkable that, in comparison with the associated theorems in Xie et al. [9], Ceng
and Shang [25], and Thong and Hieu [17], our theorems ameliorate and develop them in
the aspects below.

(i) The issue for one to find a point in VI(C, A) (see [9]) is developed into the issue for us
to find a point in VI(C, A) N (Nj, Fix(S;)) with both each S; being of nonexpansivity
and Sy = S being of asymptotical nonexpansivity. The modified inertial extragradient
rule with a linear-search process for settling the VIP in [9] is developed into our
modified Mann-type subgradient extragradient rule with a linear-search process
for settling the CFPP and VIP, which is on the basis of the Mann iteration method,
subgradient extragradient approach with a linear-search process, and the hybrid
deepest-descent technique.

(i) The issue for ones to find a point in VI(C, A) N Fix(S) with a quasi-nonexpansive
operator S in [17] is developed into the issue for us to find a point in VI(C, A) N
(M52 Fix(S;)) with both S; being of nonexpansivity and Sy = S being of asymptotical
nonexpansivity. The inertial subgradient extragradient rule with a linear-search
process for settling the VIP and FPP in [17] is developed into our modified Mann-type
subgradient extragradient rule with a linear-search process for settling the CFPP and
VIP, which is on the basis of the Mann iteration method, subgradient extragradient
approach with a linear-search process, and the hybrid deepest-descent technique.

(iti) The issue for one to find a point in VI(C, A) N (N, Fix(S;)) with finite nonexpan-
sive operators {S;}Y; (see [25]) is developed into the issue for us to find a point
in VI(C, A) N (N2, Fix(S;)) with countable nonexpansive operators {S;}°;. The
hybrid inertial subgradient extragradient rule with a linear-search process in [25]
is developed into our modified Mann-type subgradient extragradient rule with a
linear-search process, e.g., the original inertial step w, = Sux, + €4(Snxn — Suxy—1)
is developed into the modified Mann iteration step: w, = x, + a,(xy — x,—1) and
uy = (1 —0y)wy + 0y Wywy,. In addition, it was shown in [25] that, under the condition
S"gn — S"*1g, — 0, the relation holds:

xn = q" €Q & |lxn—yull + |xn — xp41]| = 0 withg® = Po(I — uF+¢)q".

In this paper, using Lemma 6, we show that, under the condition $"x, — Sttly, — 0,
the relation holds:

Xp =g €Q & supllx,_1 — xn|| <oo withq* =Po(I — uF+g)q"
n>1

4. Implementability and Applicability of Rules

In what follows, we provide an illustrated instance to demonstrate the implementabil-
ity and applicability of proposed rules. Puty =2, y =1, v=1= %, op = %, € =0y =
3(”17“) and B, = 3(””7“) First, we construct an example of ) = VI(C, A) N (N2, Fix(S;)) #
@ with Sp := S, where A : H — H is of both pseudomonotonicity and Lipschitz continuity,
S : H — H is of asymptotical nonexpansivity and each S; : H — H is of nonexpansivity.
We put H = R and use the (r,s) = rsand | - || = | - | to denote its inner product and
induced norm, respectively. Moreover, we set C = [—2,5]. The starting points x1, xo are
arbitrarily picked in [—2,5]. Let g(x) = F(x) = x Vx € H with

1 1 1
522<§:1—\/1—y(217—;u<2):1—\/1—2(2-2—2(2)2):1.

Let A:H— Hand S,S; : H — H be formulated by Ax =1/(1+ |sinx|) —1/(1+
|x]), Sx = 3sinx/5and S;x = Tx = sinx Vx € H,i > 1, respectively. We now claim that A
is pseudomonotone and Lipschitz continuous. In fact, one has

lly — x| n [ siny — sinx||
Ny DA+l (1 + ([ siny[) (1 + [ sinx]])

|Ax — Ay|| < <2fx—yll VYxyeH
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This means that A is of Lipschitz continuity. In addition, one shows that A is of
pseudomonotonicity. It can be readily seen that

(Ax,y —x) = (1/ (1 +[sinx]) = 1/(1+ |x[))(y —x) = 0
= (Ayy—x) = (1/(1 +[siny]) =1/(1+|y)(y —x) =0 Vx,y € H.

Meanwhile, it is easily known that S is of asymptotical nonexpansivity with 6, =
(2)" Vn > 1, such that [|S""1x, — S"x,|| — 0 as n — co. Indeed, we observe that

n n 3 n— n—
15" = S"yl < IS fx—smly < ()le—y\|<(1+9n)l|x—y|\

and

5™ = §™all < (S0 — Swall = (212 sin(Sw) — 2 sinxall <2(3)" = 0.

It is clear that Fix(S) = {0} and

lim 0—" = lim 7(3/5)71 =
n—voo @,  n—»oo 1/3(n+1) B

In addition, it is easy to see that S; = T is of nonexpansivity and Fix(S;) = {0}. Thus,
Q = VI(C, A) NFix(T) N Fix(S) = {0}.

Example 1. Noticing W, = T and (1 — Bn)I — aypuF = (1 — 3(nn+1)>1 — o t2- 31 =31, we
rewrite Algorithm 4 as follows:

_ 1
Wy = Xp + m(xn - xn—l)/

Uy = %wn + %Twn,
Yn = Pc(un — gnAun), (66)

qn = Pc, (un — anAyn)
Xp+1 = m *5Xn + (n+1)xn + Zgn qn,

with Cy, and ¢, being picked as in Algorithm 4 for every n. Hence, using Theorem 1, one has that
xp — 0 € Q = VI(C, A) NFix(S) NFix(T) if and only if sup,,~q [xn — x,-1] < co.

Example 2. From the nonexpansivity of Sx := % sin x, one obtains the following modification of
Algorithm 4:

w xn+3(n+1)( _xn_l),
Uy = 3wn + 3 Twn/
Yn = Pc(un — gnAun), (67)

qn = Pc, (un — glnAyn)
Xpnt+1 = 3(n+l) 2 Xn + (n+1)xn + SQn/

with Cy, and ¢, being picked in the above way. Thus, using Theorem 2, one knows that x, — 0 €
Q = VI(C, A) NFix(S) NFix(T) if and only if sup, ~q [xn — x—1] < co.

Example 3. Noticing Wy = T and (1 — u)l — anpF = (1= 55755)1 = gpgy2 - 51 = 31, we
rewrite Algorithm 5 as follows:

Wy = Xy + ﬁ(xn —Xn-1),

Uy = %xn + 3 Twy,

Yn = Pc(un — gnAun), (68)
qn = Pc, (un — GnA]/n)

Yl = 355y 2%+ gy ie + 55" n,
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with C,, and ¢y, being picked as in Algorithm 5 for every n. Hence, using Theorem 3, one has that
xp — 0 € Q= VI(C, A) NFix(S) NFix(T) if and only if sup, ~q [xn — x—1] < c0.

Example 4. From the nonexpansivity of Sx := % sin x, one obtains the following modification of
Algorithm 5:

Wy = Xp + m(xn - xnfl)r
Up = %xn + %Twnr
Yn = Pc(un — GnAun), (69)

qn = Pc, (n — GnAyn),
— 1 1 2
Xn1 = 3Gy " 2% s e 550

with Cy, and ¢, being picked in the above way. Thus, using Theorem 4, one knows that x, — 0 €
Q = VI(C, A) NFix(S) NFix(T) if and only if sup, -1 [xn — x—1] < co.

It is noteworthy that the above two modified Mann-type subgradient extragradient
algorithms with a linear-search process (i.e., Algorithms 4 and 5) are both applied for
finding a point in the common solution set (O = VI(C, A) N (N7, Fix(S;)) with countable
nonexpansive operators {S;}{*; and asymptotically nonexpansive operator S. Under the
same conditions imposed on the parameter sequences, we show the strong convergence
of these two different algorithms to an element g* € (), which is also a unique solution
of the HFPP: ¢* = Pn(I — uF + g)q*; see Theorems 1 and 3 for more details. Note that
Algorithm 4 is very similar to Algorithm 5 because these two different algorithms belong to
the same class of modified Mann-type subgradient extragradient rules with a linear-search
process. It is not difficult to find that Algorithm 4 is extended to develop Algorithm 5, e.g.,
(i) the original Mann iterative step u,, = (1 — 0y, )wy, + 0, Wywy, in Algorithm 4 is developed
into the modified Mann iterative step u, = (1 — 0,)x, + 0 Wyw, in Algorithm 5, and
(ii) the original viscosity hybrid deepest-descent step x,11 = ang(xn) + Buxn + ((1 —
Bn)l — aypF)S"q, in Algorithm 4 is developed into the modified viscosity hybrid deepest-
descent step x,41 = ang(xn) + Buttn + ((1 — Bn)I — ayuF)S"q, in Algorithm 5. In the
above Examples 1 and 3, the iterative schemes (66) and (68) are numerical examples of
Algorithms 4 and 5, respectively, and both are applied for finding 0 € Q = VI(C, A) N
Fix(S) NFix(T). Compared with scheme (66), the scheme (68) improves and develops it in

the following aspects:
(i) The original Mann iterative step u, = %wn + %Twn in (66) is developed into the
modified Mann iterative step u, = %xn + %Twn in (68);
n

(ii) The original viscosity hybrid deepest-descent step x,,11 = m : %xn + 3t X

%S”qn in (66) is developed into the modified viscosity hybrid deepest-descent step
X4l = ﬁ L, + Sy + 25, in (68).

Finally, applying Theorems 1 and 3 to schemes (66) and (68), respectively, we obtain
that x, — 0 € Q = VI(C, A) NFix(S) NFix(T) if and only if sup, - |xn — ;1| < 0.

5. Conclusions

In real Hilbert spaces, we have designed two modified Mann-type subgradient extra-
gradient rules with a linear-search process for settling the variational inequality problem
(VIP) for a Lipschitz continuity and pseudomonotonicity operator A, and the common
fixed-point problem (CFPP) for countable nonexpansivity operators {S;}?°; and an asymp-
totical nonexpansivity operator Sy := S. Under the lack of the sequential weak continuity
and Lipschitz constant of the cost operator A, we have demonstrated the strong conver-
gence of the constructed algorithms to a common element of the solution set of the VIP
and the common fixed-point set of operators {S;}?° ,, which is only a solution of a certain
hierarchical fixed-point problem (HFPP). In addition, an illustrated example is provided to
demonstrate the implementability and applicability of our proposed rules.
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It is worth pointing out that there are our contributions to the research area of finding
a common solution of the VIP and CFPP in three aspects below:

First, we extend the problem considered in [25], that is, the problem of finding a point
in VI(C, A) N (NX, Fix(S;)) with finite nonexpansive operators {S;} , is developed into
the problem of finding a point in VI(C, A) N (N;2, Fix(S;)) with countable nonexpansive
operators {S;}° ;.

Second, we improve the rules proposed in [25], that is, the hybrid inertial subgradient
extragradient rule with a linear-search process in [25] is developed into our modified Mann-
type subgradient extragradient rule with a linear-search process, e.g., the original inertial
step wy, = SpXp + €n(Snxn — Spx,_1) is developed into the modified Mann iteration step:
Wy = Xy + ay(xy — x,_1) and u, = (1 — 03wy + 0 Wywy,.

Finally, we weaken the convergence criteria presented in [25]. Indeed, it was shown
in [25] that, under the condition 5", — S”“qn — 0, the relation holds:

Xp =g €Q & |xp—yu| + |xn — xp41]| = 0 withg* = Po(I — uF+g)q".

In this article, using Lemma 6 (i.e., Maingé’s lemma [34]), we show that, under the
condition S"x, — §"t1x, — 0, the relation holds:

Xp =" €Q & sup|[x,_1 —xu]| < oo withg® =Pq(I —uF+g)q".

n>1

In addition, it is worth mentioning that part of our future research is aimed at acquiring
the strong convergence results for the modifications of our proposed rules with a Nesterov
inertial extrapolation step and adaptive stepsizes.
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