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Abstract: DC–DC converters are widely used. They are a typical class of strongly nonlinear time-
varying systems that show rich nonlinear phenomena under certain working conditions. Therefore,
an in-depth study of their nonlinear phenomena, characteristics, and generation mechanism is of
great practical significance for gaining a deep understanding of this kind of switching converter,
revealing the essence of these nonlinear phenomena and then optimizing the design of this kind
of converter. Based on the fact that most of the inductance and capacitance are fractional-order,
the nonlinear dynamic characteristics of the fractional-order (FO) DCM buck–boost converter are
researched in this paper. The main research work and achievements of this paper include: (1) using
the predictor–corrector method of fractional calculus, which is not limited by fractional order and can
directly calculate the accurate values of the inductance current and capacitor voltage of the fractional
converter; the predictor–corrector model of the FO converter is established. (2) The bifurcation
diagrams are obtained based on this model, and the period-doubling bifurcation and chaotic behavior
of the FO buck–boost converter are analyzed. (3) The phase diagrams are obtained and verified to the
point that period-doubling bifurcation occurs; then, some conclusions are drawn. The results show
that under certain operating and parameters conditions, the FO buck–boost converter will appear as
a bifurcation and chaotic nonlinear phenomenon. Under the condition of the same circuit parameters,
the stability parameter domains of the integer-order buck–boost converter and the FO buck–boost
converter are different. Compared with the integer-order converter, the parameter stability region of
the FO buck–boost converter is bigger. The FO buck–boost converter is more accurate at describing
the nonlinear dynamic characteristics. Furthermore, the predictor–corrector method can also be
applied to other FO power converters and provides theoretical guidance for converter parameter
optimization and controller design.

Keywords: fractional-order; buck–boost converter; predictor–corrector algorithm; period-doubling
bifurcation; chaos

MSC: 37G15

1. Introduction

The nonlinear dynamic characteristics of the DC–DC converter have been studied in
past years. The existing research showed that most of the inductance and capacitance in
practice are actually fractional-order. It is well known that the inductance and capacitance
are the necessary energy storage components in the converter. Therefore, the essence
of the converter is fractional order. However, most of the dynamic research results in
the converter are based on the integer-order model, which is obviously contrary to its
fractional-order nature and unscientific. The integer-order model cannot accurately reflect
the fractional-order dynamic characteristics and physical nature of the converter and may
even draw the wrong conclusions. With the wide application of the DC–DC converter in
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new energy power generation and the switching power supply, the working condition of
the converter becomes increasingly complex, which makes the nonlinear phenomena of
the converter more abundant and the dynamic behavior more complex. At the same time,
the application of fractional order in chaotic phenomena has been widely studied [1–3].
Therefore, the accurate analysis of fractional-order nonlinear dynamic behavior and its
mechanism of the DC–DC converter is helpful to improve the stability of the system, which
provides an important theoretical basis for the optimization and design of the converter.

The authors of [4] modeled and analyzed the Boost converters, and the authors of [5,6]
modeled and analyzed the Buck converters by using fractional calculus theory. The FO
mathematical model and the FO state average model of the Buck converter and Boost
converter are obtained. The influence of fractional order on the performance of FO model
is found, but the nonlinear dynamic characteristics are not analyzed. In [7], the influence of
fractional order on the output voltage amplitude and the maximum inductance current
of the converter based on FO buck–boost converters in DCM mode is discussed, but only
within the three orders of 0.7, 0.9, and 1, and the bifurcation behavior of the converter
was not analyzed. A time-domain mathematical model of the fractional Buck converter
based on the Caputo Fabrizio fractional calculus is proposed, the discrete iterative mapping
model of the fractional buck converter in the peak current mode is established in [8], the
chaotic behavior of the system is studied through numerical simulation, and the bifurcation
diagrams under different fractional orders are studied, but there is a lack of the discussion
on stability interval. The FO model of the FO buck–boost converter is derived, and its
discrete solution is obtained based on the Adomian decomposition method in [9]. The
nonlinear dynamic behaviors such as the bifurcation and chaos of the system are studied
by means of the bifurcation diagram and the 0–1 test, but the degree of research is not
enough, and some other methods should be used. The authors of [10] established the FO
state average model of the buck–boost converter; analyzed the transfer function of the
buck–boost converter after theoretical derivation and analysis; and obtained the inductance
current bifurcation diagram with a reference current as a parameter by simulation analysis,
which selected the fractional-orders of 0.8/0.9 and 1.0/1.0 by oustaloup filter method, but
the order selection was not extensive enough. In study [11], the discrete mathematical
model of the peak current mode controlled synchronous switching Z-source converter is
established by using the predictor–corrector method. The dynamic behavior of the system
is studied through the bifurcation diagram, with the reference current as the bifurcation
parameter. However, the order selection is single and not representative, and the research
on the nonlinear dynamic behavior of the system is not deep enough.

The objective of this paper is to analyze the period-doubling bifurcation and chaos
of the FO buck–boost converter based on the nonlinear dynamic system and fractional
calculus theory. The predictor–corrector method of fractional calculus is used, which has
the advantages of accurate modeling and fast calculation speed, is not limited by fractional-
order, and can directly calculate the accurate values of the inductance current and the
capacitor voltage of the fractional converter. Therefore, the analysis of the bifurcation
would be more accurate and faster. The predictor–corrector model of the FO converter
is established by using the predictor–corrector method, and the bifurcation diagrams are
obtained based on this model. For verification, the phase diagrams are obtained and
compared with the bifurcation diagrams, then some conclusions are drawn.

The paper is organized as follows: first, the mathematical model of the DCM buck–
boost converter will be established in the Section 2; then, in Section 3, the bifurcation
diagrams of the converter with the reference current, the input voltage, and fractional order
as bifurcation parameters are obtained; finally, some conclusions are drawn in Section 4.

2. Predictor–Corrector Model of FO Buck–Boost Converter
2.1. FO DCM Buck–Boost Converter

The FO DCM buck–boost converter with peak current control is shown in Figure 1. It
is composed of FO inductance Lα, FO capacitance Cβ, in which the inductance order is α
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and the capacitance order is β, where 0 < α, β < 1. switch is S, diode is D, load resistance is
R, Uin is the input voltage, Uo is the output voltage, and the switching cycle of S is T.
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Figure 1. The peak current controlled FO buck–boost converter circuit topology.

The inductance current waveform when the converter operates in DCM mode is
shown in Figure 2.
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The expressions of FO inductive voltage uL and FO capacitive current iC are, respec-
tively, that the inductance order is α, and the capacitance order is β:{

uL = L dαiL
dtα

iC = C dβuo
dtβ

(1)

There are three working modes while the converter is in DCM mode.
Mode 1(nT < t < (n + d1)T): the switch S is open and the diode D is closed{

dαiL
dtα = Vin

L
dβuo
dtβ = − uo

RC
(2)

Mode 2 ((n + d1)T < t < (n + d1 + d2)T): the switch S is closed and the diode D is open{
dαiL
dtα = Vin

L − uo
L

dβuo
dtβ = iL

C − uo
RC

(3)



Mathematics 2022, 10, 1993 4 of 13

Mode 3 ((n + d1 + d2)T < t < (n + 1)T): the inductor current is equal to 0 before the next
high level from power supply {

dαiL
dtα = 0

dβuo
dtβ = − uo

RC
, (4)

where d1 is the duty cycle and d2 is the ratio of the time when the inductive current drops
from the maximum to zero to the cycle.

2.2. Predictor–Corrector Model

Define the nonlinear switching function S(t). Assume that S(t) = 1 means that the
switch S is on, and S(t) = 0 means that the switch S is off.

Then, the expression of S(t) is as follows:

S(t) =
{

1, nT < t < (n + d1)T
0, (n + d1)T < t < (n + 1)T

(5)

The FO mathematical model in one cycle is obtained from Equations (2)–(4); the
expression is: {

dαiL
dtα = S Vin

L − (1 − S) uo
L

dβuo
dtβ = (1 − S) iL

C − uo
RC

(6)

The predictor–corrector algorithm of fractional calculus was originally proposed by
K. Diethelm in 2002. For the fractional calculus equation, this method has the advantages
of accurate modeling and fast calculation speed compared with other algorithms. It is not
limited by fractional-order and can directly calculate the accurate values of inductance
current and capacitor voltage of the fractional converter, which can better analyze the
dynamic characteristics of the fractional system.

The predictor formula is as follows [12,13]:

yp
h(tn+1) = y0 +

1
Γ(q)

n

∑
j=0

bj,n+1 f (tj, yh(tj)) (7)

and the correction formula is

yh(tn+1) = y0 +
hq

Γ(q+2) f (tn+1, yp
h(tn+1))

+ hq

Γ(q+2)

n
∑

j=0
aj,n+1 f (tj, yh(tj))

(8)

where

aj,n+1 =


nq+1 − (n − q)(n + 1)q, j = 0
(n − j + 2)q + (n − j)q+1 − 2(n − j + 1)q+1, 1 ≤ j ≤ n
1, j = n + 1

, (9)

bj,n+1 =
hq

q
((n + 1 − j)q − (n − j)q) (10)

Use the predictor–corrector algorithm to obtain the discrete model of the FO buck–
boost converter. When t = tn+1, set iLh (tn+1) = in+1, iLh

p (tn+1) = in+1
p, uoh (tn+1) = un+1, and

uoh
p (tn+1) = un+1

p; the FO predictor–corrector model in switching period T is obtained, as
shown below:

in+1 = i0 + hα

Γ(α+2) (S
Vin
L − (1 − S)

up
n+1
L )

+ hα

Γ(α+2)

n
∑

i=0
aα

i,n+1(S
Vin
L − (1 − S) ui

L )
(11)
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un+1 = u0 +
hβ

Γ(β+2) ((1 − S)
ipn+1

C − up
n+1
RC )

+ hβ

Γ(β+2)

n
∑

i=0
aβ

i,n+1((1 − S) ii
C − ui

RC )
(12)

where i0 and u0 are the initial values of inductance current and capacitance voltage, respec-
tively, and the expression of inductance current correction coefficient ai,n+1

α and capacitance
voltage correction coefficient ai,n+1

β are shown below:

aα
i,n+1 =


nα+1 − (n − α)(n + 1)α, i = 0
(n − i + 2)α + (n − i)α+1 − 2(n − i + 1)α+1, 1 ≤ i ≤ n
1, i = n + 1

aβ
i,n+1 =


nβ+1 − (n − β)(n + 1)β, i = 0
(n − i + 2)β + (n − i)β+1 − 2(n − i + 1)β+1, 1 ≤ i ≤ n
1, i = n + 1

(13)

The expression of the approximate value of the initial estimation of the inductance
current in+1

p and the approximate value of the initial estimation of capacitor voltage un+1
p

are shown below: 
ip
n+1 = i0 + 1

Γ(α)

n
∑

i=0
bα

i,n+1(S
Vin
L − (1 − S) ui

L )

up
n+1 = u0 +

1
Γ(β)

n
∑

i=0
bβ

i,n+1((1 − S) ii
C − ui

RC )
(14)

3. Period-Doubling Bifurcation of FO Buck–Boost Converter
3.1. Reference Current Iref as the Bifurcation Parameter

The mathematical model of the FO buck–boost converter in DCM is built by using
MATLAB/Simulink based on the fractional differential equation of the FO buck–boost
converter, derived in Section 2, as shown in Figure 3. The circuit parameters of the converter
are listed in Table 1. For details of modules in Figure 3, please refer to Appendix A.
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Table 1. The circuit parameters.

Circuit Components Values

Resistor (R) 40 Ω
Inductor (L) 14 mH

Capacitor (C) 50 µF
Input voltage 20 V

Reference current 2 A
Switching cycle time 0.05 ms
Inductance order (α) 0.85
Capacitance order (β) 0.85

The bifurcation diagrams with the reference current Iref as the parameter are shown
in Figure 4, in which the horizontal direction is the reference current Iref between 1 A and
4.5 A; the vertical direction is the inductive current iL, which ranges from 0 to 4.5 A; and
the output voltage is uo, which ranges from 5 to 45 V.
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Figure 4. A bifurcation diagram of the FO buck–boost converter with Iref as a parameter: (a) the
inductive current iL; (b) the output voltage uo.

As shown in Figure 4, the buck–boost converter goes through period-1; period-2;
period-4; and, eventually, exhibits chaos. The period-1 solution is stable until Iref = 2.2 A,
whereupon a period-doubling bifurcation takes place. The second period-doubling bi-
furcation occurs, the converter enters a stable period-4 region at Iref = 2.95 A, and the
converter enters a stable period-4 region. The converter eventually goes to chaos just above
Iref = 3.25 A.

When α = β = 1, the converter is an integer-order one. Figure 5 shows the bifurcation
diagram of the integer-order buck–boost converter with Iref as the bifurcation param-
eter. The bifurcations and chaotic behavior can be seen in the diagram as Iref varies.
When Iref < 1.46 A, the system is stable. The first period-doubling bifurcation occurs at
Iref = 1.46 A, and the converter enters a stable period-2 region. As the Iref is continuously
increased to 2.01A, the second period-doubling bifurcation occurs and the converter enters
a stable period-4 region. The converter eventually exhibits chaos when Iref = 2.59 A.
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Figure 5. A bifurcation diagram of the integer-order converter with Iref as the bifurcation parameter:
(a) the inductive current iL; (b) the output voltage uo.

The reference current value range of fractional-order and integer-order DCM buck–
boost converters is shown in Table 2.

Table 2. Reference current value range of fractional-order and integer-order DCM buck–boost converters.

Type of Converter Stable Region Period-2 Region Period-4 Region Chaotic Region

Fractional-order buck–boost 1.00~2.20 A 2.20~2.95 A 2.95~3.25 A 3.25~4.50 A
Integer-order buck–boost 1.00~1.46 A 1.46~2.01 A 2.01~2.59 A 2.59~3.00 A

From Table 2, it can be seen that the bifurcation phenomenon of the FO converter will
lag behind that of the integer-order converter, so that the FO converter system has a larger
stability interval.

3.2. Input Voltage Uin as the Bifurcation Parameter

Setting the reference current Iref = 2 A, the other circuit parameters are shown in
Table 1. The bifurcation diagrams of FO DCM buck–boost converter with input voltage Uin
as parameter are shown in Figure 6.
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(a) the inductive current iL; (b) the output voltage uo.

As shown in Figure 6, when the input voltage Uin > 18.65 V, the converter works in
the period-1 state. The first period-doubling bifurcation occurs at Uin = 18.65 V, and the
converter enters a stable period-2 state. As the input voltage decreases, the system enters a
stable period-4 state at Uin = 15.30 V and eventually enters a chaos region at Uin = 12.45 V.
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Figure 7 shows the bifurcation diagram of the integer-order buck–boost converter.
When the input voltage Uin > 27 V, the converter works in the period-1 state. When the
input voltage Uin is between 27 and 20, the converter settles to the period-2 state via the
doubling bifurcation. As the Uin decreases to 20, the second period-doubling bifurcation
occurs and the converter enters a stable period-4 state. By further decreasing the input
voltage, the converter finally goes into a chaotic state.
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The input voltage value range of the fractional-order and integer-order DCM buck–
boost converters is shown in Table 3.

Table 3. The input voltage value range of the fractional-order and integer-order DCM buck–
boost converters.

Type of Converter Stable Region Period-2 Region Period-4 Region Chaotic Region

Fractional-order buck–boost 18.65~35.00 V 15.30~18.65 V 12.45~15.30 V 0~12.45 V
Integer-order buck–boost 27.00~35.00 V 20.00~27.00 V 15.00~20.00 V 5.00~15.00 V

3.3. Fractional Order of Inductance and Capacitance as the Bifurcation Parameter

Setting reference current Iref = 2 A and input voltage Uin = 20 V, the other circuit
parameters are shown in Table 1. The bifurcation diagrams with the fractional order of
inductance and the capacitance order as the bifurcation parameter are obtained, as shown
in Figure 8.
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As is shown in Figure 8, when fractional-order α = β < 0.868, the converter works
in stable period-1 state. When α = β = 0.868, a period-doubling bifurcation takes place,
and the converter goes into the period-2 state. The converter can go to the chaos region at
α = β = 0.92. When α = β = 1, the converter has entered a chaotic state and the system is
unstable. If the integer-order model is still used to describe the buck–boost converter of
DCM mode, a wrong conclusion will be drawn.

From Figures 4–8, when the parameters vary, there are some fluctuations in the
system, but the whole system is still in the stable range. However, once the parameter
exceeds the critical value, the system immediately becomes unstable and begins period-
doubling bifurcation.

3.4. Phase Portrait Analysis

Figure 9a,b show that when the reference current Iref = 1.6 A, the period-1 solution is
stable for the converter, and when the reference current Iref = 2.26 A, a period-doubling
bifurcation takes place when α = β = 0.85. When α = β = 1, the phase portrait of the converter
is shown in Figure 9c at Iref = 1.6 A, and it can be observed that the converter works in
the period-2 state. Lastly, as shown in Figure 9d, when Iref = 2.26 A, the phase portrait is
period-2.
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Figure 9. The V-I phase portrait of the different values of the reference current: (a) Iref = 1.6 A,
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Figure 10a,b show that when the input voltage Uin = 25 V, the period-1 solution
is stable for the converter, and when the input voltage Uin = 16.5 V, a period-doubling
bifurcation takes place when α = β = 0.85. When α = β = 1, the phase portrait of the converter
is shown in Figure 10c at Uin = 16.5 V, and it can be observed that the converter works in
the period-2 state. Lastly, as shown in Figure 10d, when Uin = 25 V, the converter works in
the period-2 state.
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The phase portrait of the FO buck–boost converter are shown in Figure 11.
Figure 11 shows that when fractional-order α = β = 0.72, the period-1 solution is stable

for converter; when fractional-order α = β = 0.902, a period-doubling bifurcation takes
place; when fractional-order α = β = 0.99, the system enters a chaotic state.
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It can be seen from the phase portrait that when other circuit parameters are the same,
with the increase of the fractional order, the converter will experience the process from
stable state to a period-doubling bifurcation and then enter a chaotic state. Meanwhile,
the phase diagrams of the converter with the reference current and the input voltage as
parameters are consistent with the bifurcation diagrams. According to the above theoretical
analysis, the system is in a stable period-1 for α = β < 0.868. The first bifurcation will occur
at α = β = 0.868, and it is chaotic for α = β > 0.92. Figure 11 shows the phase portrait with
α = β = 0.72, 0.902, and 0.99, respectively. In Figure 11, the system goes through period-1
and period-2 and eventually exhibits chaos as the fractional-order varies from 0.78 to 0.99.

In summary, the simulation results support and validate the theoretical analysis.

4. Conclusions

In this paper, the voltage-mode-controlled FO buck–boost converter operating in DCM
has been investigated to reveal the nonlinear dynamic behavior by using the predictor–
corrector method. The predictor–corrector model, which describes FO buck–boost convert-
ers in closed-loop form, has been derived. The analysis of the dynamic evolution course of
the period-doubling bifurcation and chaos is made by the bifurcation diagram and the V-I
phase diagrams. It can be seen that the voltage-mode-controlled FO buck boost exhibits
period-doubling bifurcation for certain values of the reference current, the input voltage,
and the fractional order of the inductance and capacitance. The research results show that:
(1) the FO buck–boost converters exhibit a wide range of nonlinear behavior, and the system
approaches chaos via the period-doubling route as the reference current, input voltage,
inductance, and capacitance order varies. (2) Compared with the integer-order buck–boost
converter, the period-doubling bifurcation phenomenon of the FO converter will lag, which
means the FO system has a larger stability interval. (3) Based on the fact that most of the
inductance and capacitance are fractional-order, the model of FO buck–boost converter is
more accurate than the integer-order one. Therefore, the results obtained from the FO buck–
boost converter can more accurately reveal its nonlinear dynamic characteristics. It can be
concluded that under certain parameter conditions, the system exhibits nonlinear dynamic
behavior, such as period-doubling bifurcation and chaos. (4) Furthermore, the rationality
and operability of the predictor–corrector method are confirmed, so the application of this
method to other FO power converters will hopefully be realized and provides theoretical
guidance for converter parameter optimization and controller design.
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Appendix A

There are some modules in the circuit model established by Simulink, as shown in
Figure 3, and the information on them is displayed below.

The module “Lα” is the symbol of inductance in fractional order; it means that the
order of inductance is 0.85, and the value of the inductance is 14 mH. The specific contents
packaged in module “Lα” are shown in Figure A1.
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Figure A1. The content packaged in module “Lα”.

As is shown in Figure A1, the module “Lα” is a circuit of the sub-reactor chain that
consists of one resistance and seven parallel circuits, which are the combination of the
resistance and the inductance, and the whole circuit appears as fractional inductance from
the outside.

The module “Cβ” is the symbol of capacitance in fractional order, and it means the
order of capacitance is 0.85, and the value of the capacitance is 50 µF. The specific contents
packaged in module “Cβ” are shown in Figure A2.
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Figure A2. The content packaged in module “Cβ”.

As is shown in Figure A2, the module “Cβ” is a circuit of a sub-reactor chain that con-
sists of eight parallel circuits that are the combination of the resistance and the capacitance,
and the whole circuit appears as fractional capacitance from the outside.
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