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Abstract: Constant-specified and exponential concentration inequalities play an essential role in the
finite-sample theory of machine learning and high-dimensional statistics area. We obtain sharper
and constants-specified concentration inequalities for the sum of independent sub-Weibull random
variables, which leads to a mixture of two tails: sub-Gaussian for small deviations and sub-Weibull
for large deviations from the mean. These bounds are new and improve existing bounds with sharper
constants. In addition, a new sub-Weibull parameter is also proposed, which enables recovering
the tight concentration inequality for a random variable (vector). For statistical applications, we
give an {-error of estimated coefficients in negative binomial regressions when the heavy-tailed
covariates are sub-Weibull distributed with sparse structures, which is a new result for negative
binomial regressions. In applying random matrices, we derive non-asymptotic versions of Bai-Yin’s
theorem for sub-Weibull entries with exponential tail bounds. Finally, by demonstrating a sub-
Weibull confidence region for a log-truncated Z-estimator without the second-moment condition, we
discuss and define the sub-Weibull type robust estimator for independent observations {X;}" ; without
exponential-moment conditions.

Keywords: constants-specified concentration inequalities; exponential tail bounds; heavy-tailed
random variables; sub-Weibull parameter; lower bounds on the least singular value
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1. Introduction

In the last two decades, with the development of modern data collection methods
in science and techniques, scientists and engineers can access and load a huge number
of variables in their experiments. Over hundreds of years, probability theory lays the
mathematical foundation of statistics. Arising from data-driving problems, various recent
statistics research advances also contribute to new and challenging probability problems
for further study. For example, in recent years, the rapid development of high-dimensional
statistics and machine learning have promoted the development of the probability theory
and even pure mathematics, such as random matrices, large deviation inequalities, and
geometric functional analysis, etc.; see [1]. More importantly, the concentration inequality
(CI) quantifies the concentration of measures that are at the heart of statistical machine
learning. Usually, CI quantifies how a random variable (r.v.) X deviates around its mean
EX =: u by presenting as one-side or two-sided bounds for the tail probability of X — u

P(X—u>t)orP(|X—pu| >t) <somesmalld, Vt>0.

The classical statistical models are faced with fixed-dimensional variables only. How-
ever, contemporary data science motivates statisticians to pay more attention to studying
p x p random Hessian matrices (or sample covariance matrices, [2]) with p — oo, arising
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from the likelihood functions of high-dimensional regressions with covariates in R”. When
the model dimension increases with sample size, obtaining asymptotic results for the esti-
mator is potentially more challenging than the fixed dimensional case. In statistical machine
learning, concentration inequalities (large derivation inequalities) are essential in deriving
non-asymptotic error bounds for the proposed estimator; see [3,4]. Over recent decades,
researchers have developed remarkable results of matrix concentration inequalities, which
focuses on non-asymptotic upper and lower bounds for the largest eigenvalue of a finite
sum of random matrices. For a more fascinated introduction, please refer to the book [5].

Motivated from sample covariance matrices, a random matrix is a specific matrix
Aypxp with its entries A, drawn from some distributions. As p — oo, random matrix theory
mainly focuses on studying the properties of the p eigenvalues of A, x,, which turn out to
have some limit law. Several famous limit laws in random matrix theory are different from
the CLT for the summation of independent random variables since the p eigenvalues are
dependent and interact with each other. For convergence in distribution, some pioneering
works are the Wigner’s semicircle law for some symmetric Gaussian matrices” eigenvalues,
the Marchenko-Pastur law for Wishart distributed random matrices (sample covariance
matrices), and the Tracy-Widom laws for the limit distribution for maximum eigenvalues in
Wishart matrices. All these three laws can be regarded as the CLT of random matrix versions.
Moreover, the limit law for the empirical spectral density is some circle distribution, which
sheds light on the non-communicative behaviors of the random matrix, while the classic
limit law in CLT is for normal distribution or infinite divisible distribution. For strong
convergence, Bai-Yin’s law complements the Marchenko-Pastur law, which asserts that
almost surely convergence of the smallest and largest eigenvalue for a sample covariance
matrix. The monograph [2] thoroughly introduces the limit law in random matrices.

This work aims to extend non-asymptotic results from sub-Gaussian to sub-Weibull in
terms of exponential concentration inequalities with applications in count data regressions,
random matrices, and robust estimators. The contributions are:

(i) Wereview and present some new results for sub-Weibull r.v.s, including sharp concen-
tration inequalities for weighted summations of independent sub-Weibull r.v.s and
negative binomial r.v.s, which are useful in many statistical applications.

(ii) Based on the generalized Bernstein-Orlicz norm, a sharper concentration for sub-
Weibull summations is obtained in Theorem 1. Here we circumvent Stirling’s approxi-
mation and derive the inequalities more subtly. As a result, the confidence interval
based on our result is sharper and more accurate than that in [6] (For example, see
Remark 2) and [7] (see Proposition 1 with unknown constants) gave.

(iii) By sharper sub-Weibull concentrations, we give two applications. First, from the
proposed negative binomial concentration inequalities, we obtain the Op(+/p/n) (up
to some log factors) estimation error for the estimated coefficients in negative binomial
regressions under the increasing-dimensional framework p = p, and heavy-tailed
covariates. Second, we provide a non-asymptotic Bai-Yin's theorem for sub-Weibull
random matrices with exponential-decay high probability.

(iv) We propose a new sub-Weibull parameters, which is enabled of recovering the tight
concentration inequality for a single non-zero mean random vector. The simulation
studies for estimating sub-Gaussian and sub-exponential parameters show these
parameters could be estimated well.

(v) We establish a unified non-asymptotic confidence region and the convergence rate
for general log-truncated Z-estimator in Theorem 5. Moreover, we define a sub-
Weibull type estimator for a sequence of independent observations {X;} ; without
the second-moment condition, beyond the definition of the sub-Gaussian estimator.

2. Sharper Concentrations for Sub-Weibull Summation

Concentration inequalities are powerful in high-dimensional statistical inference, and
it can derive explicit non-asymptotic error bounds as a function of sample size, sparsity
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level, and dimension [3]. In this section, we present preparation results of concentration
inequalities for sub-Weibull random variables.

2.1. Properties of Sub-Weibull Norm and Orlicz-Type Norm

In empirical process theory, sub-Weibull norm (or other Orlicz-type norms) is crucial
to derive the tail probability for both single sub-Weibull random variable and summation
of random variables (by using the Chernoff’s inequality). A benefit of Orlicz-type norms is
that the concentration does not need the zero mean assumption.

Definition 1 (Sub-Weibull norm). For 6 > 0, the sub-Weibull norm of X is defined as
1X ||y, == inf{C € (0,00) : E[exp(|X|?/C?)] < 2}.

The || - ||y, is also called the ypg-norm. We define X as a sub-Weibull random variable with
index 6 if it has a bounded 1p-norm (denoted as X ~ subW(6)). Actually, the sub-Weibull
norm is a special case of Orlicz norms below.

Definition 2 (Orlicz Norms). Let g : [0,00) — [0, 00) be a non-decreasing convex function
with ¢(0) = 1. The “g-Orlicz norm” of a real-valued r.v. X is given by

1Xllg := inf{y > 0: E[g(|X]|/n)] < 2}. 1)

Using exponential Markov’s inequality, we have

P(IX] > t) = P(g(IX]/[1X]lg) = g(t/1IXIlg)) < 7" (t/1Xlg)Eg(X/1X]lg) < 287 (¢/|Xllg) @)

by Definition 2. For example, let g(x) = ¢*’, which leads to sub-Weibull norm for 6 > 1.
Example 1 (g-norm of bounded r.v.). Forarov. |X| < M < oo, we have
Xy, = inf{t > 0: EelXI”/*" <2} <inf{t > 0: BM /" <2} = M(log2) /¢

In general, we have following corollary to determine || X||y, based on moment gener-
ating functions (MGF). It would be useful for doing statistical inference of {g-norm.

_ -1/0
Corollary 1. If ||X||y, < oo, then || X[y, = (m‘Xll,,(Z)) for the MGF ¢7(t) := Ee?.

Remark 1. If we observe i.i.d. data {X;}! ;| from a sub-Weibull distribution, one can use the
empirical moment generating function (EMGEF, [8]) to estimate the sub-Weibull norm of X. Since
the EMGF i1y (t) = Ly exp{t|X;|®} converge to MGF m|x|o (t) in probability for t in a
neighbourhood of zero, the value of the inverse function of EMGEF at 2. Then, under some regularity
conditions, (ﬁ’lpqg) ! (2), is a consistent estimate for || X|| ,.

In particular, if we take § = 1, we get the sub-exponential norm of X, which is defined
as || X||y, = inf{t > 0 : Eexp(|X|/t) < 2}. For independent r.v.s {X;}! ,, if EX; = 0 and
|| X;|ly, < oo, by Proposition 4.2 in [4], we know V't > 0

n

1 t2 t
P( X;| > t> <2expd —— A . 3)
z; l { 4 (2?1 2[1 X113, 1m.a<><n|Xilltpl> }

<i
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Example 2. An explicitly calculation of the sub-exponential norm is given in [9], they show that
Poisson r.0. X ~ Poisson(A) has sub-exponential norm || X||,, < [log(log(2 AT+ 1)]71 And
Example 1 with triangle inequality implies

A . A
X~ EXlly, < Xy, +[EXlly, = 1Xll, + 155 < logog@A~ + 1)) + 15

based on following useful results.

Proposition 1 (Lemma A.3 in [9]). For any « > 0 and any r.v.s X,Y we have || X + Y ||y, <
er(HX”lPo + ||Y||IIJ9) and

-1
|EX]ly, < 1Xlgor X —EXlyy < Ke(1+ (dalog2) %) Xy,

<t
" da(log2)t/n
where dg := (0e)1/9/2, Kg := 219 if0 € (0,1) and Ko = 1if 6 > 1.

To extend Poisson variables, one can also consider concentration for sums of indepen-
dent heterogeneous negative binomial variables {Y;}” ; with probability mass functions:

_ o Ly +k) R
P(Y; =y) = W(l q:)"q; (qi € (0,1),y €N), (4)
where {k;}!" ; € (0,00) are variance-dependence parameters. Here, the mean and variance

of {Y;}!' , are EY; = 1k’_ g VarY; = (1123’1 7 respectively. The MGF of {Y;}; are Ee*¥i =

k;
(11:%25) fori =1,---,n. Based on (3), we obtain following results.

Corollary 2. For any independent r.v.s {Y;} satisfying ||Y;|ly, < oo, t > 0, and non-random
weight w = (wy,- -+ ,wy) ", we have

1 2

P<| iw(y _EY))| > t) < 26_4<zzl” 1 (1Yl p, +IEY;/ log2]) 72" axt < o7
il 1 i)zt =
i=1

(HY i, + \EY/logZ\)>

n n 1/2
P( Zwi(yf —EY))| > 2(2t2w$||¥1- —EYinpl) +2¢ max (Jui] Y —EYi|¢1)) <20t

In particular, if Y; is independently distributed as NB(u;, k;), we have

n 1G5 A TR
P(| Y wi(Y; —EY;)| > t) <2 Lotk i R )
i=1
1-(1—g;)/ /2 - j
where a(;ti,kl) {log ql] + 10g2 with q; := ilﬂi'

Corollary 2 can play an important role in many non-asymptotic analyses of various
estimators. For instance, recently [10] uses the above inequality as an essential role for
deriving the non-asymptotic behavior of the penalty estimator in the counting data model.

Next, we study moment properties for sub-Weibull random variables. Lemma 1.4
in [11] showed that if X ~ subG(c?), then we have: (a). the tail satisfies P(|X| > t) <
2e~1/20 for any t > 0; (b) The (a) implies that moments E|X|* < (202)¥/2kT (%) and
[k~1/2(B(|X[%)VK)? < 02e?/¢, k > 2. We extend Lemma 1.4 in [11] to sub-Weibull r.v. X
satisfying following properties.
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Corollary 3 (Moment properties of sub-Weibull norm). (a). If || X||y, < oo, then P{|X]| >
t} < 20~/ IXIv)’ for all t > 0; and then E|X|F < 2||XI[8,T(§ +1) forall k > 1. (2). Let Cg :=

1/k 1/(2k
max (@) (g) %9 for all k > 1 we have (E|X[F)1/k < Co(0e11/12)=1/0| X ||, K1/0,

Particularly, sub-Weibull r.v.s reduce to sub-exponential or sub-Gaussian r.v.s when
0 =1 or 2. It is obvious that the smaller 6 is, the heavier tail the r.v. has. A r.v. is called
heavy-tailed if its distribution function fails to be bounded by a decreasing exponential
function, i.e.,

[ e**dF(x) = o0, VA > 0 (the tail decays slower than some exponential r.v.s);

see [12]. Hence for sub-Weibull r.v.s, we usually focus on the the sub-Weibull index
6 € (0,1). A simple example that the heavy-tailed distributions arises when we work more
production on sub-Gaussian r.v.s. Via a power transform of | X|, the next corollary explains
the relation of sub-Weibull norm with parameter 6 and r6, which is similar to Lemmas 2.7.6
of [1] for sub-exponential norm.

Corollary 4. Forany 0,1 € (0,00), if X ~ subW(6), then |X|" ~ subW(6/r). Moreover,
XNy, = 1 X1, (®)
Conversely, if X ~ subW (rf), then X" ~ subW (6) with || X", = [ X[[§,,-

By Corollary 4, we obtain that d-th root of the absolute value of sub-Gaussian is
subW(2d) by letting r = 1/d. Corollary 4 can be extended to product of r.v.s, from
Proposition D.2 in [6] with the equality replacing by inequality, we state it as the following
proposition.

Proposition 2. If {W;}¢_, are (possibly dependent) r.vs satisfying [Willy,, < oo forsomea; >0,
then
d d 1 d 1
ITTWillgs < TTIWilly,, where B oo
i=1 i=1 i1 %

For multi-armed bandit problems in reinforcement learning, [7] move beyond sub-
Gaussianity and consider the reward under sub-Weibull distribution which has a much
weaker tail. The corresponding concentration inequality (Theorem 3.1 in [7]) for the sum of
independent sub-Weibull r.v.s is illustrated as follows.

Proposition 3 (Concentration inequality for sub-Weibull distribution). Suppose {X;}!_; are
independent sub-Weibull random variables with || X; — EX;||y, < v. Then there exists absolute
constants Cyg and Cyg only depending on 6 such that with probability at least 1 — e~ *:

1/2 1/6 ~1/8
t t O(n=1/6),6 > 2
< — — = .

The weakness in the Proposition 3 is that the upper bound of S5 = Y ; a;Y; —
E(X!;a;Y;) is up to a unknown constants Cyg, Co9. In the next section, we will give a
constants-specified and high probability upper bound for |S#|, which improve Proposition 3
and is sharper than Theorem 3.1 in [6].

1 ¢ X; — EX;
P

i—1 v

2.2. Main Results: Concentrations for Sub-Weibull Summation

Based on the exponential moment condition, the Chernoff’s tricks implies the follow-
ing sub-exponential concentrations from Proposition 4.2 in [4].
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Proposition 4. For any independent r.v.s {Y;}!_, satisfying ||Y;||y, < oo, t > 0, and non-random
weight w = (wq,- - ,wy) ", we have

n n
P(| ¥ wi(Y; —EY;)| > 2(2t ¥ w?|[Y; — EY;[5 )2 +2¢ max (fw,]||Y; — EYi|,,)) < 2¢".
i=1 i=1 1<i<n

But it is not easy to extend to sub-Weibull distributions. From Corollary 4, Y; ~
subW () = |Y;|'/% ~ subW(1). The MGF of |Y;|'/? satisfies EeM/INIY0 < AVOKYVE A <
% for some constant K > 0. The bound of Ee*'"IYil""* with 6 # 1 or 2 is not directly
applicable for deriving the concentration of }_i! ; w;(Y; — EY;) by using the independence
and Chernoff’s tricks, since the MGF of Weibull r.v. do not has closed form as exponential
function. Thanks to the tail probability derived by Orlicz-type norms, instead of using
the upper bound for MGF, an alternative method is given by [6] who defines the so-called
Generalized Bernstein-Orlicz (GBO) norm. And the GBO norm can help us to derive tail
behaviours for sub-Weibull r.v.s.

Definition 3 (GBO norm). Fix « > 0 and L > 0. Define the function ¥g | (-) as the inverse

function ‘Ye_i(t) = 4/log(t+1) + L(log(t + 1))1/9for all t > 0. The GBO norm of a r.v. X is
then given by || X|ly,, = inf{n > 0: E[¥y(|X[/7)] < 1}.

The monotone function ¥y ; () is motivated by the classical Bernstein’s inequality
for sub-exponential r.v.s. Like the sub-Weibull norm properties Corollary 3, the following
proposition in [6] allows us to get the concentration inequality for r.v. with finite GBO norm.

Proposition 5. If || X||y,, < oo, then P(|X| > \|X||W9,L{\/f+ Lt/0}) <2etVt > 0.

With an upper bound of GBO norm, we could easily derive the concentration inequal-
ity for a single sub-Weibull r.v. or even the sum of independent sub-Weibull r.v.s. The
sharper upper bounds for the GBO norm is obtained for the sub-Weibull summation, which
refines the constant in the sub-Weibull concentration inequality. Let || X||, := (E|X|? )1/p
for all integer p > 1. First, by truncating more precisely, we obtain a sharper upper bound
for [|X||p, comparing to Proposition C.1 in [6].

Corollary 5. If |X||, < Cy1/p + Cop'/? for p > 2 and constants Cy, C,, then
1X[¢gx < 7eCh

where K = y*/9Cy / (yCy) and y =~ 1.78 is the minimal solution of

2(1-k2) /K>
k>1:2%7 145 <1\
{ > e + 2-1 =

The proof can be seen in the Appendix A. In below, we need the moment estimation
for sums of independent symmetric r.v.s.

Lemma 1 (Khinchin-Kahane Inequality, Theorem 1.3.1 of [13]). Let {a;}}_, be a finite non-
random sequence, {¢; };_, be a sequence of independent Rademacher variables and 1 < p < q < oo,

_1\1/2
Then | Ty eiaill, < (457) IS cimill-

Lemma 2 (Theorem 2 of [14]). Let {X;};_, be a sequence of independent symmetric r.v.s, and

p > 2. Then, %H(Xi)ﬂp S Xa -+ Xall, < ell(X0)[,, where ||(Xi)], = inf{t >0:

Yo log ¢p(Xi/t) < p} with ¢p(X) := E[1 + X]P.

[ Iy :



Mathematics 2022, 10, 2252

7 of 29

Lemma 3 (Example 3.2 and 3.3 of [14]). Assume X be a symmetric r.v. satisfying P(|X| > t) =
e~ N, Forany t > 0, we have

(@) If N(t) is concave, then logcpp(e’ti) < pMp,X(t) = (tp||X||§) Vv (pt2||XH§).

(b) For convex N(t), denote the convex conjugate function N*(t) := sup,_,{ts — N(s)} and

I .
_ [ p N (plt]), ifplt) =2
Mpfx(t) = { o2, if plt] < 2. Then log ¢ (tX/4) < pMp,X(t).

With the help of three lemmas above, we can obtain the main results concerning
the shaper and constant-specified concentration inequality for the sum of independent
sub-Weibull r.v.s.

Theorem 1 (Concentration for sub-Weibull summation). Let y be given in Corollary 5. If
{Xi}i, are independent centralized r.v.s such that || X; ||y, < oo forall 1 < i < nand some 6 > 0,
then for any weight vector w = (wy, ..., wy,) € R", the following bounds holds true:

(a) The estimate for GBO norm of the summation:
=i wiXilly,, o, < 76CO)[1bx]2,

where by = (w1[| X1 lgg, - Wn | Xnllgy) T € R", with

C() := 2[log1/62+e3(r1/2(% + 1) +323;99 sup,>, p*%rl/p(% _'_1))}’ ifo <1,
: 2[4e + (log2)1/9], o

and Ly(6,b) = v/0A(6) 11210 < 0 < 1} + v2/*B(6) [y 1{6 > 1} where B(6) =

1671 a-1\1/B 35552 —1/601/p (P
2864e+(<1(1) 29)1/72 and A(P) =: inf 3Hp 2_1"6 P(5+1) . For
g P22 2[log? 2+e3(I1/2(24+1)+3 30 SUP ;) p /TP (£ 41)))
the case 0 > 1, B is the Holder conjugate satisfying1/0 +1/p = 1.
(b) Concentration for sub-Weibull summation:
n
P13 w0l 2 2CE) Iox{vVE+ Lo, b)) ) <27 ()
i=1

(c) Another form of for 8 # 2:

n 0 2
(NI PO N ——
i=1 [4eC(0)[|bx||,Ln (6, bx)] 16e2C2(0)||bx||5

(6<2)= { 20 NOPCOIE, ifs < 4eC(6) [ox oL (0, bx)
2¢=s"/[4eC(0)[[bx 2 Ln (0,bx)]" ifs > 4€C(9)||bx||2Ln/(9 2)(9, by);

052) = { 2/ BeCO b 053)F i < e (6) by L3 ) (0, bx)
2¢~5/167CO0xI, if s > 4eC(6) bl L *~* (6, bx).

Remark 2. The constant C(6) in Theorem 1 can be improved as C(6) /2 under symmetric assump-
tion of sub-Weibull r.v.s {X;}'_,. Moreover, by the improved symmetrization theorem (Theorem 3.4
in [15]), one can replace the constant C(6) in Theorem 1 by a sharper constant (1 +0(1))C(6)/2.
Theorem 1 (b) also implies a potential empirical upper bound for ;' | w;X; for independent sub-
Weibull r.v.s {X;}!_,, because the only unknown variable in 2¢C(0)|\bx||2{v/t + L. (0)t1/%} is
bx. From Remark 1, estimating by is possible for i.i.d. observation {X;}! ;.

Remark 3. Compared with the newest result in [6], our method do not use the crude String’s
approximation will give sharper concentration. For example, suppose Xy, ..., Xqg are i.i.d. r.v.s
with mean y and || Xy — p||y, = 1. Here we set & = 0.5, X is heavy-tailed (for example set the
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density of X as f(x) = ﬁe’ﬁ -1(x > 0)). We find that C(6) ~ 2825.89, A(0) ~ 0.07, and

L10(6,1/,) = 0.23. Hence, 95% confidence interval in our method will be
1 € X +2e x 2118.80,

while the 95% confidence interval in Theorem 3.1 of [6] is evaluated as
i € X +2e x 3969.94.

In this example, it can be seen that our method does give a much better (tighter) confidence interval.

Remark 4. Theorem 1 (b) generalizes the sub-Gaussian concentration inequalities, sub-exponential
concentration inequalities, and Bernstein’s concentration inequalities with Bernstein’s moment
condition. For 0 < 2 in Theorem 1 (c), the tail behaviour of the sum is akin to a sub-Gaussian tail
for small t, and the tail resembles the exponential tail for large t; For 6 > 2, the tail behaves like a
Weibull r.v. with tail parameter 0 and the tail of sums match that of the sub-Gaussian tail for large t.
The intuition is that the sum will concentrate around zero by the Law of Large Number. Theorem 1
shows that the convergence rate will be faster for small deviations from the mean and will be slower
for large deviations from the mean.

Remark 5. Recently, similar result presented in [16] is that

n X 1/9
P( ZX' >x)§exp{— — },foeran
= ! (nKe)

where Ky is some constants only depends on X and 0 (Kg can be obtained by Proposition 3). But it
is obvious to see this large derivation result cannot guarantee a \/n-convergence rate (as presented
in Proposition 3) whereas our result always give a \/n-convergence rate, as presented in Theorem 1
(c) and Proposition 3.

2.3. Sub-Weibull Parameter

In this part, a new sub-Weibull parameters is proposed, which is enable of recovering
the tight concentration inequality for single non-zero mean random vector. Similar to
characterizations of sub-Gaussian r.vs. in Proposition 2.5.2 of [1], sub-Weibull r.vs. has the
equivalent definitions.

Proposition 6 (Characterizations of sub-Weibull r.v., [17]). Let X be a r.v., then the following
properties are equivalent. (1). The tails of X satisfy P(|X| > x) < e (/K1) forall x > 0; (2).
The moments of X satisfy || X||y := (E|X|)V/* < Kok'/? forallk > 1 A6; (3). The MGF of
|X|1/9 satisfies EeM X1V < eAl/gKé/gfor |A] < K%; (4). EelX/Kal"? < o,

From the upper bound of (E|X|¥)1/¥ in Proposition 6(2), an alternative definition
of the sub-Weibull norm || X||y, := sup,-, k=9 (E|X|F)1/* is given by [17]. Let 6 = 1.
An alternative definition of the sub-exponential norm is || X||y, := sup~; k~1(E|X|})1/*
see Proposition 2.7.1 of [1]. The sub-exponential r.v. X satisfies equivalent properties in
Proposition 6 (Characterizations of sub-exponential with 6 = 1). However, these definition
is not enough to obtain the sharp parameter as presented in the sub-Gaussian case. Here,
we redefine the sub-Weibull parameter by our Corollary 3(a).

Definition 4 (Sub-Weibull r.v.,,X ~ subW(6,v)). Define the sub-Weibull norm

1/(6K)
1X[lg, = supys (EIXI%/kt) 7.



Mathematics 2022, 10, 2252

9 of 29

We denote the sub-Weibull r.v. as X ~ subW(6,v) if v = [|X]|,, < oo for a given
6 > 0. For 6 > 1, the ||| ¢, is @ norm which satisfies triangle inequality by Minkowski’s
inequality: E(|X + Y|")V/" < [E(|X|")]Y" + [E(]Y|")]Y/",(r > 1) comparing to Proposition
1. Definition 4 is free of bounding MGF, and it avoids Stirling’s approximation in the proof
of the tail inequality. We obtain following main results for this moment-based norm.

Corollary 6. If || X||,,, < oo, then P{|X| >t} < 2exp{— }forall t > 0.

0
2HXH

Theorem 2 (sub-Weibull concentration). Suppose that there are n independent sub-Weibull r.v.s
X; ~ subW(8,v;) fori =1,2,--- ,n. We have

n 9611/121'9 n “1/6
PV Xi|2t) Sexpq ———————— ¢, fort 2 e(} v;)Ce(270e!/12) 77,
= 2[e( X v;)Col® i=1
i=1
1 ¢ 1/0c, (losle ) 1/6 1
and P( | 421X ev2 Cg( o112 ) >1—a € (1—e+,1]. Moreover, we have
1=

n n t _
P<|2Xi >e Z E|X:|))Yt 4 ¢( Zv )21/8¢Cy (9611/12)1/9> <el,Vt>o0.
1= =1

The proof of Theorem 2 can be seen in Appendix A.8. The concentration in this
Theorem 2 will serve a critical role in many statistical and machine learning literature. For
instance, the sub-Weibull concentrations in [7] contain unknown parameters, which makes
the algorithm for general sub-Weibull random rewards is infeasible. However, when using
our results, it will become feasible as we give explicit constants in these concentrations.

Importantly, the sub-exponential parameter is a special case of sub-Weibull norm by
letting 6 = 1. Denote the sub-exponential parameter for r.v X as

g x|k \ /K
1Xly, —sup( i

We denote X ~ sEy, (v) if v = [|X||,. For exponential r.v. X ~ Exp(u), the moment
is EXK = kIAk and || X|| ¢, = A Another case of sub-Weibull norm is § = 2, which defines
sub-Gaussian parameter:

i 1/2k
IX[l,, = sup (EB{‘!‘Z )= (Varx) 12,
k>1

Like the generalized method of moments, we can give the higher-moment estimation
procedure for the norm || X||4,. Unfortunately, the method in Remark 1 for estimating MGF
is not stable in the simulation since the exponential function has a massive variance in
some cases.

*  Estimation procedure for || X||,, and || X||,,. Consider

1/k
_ 2%)
Ix1l,, = sup( o Z|x\2k) AXlly, = sup( nDXI) ®8)
as a discrete optimization problem. We can take kmax big enough to minimize

1/(2k) 1/k
(7 Z 1) 7 (R F 2l xilt) onk € {1, pmax):

At the first glimpse, the bigger p is, the larger # is required in this method. Nonetheless,
often, most of common distributions only require a median-size of p to give a relatively
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good result, then only the median-size of # in turn is required. For standard Gaussian
random, centralized Bernoulli (successful probability # = 0.3), and uniform distributed (on
[—1,1]) variable X,

I'((1+p)/2) ]W [”(1ﬂ)p+(1u)u’” Ve (p/2+1)
7| — =

o \/Ell"(l/z)l“(l—%p/Z T(p/2+1) T (p)r

It can be shown that [|X||,, =~ 1,0.4582576,0.5773503. The Figures 1-3 show the
estimated value from different n under estimate method (8) for the three distributions
mentioned above. The estimate method (8) is a correct estimated method for sub-Gaussian
parameter to our best knowledge.

The moment approach: standard Gaussian

o) .'J‘J |l i‘

o HIL Il
|

0.724

11 1.9 Aol
Il\ ;w ‘[!' e’ ”l"I:HJJ I H”".,, i'q. 0l \” i

0.68 1

Estimated Value

0.66

0 10000 20000 30000

Figure 1. standard Gaussian.

The moment approach : centralized Bernoulli

0.475
0.4704

0.4654

0.460 " bl (11 H . 13 MLt 14
e HJ l'[l 1l e l”q !1 | IJH'l el st
‘ |

Estimated Value

—
==

0.455 M “ i

0.450 4

0.445+4

0 10000 20000 30000

Figure 2. centralized Bernoulli.
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The moment approach : uniform distribution

0.59 4

0.58

u' i H,”. gt R

0.571

Estimated Value

0.561

0 10000 20000 30000

Figure 3. Uniform on [—1,1].

For centralized negative binomial, and centralized Poisson (A = 1) variable X,
|X|lp, = 2.460938,0.7357589, respectively. The Figures 4 and 5 show the estimated value
from different n under estimate method (8) for the four distributions mentioned above.

The moment approach: centralized negative binomial

2.84

2.71

Estimated Value
N
>

2.59

2.44

0 10000 20000 30000
n

Figure 4. centralized negative binomial.
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The moment approach: centralized Poisson

0.85

0.801

Estimated Value

0.75

0.70 4

6 10600 20600 30600

Figure 5. centralized Poisson.

The five figures mentioned above show litter bias between the estimated norm and
true norm. It is worthy to note that the norm estimator for centralized negative binomial
case has a peak point. This is caused by sub-exponential distributions having relatively
heavy tails, and hence the norm estimation may not robust as that in sub-Gaussian under
relatively small sample sizes.

Moreover, sub-Gaussian and sub-exponential parameter is extensible for random
vectors with values in a normed space (X, || - ||), we define norm-sub-Gaussian parameter
and norm-sub-exponential parameter: The norm-sub-Gaussian parameter:

7

1/(2k)
X1, = supyy (k) "1/ @9 (B[ X%

the norm-sub-exponential parameter:

1/k
111, = supyy (k) ~V/* (E|IXF)

We denote X ~ nsubGy, (%) and X ~ nsubGy, (¢2) for 0% = 1X|, and [|X]|,,, respec-
tively.

3. Statistical Applications of Sub-Weibull Concentrations
3.1. Negative Binomial Regressions with Heavy-Tail Covariates

In statistical regression analysis, the responses {Y;}_; in linear regressions are assume
to be continuous Gaussian variables. However, the category in classification or grouping
may be infinite with index by the non-negative integers. The categorical variables is
treated as countable responses for distinction categories or groups; sometimes it can be
infinite. In practice, random count responses include the number of patients, the bacterium
in the unit region, or stars in the sky and so on. The responses {Y;}! ; with covariates
{X;}! , belongs to generalized linear regressions. We consider i.i.d. random variables
{(Xi, )}, ~ (X,Y) € RP x N. By the methods of the maximum likelihood or the
M-estimation, the estimator 3, is given by

n
By = argrnin1 Y ux! By, )
perr i35

where the loss function /(-, -) is convex and twice differentiable in the first argument.
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In high-dimensional regressions, the dimension 8 may be growing with sample size 7.
When {Y;}! ; belongs to the exponential family, [18] studied the asymptotic behavior of B
in the generalized linear models (GLMs) as p;, := dim(X) is increasing. In our study, we
focus on the case that the covariates is subW(6) heavy-tailed for 6 < 1.

The target vector B* := argminE¢ (X’ B, Y) is assumed to be the loss under the popula-

BERP

tion expectation, comparing to (9). Let £(u,y) := 2((t,y) ‘t:u' U(u,y) == St y) ‘t:u and

Clu,y) = SUP|s_|<y % Finally, define the score function and Hessian matrix of the em-

pirical loss functionare Z, () := 1 ', #(XTB,Y;)X;and Q,(B) := 1 i U(xTB,Y;)X;XT,
respectively. The population ver51on of Hessian matrix is Q(B) := [ (X i B, Y)XXT] The

following so-called determining inequalities guarantee the {,-error for the estimator ob-

tained from the smooth M-estimator defined as (9).

Lemma 4 (Corollary 3.1 in [19]). Let 6,(B) := 3([On(B)] "' 2u(B)]2 for B € RP. If £(-,)
is a twice differentiable function that is convex in the first argument and for some p* € RP:
maxy<j<n C(||Xi||l,0n(B*),Yi) < %. Then there exists a vector B, € RP satisfying Z,(Bn) =0
as the estimating equation of (9),

266 < B — Bl < 6a(B).

Applications of Lemma 4 in regression analysis is of special interest when X is heavy
tailed, i.e., the sub-Weibull index 6 < 1. For the negative binomial regression (NBR) with
the known dispersion parameter k > 0, the loss function is

lu,y) = —yu+ (y+k)log(k +e"). (10)

Thus we have #(u,y) = —%, O(u,y) = %, see [20] for details.
Further computation gives C(u,y) = sup|;_y <, (;((j:es)

¢ Therefore, condition max <;<, C(||X;||,01(8*), ¥;) < 3 in Lemma 4 leads to

z)t and it implies that C(u,y) <

1 4/3
maxq <<y || Xi |00 (B) < 1BE3),

This condition need the assumption of the design space for max; <<, || X/,
In NBR with loss (10), one has

)
:\»—x

n P x xT n X, p*
v Y+k)ke /SXXI andZn([i ):%Z k(Y;—e )X
i=1 (k+e™i P72 i=

Qn(p*) =

1 k+ezﬁ'

To guarantee that 3, approximates B* well, some regularity conditions are required.
e (C.1): For My, Mx > 0, assume max [Yilly; < My and the heavy-tailed covariates
<i<n

X; iformly sub-Weibull with Xilly, < Mx for0 <6< 1.
{Xix} are uniformly sub-Weibull wi lSiSInn,?)g(kSpH iklly, < Mx for

* (C.2): The vector X; is sparse or bounded. Let Fy := {max EY; = max eXi ﬁ*
<i<n 1<i<n

B, max | Xil|2 < I} with a slowly increasing function I, we have P{Fy} =&, — 0.
<i<n

In addition, tobound ~ max  |X,,|, the sub-Weibull concentration determines:
1<i<ni<i<k '

—(t/ X1, 1/0,21p
P m X; t) < npP(|X ) <2 Yo! <=t = Myl
(1§i§ni);i§k| ik| > )_”P (IX11] > t) < 2npe s xlog " ( 5 )s

by using Corollary 3. Hence, we define the event for the maximum designs:

2n
= x| < 6 Z2F :
Fonax {Kig&kgpm,k\_Mxlog (SH}nFy
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To make sure that the optimization in (9) has a unique solution, we also require the minimal
eigenvalue condition.

e (C.3): Suppose that b E(Qy(B))b > Cmin is satisfied for all b € SP~1.

In the proof, to ensure that the random Hessian function has a non-singular eigenvalue, we
define the event

1 YkeXﬁXX YkeXﬁXX :
‘Fl = max - Z XT Zf XT zf S Czun
i (k4eXi P2 (k4 eXi P7)2
T p* T p*
B keXi 1kXij keXi B"X szij Cmin
Fr = max — — T —E e < .
ki |1 = (k+eX, B* )2 (k+eX, B )2 4

Theorem 3 (Upper bound for ¢p-error). In the NBR with loss (10) and (C.1 — C.3), let

MBX:Mx-l-i, R, = 6MBXMX /ZPI +7 /plog logl/e 2np
log2 Cmin

and b := (k/n)M%(1,...,1)T € R™. Under the event Fy N Fp N Fmax, for any 0 < § < 1, if
the sample size n satisfies

Rl < OB, (11)

-
—

mzz A ntz ) —( /2 A 2 )
2Mlogh/O(ZL)ME - MR 10g2/ O (L )My +e [4eC(6/2)|[b]lLn (6/2,6))%72 " 16e2C2(0/2)[b]3 with

4
Letc, .= ¢

t = Cmin/4, then

P([|Bn — B*ll2 < Ry) > 1—2p*cy — 5 — ey

A few comment is made on this theorem. First, in order to get ||8, — 8*||2 20, we
need p = o(n) under sample size restriction (11) with I, = o(log /% (np) - [n~1plog p] "*/?).
Second, note that the ¢, in provability 1 — 2p*c, — § — ¢, depends on the models size and
the fluctuation of the design by the event Fiax.

3.2. Non-Asymptotic Bai-Yin’s Theorem

In statistical machine learning, exponential decay tail probability is crucial to evaluate
the finite-sample performance. Unlike Bai-Yin’s law with the fourth-moment condition
that leads to polynomial decay tail probability, under sub-Weibull conditions of data, we
provide a exponential decay tail probability on the extreme eigenvalues of a # X p random
matrix.

Let A = A, be an n X p random matrix whose entries are independent copies of a
r.v. with zero mean, unit variance, and finite fourth moment. Suppose that the dimensions
n and p both grow to infinity while the aspect ratio p/n converges to a constant in [0, 1].
Then Bai-Yin’s law [21] asserted that the standardized extreme eigenvalues satisfying

ﬁ/\min(A) =1-— \/E—l—o(\/E), ﬁAmax(A) =1+ \/E"‘O(\/E) a.s..

Next we introduce a special counting measure for measuring the complexity of a certain set
in some space. The N is called an e-net of K in R" if K can be covered by balls with centers
in K and radii ¢ (under Euclidean distance). The covering number N (K, ¢) is defined by the
smallest number of closed balls with centers in K and radii ¢ whose union covers K.

For purposes of studying random matrices, we need to extend the definition of sub-
Weibull r.v. to sub-Weibull random vectors. The n-dimensional unit Euclidean sphere
S"~1,is denoted by S"~! = {x € R" : ||x||, = 1}. We say that a random vector X in R" is
sub-Weibull if the one-dimensional marginals (X, a) are sub-Weibull r.vs for all a € R".
The sub-Weibull norm of a random vector X is defined as || X||y, := sup,cgn1 [[(X, @) y,-
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Similarly, define the spectral norm for any p x p matrix B as ||B|| = max|y,1 [|Bx||, =
sup,cgp-1 |{Bx, x)|. Spectral norm has many good properties, see [1] for details.

Furthermore, for simplicity, we assume that the rows in random matrices are isotropic
random vectors. A random vector Y in R" is called isotropic if Var(Y) = I,,. Equivalently,
Y is isotropic if E[(Y, a)?] = ||a||3 for all a € R". In the non-asymptotic regime, Theorem
4.6.1 in [1] study the upper and lower bounds of maximum (minimum) eigenvalues of
random matrices with independent sub-Gaussian entries which are sampled from high-
dimensional distributions. As an extension of Theorem 4.6.1 in [1], the following result
is a non-asymptotic versions of Bai-Yin’s law for sub-Weibull entries, which is useful to
estimate covariance matrices from heavy-tailed data [subW(6), 6 < 1].

Theorem 4 (Non-asymptotic Bai-Yin’s law). Let A be an n X p matrix whose rows A; are inde-
pendent isotropic sub-Weibull random wvectors in RF with covariance matrix 1, and
maxi<j<y||Ailly, < K. Then for every s > 0, we have

P{HiATAIPH < H(cp+s2,n;9)} >1-2¢,

where

H(t,n;0) := 2eKC(0/2)Kg,2[1 + ([(e8/2)%/?]10g2)~0/2)

N A0/2) " g <o
U Be/2) Y g |

nl/o

where Ky := 21/% if x € (0,1) and K, = 1ifa > 1; A(0/2), B(6/2) and C(6/2) defined in
Theorem 1a.
Moreover, the concentration inequality for extreme eigenvalues hold for ¢ > nlog9/p

P{\/l — HZ(cp +s2,1;0) < )"”\";%A) < A"‘%A) <1+ H(cp+ sz,n;B)} >1-2e%, (12)

3.3. General Log-Truncated Z-Estimators and sub-Weibull Type Robust Estimators

Motivated from log-truncated loss in [22,23], we study the almost surely continuous
and non-decreasing function ¢ : R — R for truncating the original score function

—log[l — x +c(|x])] < ¢°(x) < log[1 + x +c(jx])], VxeR (13)

where ¢(|x|) > 01is a high-order function [23] of |x| which is to be specified. For example, a
plausible choose for ¢°(x) in (13) should have following form

¢ (x) = log[1 + x + c(|x[)]1(x > 0) —log[l — x + c(|x])]1(x < 0)
= sign(x) log(1 + |x| + c(|x])). (14)

For (14), we get ¢°(x) ~ x for sufficiently smaller x and ¢°(x) < x for larger x. Un-
der (13), now we show that c(|x|) must obey a key inequality. For all x € R, it suf-
fices to verify —log[l — x + c(|x|)] < log[l + x + ¢(|x|)], which is equivalent to check
log{(1+c(|x]) +x)(L+c(lx)) = ¥)] > 0, namely (1+c(x)’ = > 1 & c(fx]) >
V1+2x2-1.

For independent r.v.s {X;}" ;, using the score function (14), we define the score
function of data

Za,(0) = LY ¢[an(X; — 0)] for any 6 € R.

nay,

Then the influence of the heavy-tailed outliers is weaken by ¢°[a,,(X; — 6)] by choosing an
optimal a;,. We aim to estimate the average mean: p, := % Y. 1 EX; for non-ii.d. samples
{X;}"_,. Define the Z-estimator 8, as

0., € {0 ER:Z,,(0) =0}, (15)
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where «;, is the tuning parameter (will be determined later).
To guarantee consistency for log-truncated Z-estimators (15), we require following
assumptions of ¢(+).

e (C.1): For a constant c; > 1, the c(x) satisfies weak triangle inequality and scaling
property,

(C11) :e(x+y) < cale(x) +c(y)], (C1.2):c(tx) < f(t)c(x)

for f(t) satisfies
(C.1.3): f(t) and f(t)/|t| are non-constant increasing functions and }in& f(t)/]t| =0.
—

Remark 6. Note that |x| > /1 + x2 — 1 and we could put c(|x|) = |x|. However, c(|x|) = |x|
does not satisfy (C.1.3) since f(t) = |t| and f(t)/|t| are constant functions of t.

In the following theorem, we establish the finite sample confidence interval and the
convergence rate of the estimator 6y,

Theorem 5. Let {X;}" | be independent samples drawn from an unknown probability distri-
bution {P;} ; on R. Consider the estimator 0., defined as (15) with (C.1), &, — 0 and

Lys E[e(X; — 6)] = O(1). Let B (6) = pu — 0+ 2 Y0 Ele(an(X; — 0))]+ 28 ) gng

nay

B, (0) = uy,—6— m}(" 1 Ele(an (X —0))] — %. Let 0 be the smallest solution of the

equation B;f (0) = 0and 6_ be the largest solution of B, (6) = 0.
(a). We have with the (1 — 25)-confidence intervals

P(B, (0) < Z4,(8) < B, (0)) >1—-25, P(6_ <0, <6y)>1-25,
forany § € (0,1/2) satisfies the sample condition:

1

L Ble(an X, — aalpn £ ()] + 2B < ), 6)

| noy,

™=

where dy(c) is a constant such that B (u, £ dy(c)) < 0.

(b). Moreover, picking a;, > f’1 (%), one has
i=1 1 n

-1
g;nl{ZIog((S)}D > 1—26, with gu, (t) =t + %c(zxnt). (17)

ney,

P(|éan — | <

The (17) in Theorem 5 is a fundamental extension of Lemma 2.1 (see Theorem 16
in [24]) with c(x) = x?/2 from i.i.d. sample to independent sample. Let c(x) = |x|f/B,
for ii.d. sample, Theorem 5 implies Lemmas 2.3, 2.4 and Theorem 2.1 in [22]. The a;, >

-1
1 (%) in Theorem 5(b) gives a theoretical guarantee for choosing the

tuning parameter a;,.

Proposition 7 (Theorem 2.1 in [22]). Let {X;}" ; be a sequence of i.i.d. samples drawn from
an unknown probability distribution on R. We assume E|X; |ﬁ < oo for a certain B € (1,2]
and denote p = E[X1], vg = E|X; — y|ﬁ. Given any € € (0,1/2) and positive integer n >

B 1 _
(20?1) P12 loige ), let oy = %(M)% Then, with probability at least 1 — 2,

nvl;

p17 1

B B Pl .,
|@anﬂ|§2<2ﬁlog<el>>ﬁv§ ﬁ<2ﬁlog<el>>ﬁ —o(u 7). v

n Tl’(]ﬂ
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_B1
Comparing to the convergence rate in (18), put O(n~ 7 ) = O(n=1/?) for & > 2. It
implies
Bl4+61=1,(0>20r0<p<2).

For example, let us deal with the Pareto distribution Pareto(«, k) with shape parameter
a > 0 and scale parameter k > 0, and the density function is f(x) = ;;% “1rekoo)}-
For a < 2, Pareto(«, k) has infinite variance, and it does not belong to the sub-Weibull
distribution, so do the sample mean of i.i.d. Pareto distributed data. Proposition 7 shows
that the estimator error for robust mean estimator enjoys sub-Weibull concentration as
presented in Proposition 3, without finite sub-Weibull norm assumption of data. With the
Weibull-tailed behavior, it motivates us to define general sub-Weibull estimators having
the non-parametric convergence rate O(n~!/?) in Proposition 3 for 6 > 2, even if the data
do not have finite sub-Weibull norm.

Definition 5 (Sub-Weibull estimators). An estimator fi := (X3, -+, Xy,) based on i.i.d. sam-
ples {X;} | from an unknown probability distribution P with mean wp, is called (A, B,C)-
subW (@) if

Vi e (0,A), P(|f—up| <B(t/n)/%) >1—Ce".

) g1 1

For example, in Proposition 7, 6, is (co, B, 1)-subW(%) with B ~ 2(2Blog(e" 1)) # vg

in Definition 5. When 0 = 2, [25] defined sub-Gaussian estimators (includes Median of
means and Catoni’s estimators) for certain heavy-tailed distributions and discussed the

nonexistence of sub-Gaussian mean estimators under f-moment condition for the data

(B € (1,2))

4. Conclusions

Concentration inequalities are far-reaching useful in high-dimensional statistical infer-
ences and machine learnings. They can facilitate various explicit non-asymptotic confidence
intervals as a function of the sample size and model dimension.

Future research includes sharper version of Theorem 2 that is crucial to construct
non-asymptotic and data-driven confidence intervals for the sub-Weibull sample mean.
Although we have obtained sharper upper bounds for sub-Weibull concentrations, the
lower bounds on tail probabilities are also important in some statistical applications [26].
Developing non-asymptotic and sharp lower tail bounds of Weibull r.v.s is left for further
study. For negative binomial concentration inequalities in Corollary 2, it is of interesting to
study concentration inequalities of COM-negative binomial distributions (see [27]).
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Appendix A
Appendix A.1
Proof of Corollary 1. ¢ xp (t) is continuous for t a neighborhood of zero, by the defini-

tion, 2 > Ee(XI/IXly)" — myxp ([1X 7). Since [X|* > 0, the MGF m‘X‘e( ) is mono-

tonic increasing. Hence, inverse function m|X\9( ) exists and || X ||¢9 = m‘xlg( ). So
-1/6

Xl = (m7,(2) % O

Appendix A.2

Proof of Corollary 2. The first inequality is the direct application of (3) by observing that
for any constant 2 € R, and r.v. Y with [|[Y||y, < oo, [[aY|ly, = |a|l|Y][y,, Y +ally, <
Y, + llally, = [Ylly; + lal/log2 and [|X +alf§, < (IXlly, + |al/log2)*. The second

inequality is obtained from (3) by considering two rate in (Z” 2t|\Y'H2 A A <t kar )
i=1 illy, <i<n [l tillyg

separately. For (5), we only need to note that
k;
[Yilly, = inf{t > 0: Be¥i/t <2} =inf{t > 0: (qu/> <2} = {logw}

Then the third inequality is obtained by the first inequality and the definition of
a(pi ki). O

Appendix A.3

Proof of Corollary 3. The first and second part of this proposition were shown in Lemma
2.1 of [28]. For the third result, using the bounds of Gamma function [see [29]]:

V2= (V2= < T(x) < [V2rx*—(1/2)e=2] . o1/(129) (x> (),
it gives

1

k1 77]{ 1/k k+l 1
(BIx [/ {2015, () Var(k/eyi—te 1} = mpUR(5)" e B e,
1,1 71
= (R kK)ot X, < ColB11/12) 10| X |, k117
O]

Appendix A.4
Proof of Corollary 4. By the definition of gp-norm, Eexp{|X/[|X||y,/°} < 2. Then
Eexp{HX|r/HX||fpe\9/r} < 2. The result |X|" ~ subW(6/r) follows by the definition of
Pp-norm again. Moreover,

1 X[y, : = inf{C € (0,00) : E[exp(|X|?/C?)] <2}

— [inf{C" € (0,e0) : Elexp{l|XI"/C"["/"}] < 27 = XV,
which verifies (6). If X ~ subW(r0), thenEexp{|X’/||Xprre\9} = Eexp{|X/[|X||y,, "} <
2, which means that X" ~ subW(0) with

1X[lye = = inf{C € (0,00) : Elexp(|X|"/C"")] <2}
= [inf{C" € (0,0) : Efexp{||XI"/C"|"}] <2}]"/" = [IX"|ly,"
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Appendix A.5

Proof of Corollary 5. Set A := sup,,, \fH+LH;1/9 so that [|X||, < A/p+ LAp'? holds for

all p > 2. By Markov’s inequality for ¢-th moment (¢ > 2), we have

X t
(\X| > eAVE+ eLAt1/9> (eA[\ﬂ—i—Hitl/e]) < e !, [By the definition of A].

So, for any t > 2,
P(|X| > eAVE+ eLAtl/e) <et. (A1)

Note the definition of A shows || X||; < AVt + LA#/9 holds for all + > 2 and assump-
tion || X||; < C1V/t + Cot'/? for all t > 2. Tt gives eAv/t + eLAtY? < eCyv/t + eCyt/9. This
inequality with (A1) gives

P<|X| > ec1\/2+ec2t1/9) <1{0<t<2}+et{t>2}, Vt>0. (A2)

Take K = k2/9C, /(kCy), and define &; := keC; for a certain constant k > 1,

|:‘Y6K( )} /OOOP(|X| 2(51(‘1’9_,11((5))615
= P(|X| > keCy4/log(1 4 s) 4 keC1K[log(1 + s)]*/%)ds

= | P(|X| > eCyy/log(1 + 5)E + eCo[log(1 + 5)F']/%)ds

By (A2)] / +/ —Rlog(1+5) d
Y( ) 0<k?log(1+s)< ds k2log(1+s)>2 eXP{ Og( S)} )

2k 2_1 00 dt
< / dt+ | , ———0
0 | (1+1)
1-k 2(1-K2) /K2
k2 (1+1) 0 k2 e
= Sl T lae, = Sl st

Therefore, || X||y,, < veC; with v defined as the smallest solution of the inequality

(k>1:e%2 14 2000

21— < 1}. Anapproximate solutionis y ~ 1.78. [

Appendix A.6
The main idea in the proof is by the sharper estimates of the GBO norm of the sum of
symmetric 1.v.s.

Proof of Theorem 1.
(a) Without loss of generality, we assume || X;||y, = 1. Define Y; := (|X;| — (log2)!/ .

then it is easy to check that P(|X;| > t) < 2~ tf implies P(Y; > t) < e ~ For inde-
pendent Rademacher r.v. {¢;}" |, the symmetrization inequality gives || _/_; w;X;]| S
2|2t ewi X | »- Note that ¢;X; is identically distributed as €;|X;|,
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1

n n
1Y wiXillp < 2|l Y ewil X, <2
[ i=1

n
eiw; (Y + (log2)'/?)||,
i=1 i =1

n n
<2|| Y ewYillp +2(log2)Y || Y ey,
i=1 i=1
n

n - 1/2
[Khinchin-Kahane inequality] < 2[| ) &;w;Yj||, +2(log 2)1/9 (Z_i) 'Y ewil»
i=1

i=1

n n
<2/ Y- ewiYillp + 2(log 2) Y0 /p(E(Y eiw;)?) !/
i1 i

n
[{ei}i; are independent] = 2| Y e;w; Y| +2(log 2)"/? /p||w]|2. (A3)
i1

From Lemma 2, we are going to handle the first term in (A3) with the sum of symmetric
r.v.s. Since P(Y; > t) < et then

| iy ewiYillp = (| 2 wiZillp, Zi =Y
for symmetric independent r.v.s {Z;}! , satisfying |Z;| 2 Y;and P(Z; > t) = e~ for all
t>0.

Next, we proceed the proof by checking the moment conditions in Corollary 5.
Case 8 < 1: N(t) = t? is concave for < 1. From Lemmas 2 and 3 (a), for p>2,
Y wZ;

’ D , geinf{t >0: élog(]bp(ez(wfz)zi) < P}
< einf{t >0: éPMp,zi(wjfez) < P}

—eint {10 S [{(“9) 1205 v (U ) 123} <o)

2p 2 4
< einf{t >0:1(k +1)i7||w\|5 < 1} +einf{t >0:pr(5 +1)‘;—2||w\|§ < 1},

n

6

where the last inequality we use ||Z[|, = [;° ptP'P(|Z;] > t)dt < [° ptr—le=t gt =
pI'(§ +1). Hence

ISy wizilly < & [TVP (5 4+ 1) [eolly + VAT2G + 1) [w]a],

and
n
2
IS wiXillp < 26207 (1) fwlly + P2 (5 + 1) [w]le] +2(1082)° /Bl wl 2
i=1
2
— 263r1/P (g +1)llewll, +2[(10g2) "/ + e31"1/2(§ +1)]vplwl.

Using homogeneity, we can assume that /p|w||> + p'/?|wl|le = 1. Then |Jw|, <
p~ 2 and |w| e < p~/%. Therefore, for p > 2,
n on1/p
2 1 (p— . .
Hpr < (Z|w1|2||w”go ) < (P 1-(p 2)/9)1/P — (p P/9p(2 9)/9)1/1”
i=1

2-0  _ 2-0  _
<3wp 0 =3% p VO plwlz + pt | wlle}
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where the last inequality follows form the fact that p'/? < 31/3 for any p > 2, p € N. Hence

n
|00
i=1

<235 T/ (P .
2T (9+1)|\w||

+2{1og1/92+e3 (rl/z(g +1) +323;96p7%r1/77(§ + 1))] Vollwla

Following Corollary 5, we have
n
‘ Y wiX;
i=1

2/6 _
where L, (0, p) = L5272 ,y[l))lz((:)’p), D1(6) := 2[log"/? 2+ ¢3(T/2(2 +1) —l—suppZZB%p—%l"l/p(%

+1))] ||z < o0, and Ds(8, p) := 2¢33% p~ /TP (5 4 1) || co.
Finally, take L, (0) = infy>1 Ly (6, p) > 0. Indeed, the positive limit can be argued by
(2.2) in [30]. Then by the monotonicity property of the GBO norm, it gives

n n
’ ) wiX;
i i-1

< yeDy(6),
Yo,.(00)

Z ZUZ‘Xl‘

=1

< veD1(0).

Yo,L0(0.p)

<|
)

Yoo

Case § > 1: In this case N(t) = t? is convex with N*(t) = 971 (1- 9’1)1‘%. By
Lemmas 2 and 3(b), for p > 2, we have

H Y wiZ;

< einf{t >0y, 1og¢p(¥zi/4) <p} +einf{t >0 X pM, 7 () < p}

dw;
t

< einf{t >0: YY", p IN* (p ) < 1} +einf{t >0 X0, p(Bi)2 < 1}
=de[\/plwl2+ (p/0)"/*(1 = 0~1)/P|lw]|g]
with § mentioned in the statement. Therefore, for p > 2, Equation (A3) implies
12 wiXilp < [8e +2(10g2)" /] /pllewllz + 8e(p/0)'/* (1 — 671 /P[] .
Then the following result follows by Corollary 5,
IS wiXilly,,,, < 7eD}(),

2/€D/ 0 3
where Ly(6) = Lprafl, Dj(6) = [8e+2(10g2)!""] [w]2, and Dj(6) = 8e61/°(1 —
0P wl.

Note that w; X; = (w;|| X[y, ) (Xi/ || Xi||y,), we can conclude (a).

(b) It is followed from Proposition 5 and (a).

(c) For easy notation, put L,(0) = L, (6, bx) in the proof. When 6 < 2, by the inequality
a+b<2(aVD)fora,b> 0, wehave

P<| f w;X;| > 4eC(9)||b||2\/E) <2e7t, if t > L,(0)t/9.
i=1

Put s := 4eC(0)||b||,v/t, we have

2

PV wiX;|>s) <2expd =it s < 4ec()||b]|,L% ¢ (0)
=R G OICE M 2o '

For v/t < L, (0)t'/%, we obtain P(| Y1, w; X;| > 4eC(0) || bx|[2La(0)tY/?) < 2e7. Let
s := 4eC(0)||b||,L.(8)t'/?, it gives

0

o T R 6/(6-2)
P<|i§1 w; X;| > S) < 2exp{ OO }, if s > 4eC(0)|/b||,Ln (0).



Mathematics 2022, 10, 2252 22 of 29

Similarly, for 8 > 2, it implies
$0

P, w;Xj| > s) < 2e Mt OO if ¢ < 4eC(0)|b,LE > % (0),

S2
and P(|Y, w;X;| > s) < 2¢ 102C0O0IE if s > 4eC () ||b||, LY > (9). O

Appendix A.7
Proof of Corollary 6. Using the definition of | X]|,, , it yields

_ k0
ka|X|ke s i c kk!||XH¢9

Eele X))’ 1+Z o

k=1

X
e E ||¢9 ) ”9"62

HXIIW) 1

@ 1 |IXlg, /¢

IXIIW

1X1lg,
[ <1 =1+(

”C# < 1 which implies that the minimal c is 2!/¢||X||4,. That is to say we have
Eel X/ 27 IXllog]" < 2 Applying (2), we have
] 19
P{|X| > t} S 267(t/[21/9|‘X|‘¢9]) = ZeXp{—W} for all ¢ Z 0. (A4)
Po

O

Appendix A.8
Proof of Theorem 2. Minkowski’s inequality for p > 1 and definition of || X||y, imply

- - 1/6 14 1/6
SZ{HXI'H;;SZ;UI"Z C9(9e11/12> ,
p i= i=

n
) X
i=1

) 1/k 7\ 1/(2K)
where the last inequality by letting Cy := max ( 7 ) (g) in Corollary 3b.

5

From Markov’s inequality, it yields

n
P >t <t7?

) Xi

i=1

n p/6

Let t‘p(‘Z1 v;)P2P/0C, (Gelf“z) =e 7, it gives
1=

p

n /0
P( ypar/oc,(—F P
<t Ziv, 2 CG<9611/12) .
1=

n
Y Xi
i=1

p

9@11/12t9

le( X2 0:)21/0C,)0
i=1

n 1/6
t= e(lz1 vi)Zl/GCQ(GEU%) and p =
=

Therefore, for p > 1, we have

P( X;| >t
i=1

n

2

n p—
X;| > e()_ v;)Co(2710e1/12) UB) <ePe(0el]l. (A5)
i=1

i=1
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So
P(fxi

i=1

—_

11/12460 n _

> t) < exp{ - 9€t} £> e() 0;)Co(210e!1/12) 7,
2[3(‘21 0;)Co)? =

1=

n
Letﬁz%z and e 7 =: a. Then

log(a~1)\ "/
SeﬁZl/GCQ( Ggu/u > ) >1—ae(l—e 1]

1 n
P<nl§Xi

For p < 1, note that moment monotonicity show that [E( |X|p)]1/ P is a non-decreasing

function of p,, i.e.,
0<p<1= [EX|"]"? <EX|.

P n
< ‘Zl | Xi ||5 Using Markov’s inequality again, we
p i=

n
The ¢, -inequality implies || }_ X;
i=1

P( 2t> <t7?

n n
Putt~? Y (E|X;|)? =e P and t = e( ¥ (E|X;|)?)'/P. Then, we obtain
i=1

i=1
P(

Combine (A5) and (A6), we obtain for all t > 0,

have
n P

2 Xi

i=1

n n n
Y Xil| <t Y Xl <77 ) (BIX])P
i=1 p i=1 i=1

n

Y Xi| >

i=1

e(i(ﬂxz-np)“r’) <e?e (e D). (A6)

i=1

n n t
0 6 -
P<|Z%Xi|26 Z%E|X| YOVt 4 e( Zv )2170¢, (9611/12)1/ ) <et
=

1=

This completes the proof. [

Appendix A.9
Proof of Theorem 3. Note that for Vb € SP~1 it yields

b" Qu(B*)b— b E(Qu(p*))b = —|b] H}(%XI[QAn(ﬁ*) —EQn (Bl

(A7)

(Y; + k)keXi B X, X T s +k)keXi B XX T
(k+eXi )2 (k+ X/ F")2

kj

Consider the decomposition

T px T p*
l i l(Y+k)k€X1 'B szij _ E < (YrFk)keXi £ XikXij > ]
n . I px

(k+e*i i P )2 (k+eXi P2

X! g* T g* T g*
_ l n Yke i ﬁ lkX E Y,ké‘ i ‘B lkXij + k i kEXi B XlkX o E kEXi p XikXij
oy X p* X%\ n § By X162
i=1 (k4e™i P)2 (k+e®i P) i= (k+e i (k+ei )
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For the first term, we have under the Finax with t = Cppin /4

T px T px
1 i Yike®i P X, X Xij E Yike®i P X Xy Xij
n. X7 p* 2 T g 2
i=1 (k+e™i 7)) (k+e it

1 n2f? nt
<2€Xp{ 4 n epr B*) A epr B*)

> t, fmax)

2 % (X2 (1¥illy, + i 12 ma X1l + i)
h:

—_

1 < nt? A nt ) }
2 2
4 2M%<1°g4/6 ( % )Mgy Mg(logz/e ( %)MBX

where we use keXi £ (k+ eXi ")=2 < 1 and the second last inequality is from Corollary 2.

For the second term, by Theorem 1 and HXile-]-H%/2 < [ Xikll g, ||Xij||% < M% we
have . .
no| ke B xx keSi B x.
Pl |k e 1 R = i >t F
( " i)::l [ (ki P*y2 ( (k4% P )2 o

0/2 2
< - t t
- 2eXp{ peC@ Pl L@ " 602 R

where b = (k/n)M%(1,...,1)" € R".
Assume that b"E(Q,(B))b > Cpin for all b € SP~1. Under F; and 7>, it shows that
by (A7): bTE (Q4(B))b > Cinin — St = Sgin. Then

P{Amin(Qu(B)) < 20} = P{BTE(Qu(8)b < 2%, vb € 571 (A8
< P{OTE(Qu(B)b < B0, ¥b € 5P, Fonas } 4+ P(Fin)
< P{Fy, Fmax} + P{F2, Fmax} + P(Fi(n))
= ZPZ exp{—i( 4 4/?221177 2 A 2 Z/ZtZHP ) }
Milog™ " (5F )Mz Mxlog™ " (5F) Mpx

t9/2 tZ
+ 2p©ex —( A
PP N ec(0/2) el La(0/2,)7 " 162C2(6/2) ]

)}+P<ffnax>. (A9)

Then we have by conditioning on F; N /3
on(B) = SNCu(BN ' Za(B)l2 < 212 (B) -
By k/ (k + eXiT/g*) <1, Corollary 2 implies forany 1 < k < p,

i — 5P Xy
“\/>Z k—l—eXTﬁ*

>2(2 LX)

F —t
+ 2t max | Xj|||Y; — EY; <2
\/;1<za<n| lk||| ! l||¢l:| =

(A10)

Let

1/2
— 2tp - 112 . .
ManltX) 2= 2(52 max TGV, ) 2n/E | max (X%~ EYil,).
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We bound Xi| < Mxlog!/?(22) and max 1 ¥ X2 < MZlog??(%2
© bou 1<z<12,611)<(k<p| i xlog " (557) an 1Sk E 0 (%)

under the event Fp,x. Note that Mgy = My + log2’ then (C.1) and (C.2) gives

A (8 X) < 2(2ep M2 X2 Y2 o P Xy | M
1n(t, X) (P Bx MAX Z ) + Zlgi%ﬂ?ékg' ik|Mpx

< ZMBXMX(\/th + ty/p/n)log!?(2np/8) =: Au(t).
So, P(|[ Y Yk: 11 ”‘| > A (t )) <2t k=1,2,...,p. Thus (A10) shows

P{fllfn( *)Hz > Ma(D)} < P{VA Za(B*) 12 > At (8), Fnax} + P(Fiax)

i ﬁ* _
<P<u RG> ijw L] > A} 4 P(Flax) < 2pe~" + P(Fipax) = 5+ €,

S

where ¢ := log(%). Then |8, — B*[l2 < 04(B*) < 211 2u(B")Il2 < gimy via Lemma 4.
Under /1 N F7 N Fmax, We obtain

A 6MpxM /2 / 2
||!3n _ ,B*”Z Bjn X [ Pl plOg ‘| logl/ﬂ nP

Furthermore, under F; N F3 N Fmax, it gives the condition of n: (11). O

Appendix A.10

Proof of Theorem 4. For convenience, the proof is divided into three steps.

Step 1. Adopting the lemma

Lemma A1 (Computing the spectral norm on a net, Lemma 5.4 in [1]). Let Bbean p x p
matrix, and let N be an e-net of SP~! for some e € [0,1). Then

|B|| = max||y||,~1 ||Bx||2 = Sup g1 |(Bx, x)| < (1— 2¢)~1 sup,c v [(Bx, x)|.

Then show that ||%ATA —I|| < 2maxeen;, |%||Ax|\% —1/. Indeed, note that (%AT
Ax —x,x) = (LATAx,x) =1 = 1||Ax|2 — 1. By setting ¢ = 1/4 in Lemma 4, we can
obtain:

1
|-ATA-T,] < (1-2e) sup |(- LaATAx—x, %)l =2 mox ‘f||AxH2—1’
n xeN;

Step 2. Let Z; := |(A;,x)| fix any x € S"~1. Observe that ||Ax||3 = Y1, [(A;, x)|? =

" , Z2. The fact that {Z;} | are subW(0) with EZ? = 1, maxj<;<, |1 Zi|ly, = K. Then by

Corollary 4, Z? are independent subW (6/2) r.v.s with maxj<j<, || Z2 ||y, = K?. The norm
triangle inequality (Lemma A.3 in [9]) gives

max 127~ 1y, < Kosa[1+ ([(c6/2)""%]1og2) "/ K. (A11)

where K, :=2/%ifx € (0,1) and K, = 1ifa > 1.
Denote by := 1 (|22 — Ulygar-- -+ 1Z2 = 1lly,,,) " in Theorem 1. With (A11), we have

Kgo[14([(e6/2)8/2]10g 2) 072K
\/Z 1||22 1”1;;9/2— 9/2[1+([(e68/2)%/*]1og2) /2]

[oxl> = -

and HbHoo < K9/2[1+([(69/2):/2] 10g2)79/2}1<‘

For B := % > 1, we obtain
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717 _
lbxllg = n{¥i, HZ2 - 1||§9/2}1/5 < nP" 1Ky o[l + ([(e6/2)%/%] 1og 2)~*/?]K] =
-1
~ Koya[1+ ([(e0/2)"?] log 2) "*/?]K.
Write L,,(0/2,bx) as the constant defined in Theorem 1(a). Then,

A0/2)|bllo, 6<2
_ ~4/0
1bx|2Ln(6/2,bx) =7y { B(6/2)|blls, 6> 2.

6/2 —9/2p. 40 AB/2)/n,  0<2
< Kopl1 +([(e6/2)" 2} tog2) 2o { I, 020

Hence

2C(6/2){[|bxlVE+ [[b],Ln(6/2,bx)?}

_ t A0/2)(v*)>0/n, 0<2
< 20KC(0/2)Karal1 + ([e0/2)"10g2)#/%) |\ [£ 1 [ 4ORICT 0, 052

=: H(t,n;0).
Therefore, P(1| Y1, (Z2 —1)| > H(t,n;0)) < 2¢™*. Lett = cp + 52 for constant c, then
P{‘iHAxH% — 1’ > H(cp + 52, n;@)} < 2e~(epts?),
Step 3. Consider the follow lemma for covering numbers in [1].

Lemma A2 (Covering numbers of the sphere). For the unit Euclidean sphere S"~1, the covering
number N'(S"~1, ¢) satisfies N'(S"~1,€) < (14 2)" for every e > 0.

Then, we show the concentration for | LATA —1,(|, and (12) follows by the definition
of largest and least eigenvalues. The conclusion is drawn by Step 1 and 2:

P{HiATA—IpH > H(cp+s2,n;9)} < P{Z max

x€N1/4

f||Ax||2 R E H(cp—i—sz,n;e)}
< N(s"1,1/4)P{‘i||Ax||§ - 1’ > H(cp + 5%, n;6)/2} < 2. gne=(epts))

where the last inequality follows by Lemma A2 with e = 1/4. When the ¢ > nlog9/p, then
2. 9ne=(ep+%) < 26=* and the (12) is proved.
Moreover, note that

\|| Ax[;—1| = max |; A—Ip)x||§:H%ATA—IPHZ§H2(cp+sz,n;9).

IXII 5 |lx[l2=

implies that

V1 —H2(cp +52,1;0) < ﬁ)»max(A) <1+ H2(cp + 52, 1;0).

Similarly, for the minimal eigenvalue, we have

2 4| = min I(LATA I )xl? = |12ATA — LI < B2 2 .
min (| J=axlf -1 = min [GATA-T)xls = [ [ATA 1| < Hep+ o).
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This implies /1 — H2(cp + s2,1;0) < 7 min(A) < \/1+ H2(cp+s2,1;0). So we
obtain that the two events satisfy
LN 2 2 2
sl _ < .
{I5ATA-1,|* < H2(cp + %, m;0) }
1 1
C {\/1 — H%(cp +5%,m;0) < ﬁ)\mm(A) < ﬁ)\mm(A) < \/1 + HZ(cp + 2, n;Q)}

E e:l:nucn an

Then we obtain the second conclusion in this theorem. O

Appendix A.11
Proof of Theorem 5. By independence and (13),

HEexp{:tq) [an (X; — 0) }<HE1:t0cn( i —0) +c(an(X; —0))]

i=1

< T Texp{2aE(X; - 6) + E[c(a <i—em}—exp{ianfE(Xi—ewiE[cmn(xi—em}. (A12)
i=1 i=1

i=1

For convenience, let

n -1
BE(O) = o — 0+ o 3 Ele(wn (X, — 0))]+ 8L (a13

n
and B; (0) = pp — 0 — ;- ¥ Elc(an(X; — 0))] — 1°g( D . Therefore, Equation (A12) and
ti=1
the Markov’s inequality show
R Eentanxn 6) ena,,B;r(e)flog(zS’l)

+ — P(p"nZay () ~ ,nanBif(6) =
P(Zy,(0) > B, (0)) = P(e Ze )= B0 = B ) -

A _ _ > _ — nan Zay, (0) —nanB,:(G)—log(zS_l)
and P(Zy, (0) < By (8)) = P(e " n7un(0) > ¢mmeab (0)) < BArE < € Bl =

5. These two inequality yield P(B,; (8) < Zq, (0)) =1 —P(Zq,(0) < B,/ (0)) — P(Zy,(8) >
B, (8)) >1—24.

The BZ%(G) = —Liy?  ¢°lan(X; —0)] < 0 implies the map 8 > Z,,(0) is non-
increasing. If 0 = py,, we have B, (#n) > 0 from (A13). As n is sufficient large and &, — 0,
in B} (6), from (C.1.2) the term ;L Y7 | Elc(an(X; — 6))] < {8l lyn E[e(x; —6)] =

no &n

%ﬂ”)O(l) converges to 0 by (C.1.3). Then, there must be a constant d,(c) > 0 such that
B, (un +dn(c)) < 0. So under (16), it implies that B, (§) = 0 has a solution and denote
the smallest solution 0, € (uy, pin + dyn(c)). Similarly, for B, (0), we have B, (1t,) < 0
The condition (16) implies B, (4 — dn(c)) > 0, then B, (6) = 0 has a solution and denote
the largest solution 6_ € (uy — dy(c), tin). Note that Z,,(8) is a continuous and non-
increasing function, the estimating equation Z,, (9) = 0 has a solution 8, € [0—,0] such
that _ < 8,, < 6 with a probability at least 1 — 25. Recall that

ZE an (X —9+))]+M:0. (A14)

+ —
Bn (6-‘:-) = Hn nay,

has the smallest solution 64 € (yp, pin + dn(c)) under the condition (16). We have
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g 1y log(s~1
o= O, 2 pn =0 = = ;E[c(zxn}(i — wy0y)] — %n)
Ly log(5~t
___nwnZ:Ekow(xf—yny+adyn_9+n]_s§m1) s

i=1
n

log(6~1
[By (C.1.1)] > _n(zn IZE wn Xi — aypn)] — % c(an(pn —04)) — Ogi’l(lxn)

which implies

Hn _9++* c(an(pn —04)) <62 ZE an ( i‘Vﬂ))]"’bea(lfl))- (Al6)

Put 52 Ty Ele(on (X — )] = B0, iie, Ty caBle(wn (X, — ua))] = log(o7Y).
The scahng assumpt1or1 c(tx) < f(t)e(x )glves

Ele(X; — )] > €2 Ele(an(Xi — on))] = log(6™)

i=1

-

Il
MR

flan)ez

and thus a,, > f~1 S Gl N I (t) = t+ 2c(ant). Moreover, Equation (A16)
n =S\ G T Ele(X )] ) S y € (). +Eq

and the value a;, yields
2log(671)

noy,

c
g“n(l’l” - 9+> = :u” - 9+ + 072C<"‘n(.”n - 9+)> 2 -
n
Solve the above inequality in terms of y;,, — 61, we obtain
i) - 2log(6~!

Similarly, for 6_, one has y; — éan <pp—0-< *g;nl { 7210;:,%3:1) } Then we obtain
that (17) holds with probability at least 1 —25. O
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