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Abstract: This paper is concerned with the output tracking control problem for random nonlinear
systems with time-varying powers. A distinct feature of this paper is that we consider time-varying
powers and the second-order moment process simultaneously, which is more practical in real applica-
tions than the existing results where only one factor is considered. We propose a new design scheme,
which ensures that the fourth moment of the tracking error can be adjusted to be arbitrarily small and
all the states of the closed-loop system are bounded in probability. Finally, a numerical simulation is
given to demonstrate the feasibility of the control idea.

Keywords: random nonlinear systems; time-varying powers; tracking

MSC: 93E03

1. Introduction

Consider the random nonlinear systems (RNSs) with time-varying powers described by

3 o= (] + fi(x) +8l(%)c(t),j=1,-,n-1,
2n o= [W]"® + fu (%) + gL (2)T(E), 1)
y = X1,

where X = (x1,+-, xj)T € R,ueRr, Y € R are the state, input, and output of the system,
respectively. X;(tg) = (x10,- -+, Xjo)7, t € [to,00). The time-varying power rj(t) : R™ — R"
is a continuous bounded function complying 1 < r < r;(t) < 7 with two positive constants
r and 7, and we define [-]*) = sign(-)| - |*() with a(t) as the time-varying continuous
function. The functions f] : Rl - Rand gj: Rl = R, j=1,---,n,are smooth, vanishing
at the origin. {(t) € R™ is a standard second-order moment process (SOMP) defined on
the complete probability space (Q), F, F;, P) with a filtration F; complying the general
requirements. A given C! target signal is defined as yo(t) € R (C! represents a class of
functions whose derivatives are continuous).

When the noise {(t) in system (1) is white noise, system (1) is called stochastic nonlin-
ear systems (SNSs), and there are many results on its control design. Reference [1] explores
the adaptive output feedback tracking problems for SNSs with the unknown state, and [2]
considers the strict-feedback SNSs with unknown parameters in the drift terms or the
diffusion terms. State feedback tracking control of SNSs was studied in [3]. Reference [4]
investigates the global output feedback stabilization for SNSs. Reference [5] presents mean-
nonovershooting tracking control designs for strict-feedback SNSs. Reference [6] solves
the prescribed-time mean-square stabilization and inverse optimality control problems
for strict-feedback SNSs by developing a new nonscaling backstepping design scheme.
Reference [7] solves the finite-time stabilization problem of stochastic low-order nonlinear

Mathematics 2022, 10, 2524. https:/ /doi.org/10.3390/math10142524

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10142524
https://doi.org/10.3390/math10142524
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math10142524
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10142524?type=check_update&version=1

Mathematics 2022, 10, 2524

20f13

systems with time-varying orders and stochastic inverse dynamics. In [8], a new observer
design for a class of nonlinear systems with unknown, bounded, time-varying delays was
presented. In [9], the authors studied the finite time stability of equilibrium points of the
Caputo-Katugampola fractional neural networks with time delays and proved its existence
and uniqueness.

The results in [1-7] is based on rj(t) = 1. When r;(t) is greater than 1, system (1)
is understood as high power systems. There are also many studies on higher power
systems. Reference [10] investigated the finite-time stabilization of output-constrained
systems with stochastic inverse dynamics and high-order and low-order nonlinearities.
Reference [11] presented an adaptive state-feedback strategy for state-constrained systems.
In [12], the authors were concerned with the problem of robust cooperative output tracking.
According to the results in [10-12], the orders are required to be constants. However, there
are many systems with time-varying powers in practical industrial applications. For
example, it is clear that the power of boiler turbine units in [13] is time-varying. In addition,
the underactuated mechanical system in [14] is also a time-varying system. The reason is
the performance hidden trouble brought by spring hardening. Recently, ref. [15] presented
two types of controllers for SNSs with time-varying powers, namely the state feedback
controller and optimal controller. Reference [16] studied the adaptive control of systems
with time-varying power.

White noise is considered a disturbance in the above results. It is undeniable that
white noise has its own unique advantages in theoretical analysis. However, in many
engineering systems, SOMP is more reasonable for model disturbances. References [17-19]
propose two stability theories for this type of system (RNSs with SOMP). Reference [19]
considers the stabilization for RNSs. The trajectory tracking of random Lagrange systems
disturbed is studied in [20]. Reference [21] discussed the adaptive tracking control for RNSs.
Reference [22] investigated the stability of the nonlinear benchmark system in vibrating
environments. Reference [23] focused on cooperative control for multiple benchmark
systems. References [19-23] focused on tracking problems. There are also some studies on
the stability of random systems. For example, stability in the presence of time delay [24],
unified stability criteria [25], global asymptotic stability, and stabilization [26]. Nevertheless,
there are currently no published results on tracking the control of higher-order RNSs with
time-varying powers.

In this paper, we focus on output tracking control for a class of high-order RNSs with
time-varying powers. Compared with the available results, the main contributions of this
paper are two-fold:

(1) This paper is the first result on the output tracking topic of high-order RNSs with
time-varying powers. To extend the order of the system to the time-varying power
domain, a new method is proposed to design the controller to achieve stability analysis.
Different from [15]’s method, the time-varying order of the system considered in this
paper is not uniform (t) and we consider different orders, i.e., r;(t) # rj(t), i # j.

(2)  Unlike the deterministic systems [16], the systems studied in this paper are perturbed
by SOMP. In the controller design, how to reasonably separate the SOMP from the
nonlinear functions is a challenging problem. This is completely different from the
designs with white noise in [1-15].

This paper includes four parts. Section 2 is the control design and analysis. Section 3
illustrates the effectiveness of the control method by a simulation example. Section 4
presents the conclusions.

2. Control Design and Analysis

For system (1), we need the following assumptions.

Assumption 1. For the target signal yo(t) € R, we assume that yo(t) and yo(t) satisfy |yo| +
lyo| < M, where M is a positive constant.
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Assumption 2. There exist nonnegative smooth functions 0;(%;) and ¢;(%;), i = 1,...,n,
such that

fi(x)| < 0i(%i),

18i(%i)| < ¢i(x:).
Assumption 3. {(t) is the Fi—adapted and piecewise continuous process satisfying
Uy, E|Z(t)|? < K, where K > 0 is a constant.

Remark 1. Assumption 3 shows that the random process {(t) is a second-order moment process.
As shown in [19-26], this kind of noise characterizes the physical system more reasonably than
white noise.

The objective of this paper was to design an output tracking controller for system (1),
such that the closed-loop system has a unique solution on [t, o), all states are bounded in
probability and the tracking error’s 4th moment can be tuned arbitrarily small.

2.1. Controller Design
For system (1), we adopted the coordinate changes

i = Xi—Xxj, ()

where x7, i = 2,-- - ,n, are intermediate controllers, the specific form of which is given in
the following section. In particular, x] = yo. Then we have

i—1 dx*
B = Bl + fi(m) + T )20 - ¥ 5 (bl + fil®)
k=1 9%k
ox¥
+gl (R (L) — ﬁyo, 3)

where x,, 11 = u.
Next, we give the design process of the system (1).
Step 1. We first designed x3.
According to (2) and (3), we obtain

m=x1—X] = X1 —Yo, 4)
and
o= [x"W+ fi+ 87— . 5)

Meanwhile, we choose the Lyapunov function V; = }177%. From (5) and Assumptions 1
and 2, we have

Vio= niin
= 73 ([x"® + fi +¢7C— 1) (6)
< ()" + fL + 810+ M).

By Assumption 2 and Lemma 2.2 in [27], we obtain

13 (fi + M) <73 (01(x1) + M) < Br1 (%) 772 + enr, )

3

e (TSH))% (61(%1) + M)"5*, and €1y is a positive constant.

where B11(%1) =
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By Assumption 2 and Lemma 2.2 in [27], we have

meic < nin (69?12)6 R
< em¢r(n) + Teny ] ®)
< Br(@)m|™ + 5 10 + ez,
Foz M3 o 7
where €151 and €1, are positive constants, B12(%1) = ,%3( (633-2::) )3€15 17{4“3(4)1(9?1))%.

Importing (7) and (8) into (6) can cause
. . . 1
Vi < pdlxa] O+ B (20) I P + enn + Bra(®1) I [P + @Iélz + €122
= 77([xa]" — [55]7D) + 53 (5] + By (20) || + d11 + Gr2|C )

where B1(%1) = B11(%1) + B12(%1), 011 = €11 + €122, 012 = ﬁ-
So, we choose

==

x5 = —a1(%1) (1 + [n]") = = (1 + B1(21) 7 (1 + ], (10)

such that
73] = —al O (x) (1 + [)")1 O3, (11)

where c; > 11is a free parameter, aq(x1) > 1 is a smooth function uncorrelated of r1 ().
By Lemma 2.3 in [27], we have

73 (g1 + )71 2 [ [1OF3 [0, (12)
Thus, we have
73] < —(er + Br(x) (I [0 4 g 1013, (13)
and by Lemma 3 in [16], we obtain
|73 < [ 1O o gy O, (14)
From (9) and (10), we have
Vi< —alpl™ 4+ ((x] 0 - (5] 0) + 60 + 6l (15)

Step 2. We then design x3.
From (2), we have

o s
o= [x]20+ (fz(fz) B 82 ([x2)1®) +f1(f1))) - a;éyo
a *
el (®)C - 5 25lC (16)

Choosing V, = V; + %17‘21, by (15) and (16), we obtain
Vo < —alml™B 4 g3 ([x]1® — [x3]10) + 611 4 612
r - x5 - ox; .
73 (a2 + (fa(®2) = 52 ([ + fi(31))) — 3240 17)
- x5
+81 (%2)¢ — 5281¢)-
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According to Lemma 2.1 in [27], we obtain

< P24 2) (I Pl + o] 1O F2 )
< FR22) Pl + ml) + 7272 4 2)af T (18)
(Im™2 + 11 P) 2]

73 (P10 = [x3]110)

From Lemma 2.2 in [27], we have

€21 + Bor1 (x1) |2 *3,

P2 2) (@ T )| Pl < : )
P22+ 2)ay i 72 < 2l Bana(xa) a3, (19)
P22 4+2)[mPlyal < 3l + BaslmaH3,
where
1 F42 N2 o s 3 7+3
Pan(n) = K+3((K+3)€211> (r(Z T2+ )7+ D)2 +1)) ’
1 - NP3 3 —(F+2)
— 7 27—2 2 7—1 —
Para(x1) z+3<r( +2) ) (27+4) '
Bz = — ( 6 )§(7(2H+2))%
B r+3\r+3 ’

Substituting (19) into (18), we have
73 (2] = [x3]1 ) < o [ + Boa (1) a2 + €1, (20)

where B71(x1) = B211(x1) + B212(x1) + P21z > 0 is uncorrelated of r1(t), €31 is positive con-
stant.
Estimate the sixth term of (17) as

13 (fa(52) = 52 ()" + fi(51)) — S2vo )

= ox; I oxy
< p3[0a(0) + P (va + )E + 03 (x1)) + 2 M| (21)
< Baa(x1) | + e
where
B (x1) 3 (= )5[9 (22)+ 22 (x, +1)} + 01 (x ))+axﬁm}%
22(X1 7+ 3\en(r+3) 2(%2) + 55 2 1(x1 o /
with ey, being a positive constant.
For the term in (17) involving the SOMP, we have
ox; ox3 2 1
3(oTie s 9%2 Trs < 6 - 9% \T(s 2
B @)g- 5260 (0)7) < emmp () +35 201 (1) + 11
7 1
< Bulnl™ +em+ rmz/ (22)
€231

where €531, €23 are positive constants, and By3(%;) = ?4—% (m) (623177% (4)2(x2) =+

P43
ax; 2\ 5

o, M1 (fl)) )
From (17), (21) and (22), we obtain

Voo < —(a =Dl + 3 (]2 = [x3]20) + 73 [x3]20 + (B (%2) + oa(2)
+B23(%2))|12 |_r+3 + (811 + 621) + (612 + 622) 1|2 _ (23)
< —(er = D)|ml8 + 3 (]2 = [x3]720) + g3 [x5]20) + B (%2) g2 H3

+ Y2 0+ o 0l
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where 031 = €p1 + €2 + €233, 000 = %
Constructing the virtual controller x3 as

1 . .
x3 = —(ca+ Bo(%2)) " (12 + [12]") = —aa(%2) (2 + [12]"), (24)
then we have
T3]0 < —(ca + B2 (%)) (2| 2F3 + [ 20F3), (25)
where ¢, > 1 is the design parameter, the smooth function ay = —(cz + ,62(3?2))% is
irrelevant of r,(f).
By (23) and (24), we have
Vo < —(c1 = 1)l = ol + 53 ([x3) 2 — [x3]721)) Z5k1+ Z5k2|5\2 (26)

Deductive Step. In this step, we design the virtual control x} ;.
Suppose that at step i — 1, we have a positive function V;_; and a virtual controller x}

N =

X = —(cio1+ Bi1(%im1)) (ima + [1i-a]”)
= —ai (%) (i1 + [mical’), (27)
such that
i1 )
Viii <= Y (e — D)™ + 2y ([x] O — [ ) Z O + Z 5alC>,  (28)
k=1 =1 =

where &; _1(%;_1) is a smooth function uncorrelated of r;(#).
In step i, we select a function

1
Vi=Viag+ 177;1' (29)
From (28) and (29), we have
VoS T DI R (0 - ) R g+ D gl
2 (i) =[x 17O) + Pl 10 + (fz S T (e 2O + i) (30)

—5eM) + 12 (¢ — T2 iale).

Similar to the proof process of (18), we have

73 (] = [ ®) < P (272 4+ 2) (g [Pl 4 &l a1 OF2)g))
< P2 H2) Pl + ) + 727 4 2)a] @31)
(a7 4 i P) il
< gl 4 B (Fic) i 73 + €,

where €;1 > 01is a free constant and B;; (%;_1) is a smooth function, both of them uncorre-
lated of r;(t).
With the help of (27), Assumption 1 and Lemma 2.1 in [27], we obtain

73 (fi — Th 1 aiz ([okga) ™) + fir) = fM)
(9 + i aﬁk(|xk+1| + x|+ 0i(%)) + %M> (32)

<
< ,Bzz(xz) i ‘H_B + €2,

where B;,(%;) > 0 are uncorrelated of r;(t), €1 is a positive constant.
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By (3) and (27), Assumption 1 and Lemmas A.2, A.4, we have

*

i—1 ox’ i—1 ox*
3(.7 i 3 (. i =
n(ed- L sed) < () + L g iedn)e

Bis ()12 + €31 + €32|C 1, (33)

IN

where Bi3(%;) > 0 are uncorrelated of r;(t). €;31 and €;3; are positive constants.
Substituting (31)-(33) into (30), we have

i—1

Vi < = Yo (e = Dl ™ (i = 3700 o x4 Z O1
k=1

+ ZZ: 52l C* + (B (%1) + Bia(%i) + Bia (%)) il . (34)

k=1

The virtual controller

1= =

X = —ai(%) (i + [1i]") = —(ci + Bin (X)) + Bio(%i) + Bis (%)) = (i + (], (35)

leads to
i i i
2 o — D2+ 72 (i)™ = 7)) + Y 60 + Y 0wl (36)
k=1 k= =1

where c; > 1is a design parameter and «;(%;) > 1 is uncorrelated of r;(t).
Step n. Finally, we design the controller u. Let

k=1
In the case of (37), we have
n—1
Vi < = Y (=Dl ™ + Bu(@a)n > ] + Z b+ Y. 00l ©69)
k=1 =1 k=1

where B, (X,) > 01is a smooth function.
If we design the actual controller as

I~ =

u=—an(%n) (0 + [1a]") = = (cn + Bu(%n)) " (1n + [1a]"), (39)

then we obtain

n

Vi < =Y (=Dl + Z5k1+ Z5k2|C| (40)

k=1

where ¢, > 1, a,,(%,) > 1is uncorrelated of r;(t).

Remark 2. The design idea of this paper is completely different from the design idea of [15].
Although the system in [15] also has time-varying power, the system noise considered in this paper
is a kind of color noise, which is a completely different white noise from [15]. A new design scheme
is proposed in this part.

Remark 3. With the effect of time-varying powers r;(t) in system (1), it is a challenging problem to
design a time-independent controller. The time-varying powers make our design much more difficult
and essentially different from the constant power cases [10—12]. In our control scheme, we designed
the virtual controllers and real controller with the upper bound 7 and lower bound r of r;(t).
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2.2. Stability Analysis

In this part, we present the main results on stability.

Theorem 1. Consider the high-order RNSs (1), if Assumptions (1)—(3) hold, with the con-
troller (39), we have

(1)  The closed-loop system has a unique solution on [ty, o0);
(2)  All the states of the closed-loop system are bounded in probability;
(3)  The fourth moment of the tracking error can be tuned to be arbitrarily small.

Specifically, for Ve and initial value x(t(), there is a finite-time T(x(ty), €), such that
Elxi(t) —yo(t)|* <&Vt > T(x(to),e).

Proof. Let V =V, for (40), if ;(t) = 1, we have

=Y (= Dlml*+ Y 6 + Y Gl

k=1 k=1 k=1
< —cV+b+alZ?, (41)

%4

IN

where ¢y = minj<j<, {4(ck — 1)}, b =Y} 10,8 =217 10. O

If r;(t) > 1. By Lemma 2.3 in [27], we have

In|* < T+ o3, (42)

where 0 < T < 1is a design parameter and o = 7_%3 ( T(Z;la) )%, which yields

™2 > ot - o7 (43)
Substituting (43) into (40) yields
V < —cVA+b+al (44)

where cop = minlgkgn{éla_l(ck — 1)}, b= ZZ:l (Ck - 1)0'_11’ + 22:1 fskl/ a= ZZ:l 5](2.
Let 7(t) = (71(t),- -+, yn(t))T, define the first exit time

xi=inf{t: £ > to, [n(t)] > 1}, VI > 0. (45)

Under the concurrence of Assumption 3 and Fubini’s theorem

EVOA X)) < V() +ble— ) +aE( | [2(5) s}
< V(n(to)) + (b + aK)(t — to). (46)

From (46) and Lemma 5 in [19], Conclusion (1) is proved.
Next, we present a proof of Conclusion (3).
Let t; = min{t, x;} = t A x;, by (41), we have

t

BV () < WEV(y(to) + (& — o)+ ak{ [ e|g(s)Pds). @)
0 B t()

Then, letting | — oo, by (47), we have

eVE(V(n(t) < EcotOEV(W(to))Jrcl;(ec(’t—ec"to)+aE{/t:eC°s|C(s)|2ds}. (48)
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It can be inferred from (48), Assumption 3,

SEV(D) < CMEV((to)) + LI (et o), )
0
or equivalently
—co(t—tg) b+aK —co(t—t)
EVQ®) = e 00EV(n(to)) + — = (1= ™00, (50)

Referring to the definition of a4 and b, it can be obtained that the information of
EV(5(t)) can be adjusted as small as you want. So, noting 7 = (x1 — Yo,%2,** ,1n) ", for
Ve and initial value x(fy), 3 a finite-time T (x(tp), €), the sufficient large L leads to

Elx; —yo|* <&Vt > T(x(to), ). (51)

Next, we will prove Conclusion (2). From (50), we obtain

EVOI() < Vi) + o, 62)
For any constant & > 0, note that
EV(n(t) = V(i (8))P(dw) = inf V((£))P(|n| > h), (53)

Ik ln|>h
from which (52), we have

V(1(to)) + HHEK

P(ln| > h) < - . (54)
=0 o Ve
By (54) and V(7(t)), we have
Vv t)+ b+aK
lim sup P(|n| > h) < lim su 77(0—60 =0. (55)
h—o0 t>tlz (|’7| ) h—o0 t>t1i]) 1nf‘,7‘>h V(T](t))

By (48), n1(t) is bounded in probability. This shows that #;(t),i =1, - - - , n is bounded
in probability. Moreover, considering the 171 = x1 — yg and 772 = x, — x5, we can conclude
that Conclusion (2) is true.

3. A Simulation Example
In this part, we consider the system:

X1 = [XZ
J6+6sin! 4+ x2sinxg + $xpsin® x1{(t), (56)

X2
y = Xi.

6,1

s+zsint 1.3 1 )

5758 4 2x) 4 5xq sin” xq (1),
S

I
=

In the simulation, we choose {(t) = sin(w(t)), where w(t) is white noise with limited
bandwidth produced by MATLAB (noise power is 10 and sample time is 0.01). Obviously,
{(t) is a second-order moment process with E{(t)? < 1, which shows that Assumption 3
is satisfied.

Let yg = sint. Choosing 7 = 2, r = 1. Obviously, the assumptions are true.

By the calculation, we have

u=—(ca+ Pa1 + B2 + B3) (2 + [12°), (57)
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where
3
Bn = (12417 (1 +1)° + 1016 + 40,
3 o1, 0% x5 1\ 3
B = Z((l—i—x%smle)z a—(1+1) 2|)
_ 35 1,4 \z,0% 124 AN
B = 1172((1+4x251n x1) +8x1 (1+4xlsm x1) ) ,
= (142 (150 1) 4 5(1+1 2sin* )%)
5 = —n+ ) (L5 ((1+ g8) " +1) T+ 30 (14 gadsinta ) 7).
ax§_1516 1/2 2751 6 1/2,5 31, . 4 10/3,4
o ez +1)7 " +1) (4x1+1) X + 4 (grrsin®xg +1) 7
25,1 , 3
+3 (4xlsm x;+1)3 ;71( x1 sin® x1 + x% sin> x1 cos x1),
0x;
8y§| = 5171( x3sint xp + D)3 (1 + [111]%) + an (1 +211).
By randomly choosing parameters ¢; = 1.3, c; = 1, and a set of initial values

(x1(0),x2(0))T = (—0.5,0.6)T. Through the actual simulation, the system responses of the
tracking error, states, and controller are shown in Figures 1-3. It can be seen from Figure 1
that when Vt > T = 2s, the error |e| = |x; — yp| < 0.1. At the same time, the effectiveness
of the design idea can be directly illustrated with Figure 2 and 3.

1 ;
05F .
g ot
Ll
-0.5 f .
» ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35 40

Time (Sec)

Figure 1. Response to the tracking error.

0.5 7

States
o

-0.5 4

1 I I I I I I I
0] 5 10 15 20 25 30 35 40

Time (Sec)

Figure 2. Response of the states.
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40 T
5
30 - b
or—mMmM |
-5
20 I+ 10 15
8
=
S
(]

|
0 5 10 15 20 25 30 35 40
Time(Sec)

Figure 3. Response of the controller.

4. Conclusions

We studied the output tracking problem of RNSs with time-varying powers. The ad-
vantage of our control is that both time-varying power and SOMP are considered, which
is more practical than the existing results, which only consider one factor. First, different
from the deterministic systems considered in [15], the disturbance of the system studied
in this paper is characterized by SOMP. The difference between the SOMP and Gaussian
white noise is that white noise is an independent random process, while the SOMP is an
interrelated random process. Secondly, the power of the system studied in this paper is a
function of the time-varying order, which must be taken into account in the construction
of the controller. The time-invariant controller was designed. It is concluded that the
expectation of the fourth moment of the tracking deviation can be trimmed to be arbitrarily
small, and all states are bounded in probability.

There are some future research topics, e.g., when there is uncertainty in the system,
how to design the controller to ensure the tracking performance, or to generalize the results
in this paper to more general systems in [28-31] or a more practical system [32].
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