
����������
�������

Citation: Hussain, N.; Al-Kenani,

A.N.; Arshad, M.; Asif, M. The Sharp

Upper Estimate Conjecture for the

Dimension δk(V) of New Derivation

Lie Algebra. Mathematics 2022, 10,

2618. https://doi.org/10.3390/

math10152618

Academic Editor: Askar Tuganbaev

Received: 29 June 2022

Accepted: 22 July 2022

Published: 27 July 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

The Sharp Upper Estimate Conjecture for the Dimension δk(V)
of New Derivation Lie Algebra
Naveed Hussain 1,*,† , Ahmad N. Al-Kenani 2,† , Muhammad Arshad 1,† and Muhammad Asif 3,†

1 Department of Mathematics and Statistics, University of Agriculture, Faisalabad 38000, Pakistan;
dr.marshad@uaf.edu.pk

2 Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah 21589, Saudi Arabia;
analkenani@kau.edu.sa

3 Department of Mathematics, COMSATS University Islamabad, Lahore Campus, Lahore 54000, Pakistan;
sp18-pmt-001@cuilahore.edu.pk

* Correspondence: dr.nhussain@uaf.edu.pk; Tel.: +92-3161698297
† These authors contributed equally to this work.

Abstract: Hussain, Yau, and Zuo introduced the Lie algebra Lk(V) from the derivation of the local
algebra Mk(V) := On/(g + J1(g) + · · ·+ Jk(g)). To find the dimension of a newly defined algebra
is an important task in order to study its properties. In this regard, we compute the dimension of Lie
algebra L5(V) and justify the sharp upper estimate conjecture for fewnomial isolated singularities.
We also verify the inequality conjecture: δ5(V) < δ4(V) for a general class of singularities. Our
findings are novel and an addition to the study of Lie algebra.
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1. Introduction

It is commonly known that at the origin of Cn, On are the germs of holomorphic func-
tions. Naturally, the algebra of n indeterminate power series may be identified by the On.
Yau considered the Lie algebras of the derivation of moduli algebra
A(V) := On/(g, ∂g

∂x1
, · · · , ∂g

∂xn
), where L(V) = Der(A(V), A(V)), and V denotes the iso-

lated hypersurface singularity. L(V) is well recognized as solvable finite dimensional Lie
algebra ([1–3]). L(V) distinguished from the other types of Lie algebra present in singular-
ity theory ([4,5]) is known as the Yau algebra of V [6]. Several new natural connections
have been developed in recent years by Hussain, Yau, Zuo, and their research fellows
([7–12]) between the finite set of solvable dimensional Lie algebras (nilpotent) and the
complex analytical set of isolated hypersurface singularities. Three different ways have
been introduced to associate isolated hypersurface singularities with Lie algebra. From a
geometric point of view, these associations support understanding the solvable Lie algebra
(nilpotent), [9]. Since the 1980s, Yau and their research fellows have provided much work
on singularities [9,13–22].

Let a holomorphic function g : (Cn, 0)→ (C, 0) be defined by the isolated hypersur-
face singularity (V, 0), with its multiplicity mult(g). mult(g) in the power series expansion
is the order of the nonvanishing lowest term of g at o. In [23], the new derivation Lie
algebras are defined in the following way:

Let Jk(g) =< ∂k g
∂xi1
···∂xik

| 1 ≤ i1, · · · , ik ≤ n > be an ideal. For mult(g) = m and

1 ≤ k ≤ m, Mk(V) := On/(g + J1(g) + · · ·+ Jk(g)) are the new k-th local algebra and
Lk(V) its new Lie algebras of derivations with dimension δk(V), which is a new numerical
analytic invariant. Lk(V) is the generalization of Yau algebra. More details can be found
in ([23]).
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A conjecture for the analytic invariant δk(V) was proposed in [23] as:

Conjecture 1 ([23]). Let δk({x
b1
1 + · · · + xbn

n = 0}) = hk(b1, · · · , bn), 0 ≤ k ≤ n and
(V, 0) = {(x1, x2, · · · , xn) ∈ Cn : g(x1, x2, · · · , xn) = 0}, (n ≥ 2) be an isolated singular-
ity with weight type (w1, w2, · · · , wn; 1). Then, δk(V) ≤ hk(1/w1, · · · , 1/wn).

In [23], the inequality conjecture for δk(V) was also proposed in following way:

Conjecture 2 ([23]). With the above notations, let (V, 0) be defined by g ∈ On, n ≥ 2. Then,

δ(k+1)(V) < δk(V), k ≥ 1.

For binomial and trinomial singularities, Conjecture 1 holds true when k = 1, 2, 3, 4
([12,17,20,23,24]), and Conjecture 2 holds true for k = 1, 2, 3 ([23,24]).

The main goal of this study is to confirm Conjecture 1 (resp. Conjecture 2) for binomial
and trinomial singularities when k = 5 (resp. k = 4). The following are our key findings.

Theorem 1. Let (V(g), 0) = {(x1, x2, · · · , xn) ∈ Cn : xb1
1 + · · ·+ xbn

n = 0}, (n ≥ 2; bj ≥
7, 1 ≤ j ≤ n), where bj are fixed natural numbers. Then,

δ5(V(g)) = h5(b1, · · · , bn) =
n

∑
i=1

bi − 6
bi − 5

n

∏
j=1

(bj − 5).

Theorem 2. Let (V, 0) be a binomial singularity, which is defined by g(x1, x2), a weighted homo-
geneous polynomial with weight type (w1, w2; 1) and mult(g) ≥ 7. Then,

δ5(V) ≤ h5(
1

w1
,

1
w2

) =
2

∑
j=1

1
wj
− 6

1
wj
− 5

2

∏
i=1

(
1
wi
− 5).

Theorem 3. Let (V, 0) be a binomial singularity, which is defined by g(x1, x2), a weighted homo-
geneous polynomial with weight type (w1, w2; 1) and mult(g) ≥ 7. Then,

δ5(V) < δ4(V).

Theorem 4. Let (V, 0) be a trinomial singularity, which is defined by g(x1, x2, x3), a weighted
homogeneous polynomial with weight type (w1, w2, w3; 1) and mult(g) ≥ 7.

Then,

δ5(V) ≤ h5(
1

w1
,

1
w2

,
1

w3
) =

3

∑
j=1

1
wj
− 6

1
wj
− 5

3

∏
i=1

(
1
wi
− 5).

Theorem 5. Let (V, 0) be a trinomial singularity, which is defined by g(x1, x2, x3), a weighted
homogeneous polynomial with weight type (w1, w2, w3; 1) and mult(g) ≥ 7.

Then,
δ5(V) < δ4(V).

2. Preliminaries

Proposition 1.2 of [25] states: Let finite dimension associative algebras A and B have
units for the tensor product,

DerS ∼= (DerA)⊗ C(B) + C(A)⊗ (DerB).

Theorem 6 ([25]). For commutative associative algebras A, B,

DerS ∼= (DerA)⊗ B + A⊗ (DerB). (1)

The following result is used in this work.
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Theorem 7 ([17]). For ideal J in R = C{x1, · · · , xn},

(DerJR)/(J ·DerCR) ∼= DerC(R/J).

The linear endomorphism D of commutative associative algebra A with
D(ab) = D(a)b + aD(b) is called a derivation of A.

Proposition 1. Analytically, a weighted homogeneous fewnomial singularity g with mult(g) ≥ 3
is equivalent to a linear combination of the series:

Type A. xb1
1 + xb2

2 + · · ·+ xbn−1
n−1 + xbn

n , n ≥ 1,

Type B. xb1
1 x2 + xb2

2 x3 + · · ·+ xbn−1
n−1 xn + xbn

n , n ≥ 2,

Type C. xb1
1 x2 + xb2

2 x3 + · · ·+ xbn−1
n−1 xn + xbn

n x1, n ≥ 2.

Corollary 1. Analytically, each binomial isolated singularity is equivalent to one of the three series:
A) xb1

1 + xb2
2 , B) xb1

1 x2 + xb2
2 , C) xb1

1 x2 + xb2
2 x1.

Proposition 2 ([26]). Let g(x1, x2, x3) be a weighted homogeneous fewnomial isolated singularity
with mult(g) ≥ 3. Then, g is analytically equivalent to one of the five series:

Type 1. xb1
1 + xb2

2 + xb3
3 ,

Type 2. xb1
1 x2 + xb2

2 x3 + xb3
3 ,

Type 3. xb1
1 x2 + xb2

2 x3 + xb3
3 x1,

Type 4. xb1
1 + xb2

2 + xb3
3 x1,

Type 5. xb1
1 x2 + xb2

2 x1 + xb3
3 .

3. Proof of Theorems

The following propositions will be used to prove the main results of this paper.

Proposition 3. Let (V(g), 0) be an isolated singularity and g = xb1
1 + xb2

2 + · · · + xbn
n

(bj ≥ 7, j = 1, 2, · · · , n) be a weighted homogeneous polynomial with weight type ( 1
b1

, 1
b2

, · · · , 1
bn

; 1).
Then,

δ5(V(g)) =
n

∑
i=1

bi − 6
bi − 5

n

∏
j=1

(bj − 5).

Proof. After simple calculation, the moduli algebra M5(V) has a monomial basis of
the form

{xj1
1 xj2

2 · · · x
jn
n , 0 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, · · · , 0 ≤ jn ≤ bn − 6},

with the following relations:

xb1−5
1 = 0, xb2−5

2 = 0, xb3−5
3 = 0, · · · , xbn−5

n = 0. (2)

Without loss of generality, one can write derivation D in terms of the monomial basis
in the following way:

Dxi =
b1−6

∑
j1=0

b2−6

∑
j2=0
· · ·

bn−6

∑
jn=0

ci
j1,j2,··· ,jn xj1

1 xj2
2 · · · x

jn
n , i = 1, 2, · · · , n.
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The sufficient and necessary conditions may be found using the relations (2) to define
a derivation of M5(V) in following way:

c1
0,j2,j3,,··· ,jn = 0; 0 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6, · · · , 0 ≤ jn ≤ bn − 6;

c2
j1,0,j3,,··· ,jn = 0; 0 ≤ j1 ≤ b1 − 6, 0 ≤ j3 ≤ b3 − 6, · · · , 0 ≤ jn ≤ bn − 6;

c3
j1,j2,0,··· ,jn = 0; 0 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, · · · , 0 ≤ jn ≤ bn − 6;

...

cn
j1,j2,j3,··· ,jn−1,0 = 0; 0 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, · · · , 0 ≤ jn−1 ≤ bn−1 − 6.

The Lie algebra L5(V) has the following basis:

xj1
1 xj2

2 · · · x
jn
n ∂1, 1 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6, · · · , 0 ≤ jn ≤ bn − 6;

xj1
1 xj2

2 · · · x
jn
n ∂2, 0 ≤ j1 ≤ b1 − 6, 1 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6, · · · , 0 ≤ jn ≤ bn − 6;

xj1
1 xj2

2 · · · x
jn
n ∂3, 0 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 1 ≤ j3 ≤ b3 − 6, 0 ≤ j4 ≤ b4 − 6,

0 ≤ j5 ≤ b5 − 6, 0 ≤ j6 ≤ b6 − 6, · · · , 0 ≤ jn ≤ bn − 6;
...

xj1
1 xj2

2 · · · x
jn
n ∂n, 0 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6, · · · , 1 ≤ jn ≤ bn − 6.

This implies

δ5(V(g)) =
n

∑
i=1

bi − 6
bi − 5

n

∏
j=1

(bj − 5).

Remark 1. Let (V(g), 0) be a fewnomial isolated singularity, where g = xb1
1 + xb2

2 (bj ≥ 7, j = 1, 2)
is a weighted homogeneous polynomial with weight type ( 1

b1
, 1

b2
; 1). Then, from Proposition 3,

we obtain
δ5(V) = 2b1b2 − 11(b1 + b2) + 60.

Proposition 4. Let (V, 0) be a binomial singularity of type B defined by g = xb1
1 x2 + xb2

2
(b1 ≥ 6, b2 ≥ 7) with weight type ( b2−1

b1b2
, 1

b2
; 1). Then,

δ5(V) = 2b1b2 − 11(b1 + b2) + 63.

For mult(g) ≥ 7, we conclude that

2b1b2 − 11(b1 + b2) + 63 ≤
2b1b2

2
b2 − 1

− 11(
b1b2

b2 − 1
+ b2) + 60.

Proof. After simple calculation, the moduli algebra M5(V) defined as

M5(V) = C{x1, x2}/(gx1x1x1x1x1 , gx2x2x2x2x2 , gx1x2x2x2x2 , gx1x1x2x2x2 , gx1x1x1x2x2 , gx1x1x1x1x2)

has a monomial basis of the form

{xj1
1 xj2

2 , 0 ≤ j1 ≤ b1 − 6; 0 ≤ j2 ≤ b2 − 6; xb1−5
1 }. (3)
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Without loss of generality, one can write derivation D in terms of the monomial basis
in the following way:

Dxi =
b1−6

∑
j1=0

b2−6

∑
j2=0

ci
j1,j2 xj1

1 xj2
2 + ci

b1−5,0xb1−5
1 , i = 1, 2.

The Lie algebra L5(V) has the following basis:

xj1
1 xj2

2 ∂1, 1 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6; xj1
1 xj2

2 ∂2, 0 ≤ j1 ≤ b1 − 6, 1 ≤ j2 ≤ b2 − 6;

xb2−6
2 ∂1; xb1−5

1 ∂1; xb1−5
1 ∂2.

We obtain the following formula

δ5(V) = 2b1b2 − 11(b1 + b2) + 63.

Finally, we need to show that

2b1b2 − 11(b1 + b2) + 63 ≤
2b1b2

2
b2 − 1

− 11(
b1b2

b2 − 1
+ b2) + 60. (4)

After solving 4, we have b1(b2 − 9) + b2(b1 − 5) + 5 ≥ 0.

Proposition 5. Let (V, 0) be a binomial singularity of type C defined by g = xb1
1 x2 + xb2

2 x1

(b1 ≥ 6, b2 ≥ 6) with weight type ( b2−1
b1b2−1 , b1−1

b1b2−1 ; 1). Then,

δ5(V) =

{
2b1b2 − 11(b1 + b2) + 66; b1 ≥ 7, b2 ≥ 7
b2 − 2; b1 = 6, b2 ≥ 6.

For mult(g) ≥ 7, we conclude that

2b1b2 − 11(b1 + b2) + 66 ≤ 2(b1b2 − 1)2

(b1 − 1)(b2 − 1)
− 11(b1b2 − 1)(

b1 + b2 − 2
(b1 − 1)(b2 − 1)

) + 60.

Proof. After simple calculation, the following moduli algebra

M5(V) = C{x1, x2}/(gx1x1x1x1x1 , gx2x2x2x2x2 , gx1x2x2x2x2 , gx1x1x2x2x2 , gx1x1x1x2x2 , gx1x1x1x1x2)

has a monomial basis of the form

{xj1
1 xj2

2 , 0 ≤ j1 ≤ b1 − 6; 0 ≤ j2 ≤ b2 − 6; xb1−5
1 ; xb2−5

2 }. (5)

Without loss of generality, one can write derivation D in terms of the monomial basis
in the following way:

Dxi =
b1−6

∑
j1=0

b2−6

∑
j2=0

ci
j1,j2 xj1

1 xj2
2 + ci

b1−5,0xb1−5
1 + ci

0,b2−5xb2−5
2 , i = 1, 2.

The Lie algebra L5(V) has the following basis:

xj1
1 xj2

2 ∂1, 1 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6; xj1
1 xj2

2 ∂2, 0 ≤ j1 ≤ b1 − 6, 1 ≤ j2 ≤ b2 − 6;

xb2−6
2 ∂1; xb2−5

2 ∂1; xb1−5
1 ∂1; xb2−5

2 ∂2; xb1−6
1 ∂2; xb1−5

1 ∂2.



Mathematics 2022, 10, 2618 6 of 12

Therefore, we obtain

δ5(V) = 2b1b2 − 11(b1 + b2) + 66.

For b1 = 6, b2 ≥ 6, we obtain the following bases of Lie algebra L5(V):

xj2
2 ∂2, 1 ≤ j2 ≤ b2 − 5; xb2−5

2 ∂1; x1∂1; x1∂2.

We also need to show that

2b1b2 − 11(b1 + b2) + 66 ≤ 2(b1b2 − 1)2

(b1 − 1)(b2 − 1)
− 11(b1b2 − 1)(

b1 + b2 − 2
(b1 − 1)(b2 − 1)

) + 60. (6)

After solving 6, we have
b1b2

2[(b2 − 4)(b1 − 4)− b1(b2 − 7)] + b3
2 + 4b2

1b2 + 10b2
2(b1 − 5) + 6b1b2(b1 − 5)

+3b2
1(b2 − 5) + b1b2(b1 − 5) + 15b1 + 2(b2 − 5) ≥ 0.

Similarly, we can check that Conjecture 1 holds true for b1 = 6, b2 ≥ 6.

Remark 2. Let (V, 0) be a trinomial singularity of type 1 defined by g = xb1
1 + xb2

2 + xb3
3

(b1 ≥ 7, b2 ≥ 7, b3 ≥ 7) with weight type ( 1
b1

, 1
b2

, 1
b3

; 1). Then, from Proposition 3, we obtain

δ5(V) = 3b1b2b3 + 85(b1 + b2 + b3)− 16(b1b2 + b1b3 + b2b3)− 450.

Proposition 6. Let (V, 0) be a trinomial singularity of type 2 defined by g = xb1
1 x2 + xb2

2 x3 + xb3
3

(b1 ≥ 6, b2 ≥ 6, b3 ≥ 7) with weight type ( 1−b3+b2b3
b1b2b3

, b3−1
b2b3

, 1
b3

; 1). Then,

δ5(V) =


3b1b2b3 − 16(b1b2 + b1b3 + b2b3) + 89(b1 + b3)
+85b2 − 493; b1 ≥ 6, b2 ≥ 7, b3 ≥ 7
2b1b3 − 7b1 − 9b3 + 29; b1 ≥ 6, b2 = 6, b3 ≥ 7.

For b1 ≥ 6, b2 ≥ 7, b3 ≥ 7, we conclude that:

3b1b2b3 − 16(b1b2 + b1b3 + b2b3) + 89(b1 + b3) + 85b2 − 493 ≤
3b1b2

2b3
3

(1− b3 + b2b3)(b3 − 1)

− 16(
b1b2

2b2
3

(1− b3 + b2b3)(b3 − 1)
+

b1b2b2
3

1− b3 + b2b3
+

b2b2
3

b3 − 1
) + 85(

b1b2b3

1− b3 + b2b3

+
b2b3

b3 − 1
+ b3)− 450.

Proof. After simple calculation, the moduli algebra M5(V) has the following basis:

{xj1
1 xj2

2 xj3
3 , 0 ≤ j1 ≤ b1 − 6; 0 ≤ j2 ≤ b2 − 6; 0 ≤ j3 ≤ b3 − 6; xb1−5

1 xj3
3 , 0 ≤ j3 ≤ b3 − 6;

xj1
1 xb3−5

3 , 0 ≤ j1 ≤ b1 − 6}.

Without loss of generality, one can write derivation D in terms of the monomial basis
in the following way:

Dxi =
b1−6

∑
j1=0

b2−6

∑
j2=0

b3−6

∑
j3=0

ci
j1,j2,j3 xj1

1 xj2
2 xj3

3 +
b1−6

∑
j1=0

ci
j1,0,b3−5xj1

1 xb3−5
3 +

b3−6

∑
j3=0

ci
b1−5,0,j3 xj3

3 xb1−5
1 , i = 1, 2, 3.
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The Lie algebra L5(V) has following basis:

xj1
1 xj2

2 xj3
3 ∂1, 1 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6; xb1−5

1 xj3
3 ∂1, 0 ≤ j3 ≤ b3 − 6,

xb2−6
2 xj3

3 ∂1, 1 ≤ j3 ≤ b3 − 6; xj1
1 xb2−5

2 ∂1, 0 ≤ j1 ≤ b1 − 6,

xj1
1 xj2

2 xj3
3 ∂2, 0 ≤ j1 ≤ b1 − 6, 1 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6; xb1−5

1 xj3
3 ∂2, 0 ≤ j3 ≤ b3 − 6,

xj1
1 xb2−5

2 ∂2, 0 ≤ j1 ≤ b1 − 6; xj1
1 xb3−6

3 ∂2, 1 ≤ j1 ≤ b1 − 6,

xj1
1 xj2

2 xj3
3 ∂3, 0 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 1 ≤ j3 ≤ b3 − 6, xj1

1 xb2−5
2 ∂3, 0 ≤ j1 ≤ b1 − 6,

xb1−5
1 xj3

3 ∂3, 1 ≤ j3 ≤ b3 − 6.

We obtain

δ5(V) = 3b1b2b3 − 16(b1b2 + b1b3 + b2b3) + 89(b1 + b3) + 85b2 − 493.

For b1 ≥ 6, b2 = 6, b3 ≥ 7, we obtain the following basis:

xj1
1 xj3

3 ∂1, 1 ≤ j1 ≤ b1 − 5, 0 ≤ j3 ≤ b3 − 6; xj1
1 x2∂1, 0 ≤ j1 ≤ b1 − 6,

xj1
1 x2∂2, 0 ≤ j1 ≤ b1 − 6; xj1

1 xb3−6
3 ∂2, 1 ≤ j1 ≤ b1 − 5,

xj1
1 xj3

3 ∂3, 0 ≤ j1 ≤ b1 − 5, 1 ≤ j3 ≤ b3 − 6; xj1
1 x2∂3, 0 ≤ j1 ≤ b1 − 6.

We obtain
δ5(V) = 2b1b3 − 7b1 − 9b3 + 29.

For b1 ≥ 6, b2 ≥ 7, b3 ≥ 7, we need to prove following inequality:

3b1b2b3 − 16(b1b2 + b1b3 + b2b3) + 89(b1 + b3) + 85b2 − 493 ≤
3b1b2

2b3
3

(1− b3 + b2b3)(b3 − 1)

− 16(
b1b2

2b2
3

(1− b3 + b2b3)(b3 − 1)
+

b1b2b2
3

1− b3 + b2b3
+

b2b2
3

b3 − 1
) + 85(

b1b2b3

1− b3 + b2b3

+
b2b3

b3 − 1
+ b3)− 450.

After solving the above inequality, we obtain
(b1 − 4)3(b2 − 6)b3 + (b2 − 5)b1b3((b3 − 4)(b1 − 6) + (b2 − 4)(b3 − 4)) + b2(3b3 − 5)(b1 −
4) + b2(b1 − 3) + 6 ≥ 0.

Similarly, one can prove that for b1 ≥ 6, b2 = 6, b3 ≥ 7 Conjecture 1 holds true.

Proposition 7. Let (V, 0) be a trinomial singularity of type 3 defined by g = xb1
1 x2 + xb2

2 x3 +

xb3
3 x1 (b1 ≥ 6, b2 ≥ 6, b3 ≥ 6) with weight type

(
1− b3 + b2b3

1 + b1b2b3
,

1− b1 + b1b3

1 + b1b2b3
,

1− b2 + b1b2

1 + b1b2b3
; 1).

Then,

δ5(V) =


3b1b2b3 + 89(b1 + b2 + b3)− 16(b1b2 + b1b3 + b2b3)
−543; b1 ≥ 7, b2 ≥ 7, b3 ≥ 7
2b2b3 − 9b2 − 7b3 + 33; b1 = 6, b2 ≥ 7, b3 ≥ 6
2b1b3 − 7b1 − 9b3 + 33; b1 ≥ 6, b2 = 6, b3 ≥ 6
2b1b2 − 9b1 − 7b2 + 33; b1 ≥ 7, b2 ≥ 7, b3 = 6
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For b1 ≥ 7, b2 ≥ 7, b3 ≥ 7, we conclude that:
3b1b2b3 + 89(b1 + b2 + b3)− 16(b1b2 + b1b3 + b2b3)− 543 ≤ 3(1+b1b2b3)

3

(1−b3+b2b3)(1−b1+b1b3)(1−b2+b1b2)

+ 85( 1+b1b2b3
1−b3+b2b3

+ 1+b1b2b3
1−b1+b1b3

+ 1+b1b2b3
1−b2+b1b2

)− 16( (1+b1b2b3)
2

(1−b3+b2b3)(1−b1+b1b3)
+ (1+b1b2b3)

2

(1−b1+b1b3)(1−b2+b1b2)

+ (1+b1b2b3)
2

(1−b3+b2b3)(1−b2+b1b2)
)− 450.

Proof. The moduli algebra M5(V) has the following monomial basis

{xj1
1 xj2

2 xj3
3 , 0 ≤ j1 ≤ b1 − 6; 0 ≤ j2 ≤ b2 − 6; 0 ≤ j3 ≤ b3 − 6; xb1−5

1 xj3
3 , 0 ≤ j3 ≤ b3 − 6;

xj2
2 xb3−5

3 , 0 ≤ j2 ≤ b2 − 6; xj1
1 xb2−5

2 , 0 ≤ j1 ≤ b1 − 6}.

Without loss of generality, one can write derivation D in terms of the monomial basis
in the following way:

Dxi =
b1−6

∑
j1=0

b2−6

∑
j2=0

b3−6

∑
j3=0

ci
j1,j2,j3 xj1

1 xj2
2 xj3

3 +
b1−6

∑
j1=0

ci
j1,b2−5,0xj1

1 xb2−5
2 +

b3−6

∑
j3=0

ci
b1−5,0,j3 xb1−5

1 xj3
3

+
b2−6

∑
j2=0

ci
0,j2,b3−5xj2

2 xb3−5
3 , i = 1, 2, 3.

The Lie algebras L5(V) have the following bases:

xj1
1 xj2

2 xj3
3 ∂1, 1 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6; xj2

2 xb3−5
3 ∂1, 0 ≤ j2 ≤ b2 − 7,

xb2−6
2 xj3

3 ∂1, 1 ≤ j3 ≤ b3 − 5; xj1
1 xb2−5

2 ∂1, 0 ≤ j1 ≤ b1 − 6; xb1−5
1 xj3

3 ∂1, 0 ≤ j3 ≤ b3 − 6,

xj1
1 xj2

2 xj3
3 ∂2, 0 ≤ j1 ≤ b1 − 6, 1 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6; xb1−5

1 xj3
3 ∂2, 0 ≤ j3 ≤ b3 − 6,

xj1
1 xb2−5

2 ∂2, 0 ≤ j1 ≤ b1 − 6; xj1
1 xb3−6

3 ∂2, 1 ≤ j1 ≤ b1 − 6; xj2
2 xb3−5

3 ∂2, 0 ≤ j2 ≤ b2 − 6,

xj1
1 xj2

2 xj3
3 ∂3, 0 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 1 ≤ j3 ≤ b3 − 6; xj1

1 xb2−5
2 ∂3, 0 ≤ j1 ≤ b1 − 6,

xb1−6
1 xj2

2 ∂3, 1 ≤ j2 ≤ b2 − 6; xj2
2 xb3−5

3 ∂3, 0 ≤ j2 ≤ b2 − 6; xb1−4
1 xj3

3 ∂3, 0 ≤ j3 ≤ b3 − 6.

Therefore, we have

δ5(V) = 3b1b2b3 + 89(b1 + b2 + b3)− 16(b1b2 + b1b3 + b2b3)− 543.

In case of b1 = 6, b2 ≥ 7, b3 ≥ 6, we obtain the following basis:

xb2−6
2 xj3

3 ∂1, 1 ≤ j3 ≤ b3 − 5; x1xj3
3 ∂1, 0 ≤ j3 ≤ b3 − 6; xb2−5

2 ∂1; xb3−5
3 ∂2,

x1xj3
3 ∂2, 0 ≤ j3 ≤ b3 − 6; xb2−5

2 ∂2; xj2
2 xj3

3 ∂2, 1 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 5,

xj2
2 xj3

3 ∂3, 0 ≤ j2 ≤ b2 − 6, 1 ≤ j3 ≤ b3 − 5, x1xj3
3 ∂3, 0 ≤ j3 ≤ b3 − 6; xb2−5

2 ∂3.

Therefore, we have
δ5(V) = 2b2b3 − 9b2 − 7b3 + 33.

Similarly, we can obtain bases for b1 ≥ 7, b2 ≥ 7, b3 = 6 and b1 ≥ 6, b2 = 6, b3 ≥ 6.
For b1 ≥ 7, b2 ≥ 7, b3 ≥ 7, we need to prove following inequality:

3b1b2b3 + 89(b1 + b2 + b3)− 13(b1b2 + b1b3 + b2b3)− 543 ≤ 3(1+b1b2b3)
3

(1−b3+b2b3)(1−b1+b1b3)(1−b2+b1b2)

+ 85( 1+b1b2b3
1−b3+b2b3

+ 1+b1b2b3
1−b1+b1b3

+ 1+b1b2b3
1−b2+b1b2

)− 16( (1+b1b2b3)
2

(1−b3+b2b3)(1−b1+b1b3)
+ (1+b1b2b3)

2

(1−b1+b1b3)(1−b2+b1b2)

+ (1+b1b2b3)
2

(1−b3+b2b3)(1−b2+b1b2)
)− 450.
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After solving the above inequality, we obtain
4(b1b2 + b2b3 + b1b3) + b1(b2 − 6) + b2(b3 − 6) + b3(b1 − 6) + 4b2

1[b2(b3 − 6) + b3(b2 − 6)]
+ 3b2

2[b1(b3 − 5) + b3(b1 − 6)] + 5b2
3[b1(b2 − 6) + b2(b1 − 5)] + 2(b2

1 + b2
2 + b2

3) + 3(b3
1b2 +

b3
2b3

+ b3
3b1)+ 2b2

1b2
2b2

3 + 5(b1b2
2b3 + b1b2b2

3)+ 2b2
1b2b3 + b1b2b3[2b1− 10] + b3

1b2b2
3(b3− 6)(b2− 6)

+ b2
1b2

3(b3 − 6)(b1b2 − 6) + b2
1b2b2

3(b3 + b2 − 7) + 3b1b2b3
3(b1 − 6) + b2

1b3
2b3(b3 − 6)(b1 − 5)

+ b2
1b2

2(b1 − 6)(b2a3 − 5) + b3
1b2b3(b2 − 6) + b2

1b2
2b3(b1 − 5 + (b3 − 6)) + b1b2

2b3
3(b2 − 6)(b1

− 5) + b2
2b2

3(b2 − 6)(b1b3 − 6) + 11 ≥ 0.

Similarly, we can check that Conjecture 1 holds true for 1): b1, b3 ≥ 6, b2 = 6; 2):
b1 ≥ 7, b2 ≥ 7, b3 = 6; and 3): b1 = 6, b2 ≥ 7, b3 ≥ 6.

Proposition 8. Let (V, 0) be a trinomial singularity of type 4 defined by g = xb1
1 + xb2

2 + xb3
3 x2

(b1 ≥ 7, b2 ≥ 7, b3 ≥ 6) with weight type ( 1
b1

, 1
b2

, b2−1
b2b3

; 1). Then,

δ5(V) = 3b1b2b3 + 89b1 + 85(b2 + b3)− 16(b1b2 + b1b3 + b2b3)− 471.

For mult(g) ≥ 7, we conclude that:

3b1b2b3 + 89b1 + 85(b2 + b3)− 16(b1b2 + b1b3 + b2b3)− 471 ≤ 3b2
2b1b3

b2−1 + 85(b1 + b2 +
b2b3
b2−1 )

− 16(b1b2 +
b1b2b3
b2−1 +

b2
2b3

b2−1 )− 450.

Proof. The moduli algebra M5(V) has the following monomial basis

{xj1
1 xj2

2 xj3
3 , 0 ≤ j1 ≤ b1 − 6; 0 ≤ j2 ≤ b2 − 6; 0 ≤ j3 ≤ b3 − 6; xj1

1 xb3−5
3 , 0 ≤ j2 ≤ b1 − 6}.

Without loss of generality, one can write derivation D in terms of the monomial basis
in the following way:

Dxi =
b1−6

∑
j1=0

b2−6

∑
j2=0

b3−6

∑
j3=0

ci
j1,j2,j3 xj1

1 xj2
2 xj3

3 +
b1−6

∑
j1=0

ci
j1,0,b3−5xj1

1 xb3−5
3 , i = 1, 2, 3.

The Lie algebras L5(V) have the following bases:

xj1
1 xj2

2 xj3
3 ∂1, 1 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6; xj1

1 xb3−5
3 ∂1, 1 ≤ j1 ≤ b1 − 6,

xj1
1 xj2

2 xj3
3 ∂2, 1 ≤ j1 ≤ b1 − 6, 1 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6; xj1

1 xb3−5
3 ∂2, 0 ≤ j1 ≤ b1 − 6,

xj2
2 xj3

3 ∂2, 1 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6, xj1
1 xb2−6

2 ∂3, 0 ≤ j1 ≤ b1 − 6

xj1
1 xj2

2 xj3
3 ∂3, 0 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 1 ≤ j3 ≤ b3 − 6, xj1

1 xb3−5
3 ∂3, 0 ≤ j1 ≤ b1 − 6.

Therefore, we have

δ5(V) = 3b1b2b3 + 89b1 + 85(b2 + b3)− 16(b1b2 + b1b3 + b2b3)− 471.

Next, we also need to show that when b1 ≥ 7, b2 ≥ 7, b3 ≥ 6,

3b1b2b3 + 89b1 + 85(b2 + b3)− 16(b1b2 + b1b3 + b2b3)− 471 ≤ 3b2
2b1b3

b2−1 + 85(b1 + b2 +
b2b3
b2−1 )

− 16(b1b2 +
b1b2b3
b2−1 +

b2
2b3

b2−1 )− 450.

From the above inequality, we obtain

b1b3(2b2 − 11)
b2 − 6

+ b2b3 + b3(b2 − 4) +
6b3

b2 − 5
+

b1[b2(b3 − 5) + 6]
b2 − 5

≥ 0.
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Proposition 9. Let (V, 0) be a trinomial singularity of type 5 defined by g = xb1
1 x2 + xb2

2 x1 + xb3
3

(b1 ≥ 6, b2 ≥ 6, b3 ≥ 7) with weight type ( b2−1
b1b2−1 , b1−1

b1b2−1 , 1
b3

; 1). Then,

δ5(V) =


3b1b2b3 + 85(b1 + b2) + 93b3 − 16(b1b2 + b1b3 + b2b3)
−492; b1 ≥ 7, b2 ≥ 7, b3 ≥ 7
2b2b3 − 11b2 − 6b3 + 34; b1 = 6, b2 ≥ 6, b3 ≥ 7

For b1 ≥ 7, b2 ≥ 7, b3 ≥ 7, we conclude that:
3b1b2b3 + 85(b1 + b2) + 93b3 − 16(b1b2 + b1b3 + b2b3)− 492 ≤ 3b3(b1b2−1)2

(b2−1)(b1−1) + 85( b1b2−1
b2−1 +

b1b2−1
b1−1

+b3)− 16( (b1b2−1)2

(b2−1)(b1−1) +
b3(b1b2−1)

b1−1 + b3(b1b2−1)
b2−1 )− 450.

Proof. The moduli algebra M5(V) has the following monomial basis

{xj1
1 xj2

2 xj3
3 , 0 ≤ j1 ≤ b1 − 6; 0 ≤ j2 ≤ b2 − 6; 0 ≤ j3 ≤ b3 − 6; xb1−5

1 xj3
3 , 0 ≤ j3 ≤ b3 − 6;

xb2−5
2 xj3

3 , 0 ≤ j3 ≤ b3 − 6},

Without loss of generality, one can write derivation D in terms of the monomial basis
in the following way:

Dxi =
b1−6

∑
j1=0

b2−6

∑
j2=0

b3−6

∑
j3=0

ci
j1,j2,j3 xj1

1 xj2
2 xj3

3 +
b3−6

∑
j3=0

ci
b1−5,0,j3 xb1−5

1 xj3
3 +

b3−6

∑
j3=0

ci
0,b2−5,j3 xb2−5

2 xj3
3 , i = 1, 2, 3.

The Lie algebras L5(V) have the following bases:

xj1
1 xj2

2 xj3
3 ∂1, 1 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6; xb1−5

1 xj3
3 ∂1, 0 ≤ j3 ≤ b3 − 6,

xb2−5
2 xj3

3 ∂1, 0 ≤ j3 ≤ b3 − 6; xb2−6
2 xj3

3 ∂1, 0 ≤ j3 ≤ b3 − 6,

xj1
1 xj2

2 xj3
3 ∂2, 0 ≤ j1 ≤ b1 − 6, 1 ≤ j2 ≤ b2 − 6, 0 ≤ j3 ≤ b3 − 6; xb1−5

1 xj3
3 ∂2, 0 ≤ j3 ≤ b3 − 6,

xb2−5
2 xj3

3 ∂2, 0 ≤ j3 ≤ b3 − 6; xb1−6
1 xj3

3 ∂2, 0 ≤ j3 ≤ b3 − 6,

xj1
1 xj2

2 xj3
3 ∂3, 0 ≤ j1 ≤ b1 − 6, 0 ≤ j2 ≤ b2 − 6, 1 ≤ j3 ≤ b3 − 6; xb1−5

1 xj3
3 ∂3, 1 ≤ j3 ≤ b3 − 6,

xb2−5
2 xj3

3 ∂3, 1 ≤ j3 ≤ b3 − 6.

Therefore, we have

δ5(V) = 3b1b2b3 + 85(b1 + b2) + 93b3 − 16(b1b2 + b1b3 + b2b3)− 492.

For b1 = 6, b2 ≥ 6, b3 ≥ 7, we obtain the following basis:

xj2
2 xj3

3 ∂2, 1 ≤ j2 ≤ b2 − 5, 0 ≤ j3 ≤ b3 − 5; xb2−4
2 xj3

3 ∂1, 0 ≤ j3 ≤ b3 − 5,

x1xj3
3 ∂1, 0 ≤ j3 ≤ b3 − 5; xb2−4

2 xj3
3 ∂2, 0 ≤ j3 ≤ b3 − 5,

xj2
2 xj3

3 ∂3, 0 ≤ j2 ≤ b2 − 5, 1 ≤ j3 ≤ b3 − 5; x1xj3
3 ∂2, 0 ≤ j3 ≤ b3 − 5,

x1xj3
3 ∂3, 1 ≤ j3 ≤ b3 − 5.

We have
δ5(V) = 2b2b3 − 11b2 − 6b3 + 34.

Next, we need to show that when b1 ≥ 7, b2 ≥ 7, b3 ≥ 7, then
3b1b2b3 + 85(b1 + b2) + 93b3 − 16(b1b2 + b1b3 + b2b3)− 492 ≤ 3b3(b1b2−1)2

(b2−1)(b1−1) + 85( b1b2−1
b2−1 +

b1b2−1
b1−1 + b3)− 16( (b1b2−1)2

(b2−1)(b1−1) +
b3(b1b2−1)

b1−1 + b3(b1b2−1)
b2−1 )− 450.
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After solving the above inequality, we obtain

b1(b1 − 6)(b2 − 5)(b3 + (b1 − 4)b2(b2 − 6)b3) + b2
1(b3 − 5)(b2 − 4) + b2

2b1 + 4b1(b2 − 5)

+ 4b2(b1 − 5) + 4b3(b1 − 4) + 11b1b2 + 13b1b3 + 4b2b3 + 21b2 + b1b2(b1 − 5)

+ (b1 − 4)b2(b2 − 5)(b3 − 4) + (b1 − 5)(b3 − 6) + 21 ≥ 0.

Similarly, for b1 = 6, b2 ≥ 6, b3 ≥ 7, Conjecture 1 also holds true.

Proof of Theorem 1.

Proof. Proposition 3 implies the proof of Theorem 1.

Proof of Theorem 2.

Proof. Theorem 2 is an immediate corollary of Remark 1, Proposition 4, and
Proposition 5.

Proof of Theorem 3.

Proof. It follows from Propositions 4–5, Remark 1 and Propositions 4–5, Remark 3 of [23]
that the inequality δ5(V) < δ4(V) holds true.

Proof of Theorem 4.

Proof. Propositions 6–9 and Remark 2 imply the proof of Theorem 4.

Proof of Theorem 5.

Proof. It is follows from Propositions 6–9, Remark 2 and Propositions 6–9, Remark 4 of [23]
that the inequality δ5(V) < δ4(V) holds true.

4. Conclusions

The δk(V) is a new analytic invariant of singularities. To find the dimension of a
newly defined algebra is an important task in order to study its applications. In this
paper, we computed the dimension of the Lie algebra L5(V) and proved the sharp upper
estimate conjecture partially for δk(V) of fewnomial isolated singularities (binomial and
trinomial). We also proved the inequality conjecture: δ5(V) < δ4(V) for a general class of
singularities. The main results of this paper are the extension of previous results published
in [23]. The novelty of this paper is the validity of Conjectures 1 and 2 regarding a large
class of singularities, for higher values of k. The present work may also help to verify the
two inequality conjectures for the general k.
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