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Abstract: Essential to the design and development of circular contact mode capacitive pressure
sensors is the ability to accurately predict the contact radius, maximum stress, and shape of a
laterally loaded circular membrane in frictionless contact with a concentric circular rigid flat plate.
In this paper, this plate/membrane contact problem is solved analytically again by simultaneously
improving both out-of-plane equilibrium equation and geometric equation, and a new and more
refined closed-form solution is given to meet the need of accurate prediction. The new closed-form
solution is numerically discussed in convergence and effectiveness and compared with the previous
one, showing that it can greatly improve the prediction accuracy of the contact radius, maximum
stress, and shape of the circular membrane in frictionless contact with the rigid flat plate.

Keywords: circular membranes; large deflections; plate/membrane contact; power series method;
closed-form solution

MSC: 74G10; 74K15

1. Introduction

Rotationally symmetric membranes, as structures or structural components, are of
much interest in a variety of applications such as bulge tests [1-3], blister tests [4—6]
or constrained blister tests [7-10], and capacitive pressure sensors [11-14]. Attention
in the literature has focused generally on circular membranes [15-19], relatively less on
annular membranes [20-23]. The external loads applied to circular membranes cover
lateral loading and normal loading, but only a few cases of normal loading are available in
the literature [24,25]. Axisymmetric deformations with large deflections are allowed and
formulated usually in terms of out-of-plane and in-plane equilibrium equations, geometric
equations, and physical equations. During the establishment of these equations, some
approximations or assumptions have to be considered, due to the strong nonlinearity of
large deflection phenomena.

The first solution of circular membrane problems was presented originally by H.
Hencky, who dealt analytically with the problem of axisymmetric deformation of a periph-
erally fixed circular membrane under uniformly distributed transverse loads and gave an
analytical solution in the form of power series in 1915 [26]. Chien and Alekseev corrected a
computational error in [26], a wrong value of a power series coefficient, in 1948 [27] and
1953 [28], respectively. This solution is often cited by related studies [5,15-19,29-31], and
usually called the well-known Hencky’s solution. During the derivation of the well-known
Hencky’s solution, in addition to the assumption of microdeformation of materials that
is adopted in the establishment of physical equations, the assumption that the deflected
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circular membrane only produces a relatively small rotation angle under uniformly dis-
tributed transverse loads is adopted in the establishment of out-of-plane and in-plane
equilibrium equations and geometric equations. Therefore, later scholars have done a
lot of improvement on well-known Hencky’s solution [4,18,32]. The other two cases of
transverse loading for peripherally fixed circular membranes are the concentrated load-
ing at the central point of the circular membranes and the local uniform loading in the
central portion of the circular membranes [15]. As for the normal loading of peripherally
fixed circular membranes, the most typical example is gas pressure loading on membrane
surfaces [24,25]. No matter how large the deflections are, the direction of action of gas
pressure is always perpendicular to the deflected circular membranes under gas pressure,
while the direction of transverse loading is always perpendicular to the undeflected circular
membranes before loading.

The first person to deal with annular membrane problems is S. A. Alekseev, an aca-
demician of the former Soviet Union Academy of Sciences, who algebraically solved the
large deflection problem of an annular membrane whose outer edge is fixed and inner edge
is connected centrally with a stiff, weightless, concentric, circular thin plate, where the
external loads is applied at the central point of the stiff circular thin plate [20]. The algebraic
solution, which was presented by Alekseev [20], is valid only when the Poisson’s ratio of
membranes is less than 1/3. Sun et al. [21] algebraically solved the problem considered
originally by Alekseev [20] again and presented the algebraic solution suitable for Poisson’s
ratios less than, or equal to, or greater than 1/3. The Alekseev-type annular membrane
structure, i.e., the one with an inner edge connected to a weightless, stiff, concentric, circu-
lar thin plate, was used for developing a membrane elastic deflection and parallel plate
capacitor-based capacitive pressure sensor by Lian et al. [23], where the annular mem-
brane and the circular thin plate are synchronously subjected to the uniformly distributed
transverse loads, resulting in the parallel movement of the circular thin plate. Therefore,
due to such a parallel movement the circular thin plate can be used to form a parallel
plate capacitor and works as a movable electrode plate of the capacitor, thus achieving
the capacitive pressure sensor mechanism of detecting pressure by measuring capacitance.
The closed-form solution, which was given by Lian et al. [22], is not an algebraic solution,
but in the form of power series. This closed-form solution is also the first power series
solution for annular membrane problems. The annular membrane problems, if solved by
using the power series method, are often more difficult to converge than circular membrane
problems. This is because the stress or deflection variables can be expanded into a power
series at the center of circular membranes (at the center of the domain of the independent
variable), but in annular membrane problems, the stress or deflection variable has to be
expanded into a power series at a point on the annular membranes (not at the center of
the domain of the independent variable). Therefore, annular membrane problems often
converge more slowly than circular membrane problems. This limitation means that for
an annular membrane problem, the convergence of its power series solution can only be
tested after the convergence of its undetermined constants has been confirmed. So, annular
membrane problems, if solved by using power series method, are often much more complex
than circular membrane problems.

In this paper, we will deal with a plate/membrane contact problem, in which an ini-
tially flat, peripherally fixed circular membrane, which elastically deflects under uniformly
distributed transverse loads, comes into contact with a concentric circular rigid flat plate
that keeps a certain parallel gap from the initially flat circular membrane. Before touching
the rigid plate, the circular membrane freely deflects, which is a standard circular mem-
brane problem, the well-known Hencky problem. After coming into contact with the rigid
plate, the circular membrane undergoes two classes of axisymmetric deformation: one is
out-of-plane axisymmetric deflection in the plate/membrane non-contact area (an annular
area); the other is in-plane axisymmetric stretching with or without plate/membrane fric-
tion in the plate/membrane contact area (a circular area). The case with plate/membrane
friction is less studied because of its complexity, while the frictionless case is relatively
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more studied, such as the membrane/substrate delamination [5,6], adhesion [7,9,10], and
capacitive pressure sensors [11-14], etc. It should be pointed out that there must be fric-
tion in the movement of a deflected circular membrane in contact with a rigid flat plate
and the larger the contact area, the greater the friction. Therefore, the frictionless case
is just an ideal case, and in practice is an approximation to relatively small friction. The
plate/membrane friction can often be reduced, for example, by coating the rigid flat plate
with a smooth substance, and this is where the studies on frictionless contact problems are
of value. Earlier studies on frictionless contact problems often tended to use some strict
approximations or assumptions, such as assumptions of equi-biaxial constant stress state
and small rotation angle of membrane [33]. Wang et al. gave up the assumption of equi-
biaxial constant stress state and presented a closed-form solution of this plate/membrane
frictionless contact problem for the first time [34]. Lian et al. gave up the assumption of
equi-biaxial constant stress state and analytically solved this plate/membrane frictionless
contact problem again, where the assumption of small rotation angle of membrane was
also given up during the establishment of the out-of-plane equilibrium equation [35]. In
this paper, this plate/membrane frictionless contact problem is further solved analytically
and a new and more refined closed-form solution is presented. The further and specific
applications of this new and more refined closed-form solution are mainly the development
of conductive membrane-based capacitive pressure sensors [36-39].

The assumptions used in the existing studies have been further given up in this study.
Firstly, the assumption that the stress state is equi-biaxial and constant is completely given
up during the derivation of the closed-form solution. Secondly, the assumption that the
rotation angle of membrane is small enough is given up in the establishment of both the
out-of-plane equilibrium equation and the geometric equations. In the following section,
the problem under consideration is reformulated and is analytically solved in terms of the
plate/membrane non-contact region and the plate/membrane contact region. In Section 3,
some important issues are addressed, such as whether the power series solutions for stress
and deflection converge, whether the new and more refined closed-form solution presented
can return to a classical circular membrane solution when the plate/membrane contact
area approaches zero, and how accurate the present closed-form solution is in comparison
with the previous closed-form solution. Concluding remarks are given in Section 4.

2. Membrane Equations and Its Solution

As shown in Figure 1, an initially flat, peripherally fixed circular membrane with
Young’'s modulus E, Poisson’s ratio v, thickness k, and radius 4, which elastically deflects
under uniformly distributed transverse loads g, comes into contact with a concentric circular
frictionless rigid flat plate that keeps a certain parallel gap g from the initially flat circular
membrane, resulting in a circular contact area with radius b. In Figure 1, the dash-dotted
line represents the geometric middle plane of the initially flat circular membrane, o is the
origin of the introduced cylindrical coordinate system (r, ¢, w) and is located in the centroid
of the geometric middle plane, r is the radial coordinate, ¢ is the angle coordinate (but is
not given in Figure 1 due to the characteristic of axisymmetric deformation), w denotes the
axial coordinate and also denotes the deflection (transversal displacement) of the circular
membrane under loads g, the polar coordinate plane (r, ¢) passes through the geometric
middle plane.

The size of the uniformly-distributed transverse loads g that makes the circular mem-
brane go from free deflection to confined deflection depends on the size of the gap g, and for
a given gap g, can be determined by using a circular membrane solution, that is, before the
circular membrane comes into contact with the rigid plate, its maximum deflection (i.e., the
deflection at r = 0) under the loads g should be exactly equal to the given gap g. The value
of the loads g, thus determined, corresponds to the lower limit of the pressure measurement
range of touch mode capacitive pressure sensors [13,14]. After coming into contact with
the rigid plate, the deflected circular membrane may be divided into two portions: one
is an annular area without plate/membrane contact and the other is a circular area with
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plate/membrane contact. In the plate/membrane non-contact area, the circular membrane
undergoes the out-of-plane axisymmetric deflection, while in the plate/membrane friction-
less contact area, it undergoes the in-plane axisymmetric stretching, a plane problem in the
plane in which the rigid plate is located. On the connecting ring between the annular region
and the circular region, the stresses, strains, and displacements should be continuous. Such
a continuity may be used as definite solution conditions. For convenience, let us deal first
with the annular portion of the deflected circular membrane, then with its circular portion.
Throughout the derivation, it is assumed that the circular membrane always has a constant
thickness I during its deflection, i.e., the change of membrane thickness is ignored.

b
Frictionless rigid plate ’

\

\ .
Q Contact area /]

N\ 4

~ e

-~ -

- -

(b)

Non-contact area

Figure 1. Sketch of a deflected circular membrane in contact with a frictionless rigid plate:
(a) cross-section view along a diameter, and (b) half of plan view.

In the plate/membrane non-contact annular area, a free body of radius b < r <a
is taken from the annular portion of the deflected circular membrane to study its static
problem of equilibrium, as shown in Figure 2, where o, is the radial stress (the mean stress
over the cross section of the deflected membrane) and 6 is the rotation angle of the deflected
membrane, the meridional rotation angle.

b
Frictionless rigid plate

~:
L

r

Figure 2. Equilibrium diagram of a free body with radius b < r <a.

In the vertical direction perpendicular to the initially flat circular membrane and the
rigid plate (see Figure 2), there are three vertical forces: the total force 7772g of the uniformly
distributed transverse loads g within radius 7, the total reaction force 7tb%q from the rigid
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plate, and the total vertical force 27tro,hsinf produced by the membrane force .41, where
b <r < a. Thus, the out-of-plane equilibrium condition is

nr?q — tb*q — 27troyhsin = 0. (1)

If the deflection (transversal displacement) of the deflected circular membrane under
the uniformly distributed transverse loads 4 is denoted by w, then

sinG:1/\/1—0—1/tan26:1/\/1+1/(—dw/dr)2. )

Substituting Equation (2) into Equation (1) one has

(r* — b*)q\/1+ 1/ (dw/dr)* = 2r0;h. 3)

The in-plane equilibrium condition is the same as before

d

— (royh) — oth = 0, 4
d?’ ( r ) t ( )
where 0} denotes circumferential stress. As for the relationships of the strain and displace-
ment (the geometric equations), we here replace the previous geometric equation in [35]
with a more accurate one in [18]

2 21/2
o=10+5 +(59] - ©)
and y
et = P (6)

where ¢, ¢;, and u denote the radial and circumferential strain, and radial displacement,
respectively. During the derivation of Equation (5), the assumption of small rotation angle
of membrane was given up, see reference [18] for details. Moreover, the circular membrane
is still assumed to be linearly elastic, so the relationships between stress and strain satisfy
the generalized Hooke’s law

E
oy = m(er + vey) (7)
and
E
o = m(et + vey). 8)
Substituting Equations (5) and (6) into Equations (7) and (8) yields
E du 2 dw 2 12 u
and 1/2
E u du 2 dw 2
O't—l_vz{r-i-v[(l—i-dr) +(a)] —1/}. (10)
By means of Equations (4), (9) and (10), one has
u 1 1.d
; — E(Ut - VU‘;') — E[E(I’Ur) - 1/0‘;’}. (11)
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After substituting the 1 in Equation (11) into Equation (9), then the consistency equa-
tion may be written as

1 d 2 (1d.d d 2 dw?
%@—mem+u-{Emym<mﬂ—zmum+y}—hS)—a (12)

Therefore, the radial stress o, and deflection w(r) within b < r < a can be determined
by simultaneously solving Equations (3) and (12). Their definite solution conditions are the
boundary conditions at r = 2 and the continuity conditions at r = b. However, the continuity
conditions at 7 = b can only be determined after the plane problem in the plate/membrane
circular area is solved.

In the plate/membrane contact area with radius 0 < r < b, the circular portion of the
deflected circular membrane always undergoes the in-plane axisymmetric stretching in the
plane in which the rigid plate is located. Obviously, for a plane problem the first derivative
of the deflection w(r) is always zero, i.e., dw/dr = 0. Therefore, Equations (5) and (6) give

du
- 1
er ar (13)
and "
et » ( )
Substituting Equations (13) and (14) into Equations (7) and (8) yields
E ,du u
Ur—m(a +V;) (15)
and £ d
u u
Substituting Equations (15) and (16) into Equation (4), one has
2
pLu du_n_y, (17)

drz " dr v
Equation (17) satisfies the form of the Euler equation, therefore its general solution of
Equation (17) may be written as

u(r) =Cir+ %, (18)

where C; and C, are two unknown constants. It is not difficult to understand that in order
for the radial displacement u to be finite at » = 0, C; has to be equal to zero. If u = u(b) at
r=b, then C; = u(b)/b, thus

u(b)

u(r) = - " (19)

Therefore, substituting Equation (19) into Equations (13)—(16) yields

e =e = @ (20)
b
and E ub)
Ur:m:l—vub -

Equations (20) and (21) show that the strain and stress are always uniformly distributed
in the plate/membrane contact area within 0 <r <b.
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Now, let us proceed to the determination of the definite solution conditions in the
plate/membrane non-contact annular area within b < r < a. The boundary conditions at
7 =a are

w=0atr=a, (22)

and
u=_0atr=a. (23)

The continuity conditions at 7 = b are

w=gatr=0», (24)
u,  u. u(b) B
a= =g 2=t 5)
and £ b
(Ur)A:(Ur)le_V# atr =0>, (26)

where ()4 and ( )p represent the values of various variables on two sides of the intercon-
necting circle with radius b, and the subscript A refers to the side of plate/membrane
non-contact while the subscript B refers to the side of plate/membrane contact.

Let us introduce the following dimensionless variables

R S/ YO SV
Q_Ehrw_alsr_E/St_E/x_ala_a/ (27)
and transform Equations (3), (4), (12) and (22)-(26) into
2
4252 - Q22— ) () — Q22— =0, 29)
ds
Si=S, +x dxr, (29)
d 2 fd . d d 2 dw.?
[Sy — va(xsr) +1] — {dx[xdx(xsr)] — va(xS,) + 1} — (a) =0, (30)
W=0atx =1, (31)
Si—vS,=0atx =1, (32)
W:%atx:ua, (33)
(St —vSp) 4 = (St —vS))g = @atx:a (34)
and . )
u
(Sr)A:(S,)le_VTatx:oc. (35)
It can be obtained by eliminating (dw/ dr)? from Equations (28) and (30) that
2
[4x25,2 — Q?(x* — &?)?] { Sy —of (xS,) +1]2 - {%[x%(xsr)] — v (xS,) + 1} } . 36)

—Q2<x2 _ 062)2 =0

Since both stress and deflection are finite in the region of x <1 (i.e.,, 7 <a), 5, and W
can be expanded as a power series of x — (1 + «)/2. If letting 8 = (1 + &)/2, then

5= Y ailx— ) @)
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and
(e}

W= Zdi(x—/%)l. (38)
i=0

By substituting Equation (37) into Equation (36), the coefficients ¢; (i =2, 3,4, ... ) can
be expressed as the polynomials of ¢y, ¢1, and &, which are listed in Appendix A. Then,
substituting Equations (37) and (38) into Equation (28) or Equation (30), the coefficients
di(i=1,2,3,... ) can also be expressed as the polynomials of ¢y, c;, and «, which are listed
in Appendix B.

The remaining three coefficients cy, c1, and dy are usually known as undetermined con-
stants, while the dimensionless variable « (x = b/a) also plays the role of an undetermined
coefficient here. The ¢, c1, «, and dy can be determined by using the boundary conditions
and continuity conditions as follows. From Equation (38), Equations (31) and (33) give

Y di(1—p) =0 (39)
=0
and -
Y dia—p) ==, (40)
i=0
Equation (40) minus Equation (39) is
Y dilw—p) —(1-p)] =5 (41)
i=1
From Equations (29) and (37), Equations (32), (34) and (35) yield
A-vYa-p) + Y- =0, @)
i=0 i=1
-0y cla—p) +a)ica—p' = "0 )
i=0 i=1
and - . )
i_ uo)
i;OCi(‘x_’B) _1_1/ b . (44)
Eliminating the u(b)/b from Equations (43) and (44), one has
ai ici(a — )L =o0. (45)
i=1

For the given problem where g, i, E, v, g, and g are known in advance, the undeter-
mined constants cy, c1, and « can be determined by the simultaneous solutions of Equations
(41), (42) and (45). Furthermore, with the known ¢y, c¢1, and «, the undetermined constant
dp can be determined by Equation (39) or Equation (40). The problem dealt with here is
thus solved. In addition, from Equations (27), (37) and (38), the expressions for dimensional
stress and deflection may finally be written as

® b 10
— E (- — 4
Ur ;)CZ(Q Za 2) ( 6)

and

w:axdi(g———i). (47)
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3. Results and Discussion
3.1. Convergence of the Closed-Form Solution Obtained in Section 2

As can be seen from Appendices A and B, the expressions for the power series coeffi-
cients ¢; and d; are too complex to discuss convergence in terms of general solutions, so
the convergence can only be discussed in terms of the particular solutions for stress and
deflection. To this end, a numerical example is conducted; an initially flat, peripherally
fixed circular membrane with radius 4 = 100 mm, thickness & = 1 mm, Young’s modulus
E =7.84 MPa, Poisson’s ratio v = 0.47, which keeps a parallel gap of ¢ = 10 mm from a
concentric circular rigid flat plate, is subjected to a uniformly distributed transverse loads
of g = 0.0018 MPa. The uniformly distributed transverse loads g that makes the circular
membrane just touch the concentric circular rigid flat plate is about g = 0.00035215 MPa,
that is, the uniformly distributed transverse loads g that makes the circular membrane just
produces the maximum deflection (i.e., the deflection at 7 = 0) of g = 10 mm is 4 = 0.00035215
MPa, which is calculated by using the circular membrane solution given in reference [18].
Therefore, the circular membrane under g = 0.0018 MPa must have formed a frictionless
contact area of radius b with the concentric circular rigid flat plate.

Therefore, the solution of the unknown contact radius b (or the undetermined constant
« = b/a) and the undetermined constants ¢y, c1, and dy are the main tasks of the following
numerical calculations. To this end, let us truncate the infinite power series in Equations
(39), (41), (42) and (45) to the nth terms, that is,

Y di(1—p) =0, (48)

i=0
Y dita—py —(1-p)] =&, )

i=1
(1Y c(1—p) + Y ic(1— )~ =0 (50)
i=0 i=1
and .

Y ici(a—p) T =0. (51)

i=1

The parameter n in Equations (48)—(51) can first take 2 to start the numerical calcula-
tions of the undetermined constants cg, ¢1, &, and dj, then take 3, 4, ... , until 14. The results
of numerical calculation of ¢, ¢1, «, and dj are listed in Table 1. The variations of ¢y, ¢y, &,
and dy with n are shown in Figure 3, where the dash-dotted lines show the convergence
trends of the data points of even terms (1 =2, 4, 6 ... ) and the dashed lines show that of
odd terms (n=3,5,7 ... ). From Figure 3, it can be seen that the data sequences for cy, ¢,
«, and dy have a very good convergence trend and show a very good saturation when the
parameter 7 takes 10 or 11, which indicates that the undetermined constants cy, ¢, « and dj
when g = 0.0018 MPa can take the numerical values calculated by n = 10 or 11.

Table 1. The numerical calculation results of the undetermined constants ¢y, ¢1, &, and dj, where
q=1.8 x 1073 MPa.

n o Co ca dy

2 0.550304 0.020333 —0.004946 0.074512
3 0.506556 0.023992 —0.002929 0.073227
4 0.511924 0.023563 —0.002825 0.074291
5 0.508790 0.023837 —0.002708 0.074196
6 0.506674 0.024005 —0.002746 0.074260
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Table 1. Cont.

n [ co 1 dy
7 0.507546 0.023943 —0.002764 0.074264
8 0.506410 0.024033 —0.002784 0.074266
9 0.506772 0.024006 —0.002793 0.074270
10 0.506318 0.024039 —0.002830 0.074262
11 0.506448 0.024046 —0.002850 0.074265
12 0.506230 0.024045 —0.002855 0.074264
13 0.506210 0.024047 —0.002860 0.074263
14 0.506210 0.024047 —0.002860 0.074263
036
055 | . 4
054 | \.\" |
05 | i
o 052 | |
051 | : ‘\_-: R S |
050 | ” P ) i
e T S N S e S T R | B R R
n
(@)
00248
00240 L L STTTTTTTITR TR N T
00232 | - |
¢, ooms | i
00216 | / ! _
00208 | / |
e 2 34 5 6 7 s 9 1w 1 @ 1B u
n
(b)
00025 i
-0.0035 | /.f" i
S oo | ,;’;;’ |
00050 ji’ |
Ry T T T e N N ST S S
n
(0

Figure 3. Cont.



Mathematics 2022, 10, 3025

11 of 32

0.0748

0.0745 -

0.0742

0.0739

0.0736

0.0733

0.0730 | I ! | 1 1 1 I ! 1 1 | 1
9

(d)

Figure 3. The variations of ¢, c1, #, and dy with terms n, where the dash-dotted lines show the
convergence trend of the data points of even terms (n =2, 4, 6 ... ), the dashed lines show that of odd
terms (n=3,5,7... ),andg=1.8 x 103 MPa: (a) the variation of & with n, (b) the variation of ¢,
with #, () the variation of ¢; with n, and (d) the variation of dy with n.

It can be seen from Figure 3 that the undetermined constants ¢, c1, &, and dy when
g = 0.0018 MPa should take the numerical values calculated by n > 10 or 11. Here, the nu-
merical values at # = 14 in Table 1 are taken as the convergence values of the undetermined
constants ¢y, ¢1, &, and dg when g = 0.0018 MPa to investigate the convergence of the power
series particular solutions of stress and deflection, that is, ¢y = 0.024047, ¢; = —0.002860,
« =0.506210, and dy = 0.074263. Obviously, if the particular solutions of stress and deflec-
tion converge at the two ends of the closed interval [0.506210, 1], then they converge in the
whole closed interval [0.506210, 1]. The numerical calculation results of stress and deflection
at the two ends of the closed interval [0.506210, 1] are listed in Table 2, which are calculated
by using Equations (37) and (38), where the coefficients ¢; (i=2,3,4,... Jand d; (i=1, 2,
3,... ) are listed in Appendices A and B, and = (1 + «)/2 = (1 + 0.506210) /2 = 0.753105.
Figures 4 and 5 show the variations of ¢;(1 — ,B)i, cila — ,B)i, d;(1 — ﬁ)i and d;(« — ‘B)i with i,
indicating that the particular solutions of stress and deflection converge very well at the
two ends of the closed interval [0.506210, 1]. Therefore, the particular solutions of stress
and deflection converge in the closed interval [0.506210, 1].

Table 2. The numerical calculation results of c;(a — ﬁ)i, di(e — ﬁ)i, ¢i(1 — /S)i and d;(1 — ﬁ)i, where
q=1.8 x 1073 MPa.

i cila — p) di(e — B} ci(1— p) d;(1 — p)i

0 0.024047 0.074263 0.024047 0.074263

1 7.0612 x 1074 4.8669 x 1073 —7.0612 x 107*  —4.8669 x 1073
2 3.3694 x 10~% —2.1851 x 1073 3.3694 x 1074 —2.1851 x 1073
3 1.5232 x 10~4 —1.2296 x 1074  —1.5232 x 104 1.2296 x 10~4
4 6.2122 x 107° —2.5098 x 107> 6.2122 x 107> —2.5098 x 1073
5 24282 x 1072 —4.6319 x 1070 —2.4282 x 10° 4.6319 x 107°
6 9.2305 x 10~° —7.3651 x 1077 9.2305 x 10~° —7.3651 x 107
7 3.4402 x 10° —5.7636 x 1078 —3.4402 x 10 5.7636 x 108
8 1.2634 x 10~° 24572 x 108 1.2634 x 10~° 24572 x 108
9 45869 x 107 1.8160 x 108 —45869 x 1077 —1.8160 x 108
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12 of 32
i cilw — p)t di(w — )i ci(1— p) d;(1 — p)i
10 1.6500 x 107 8.1933 x 1077 1.6500 x 107 8.1933 x 10~?
11 5.8903 x 108 3.1359 x 10~ —5.8903 x 1078  —3.1359 x 10~
12 2.0894 x 108 1.0994 x 10~? 2.0894 x 10~8 1.0994 x 10~
13 7.3714 x 10~ 3.6352 x 10710 —73714 x 1072  —3.6352 x 10710
14 2.5883 x 10~? 1.1475 x 10~10 2.5883 x 1077 1.1475 x 10~10
0.028
°
0.021 |\ i
0.014 :'. |
cla=py |
0.007 | |
0 ‘\."‘"'0-——-.-—--.-----o————o————.————0————-o————o————0-————0————-.————4.
-0.007 | | | | | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
1
(a)
0.08
e
‘I
0.06 |\ |
1
II
004 | ! i
. “
d(a—-p) “‘
0.02 \
\ i
‘\
0 b
\~§ R TIE DR D il IE IR DI I Iy JE I IO DIC IR O I I )
o=
-0.02 | | | | | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
1

(b)

Figure 4. The variations of ¢;(a — /S)i and d;(« — /S)i with terms i, where g = 1.8 X 103 MPa: (a) the
variation of ¢;(a — ﬁ)i with i, and (b) the variation of d;(a — ﬁ)i with i.
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Figure 5. The variations of ¢;(1 — ﬁ)i and d;(1 — ﬁ)i with terms i, where g = 1.8 x 10—3 MPa: (a) the
variation of ¢;(1 — B)’ with i, and (b) the variation of d;(1 — B) with i.

Table 3 shows the results of numerical calculation of ¢y, c¢1, &, and dy when
g=1725 x 10~ MPa. The variations of ¢y, c1, &, and dy with n are shown in Figure 6,
where the dash-dotted lines show the convergence trends of the data points of even terms
(n=2,4,6...)and the dashed lines show that of odd terms (# =3,5,7 ... ). From Figure 6,
it can be seen that the data sequences for ¢y, c1, &, and dy have a very good convergence
trend and show a very good saturation when the parameter n takes 9 or 10, which indicates
that the undetermined constants ¢, ¢y, &, and dy when g = 1.725 x 10~% MPa can take the
numerical values calculated by #n = 9 or 10. By comparing Figures 3 and 6, it can be seen

that the convergence of the undetermined constants ¢y, ¢, &, and dy becomes better when
the loads g is reduced from 1.8 x 1073 MPa to 1.725 x 10~® MPa.

Table 3. The numerical calculation results of the undetermined constants cy, ¢1, &, and dj, where
q=1.725 x 10~% MPa.

n 14 Co 1 dO

2 0.538654 1.9856 x 1074 —4.8200 x 107> 7.3324 x 1073
3 0.489766 2.3466 x 1074 —3.1514 x 107> 7.2671 x 1073
4

0.501960 2.2515 x 104 —2.9399 x 10> 7.3553 x 1073
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Table 3. Cont.

n [ co 1 dy
5 0.497930 2.2814 x 1074 —2.8463 x 107> 7.3522 x 1073
6 0.496600 22917 x 104 —2.8560 x 107> 7.3556 x 1073
7 0.497174 2.2817 x 1074 —2.8024 x 107> 7.3549 x 1073
8 0.496810 2.2905 x 104 —2.8150 x 107° 7.3554 x 1073
9 0.496670 2.2880 x 1074 —2.7950 x 107> 7.3553 x 1073
10 0.496704 2.2885 x 10~* —2.8010 x 10~° 7.3554 x 1073
11 0.496710 2.2886 x 104 —2.7980 x 10> 7.3553 x 1073
12 0.496708 2.2885 x 104 —2.7990 x 107> 7.3554 x 1073
13 0.496708 2.2886 x 10~* —2.7980 x 107° 7.3553 x 1073
14 0.496708 2.2885 x 1074 —2.7990 x 107> 7.3554 x 1073
0.51
a [ |
050 | \ il
049 | T ]
048 L i
047 | | | | | |
0 1 6 7 9 10 11 12 13 14
@
G 000022 | /"A 4
(b)
CI
©

Figure 6. Cont.
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0.00742

0.00738

0.00734

0.00730

0.00726 .

0.00722

(d)

Figure 6. The variations of ¢, c1, &, and dy with terms 7, where the dash-dotted lines show the
convergence trend of the data points of even terms (n =2, 4, 6 ... ), the dashed lines show that of odd
terms (n=3,5,7... ), and where g =1.725 x 10~% MPa: (a) the variation of & with 1, (b) the variation
of ¢y with n, (¢) the variation of ¢; with n, and (d) the variation of dy with n.

It can be seen from Figure 6 that the undetermined constants ¢, c1, &, and dy when
g =1.725 x 10-% MPa should take the numerical values calculated by n > 9 or 10. Here,
the numerical values at n = 14 in Table 3 are taken as the convergence values of the undeter-
mined constants ¢y, c1, &, and dy when g = 1.725 x 10~° MPa to investigate the convergence
of the power series particular solutions of stress and deflection, that is, cy = 2.2885 x 1074,
c1 = —2.7990 x 1072, x = 0.496708, and dy = 7.3554 x 10~3. Table 4 shows the numerical
calculation results of stress and deflection at the two ends of the closed interval [0.496708, 1].
Figures 7 and 8 show the variations of ¢;(1 — ,B)i, cila — ﬁ)i, d;(1 — ﬁ)i and d;(a — ‘B)i with i,
indicating that the particular solutions of stress and deflection converge very well at the
two ends of the closed interval [0.496708, 1]. Therefore, the particular solutions of stress
and deflection also converge in the closed interval [0.496708, 1].

Table 4. The numerical calculation results of c;(« — ﬁ)i, di(a — /3)", ci(1 — ,B)i and d;(1 — ﬁ)i, when
q=1.725 x 107° MPa.

i cila — B) di(x — p) (1 — B} d;(1 - B)i

0 2.2885 x 1074 7.3554 x 1073 22885 x 10~* 7.3554 x 1073
1 7.0436 x 107° 5.0657 x 1073 —7.0436 x 107 —5.0657 x 1073
2 —7.9021 x 10~° —2.2719 x 1073 —7.9021 x 10~° —2.2720 x 1073
3 2.0236 x 107° —4.4641 x 107° —2.0236 x 1076 4.4641 x 107>
4 3.5072 x 1077 —8.7459 x 1075 3.5072 x 1077 —8.7459 x 107>
5 1.4484 % 1077 —2.4508 x 10~ —1.4484 x 1077 2.4508 x 10~°
6 —3.3957 x 1078 —4.0025 x 107® —3.3958 x 1078 —4.0025 x 107®
7 —3.4012 x 1078 21156 x 1077 3.4012 x 10~8 —2.1156 x 1077
8 —2.3883 x 1078 —2.5281 x 1077 —2.3883 x 1078 —2.5281 x 1077
9 —1.1568 x 1078 —2.8124 x 1078 1.1568 x 1078 2.8124 x 1078
10 —5.3121 x 10~? —5.4178 x 1078 —5.3121 x 10~? —5.4178 x 1078
11 —2.2077 x 107 —1.9538 x 1078 2.2077 x 1077 1.9538 x 1078
12 —9.0917 x 1010 ~1.1500 x 1078 —9.0917 x 1010 —1.1499 x 1078
13 —3.6399 x 10710 —4.1701 x 10~° 3.6399 x 10~10 4.1702 x 10~°

14 —1.4728 x 10710 —1.8333 x 10~? —1.4728 x 10710 1.8333 x 1077
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Figure 7. The variations of c;(« — ,B)i and d;(a — ﬁ)i with terms i, where g = 1.725 X 10~ MPa: (a) the
variation of ¢;(a — /3)i with 7, and (b) the variation of d;(a — /S)i with 7.
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Figure 8. The variations of ¢;(1 — ﬁ)i and d4;(1 — ﬁ)i with terms i, where g = 1.725 x 10~® MPa: (a) the
variation of ¢;(1 — B)’ with i, and (b) the variation of d;(1 — B)! with i.

3.2. Regression of the Solution after Contact to the Solution before Contact

In this section, we shall prove that the closed-form solution of the plate/membrane
contact problem, which is given in Section 2, can return to the closed-form solution of
circular membrane problems when the plate/membrane contact area approaches zero. We
are going to prove it from two perspectives. One is to fix the size of the parallel gap g
between the initially flat circular membrane and the frictionless rigid plate and change
the size of the uniformly-distributed transverse loads g, to observe whether the shape of
the deflection curve of the circular membrane in contact with the frictionless rigid plate
can gradually approach the shape of the deflection curve of a circular membrane as the
uniformly-distributed transverse loads g gradually decreases (the contact radius b gradually
approaches zero). The second is to fix the size of the uniformly distributed transverse loads
g and change the size of the parallel gap g, to observe whether the shape of the deflection
curve of the circular membrane in contact with the frictionless rigid plate can gradually
approach the shape of the deflection curve of a circular membrane as the parallel gap g
gradually increases (the contact radius b gradually approaches zero).
To this end, an initially flat, peripherally fixed circular membrane with radius @ = 100 mm,
thickness # = 1 mm, Young’s modulus E = 7.84 MPa, Poisson’s ratio v = 0.47 is used
for numerical calculations. In the first case, the frictionless rigid plate keeps a paral-
lel gap of g =10 mm from the initially flat circular membrane, and the uniformly dis-
tributed transverse loads g decreases from 1.8 x 1073 MPa to 8.3843 x 10~* MPa, then
t0 4.9431 x 10~% MPa, and finally to 3.5216 x 10~* MPa, while the corresponding contact
radius b decreases from 50.72 mm to 35.00 mm, then to 20.00 mm, and finally to 0.01 mm,
as shown in Figure 9. In the second case, the circular membrane is always subjected to the
uniformly distributed transverse loads of g = 3.5216 x 10~* MPa, and the parallel gap g
between plate and membrane increases from 2 mm to 5 mm, then to 8 mm, then to 9.5 mm,
and finally to 10 mm, while the corresponding contact radius b decreases from 83.40 mm
to 57.71 mm, then to 29.90 mm, then to 12.58 mm, and finally to 0.01 mm, as shown in
Figure 10. In Figures 9 and 10, the “Solution after contact” refers to the closed-form solu-
tion of plate/membrane contact problems which is given in Section 2, and the “Solution
before contact” refers to the closed-form solution of circular membrane problems which
was given in reference [18]. When the circular membrane is freely deflecting under the
action of g = 3.5216 x 10~* MPa, as shown in Figures 9 and 10, the corresponding unde-
termined constants are cy = 0.100003871 and by = 0.01251267355, and the corresponding
deflection expression is w(r) = 10.0003871 — 0.8990541942 x 10~3r2 — 7.938281317 x 10~r*
— 1593670115 x 10~ 13r° — 4.019220774 x 10~ 15/% — 1.136680135 x 10~ **r'0 — 3.448101848
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x 10727712 — 1.097048702 x 103171 — 3.613480399 x 1036716 — 1.222061190 x 10~ 40r18
— 4.219889721 x 1074520 — 1.481932061 x 10~#r?2 — 5.277237532 x 10~°*r?4, which are
calculated by using the “Solution before contact”.

0

4
as q=3.5216x10"*MPa i
9.996
4 I~ —
10.000
6L 10.004 i
0.1 0 0.1
w(mm)
8 I~ —
igi l =1.8x10"MPa
10 |Rigid plate q
I
____Solution after contact
_._. Solution before contact
12 | | | | 1 1 | | | | | | | | 1
100 90 80 70 60 50 40 30 20 10 0 10 20 30 40 50 60 70 80 90 100

r(mm) and b(mm)

Figure 9. Sketch from contact deflection to free deflection, where the parallel gap g keeps 10 mm and
the loads q decreases from 1.8 x 103 MPa to 8.3843 x 10~* MPa, then to 4.9431 x 10~* MPa, and
finally to 3.5216 x 10~* MPa.

N g=2mm |
9.996

4

[ g=5mm 10.000 B
w(mm
( ) 6 10.004 _
0.1 0 0.1
s | g=8mm P |
. i =9.5mm
10 | Rigid plate
u ____Solution after contact
8 C 1Or‘nm ___Solution before contact

| | | | | |
100 90 80 70 60 50 40 30 20 10 0 10 20 30 40 50 60 70 80 90 100

r(mm) and b(mm)

Figure 10. Sketch from contact deflection to free deflection, where the loads g keeps
3.5216 x 10~* MPa and the parallel gap g increases from 2 mm to 5 mm, then to 8 mm, then to
9.5 mm, and finally to 10 mm.

It can be seen from Figures 9 and 10 that whether the parallel gap g is fixed and the
loads g is changed or the loads g is fixed and the parallel gap g is changed, the shape of
the deflection curve of the circular membrane in contact with the frictionless rigid plate
can gradually approach the shape of the deflection curve of the circular membrane. This
means, to some extent, that the closed-form solution given in Section 2 is basically reliable
without derivation errors.

3.3. Comparison between Present Solution and Previous Solution

In this section, the circular membrane of radius a4 = 100 mm, thickness & = 1 mm,
Young’s modulus E = 7.84 MPa, Poisson’s ratio v = 0.47, which is used in Section 3.2, is still
used for numerical calculations in order to quantitatively analyze the improvement effect
of the closed-form solution given in Section 2, that is, the quantitative difference between
the present closed-form solution given in Section 2 and the previous closed-form solutions
given in references [33-35]. The circular membrane is still initially flat and peripherally
fixed, keeps the parallel gap of g =1 mm, 5 mm, and 10 mm from the frictionless rigid plate,
and is subjected to the loads g = 1.725 x 107° MPa, 2.2 x 10~* MPa and 1.8 x 1073 MPa
(corresponding to g = 1 mm, 5 mm, and 10 mm, respectively). The contact radius b between
plate/membrane under different parallel gap ¢ and the maximum stress o, of the circular
membrane under different loads g are list in Table 5. The distributions of deflection and
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stress of the circular membrane under different loads g are shown in Figures 11 and 12. In
Table 5 and Figures 11 and 12, the “Solution 1” refers to the results obtained by using the
closed-form solution given in Section 2, the “Solution 2” refers to the results by using the
closed-form solution given in reference [35], the “Solution 3” refers to the results by using
the closed-form solution given in reference [34], and the “Solution 4” refers to the results
by using the closed-form solution given in reference [33].

Table 5. The contact radius b and maximum stress o, under different loads 4.

b (mm) om (MPa)
q (MPa) g (mm) - - - ; A . . .
Solution 1 Solution 2 Solution 3 Solution 4 Solution 1 Solution 2 Solution 3 Solution 4
1.725 x 10 1 49.66 47.97 47.01 46.66 1.82x107% 175%x10° 1.67x107% 1.66 x 1073
22 %1074 5 50.12 4147 36.72 34.87 460 x 1072 3.88x1072 357 x1072 296 x 102
1.8 x 1073 10 50.72 37.55 28.34 23.04 190 x 107! 146 x 107! 126 x 107! 9.61 x 102

q=1.725x10"MPa

7=22x10 ‘MPa

Solution T
_ _ Solution 2

q=1.8x 10°MPa ____Solution 3
| |

Solution 4
1

1
100 9% 8 70 60 50 40 30 20 10 0 10 20 30 40 50 60 70 80 90 100

r(mm)

Figure 11. The variations of deflection w with radial coordinate r.

q=1.725x10"MPa

0.04

008 |

L e S S S S S S S SN Sty

o,(MPa) ¢ |- ]
020 |

___Solution T
0.24 . Solutfon 2
_.__Solution 3

028 | | | | | | I | I | I | | | | | T
100 9 8 70 60 50 40 30 20 10 0 10 20 30 40 50 60 70 8 90 100

Solution 4

r(mm)
Figure 12. The variations of radial stress o, with radial coordinate r.

It can be calculated from Table 5 that for the contact radius b, the relative error of Solu-
tion 2 to Solution 1 is about 3.52% for g = 1.725 x 10~° MPa, 20.86% for g = 2.2 x 10~* MPa
and 35.07% for g = 1.8 x 1073 MPa, the relative error of Solution 3 to Solution 1 is about
5.34% for g = 1.725 x 10~% MPa, 26.74% for g =2.2 x 10~* MPa and 44.12% for g = 1.8 x 10~3 MPa,
and the relative error of Solution 4 to Solution 1 is about 6.04% for g = 1.725 x 10~° MPa,
30.43% for g =2.2 x 10~* MPa and 54.57% for g = 1.8 x 10~ MPa, while for the maximum
stress o, the relative error of Solution 2 to Solution 1 is about 4% for g = 1.725 X 10~% MPa,
8.56% for g = 2.2 x 10~* MPa and 30.14% for g = 1.8 x 1073 MPa, the relative error of Solu-
tion 3 to Solution 1 is about 8.24% for g = 1.725 x 10~° MPa, 22.39% for g = 2.2 x 10~* MPa
and 33.68% for g = 1.8 x 1073 MPa, and the relative error of Solution 4 to Solution 1
is about 8.79% for q = 1.725 x 10~° MPa, 35.65% for g = 2.2 x 10~* MPa and 49.42% for
g = 1.8 x 1073 MPa. Therefore, the minimum relative error is the relative error of Solution 2
to Solution 1, but for the case of g = 1.8 x 1073 MPa and g = 10 mm, may be as high as 35%
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for the contact radius b and 30% for the maximum stress 0. Moreover, from Figure 11, it
can also be seen that for the case of = 1.8 x 10~2 MPa and g = 10 mm, the shape of the
deflection curves in non-contact region also has great difference.

The choice of the elastic membranes of contact mode capacitive pressure sensors is
highly dependent on the magnitude of maximum stress, so such a large maximum stress
error will undoubtedly affect the correctness of the selection of elastic membranes. The
total capacitance of a capacitive pressure sensor consists of two parts: one is the capacitance
in the plate/membrane contact region, which is proportional to the square of the contact
radius b, and the other is the capacitance in the plate/membrane non-contact region, which
is affected by the shape of the deflection curves in the plate/membrane non-contact region.

Allin all, Table 5 and Figures 11 and 12 show that the closed-form solution given in
Section 2 has achieved a very significant and beneficial improvement.

4. Concluding Remarks

In this paper, the plate/membrane contact problem is investigated again, an initially
flat, peripherally fixed circular membrane, which elastically deflects under uniformly
distributed transverse loads, comes into contact with a concentric circular rigid flat plate
that keeps a certain parallel gap from the initially flat circular membrane. In comparison
with our previous works [34,35], the main improvements made here are that the assumption
of small rotation angle of membrane is given up synchronously in the establishments of
out-of-plane equilibrium equation and geometric equations. The resulting new and more
refined closed-form solution has higher computational accuracy and can play a better role
if further incorporated into the design of contact mode capacitive pressure sensors.

Further research on this plate/membrane contact problem should be focused on the
consideration of plate/membrane friction. Since the larger the contact radius b, the greater
the friction, the solution without considering plate/membrane friction is not suitable for
the case of a too large contact radius b. Therefore, the solution considering plate/membrane
friction will make the pressure measurement range of capacitive pressure sensors wider,
since a large contact radius corresponds to a large pressure.
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Nomenclature

Radius of the circular membrane
Radius of the circular contact area
Thickness of the circular membrane
Poisson’s ratio

Young’s modulus

Uniformly distributed transverse loads

QD m S =SS
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Certain parallel gap between rigid flat plate and circular membrane
Radial coordinate

Circumferential coordinate

Transverse coordinate or displacement of the deflected membrane
Coordinate origin

Pi (ratio of circumference to diameter)

Radial stress

Rotation angle of the deflected membrane

oy Circumferential stress

e,  Radial strain

e;  Circumferential strain

u  Radial displacement of the deflected membrane
Q Dimensionless loads (aq/hE)

W Dimensionless transverse displacement (w/a)
S, Dimensionless radial stress (0 /E)

S;  Dimensionless circumferential stress (0 /E)

«  Dimensionless variable (x = b/a)

x  Dimensionless radial coordinate (r/a)

B Dimensionless variable (8 = (1+«)/2)

¢; Coefficients of the power series for S,

d;  Coefficients of the power series for W

Q:S;‘Qg-e\:%

Appendix A

cy = zlﬁ(ﬁvcl —3Bc1+veg—co—1+ (ﬁ2v2012 + Zﬁvzcocl —2Bvcocr + v2cy? — 2PBvcy
—2veg? — 2ueg + co? — di% +2¢co +1)1/2)

7

_ 1 3.2 3,2 2
€3 = " 6BZ(2B2cy— e +3Bci —vegtcot+1) (207c2" — 4B7ver” — 20B%vei e
+38/326ch —10Bvcoca — 9/31/012 + 10Bcoca + 12[3c12 — 3vcgey + 10Bcy 4 3cgey -
+2d1dy + 3¢1)

€a=— 24B2(2p%cy —Brcy —1&-3ﬁc1—vc0+c0+1) (36 134632 B 361331/6263 + 204,B3C253
—84ﬁ21/c1C3 — 52ﬁ21/cz2 + 174ﬁ2c1C3 + 136ﬁ2622 —42Bvcocs — 86Bvcyicy +42Bcoc3
+134pc10y — 16vcoey — 12ver? + 42Bcs + 16¢ocs + 15¢12 + 6d1ds + 4dy* + 16¢5)

_ 1 4 3 3,2
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+110Bcocs + 438Bc1cs + 698Bcacs — 48vepey — 84veics — 48vcy? + 1108cs5 + 48cqca
+126¢1c3 4 80c2% + 10d,d5 + 16dady + 9d3> + 48cy)

7 = — BPGRaT ﬁwll% S v ey (180 Btcace + 24084 cacs — 72B%veace
—90,831/C3C5 — 48,831/C42 + 456,83c2c6 + 750,83C3C5 + 432,63C42 — 156,821/c1c6 — 78Bvcocs
—23252vc265 — 270,821/6364 + 354/32clc6 + 802/326265 + 1098[326364 ~+ 12d3dy — 35vcgcs -
—178Bvcycs — 238Bvcacy — 129Bves? + 78Bcocs + 328Bcics + 574Bcacy + 336Bc3?
—63vcicy — 77vepcs + 78Bce + 35c0cs + 99¢c1c4 + 143co¢3 + 6d1dg + 10dod5s + 35¢5)
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€8 = — 112ﬁ2(2ﬁ2c27ﬁv011+3/501 —veo+eo+1) (504 :B4C3C7 + 720ﬁ4C4C6 + 40054C52
—196B3vcacy — 252B83vescs — 280B3vcycs + 126083 cacy + 219683 cscq + 276083 cycs
—420B%vcic7 — 640B%veace — 772B%vcacs — 4088%vcey? + 9662c1cy + 22968%cocs
+3382pB%c3c5 + 1896%c4? — 210Bvcoe; — 486Bvcice — 670Bvcacs — 762Bvcscy ,
+210Bcocy 4+ 918Bc1ce + 1710Bcrc5 + 2202 Bc3cq — Y6vcoce — 176ve1c5 — 224veycy
—120vc3? + 210Bc7 + 96¢oce + 286¢1 c5 + 448cpcy + 255¢32 + 14d1dy + 24dod
+30d3ds + 16d4% + 96¢¢)

€9 = — e, et ape —venten i) (336 BAcacs + 504B%cucy + 600Bcsce
—128B%vcycg — 168B%vcscy — 192B3veycs — 10083vcs? + 83283 chcs + 151283 cacy
+201683c4c6 + 110083cs5? — 272B%vcicg — 422B%vercy — 522B%vescs — 572B%vcycs
+632p8%c1cg + 1556B%cacy + 2412B2c3¢6 + 29128%c4c5 — 136Bvcocs — 318Bvcicy ,
—448Bvcyce — 526Bvescs — 276[51/042 -+ 136Bcocg + 612Bc1c7 + 1192Bcacq
+1636Bcscs + 900[3C42 — 63vcpcy — 117veyce — 153vepcs — 171veses + 136cs
4+63cocy + 195¢1 ¢ + 323crc5 4+ 399¢3c4 + 8d1dg + 14drdy + 18d3de + 20d4ds + 63C7)
€10 = ~ TR Epe ﬁwllwcﬂcg oy (25 ds* +18ddg + 32dodg + 42d3d7
+48d4dg + 510c1c7 + 880cacs + 1150c3¢5 + 160ccg — 240vcy? + 44658%¢5? + 90084 cq?
+342Bc9 — 1386Bvcsce — 1502Bveycs — 324B%veacy — 684B%vcico — 10768%vcacy
—432B3vcscg — 1356B%vcsc; — 50483veycy — 1524 B%veycq — 540B3vesce — 342Bvcocy
—806Bvcicg — 1154Bvcycy + 160cg + 5342Bcycs + 82928%cycq + 168084 cscy
—160vcocg + 3170Bcacy + 5544 B83cyc7 + 6522B%cacy + 624c4? + 342Bcocg + 4554Bc3¢6
+864B%c3c9 + 2124 B3coc9 — 300vcycy + 642083 csc6 + 1344 B4 cycg + 160282c1co
—400vcacs — 790B%ves? — 460vcscs + 1574Bcqcg + 398483 cacg + 4052B%cocs)

Ol = — o ape v ape ety (— 187veics — 258veacy +210Bcr
+10d1d1o + 18dydg + 24dsdg + 28d4dy + 30dsdg + 99cocg + 323¢1¢g + 575¢5¢7 + 783c¢3¢4
+899¢c4c5 + 2340B3¢6? + 1980Bcs52 + 99¢c9 — 180B3vce? — 99vegeg + 3714Bcyc + 126084 cec7
+11208%*cscs + 63508%cscq + 441083 cs07 + 3024Bc307 + 2034 Bcacs + 42388%c3cs
+55988%c4c7 + 86484 caco + 364883 cycg + 210Bcocig + 984Bcicg + 54084 czcig — 319veycs
+255882cac9 + 990B2c1c19 + 253883 c3c9 — 5058vcs? + 132083 cac19 — 297vcscs

—200ﬁ3vc2c10 — 27O,B3UC3C9 — 320,831/C4c8 — 350,831/C5C7 — 420,32vc1 c10 — 668,321/C2(19
—854B2vcscg — 978B%veycy — 1040B82vescs — 210Bucgeig — 498Bvcico — 722Bveacy
—882Bvczcy — 978Bvcace)

‘12 = _264ﬁ2(2ﬁ262—5vc11—i-3,5€1—vco+Co+1) (1320 ‘B4C3C11 + 1764'84672 - 484'33UC2C11
—660B3vc3c1g — 792B3vescg + 3212B3¢acq1 + 630083 c3c19 — 1012B%veq 01y — 1624B%vescyg
—21008%vc3c9 + 2398B%c1c11 + 63048%cactg + 9024 8%c6> — 506Bvcocy; — 1206Bvcicig
—1766Bvcycg — 2186 Bvcscg — 2466Bvcscy — 2606Bvesce + 506Bcoc11 + 2406Bc1c19
+5078Bcacg — 240vcocyg — 624veacg — 744vescy — 816veycs — 420vc5? + 240cyc19 + 798¢1¢o
+1456¢5cg + 2046c3¢7 + 2448c4c6 + 1068682 c3c9 — 456V cg + 7754Bc3cg + 21608441
+928883c4c9 + 1453682 c4cg + 1160083 cscg + 17134 8%csc7 + 288084 csc9 + 336084 cscs
+9858Bc4c7 — 13568%vce? + 12852B3csc7 + 11006Bcsc6 + 5068c11 + 22d1d1q + 40dadqg
+54d3dg + 64d4dg + 70dsdy + 240c1g — 924B3vcsc; — 2440B%vcycg — 880B3vescy
—2644B2vcscy 4 36ds> + 1295¢52)
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€13 =~ 156/32(215262*5%11«%3&1fvco+co+1) (792 ﬁ463C12 + 1320'B4C4C11 + 1800'B4C5610

+2160B%cgcq + 2352B%cycg + 192083cac1n + 3828B3c3c11 + 576083 cyc10 + 738083csc9
+84483cecg + 1428B%ccqp + 3808B%cacyy + 6576B%c3c10 + 91568%c4c9 + 11116B%c5cs
+12168B%cc7 — 834Bvce> + 300Bcoctr + 1444 Bcqc1q + 3100Bcac10 + 4836Bc3cg + 6316Bc4cs
+7300Bcsc7 — 143vcoe1y — 273veicyg — 377veacg — 455ve3cg — 507veac; — 533vesce
—288B3vcacty — 396B%vcscyy — 480B3veyc1g — 540B3vescg — 5768%vcges — 294B%vc,? ’
+4410B3c7? — 6008%vcic1p — 970B8%veacy; — 12668%vescyg — 1488%vcyco — 16368%vescs
—1710/321/C6C7 —300Bvcocia — 718Bverc1; — 1060Bveacig — 1326 Bvezcg — 1516Bvcycy
—1630Bvcscy + 3822ﬁc62 + 300Bc12 + 143cgcy1 + 483c1c10 + 899cac9 + 1295¢3c8 + 1599¢4c7
+1763csc6 + 12d1d1p + 22dod11 + 30d3dyg + 36d4dg + 40dsdg + 42dedy + 143c¢11)

CU = ~ S ﬁwl{% —— (1872 Btcscy3 + 3168B%cyctn + 440084 cscyy
+54008%cgc10 + 604884709 + 4524B3coc13 + 914483 cac1p + 1399283 c4cq1 + 1830083¢s5c19
+21492B3cgc9 + 2318483 c7cg — 2142B%vc,? + 335432 ¢ c13 + 905282 cac1p + 15874 B8%cacqy
+225248%c4c10 + 279948509 + 315648%cocs + 702Bcoc13 + 3414Bcic1p + 7434Bcacty
+118028c3c10 + 15750Bc4c9 + 18702Bc5c8 4 20274 Bcscy — 336vcoc1n — 644veicyr — 896vcacy
—1092vczco — 1232vcycg — 1316vescy + 702Bc13 + 26d1d13 — 1404B83vegeo — 1144 B83ve 011
—35642vcyc10 — 936B3vescrn — 3004B%vescy — 676B3veaci3 — 1404B2%ve ez — 2284 B8%veacy)
—702Bvcgciz — 1686Bvcic1a — 2506Bveacyy — 3162Bvezcig — 3654 Brescg — 3982Bvcescs
—4146Bvcecy + 96dsdg + 48dadyy + 66d3d1 + 80dyd1g + 90dsdy — 145683vcycg — 4204B%vcecs
+336¢oc12 + 1150c1 11 + 164018%c;% + 313684 cs? — 672vc6> + 4048c4c8 + 4606c5¢7 + 2400c6>
+49d,% 4 2176¢5¢10 + 3198c3c9 — 130083 vescyg — 39648%vesco + 336¢1)

where = (1+a)/2and 7 = (1+2a —3a?) /4.

Appendix B
_ nQ
Y A T ,
dy = —mez)ﬁ(k)z’?dlz — 2Bcocrdr” — 2c0%dy” + Q2’7)
dy = _WW(Z Q2B2d1? + 8Q2Bndyds + 2Q%n2dy* — 8B2co?dy? — 16B%cocidyda

—4‘32C0C2d12 — 2‘32C12d12 + Qzﬂdlz — 16IBC02d1d2 — SIBCOCldlz + 2Q2‘BZ — 2C02d12 + Qzﬂ) ’

dy = — 5oty (4 Q7 FPd1dy + 6Q idrds + 4Q% By + 3Q% dadds — 127 co’dads
—12,32C(]Cld1d3 — 8ﬁ260C1d22 — 8[32C0C2d1d2 — 2ﬁ2€0€3d12 — 4ﬁ2612d1d2 — 2‘32C1C2d12 + Q2‘3d12
+2Q277d1d2 - 12ﬁ002d1d3 - 8ﬁ002d22 - 16,300C1d1d2 - 4ﬁCoC2d12 — 2‘BC12d12 — 4C02d1d2 ’
—2coc1d1” + Q2 B)

ds = — o gy (24 Q*FPdrds + 16Q°da” + 32Q%Brydydy + 48Qprydad;
+16Q%n2drdy + 9Q%n2ds> — 64p2co2dydy — 3682co2ds® — 642 cocrdidy — 962 cocrdads
—48ﬁ260C2d1d3 — 32,32C0C2d22 — 32‘[3200C3d1d2 — 8‘32C064d12 — 24ﬁ2C12d1d3 — 16,32612d22
—32B%¢icodydy — 8B2cic3dy? — 4B2cy%dy? 4 16Q%Bd dy + 12Q%nd1ds 4 8Q%ndo? — 4cy?di*
—64,3602(11(14 - 96,3C02d2d3 - 96ﬁC0C1d1d3 - 64ﬁC0C1d22 - 64‘BCOC2d1d2 - 16,360C3d12
—32,BC12d1d2 — 16,561C2d12 + Q2d12 — 24C02d1d3 — 16602d22 — 32COC1d1d2 - 8C0€2d12 + Q2)
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do = — ey (8 Q7B drdy +12Q° PP dads + 10Q2rydy ds + 16Q% Bpdad,
+9Q2Bnds? + 5Q%2dods + 6Q%n2dsdy — 20B%c?dyds — 24B2co2d3dy — 208%cocidrds
—32,326‘()Cld2d4 — 18‘326061d32 — 16IB2C0C2d1d4 — 24,3260C2d2dg — 12‘326063611(/‘13
—8ﬁ2C0C3d22 — 8,32C0C4d1d2 — 2ﬁ2C0C5d12 — 8ﬁ2C12d1d4 — 12ﬁ2C12d2d3 — 12‘32C1C2d1d3
—8B2c1cody* — 8B2cicadydy — 2B%creqdr? — 4B2co2drdy — 2B cocadi® + 6Q%Bdyds ,
+4Q2Bdo? + 4Q%d1dy + 6Q3ndads — 20Bco2drds — 32Bco’dydy — 18Bco?ds>
*32,360C1d1d4 — 48‘3C001d2d3 — 24‘BCOC2d1d3 — 16ﬁCQC2d22 — 16,BCOC3d1d2 — 4,BC0C4d12
—12ﬁC12d1d3 — Sﬁclzdzz — 16,3C1C2d1d2 — 4ﬁC1€3d12 — 2,BC22d12 + deldz — 8C02d1d4
—12C02d2d3 - 1260C1d1d3 - 8C0C1d22 - 8C0C2d1d2 - 2C0C3d12 - 4Clzd1d2 - 2C1C2d12)

d7 = — s om—agre (20 Qp2d1ds + 32Q% B2y + 18Q%B2ds” + 24Q°Biped d
+40Q2Bydyds + 48Q%Brdsdy + 12Q%y2dards 4+ 15Q%y2dsds 4+ 8Q%n2dy> — 48B%co2dads
*60‘32002613615 — 32ﬁ2C02d42 — 48ﬁ2C0C1d1d6 — 80‘3200C1d2d5 — 96,32C0C1d3d4 — 16C1C2d1d2
—40ﬁ2C0C2d1d5 - 64,32(10C2d2d4 - 36ﬁ2C0C2d32 - 32‘32C0C3d1d4 - 4,32C0(16d12 - 4C1C3d12
—24p2cocydrds — 16B%cocady® — 16B2cocsdidy — 2082¢12d1ds + 9Q2nds® — 48B2cocadads
—32‘32C12d2d4 — 18ﬁ2C12d32 — 32,3261C2d1d4 — 48‘3201C2d2d3 — 24ﬁ2C163d1d3 + 2Q2d22
—16‘32C1C3d22 — 16,32C1C4d1d2 + 16Q2‘Bd1d4 - 12‘32C22d1d3 — 8ﬁ2C22d22 — 16‘B2C2C3d1d2 ’
—4B2cocydy? — 2B%c32d 2 + 24Q% Bdads + 10Q%yd ds — 4B%cic5di? — 2c0%d1? — 8Bcycady?
—48‘BC02d1d6 — 80‘BCQ2d2d5 — 96,5602(13(14 — SO,BC()Cldldg, — 128ﬁ€0€1d2d4 — 72ﬁCoC1d32
*64‘3COC2d1d4 — 96ﬁCOC2d2d3 — 48ﬁC()C3d1d3 — 32‘3C0C3d22 — 32‘3C0€4d1d2 — 8‘BC0C5d12
—32Bc12d dy — 48Bc12dads — 48Bcicodrds — 32Bcicada® — 32Bcicadydy + 16Q%dyd,
—16Bcy2d dy — 8Bcycadr® + 3Q%d ds — 20co2dyds — 32c02dady — 18co2ds* — 32cocqdrdy
—48COC1d2d3 — 246062d1d3 — 16C062d22 — 16COC3d1d2 — 4CoC4d12 — 12C12d1d3 — 8612d22)

ds = — g —apray (12 Q2 BPd1de + 20Q° Bdads + 24Q B2 dady + 14Q%Bryds d7
+24Q?Brdads + 30Q% Brdads + 16Q%Brds? + 7Q%n2drdy + 9Q22d3de + 10Q%1%dyds
—28ﬁ2C02d2d7 — 36,32C02d3d6 — 40ﬁ2(102d4d5 — 28ﬁ2C0C1d1d7 — 48ﬁ2COC1d2d6
—60[32C061d3d5 - 32,32C0C1d42 - 24[32C0C2d1d6 - 40,32C062d2d5 - 48,5260C2d3d4
—ZO‘BZCOC3d1d5 — 32ﬁ2COC3d2d4 — 18‘32C063d32 — 16‘326064d1d4 — 24ﬁ2C0C4d2d3
—12‘BZCOC5d1d3 — 8‘32C0C5d22 — 8‘32C0C6d1d2 — 2,32C0C7d12 — 12ﬁ2C12d1d6 — ZOﬁz
—24ﬁ2C12d3d4 - 20,32C1C2dld5 - 32[32C1C2d2d4 - 18,3261C2d32 - 16,32C1C3d1d4

—2482¢; c3dyds — 12B%c1cqdrds — 821 cady® — 8B2cicsdidy — 2B%cicedr? — 8B2cr2d1dy
*12‘32C22d2d3 — 12ﬁ2C2C3d1d3 — 8,52C2C3d22 — 8,52C2C4d1d2 — 2,32(.‘2C5d12 — 4,32C32d1d2
—2B%c3c4dr* + 10Q%Bd1ds + 16Q2Bdrdy + 9Q?Bds* + 6Q%ndyds + 10Q%yd,ds ,
+12Q21’]d3d4 — 28ﬁC02d1d7 — 48/3C02d2d6 — 60,5602113(15 — 32,36026142 — 48Bcocyd1de
—80‘3C061d2d5 — 96IBCQC1d3d4 — 40,3COC2d1d5 — 64[36‘0C2d2d4 — 36‘3C062d32 + C]zd2d5
*32‘BC003d1d4 — 48,300C3d2d3 — 24ﬁCOC4d1d3 — 16ﬁC0C4d22 — 16‘3COC5d1d2 — 4‘BC0C6d12
—20Bc12d ds — 32Bc12dady — 18Bc12ds® — 32Bcicadydy — 48Bcycadads — 24Bcic3drds
—16Bc1c3ds? — 16Bcicadidy — 4Bcycsdi® — 12Bcr2drds — 8Bcy’dy? — 16Bcacad;dy
—4‘362C4d12 - 2,3C32d12 + 2Q2d1d4 + 3Q2d2d3 — 12C02d1d6 — 20002d2d5 — 24C02d3d4
—20C0€1d1d5 — 32C0C1d2d4 — 18C0C1d32 — 16COC2d1d4 — 24C()Czd2d3 — 12C0€3d1d3 — 8C0C3d22
—8C0C4d1d2 - 260C5d12 - 8C12d1d4 - 12C12d2d3 - 12C1C2d1d3 - 861C2d22 - 8C1C3d1d2
—261C4d12 — 4C22d1d2 — 2C2€3d1)
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do = — m (56 Q*—ta?dyd7 + 96Q*B2dade + 120Q B*dds + 64QB7d,’
+64Q?Bydids + 112Q? Brdady + 144Q%Bydsdes + 160Q2 Brydyds + 32Q%n2dods
+42Q%%d3dy + 48Q%n%dyds + 25Q%1%ds? — 12882co?dads — 168B%co>dsdy
—192p%co%dydg — 10082co2ds> — 1288%cocydrdg — 224B2cocydady — 288B2coc1dade
—320,52C0C1d4d5 - 112‘32C062d1d7 - 192[32C0C2d2d6 - 240,32C0C2d3d5 - 128[32C062d42
—96‘32C063d1d6 — 160‘32C0€3d2d5 — 192ﬁ2C0(33d3d4 — 80‘BZC0C4d1d5 — 128ﬁ2C0C4d2d4
—72‘32C0C4d32 — 64,32C0C5d1d4 — 96/3260C5d2d3 — 48‘32C0C6d1d3 — 32,52C0C6d22
—32B2cocydqdy — 8B2cocsdr> — 562 — 96B2c12dadg — 120B2¢2d3ds — 64%c12d,>
—96,326162d1d6 — 160ﬁ2C1€2d2d5 — 192ﬁ2C1C2d3d4 — 80[326163[11(15 — 128,32C1€3d2d4
*72‘3201C3d32 — 64ﬁ2C1C4d1d4 — 96ﬁ2C1C4d2d3 — 48‘3201C5d1d3 — 32ﬁ2C1C5d22
—32‘32C1C6d1d2 - 8,32C1(17d12 - 40,82(122111115 - 64/32C22d2d4 - 36,32622(132

—96ﬁ26263d2d3 - 48[32C2C4d1d3 - 32/32C264d22 - 32ﬁ2C2C5d1d2 - 32[32C3C4d1d2
—8‘32026'6(112 — 24‘32C32d1d3 - 16—fﬂ2632d22 - 8ﬁ263C5d12 - 4,32C42d12 + 32Q217d42
+48Q%Bd1dg + 80Q?Bdads + 96Q2 Bd3dy + 28Q%yd dy + c12d1d7 + 48Q%ndad, ,
+60Q%ndsds — 64p%caczdidy — 128Bco?d1dg — 224 Bco?dady — 288Bco’dads
—320ﬁ€02d4d5 — 224‘BCOC]d1d7 — 384IBC0C1d2d6 — 480‘36‘0C1d3d5 — 256IBC0C1d42
—192,3COC2d1d6 — 320ﬁCOC2d2d5 — 384,3COC2d3d4 — 160ﬁCOC3d1d5 — 256,3COC3d2d4
—144,360C3d32 - 128,3(10C4d1d4 - 192,3C064d2d3 - 96,3C()C5d1d3 - 64,3(10C5d22
—64Bcocedids — 16Bcocydr® — 96Bc12d1dg — 160Bc12dads — 192Bc12d3d,

*16013C1C2d1d5 — 256[3C1C2d2d4 — 144IBC1C2d32 — 128,3C1C3d1d4 — 192,3C1C3d2d3
—96‘BC1C4d1d3 — 64,3C1C4d22 — 64,3C1C5d1d2 — 16ﬁC1C6d12 — 64/3(122111114 — 32C2(13d1d2
—96ﬁ622d2d3 - 96,562C3d1d3 - 64ﬁC2C3d22 - 64ﬁC2C4d1d2 - 16ﬁC2C5d12 - 86264d12
—32ﬁC32d1d2 — 16IBC3C4d12 + 10Q2d1d5 + 16Q2d2d4 + 9Q2d32 — 56602d1d7 - 4C32d12
*96C02d2d6 — 120C02d3d5 — 64C02d42 — 96C0€1d1d6 — 16000C1d2d5 — 19200C1d3d4
—8000C2d1d5 - 128C0C2d2d4 - 72C0C2d32 - 64C0C3d1d4 - 96COC3d2d3 - 48C0C4d1d3
—32cocads? — 32¢ocsdrdy — 8cocedr? — 40c12d1ds — 64cq2dady — 36¢12d5% — 64cqcodqdy
—96C1C2d2d3 — 486163d1d3 — 32C1C3d22 — 32C1C4d1d2 — 861(.‘5d12 — 24C22d1d3 — 16C22d22)

di0 = — 55 gr gy (16 Q° —tadds + 28Q% Bdady + 36Q° B2 dads + 40Q*B2dads
+18QBrydydo + 32Q2Bidyds + 42Q%Prdzdy + 48Q° Bdyds + 25Q2Byds”

+9Q2172d2d9 + 12Q2172d3d8 + 14Q2172d4d7 + 15Q2172d5d6 — 36ﬁ2C02d2d9 — 48,52C02d3d8
—568%co?dydy; — 60B%co>dsds — 36B%cocidide — 64%coc1dadg — 84B%cocrdady
—96‘3200C1d4d6 — 50ﬁ26061d52 — 32,3260C2d1d8 — 56‘3200C2d2d7 — 72ﬁ260(32d3d6
—80‘32C0C2d4d5 — 28,32C0C3d1d7 — 48/32€0C3d2d6 — 60,82C0C3d3d5 — 32ﬁ2C0C3d42
—24‘32C064d1d6 - 40,3260C4d2d5 - 48ﬁ2C0C4d3d4 - 20,32C0C5d1d5 - 32ﬁ2COC5d2d4
—18‘32C0C5d32 — 16,32C0C6d1d4 — 24,32C0C6d2d3 — 12‘32€0€7d1d3 — 40ﬁ2C12d4d5
*8ﬁ2C0C8d1d2 — Z‘BZC()nglz — 16‘32C12d1d8 — 28ﬁ2C12d2d7 — 36ﬁ2C12d3d6 — 8‘32C0C7d22
—28‘32C162d1d7 — 48,32C1€2d2d6 - 60,52C1C2d3d5 - 32,32C1C2d42 - 24,32C1€3d1d6 ’
—40[3261C3d2d5 - 48,52C1C3d3d4 - 20/32C1C4d1d5 - 32‘3261C4d2d4 - 18[32C1C4d32
—16‘[3201C5d1d4 — 24ﬁ261€5d2d3 — 12‘32C1C6d1d3 — 8‘32016'66122 — 8‘32C1C7d1d2 — 2‘326‘1686112
—12[52C22d1d6 — 20,32C22d2d5 — 24ﬁ2622d3d4 — 20ﬁ2C2C3d1d5 — 32,32C2C3d2d4
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—96‘3263C4d1d6 — 160,52C3C4d2d5 — 192ﬁ2C3C4d3d4 — 80,32C3C5d1d5 — 128,3263C5d2d4
*72‘32C3C5d32 — 64ﬁ2C3C6d1d4 — 96ﬁ2C3C6d2d3 — 48‘32C3C7d1d3 — 32,3263C7d22 - 32ﬁ2C3C8d1d2
—8B2c3c9d1> — 40B2cy2d1ds — 64—ta®cy?dody — 36B%cs2ds* — 64B2cycsdidy — 962 cscsdads
—48p2%cycodrds — 32B%cycedr® — 322 cucydrdy — 8B2cacgdy® — 24B%cs2d ds — 162c52d>
—32‘32C5C6d1d2 — 8‘32C5C7d12 — 4‘320626112 + 80Q2ﬁd1d10 + 144Q2,3d2d9 + 192Q2,Bd3d8
+224Q?Bdyd7 + 240Q%Bdsds + 44Q%nd1d1y + 80Q%ndadyg + 108Q%dady + 128Q%ndyds
+140Q%ydsdy + 72Q%nde> — 192Bco?d1d1y — 352Bco?dadiy — 480Bco2dsdrg — 576Bco>dsdy
—640‘BC02d5d8 — 672,5C02d6d7 — 352‘3C061d1d11 — 640,3C()Cld2d10 — 864/360C1d3d9 — 1024,36061(14618
*1120,3COC1d5d7 — 576[3C0C1d62 — 320‘3COC2d1d10 — 576‘3C0€2d2d9 — 768,3COC2d3d8
—896ﬁC062d4d7 - 960,3COC2d5d6 - 288ﬁCOC3d1d9 - 512,3COC3d2d8 - 672ﬁCOC3d3d7
—768,3C0€3d4d6 - 400[3C0C3d52 - 256[3C0C4d1d8 - 448,3€0C4d2d7 - 576[3C0C4d3d6
—640‘BCOC4d4d5 — 224,3COC5d1d7 — 384‘BCOC5d2d6 — 480,3COL‘5d3d5 — 256‘BCOC5d42
—192‘BCOC6d1d6 — 320,5COC6d2d5 — 384‘BCOC6d3d4 — 160ﬁC0C7d1d5 — 256‘BCOC7d2d4
—144ﬁCOC7d32 - 128,3C0C8d1d4 - 192ﬁCOC8d2d3 - 96[3C0C9d1d3 - 64,360C9d22 - 64,5C0C10d1d2
—16Bcoc11d1> — 160Bci2d dyg — 288Bc12dady — 384Bc12d3ds — 448Bc12dydy — 480Bc12dsds
*288‘3C1C2d1d9 — 512ﬁC1C2d2d8 — 672‘3C1€2d3d7 — 768ﬁC1C2d4d6 — 400‘3C1C2d52
—256ﬁc163d1d8 - 448,3C1C3d2d7 - 576[3c163d3d6 - 640,3C1C3d4d5 - 224‘3C164d1d7
—384ﬁC164d2d6 - 480[3C1C4d3d5 - 256‘BC1€4d42 - 192,361C5d1d6 - 320[3C1C5d2d5
—384‘301C5d3d4 — 160ﬁC166d1d5 — 256‘301C6d2d4 — 144,BC166d32 — 128‘3C1€7d1d4
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—192ﬁ61C7d2d3 — 96‘BC1ng1d3 — 64,3C1C8d22 — 64,8C1C9d1d2 — 16ﬁC1C10d12 — 128,3C22d1d8
—224ﬁC22d2d7 - 288,3622(13(16 - 320ﬁC22d4d5 - 224‘BC2C3d1d7 - 384ﬁC2C3d2d6

—480‘362C3d3d5 — 256ﬁC2C3d42 — 192,3C2C4d1d6 — 320ﬁ62€4d2d5 — 384,3C2€4d3d4

*160‘3C2C5d1d5 — 256‘3C2C5d2d4 — 144‘3C2C5d32 — 128,BCZC6d1d4 — 192ﬁC2C6d2d3

—96,3C2C7d1d3 - 64ﬁC2C7d22 - 64ﬁC2C8d1d2 - 16,3C2C9d12 - 96,BC32d1d6 - 160,3632d2d5
—192/3C32d3d4 - 160/3€3C4d1d5 - 256/3C3C4d2d4 - 144‘[363C4d32 - 128[3C3C5d1d4 - 192ﬁ63C5d2d3
—96IBC3C6d1d3 — 64‘3C3C6d22 — 64‘BC3C7d1d2 — 16,3C3C8d12 — 64‘3C42d1d4 — 96ﬁ642d2d3
—96ﬁC4C5d1d3 — 64ﬁC4C5d22 — 64‘BC4C6d1d2 — 16IBC4C7d12 — 32,3C52d1d2 — 16ﬁC5C6d12

+18Q2d;dg + 32Q%dods + 42Q%d3dy + 48Q%dsde + 25Q2%d5> — 88cy2d1d1y — 160cy2dadyg
—216602d3d9 — 256602d4d8 — 280602d5d7 — 144602d62 — 160C0€1d1d10 — 288COC1d2d9 — 192C2€3d3d4
*384COC1d3d8 — 44.8COC1d4d7 — 480COC1d5d6 — 144C0C2d1d9 — 256COC2d2d8 — 336COC2d3d7
—384C0(12d4d6 - 200C0€2d52 - 12860C3d1d8 - 224C0(13d2d7 - 288C0€3d3d6 - 320C0C3d4d5 !
—11260C4d1d7 - 192C0C4d2d6 - 240C0C4d3d5 - 128C0C4d42 - 96COC5d1d6 - 16060C5d2d5
—19260C5d3d4 — 80C066d1d5 — 128C066d2d4 — 72C0C6d32 — 64(3007d1d4 — 96COC7d2d3 — 486()ng1d3
—32C0C8d22 — 3260C9d1d2 — 8C0C10d12 — 72C12d1d9 — 128C12d2d8 — 168C12d3d7 — 192C12d4d6
—100612d52 - 128C1C2d1d8 - 224C162d2d7 - 28861C2d3d6 - 320C1C2d4d5 - 11261C3d1d7 - 3262C7d1d2
—1926163d2d6 — 240C1C3d3d5 — 128C1C3d42 — 96C1€4d1d6 — 16061C4d2d5 — 19261C4d3d4 — 80C1€5d1d5
*12861C5d2d4 — 72C165d32 — 64C1C6d1d4 — 96C1C6d2d3 — 48C1C7d1d3 — 32C1C7d22 — 32C1C8d1d2
—8C1C9d12 — 56C22d1d7 — 96622d2d6 — 120C22d3d5 — 64C22d42 — 96C2C3d1d6 — 160(12C3d2d5
—80C264d1d5 - 12862C4d2d4 - 72C2€4d32 - 64C2C5d1d4 - 96C2C5d2d3 - 48C2C6d1d3 - 326266d22
—8C7_C8d12 — 40632d1d5 — 64C32d7_d4 — 36C3Zd32 — 64C3C4d1d4 — 96C3C4d2d3 — 48C3C5d1d3
—32C3C5d22 — 3ZC3C6d1d2 — 8C3C7d12 — 24C42d1d3 — 16C4Zd22 — 32C4C5d1d2 — 8C4C6d12 — 4C52d12)

dg = —m(ﬂ Q*Bdrdyy + 44QBdadyy + 60Q2B2d3d1g + 72Q%B2dydy
+80Q2B2dsds + 84Q%B2dedy + 26Q2 Brdydis + 48Q2Brdadia + 66Q%Brdadiy + 80Q%Bydadig
+90Q*Brdsdy + 96QBrdeds + 49Q>Byd;” + 13Q%ndad1s + 18Q%n>dsd1s + 22Q% dsdyy
+25Q%7%dsd1g + 27Q%n dedy + 28Q%y d7ds — 52p2co’dadys — 72B2co’d3d1, — 88%co>dadny
—100ﬁ2C02d5d10 — 108ﬁ2602d6d9 — 112‘32C02d7d8 — 52,32C061d1d13 — 96‘32C0C1d2d12
—132pB%cqc1dadyy — 160B2cocidadrg — 180B%cocidsde — 1922¢ocidgds — 98B2cocidy?
—48,5260C2d1d12 — 88ﬁ26062d2d11 — 120‘3260621136110 — 144‘32C062d4d9 — 160ﬁ2C062d5d8
*168‘BZC0C2d6d7 — 44ﬁ2C0C3d1d11 — 80ﬁ2C003d2d10 — 108ﬁ2C0C3d3d9 — 128,32C0C3d4d8
—140ﬁ2C0C3d5d7 - 72‘3260C3d62 — 40,32C()C4d1d10 - 72/32C0C4d2d9 — 96,32C064d3d8 - 112,32C0C4d4d7
—120/32C0C4d5d6 - 36‘[3260C5d1d9 - 64[32C0C5d2d8 - 84[32C065d3d7 - 96,52C0C5d4d6 - 50/32C0C5d52
—32,52C0C6d1d8 — 56‘32C0C6d2d7 — 72ﬁ260C6d3d6 — 80‘B2C006d4d5 — 28,32C067d1d7 — 48,BZCQC7d2d6
—60,32C()C7d3d5 — 32ﬁ2C0C7d42 — 24‘32C0C8d1d6 — 40,52C()ng2d5 — 48‘B2C0ng3d4 — 20,32C0C9d1d5
—32,32C0C9d2d4 - 18ﬁ2C069d32 - 16/32€0C10d1d4 - 24ﬁ2C0C10d2d3 — 12,32C0C11d1d3 - 8ﬁ2C0C11d22
—SIBZCQClzdldz — 2,32C0613d12 — 24‘32C12d1d12 — 44,32C12d2d11 — 60,32(112(136{10 — 72ﬁ2612d4d9 !
*80ﬁ2C12d5d8 — 84ﬁ2C12d6d7 — 44‘3201C2d1d11 — 80ﬁ2C102d2d10 — 108ﬁ2C1C2d3d9 — 128,32C1C2d4d8
—140[32C1C2d5d7 - 72‘3261C2d62 - 40,32C1(13d1d10 - 72/32C1C3d2d9 - 96,32C1€3d3d8 - 112,32C1C3d4d7
—12052C1C3d5d6 - 36ﬁ261C4d1d9 - 64[32C1C4d2d8 - 84[32C164d3d7 - 96,52C1C4d4d6 - 50/32C1C4d52
—32,52C1C5d1d8 — 56‘32C1C5d2d7 — 72ﬁ261€5d3d6 — 80‘B2C1€5d4d5 — 28,32C166d1d7 — 48ﬁZC1C6d2d6
—60,32C1€6d3d5 — 32ﬁ2C1C6d42 — 24‘32C1C7d1d6 — 40,52C1€7d2d5 — 48‘32C1C7d3d4 — 20,32C1C8d1d5
—32,32C1C3d2d4 - 18ﬁ2C163d32 - 16/32€1C9d1d4 - 24,32C1C9d2d3 - 12ﬁ2C1610d1d3 - 8ﬁ2c1c10d22
—8ﬁ261C11d1d2 — 2,32C1€12d12 — 20‘326221116110 — 36,32C22d2d9 — 48‘32C22d3d8 — 56ﬁ2C22d4d7
*60ﬁ2C22d5d6 — 36‘32C2C3d1d9 — 64,32C2C3d2d8 — 84.ﬁ2C2C3d3d7 — 96‘32C2C3d4d6 — 32ﬁ2C3C4d42
—50,82(12C3d52 - 32,32C2C4d1d8 - 56‘32C2C4d2d7 - 72,32C2C4d3d6 - 80‘32C264d4d5 - 28,32C2(15d1d7
—48,32C2C5d2d6 - 60/32C265d3d5 - 32,32C2C5d42 - 24[32C2C6d1d6 - 40/32€2C6d2d5 - 48,52C2C6d3d4
—20,52C2C7d1d5 — 32‘32C2C7d2d4 — 18ﬁ26267d32 — 16,52C2C8d1d4 — 24‘[3202C8d2d3 — 12ﬁ26269d1d3
—8,32C2C9d22 — 8,82C2C10d1d2 — 2ﬁ2C2C11d12 — 16‘32C32d1d8 — 28,32C32d2d7 — 36ﬁ2(132d3d6
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—40[52C32d4d5 — 28,32C3C4d1d7 — 48/32(13C4d2d6 — 60ﬁ2C3C4d3d5 — 24,52C3C5d1d6 — 4Oﬁ2C3C5d2d5
—48‘32C3C5d3d4 - 20,32C3C6d1d5 - 32ﬁ2C3C6d2d4 - 18,32C3C6d32 - 16,32C3C7d1d4 - 24ﬁZC3C7d2d3
—12‘32C368d1d3 — 8,3263C8d22 — 8,326369d1d2 — 2ﬁ263C10d12 — 12[32642d1d6 — 20‘32642d2d5
*24‘[32042(13&14 — 20ﬁ2C4C5d1d5 — 32ﬁ2C4C5d2d4 — 18ﬁ2C4C5d32 — 16ﬁ2C4C6d1d4 — 24[32C4C6d2d3
—12/32C4C7d1d3 - 8‘3264C7d22 - 8‘32C4C8d1d2 - 2,32C4(19d12 - 8,32652111514 - 12,32652d2d3
—1282c5c6d1d3 — 8B%csceda” — 8B%cscrdidy — 2B2%cscgdy” — 4BPce?drdy — 2B%cocrdr” + 22Q%Bd1dny
+40Q2ﬁd2d10 + 54Q2‘Bd3d9 + 64Q2‘3d4d8 + 70Q2ﬁd5d7 + 36Q2‘Bd62 + 12Q277d1d12 + 22Q217d2d11
+3OQ271d3d10 + 36Q277d4d9 + 4OQ217d5d8 + 42Q217d6d7 — 52ﬁC02d1d13 — 96IBC02d2d12 — 132ﬁ602d3d11
—160Bco2dydrg — 180Bco2dsde — 192Bco2deds — 98Bcody> — 96Bcocdrdrn — 176Bcoctdadi
—240ﬁ6061d3d10 — 288‘36061d4d9 — 320/360C1d5d8 — 336‘BCOCld6d7 — 88ﬁ6062d1d11 — 160‘BC062d2d10
*216‘300C2d3d9 — 256ﬁCOC2d4d8 — 280,300C2d5d7 — 144ﬁC0C2d62 — 80ﬁCOC3d1d10 — 144ﬁCOC3d2d9
—192,3C()C3d3d8 - 224ﬁC0C3d4d7 - 240,3C()C3d5d6 - 72,3C0C4d1d9 - 128ﬁC0C4d2d8 - 168,3C0C4d3d7
—192‘BCOC4d4d6 — 100[3C0C4d52 - 64/3C0C5d1d8 - 112[36065(12617 - 144/3C0C5d3d6 - 160‘BCOC5d4d5
*56‘BC0C6d1d7 — 96‘BCOC6d2d6 — 120‘BCOC6d3d5 — 64‘BCOC6d42 — 48‘3COC7d1d6 — 80ﬁCOC7d2d5
—96[5COC7d3d4 — 40,8COC8d1d5 — 64,8C0C8d2d4 — 36ﬁC0€8d32 — 32‘BC0C9d1d4 — 48ﬁCOC9d2d3
—24‘BCOC10d1d3 - 16IBCOC10d22 - 16ﬁC0C11d1d2 - 4ﬁCOC12d12 - 44,3612(11(111 - 80ﬁc12d2d10
—108Bc12d3dg — 128Bc12dsdg — 140Bc12dsdy — 72Bc1%de? — 80Bcicadidig — 144Bc1cadado
—192‘301C2d3d8 — 224ﬁC1C2d4d7 — 240‘301C2d5d6 — 72ﬁC1C3d1d9 — 128‘BC103d2d8 — 168ﬁC1C3d3d7
—192,3C163d4d6 - 100[3C1C3d52 - 64[3C1C4d1d8 - 112,3C1C4d2d7 - 144/3C1C4d3d6 - 160,3C1C4d4d5
—56‘BC165d1d7 - 96‘36165112616 - 1205C1C5d3d5 - 64‘BC1€5d42 - 48,3C1€6d1d6 — 80ﬁ61C6d2d5
—96‘301C6d3d4 — 40,3C167d1d5 — 64ﬁ6167d2d4 — 36‘BC1C7d32 — 32‘3(.‘108611014 — 48‘301C8d2d3
—24[5C1C9d1d3 — 16,3C1C9d22 — 16,BC1C10d1d2 — 4IBC1C11d12 — 36ﬁ622d1d9 — 64ﬂC22d2d8
—84‘3(122513117 - 96IBC22d4d6 - 50,3C22d52 - 64,3C2C3d1d8 - 112ﬁC2C3d2d7 - 144,3C2C3d3d6
—160ﬁ€263d4d5 — 56‘BC2C4d1d7 — 96ﬁC2C4d2d6 — 120ﬁ€2C4d3d5 — 64,3C2C4d42 — 48,3C2C5d1d6
*80‘3C205d2d5 — 96‘BC2C5d3d4 — 40ﬁC2C6d1d5 — 64.ﬁC2C6d2d4 — 36‘BC2C6d32 — 32‘3C207d1d4 !
—48/3C2C7d2d3 - 24IBC2C8d1d3 - 16,8C2€8d22 - 16,3C2C9d1d2 - 4,3C2C10d12 - 28ﬁC32d1d7
—48‘3C32d2d6 - 60/3C32d3d5 - 32,56321142 - 48,563C4d1d6 - 80[3C3C4d2d5 - 96/3C3C4d3d4
—40‘BC3C5d1d5 — 64ﬂ€365d2d4 — 36IBC3C5d32 — 32,363(36d1d4 — 48‘3C3C6d2d3 — 24‘BC3C7d1d3
—16‘BC3C7d22 — 16ﬁC3C8d1d2 — 4ﬁC3C9d12 — 20‘3C42d1d5 — 32,3C42d2d4 — 18,3C42d32 — 12,3C52d1d3
—32Bcacsd1dy — 48Bcacsdrds — 24Bcacedrds — 16[3C4c6d22 —16Bcycydrdy — 4[504c8d12

—8ﬁC52d22 — 16Bc5ced1dy — 4ﬁC5C7d12 - 2ﬁ662d12 + 5Q2d1d10 + 9Q2d2d9 + 12Q2d3d8

+14Q2d4d7 + 15Q2d5d6 - 24002d1d12 — 44002d2d11 — 60002d3d10 — 72002d4d9 — 80C02d5d8
—84C02d6d7 - 44COC1d1d11 - 8OCOC1d2d10 - 108C0C1d3d9 - 128(10C1d4d8 - 140C0C1d5d7 - 72(10C1d62
—40C0C2d1d10 - 72COC2d2d9 - 9660C2d3d8 - 112C0C2d4d7 - 120C0C2d5d6 - 3660C3d1d9 - 64COC3d2d8
—84C063d3d7 — 96C0C3d4d6 — 50C063d52 — 32C0€4d1d8 — 5660C4d2d7 — 726064d3d6 — 80COC4d4d5
—28C0C5d1d7 — 48COC5d2d6 — 60COC5d3d5 — 32C0C5d42 — 24C0C6d1d6 — 4OCOC6d2d5 — 48C0C6d3d4
—20C0C7d1d5 - 3260C7d2d4 - 18C067d32 - 16C0C8d1d4 - 24COC3d2d3 - 1260C9d1d3 - 8C0C9d22
—860C10d1d2 — 2C0€11d12 — 20C12d1d10 — 36612d2d9 — 48C12d3d8 — 56C12d4d7 — 60612d5d6
*36C1C2d1d9 — 64C1C2d2d8 — 84C1C2d3d7 — 9601C2d4d6 — 50C1C2d52 — 32C1C3d1d8 — 56C1C3d2d7
—72C1(13d3d6 — 80C1C3d4d5 — 28C1C4d1d7 — 48C164d2d6 — 60C1C4d3d5 - 32(11C4d42 — 24C1C5d1d6
—4OC1C5d2d5 - 4861C5d3d4 - 20C166d1d5 - 32C166d2d4 - 18C1C6d32 - 16C1C7d1d4 - 2461C7d2d3
—1261€8d1d3 — 8C1C8d22 — 861(39d1d2 — 201C10d12 — 16C22d1d8 — 28(322d2d7 — 36622d3d6 — 40C22d4d5
—28C2(33d1d7 — 48C2C3d2d6 — 60C2C3d3d5 — 32C2C3d42 — 2462C4d1d6 — 40C2C4d2d5 — 48C2C4d3d4
—2062C5d1d5 - 3262C5d2d4 - 18C265d32 - 16C2C6d1d4 - 24C2C6d2d3 - 12C2C7d1d3 - 8C2C7d22
—86268d1d2 - 2C2C9d12 - 12632d1d6 - 20632d2d5 - 24C32d3d4 - 20C3C4d1d5 - 32C3C4d2d4
*18C3C4d32 — 16C3C5d1d4 — 24C3C5d2d3 — 12C3C6d1d3 — 863C6d22 — 8C3C7d1d2 — 2C3C8d12 — 8C42d1d4
—12C42d2d3 — 1264C5d1d3 — 8C4C5d22 — 8C4C6d1d2 — 2C4C7d12 — 4C52d1d2 — 2C5C6d12)

wherep = (14 a)/2and 7 = (1+2a —3a?) /4.



Mathematics 2022, 10, 3025 31 of 32

References

1. Delfani, M.R. Nonlinear elasticity of monolayer hexagonal crystals: Theory and application to circular bulge test. Eur. J. Mech.
A-Solid. 2018, 68, 117-132. [CrossRef]

2. Dai, Z.; Lu, N. Poking and bulging of suspended thin sheets: Slippage, instabilities, and metrology. . Mech. Phys. Solids 2021,
149, 104320. [CrossRef]

3. Gutscher, G.; Wu, H.C.; Ngaile, G.; Altan, T. Determination of flow stress for sheet metal forming using the viscous pressure
bulge (VPB) test. . Mater. Process. Tech. 2004, 146, 1-7. [CrossRef]

4. Ma, Y.; Wang, G.R,; Chen, Y.L.; Long, D.; Guan, Y.C,; Liu, L.Q.; Zhang, Z. Extended Hencky solution for the blister test of
nanomembrane. Extreme Mech. Lett. 2018, 22, 69-78. [CrossRef]

5. Sun, J.Y;; Qian, S.H.; Li, YM.; He, X.T.; Zheng, Z.L. Theoretical study of adhesion energy measurement for film/substrate interface
using pressurized blister test: Energy release rate. Measurement 2013, 46, 2278-2287. [CrossRef]

6. Cao, Z.; Tao, L.; Akinwande, D.; Huang, R.; Liechti, K.M. Mixed-mode traction-separation relations between graphene and copper
by blister tests. Int. J. Solids Struct. 2016, 84, 147-159. [CrossRef]

7. Napolitanno, M.J.; Chudnovsky, A.; Moet, A. The constrained blister test for the energy of interfacial adhesion. J. Adhes. Sci.
Technol. 1988, 2, 311-323. [CrossRef]

8.  Pervier, M.L.A.; Hammond, D.W. Measurement of the fracture energy in mode I of atmospheric ice accreted on different materials
using a blister test. Eng. Fract. Mech. 2019, 214, 223-232. [CrossRef]

9.  Zhu, T.T; Li, G.X.; Miiftd, S. Revisiting the constrained blister test to measure thin film adhesion. J. Appl. Mech.-T ASME 2017,
84, 071005. [CrossRef]

10. Zhu, T.T,; Miifti, S.; Wan, K.T. One-dimensional constrained blister test to measure thin film adhesion. J. Appl. Mech.-T ASME
2018, 85, 054501. [CrossRef]

11.  Molla-Alipour, M.; Ganji, B.A. Analytical analysis of mems capacitive pressure sensor with circular diaphragm under dynamic
load using differential transformation method (DTM). Acta Mech. Solida Sin. 2015, 28, 400—-408. [CrossRef]

12.  Lee, H.Y.; Choi, B. Theoretical and experimental investigation of the trapped air effect on air-sealed capacitive pressure sensor.
Sens. Actuat. A 2015, 221, 104-114. [CrossRef]

13.  Mishra, R.B.; Khan, S.M.; Shaikh, S.E. Low-cost foil/paper based touch mode pressure sensing element as artificial skin module
for prosthetic hand. In Proceedings of the 2020 3rd IEEE International Conference on Soft Robotics (RoboSoft), New Haven, CT,
USA, 15 May-15 July 2020; pp. 194-200.

14. Meng, G.Q.; Ko, WH. Modeling of circular diaphragm and spreadsheet solution programming for touch mode capacitive sensors.
Sens. Actuat. A 1999, 75, 45-52. [CrossRef]

15. Chien, W.Z,; Wang, Z.Z.; Xu, Y.G.; Chen, S.L. The symmetrical deformation of circular membrane under the action of uniformly
distributed loads in its portion. Appl. Math. Mech. Engl. Ed. 1981, 2, 653-668.

16.  Arthurs, AM.; Clegg, J. On the solution of a boundary value problem for the nonlinear Foppl-Hencky equation. Z. Angew. Math.
Mech. 1994, 74, 281-284. [CrossRef]

17.  Plaut, R.H. Linearly elastic annular and circular membranes under radial, transverse, and torsional loading. Part I: Large
unwrinkled axisymmetric deformations. Acta Mech. 2009, 202, 79-99. [CrossRef]

18. Lian, Y.S.; Sun, ].Y.; Zhao, Z.H.; He, X.T.; Zheng, Z.L. A revisit of the boundary value problem for Foppl-Hencky membranes:
Improvement of geometric equations. Mathematics 2020, 8, 631. [CrossRef]

19. Rao, Y; Qiao, S.; Dai, Z.; Lu, N. Elastic wetting: Substrate-supported droplets confined by soft elastic membranes. J. Mech. Phys.
Solids 2021, 151, 104399. [CrossRef]

20. Alekseev, S.A. Elastic annular membranes with a stiff centre under the concentrated force. Eng. Cor. 1951, 10, 71-80.

21. Sun,].Y.;Hu,].L; He, X.T.; Zheng, Z.L. A theoretical study of a clamped punch-loaded blister configuration: The quantitative
relation of load and deflection. Int. J. Mech. Sci. 2010, 52, 928-936. [CrossRef]

22. Lian, Y.S; Sun, ].Y.; Ge, X.M.; Yang, Z.X.; He, X.T.; Zheng, Z.L. A theoretical study of an improved capacitive pressure sensor:
Closed-form solution of uniformly loaded annular membranes. Measurement 2017, 111, 84-92. [CrossRef]

23. Sun,].Y; Zhang, Q.; Li, X.; He, X. T. Axisymmetric large deflection elastic analysis of hollow annular membranes under transverse
uniform loading. Symmetry 2021, 13, 1770. [CrossRef]

24. Fichter, W.B. Some Solutions for the Large Deflections of Uniformly Loaded Circular Membranes; NASA: Washington, DC, USA,
1997; TP-3658.

25. He, X.T.; Li, X;; Shi, B.B; Sun, ].Y. A closed-form solution without small-rotation-angle assumption for circular membranes under
gas pressure loading. Mathematics 2021, 9, 2269. [CrossRef]

26. Hencky, H. On the stress state in circular plates with vanishing bending stiffness. Z. Angew. Math. Phys. 1915, 63, 311-317.

27. Chien, W.Z. Asymptotic behavior of a thin clamped circular plate under uniform normal pressure at very large deflection. Sci.
Rep. Natl. Tsinghua Univ. 1948, 5, 193-208.

28. Alekseev, S.A. Elastic circular membranes under the uniformly distributed loads. Eng. Corpus. 1953, 14, 196-198.

29. Lim, T.C. Large deflection of circular auxetic membranes under uniform load. J. Mater. Technol. 2016, 138, 041011. [CrossRef]

30. Yang, X.Y,; Yu, L.X;; Long, R. Contact mechanics of inflated circular membrane under large deformation: Analytical solutions. Int.

J. Solids Struct. 2021, 233, 111222. [CrossRef]


http://doi.org/10.1016/j.euromechsol.2017.09.012
http://doi.org/10.1016/j.jmps.2021.104320
http://doi.org/10.1016/S0924-0136(03)00838-0
http://doi.org/10.1016/j.eml.2018.05.006
http://doi.org/10.1016/j.measurement.2013.04.026
http://doi.org/10.1016/j.ijsolstr.2016.01.023
http://doi.org/10.1163/156856188X00291
http://doi.org/10.1016/j.engfracmech.2019.02.003
http://doi.org/10.1115/1.4036776
http://doi.org/10.1115/1.4039171
http://doi.org/10.1016/S0894-9166(15)30025-2
http://doi.org/10.1016/j.sna.2014.11.002
http://doi.org/10.1016/S0924-4247(99)00055-2
http://doi.org/10.1002/zamm.19940740713
http://doi.org/10.1007/s00707-008-0037-3
http://doi.org/10.3390/math8040631
http://doi.org/10.1016/j.jmps.2021.104399
http://doi.org/10.1016/j.ijmecsci.2010.03.009
http://doi.org/10.1016/j.measurement.2017.07.025
http://doi.org/10.3390/sym13101770
http://doi.org/10.3390/math9182269
http://doi.org/10.1115/1.4033636
http://doi.org/10.1016/j.ijsolstr.2021.111222

Mathematics 2022, 10, 3025 32 of 32

31.

32.

33.

34.

35.

36.

37.

38.

39.

Plaut, R.H. Effect of pressure on pull-off of flat cylindrical punch adhered to circular membrane. J. Adhesion 2022, 98, 1438-1460.
[CrossRef]

Sun, J.Y,; Lian, Y.S.; Li, YM.; He, X.T.; Zheng, Z.L. Closed-form solution of elastic circular membrane with initial stress under
uniformly-distributed loads: Extended Hencky solution. Z. Angew. Math. Mech. 2015, 95, 1335-1341. [CrossRef]

Xu, D.W.,; Liechti, K.M. Analytical and experimental study of a circular membrane in Hertzian contact with a rigid substrate. Int.
J. Solids Struct. 2010, 47, 969-977. [CrossRef]

Wang, T.F; He, X.T.; Li, Y.H. Closed-form solution of a peripherally fixed circular membrane under uniformly-distributed
transverse loads and deflection restrictions. Math. Probl. Eng. 2018, 2018, 5989010. [CrossRef]

Lian, Y.S.; Sun, ].Y.; Dong, J.; Zheng, Z.L.; Yang, Z.X. Closed-form solution of axisymmetric deformation of prestressed Foppl-
Hencky membrane under constrained deflecting. Stuct. Eng. Mech. 2019, 69, 693—698.

Varma, M.A; Jindal, S.K. Novel design for performance enhancement of a touch-mode capacitive pressure sensor: Theoretical
modeling and numerical simulation. . Comput. Electron. 2018, 17, 1324-1333. [CrossRef]

Li, K. Investigation of ring touch mode capacitive pressure sensor with an electrothermomechanical coupling contact model.
IEEE Sens. |. 2019, 19, 9641-9652. [CrossRef]

Jindal, SK.; Varma, M.A.; Thukral, D. Study of MEMS touch-mode capacitive pressure sensor utilizing flexible SiC circular
diaphragm: Robust design, theoretical modeling, numerical simulation and performance comparison. J. Circuits Syst. Comput.
2019, 28, 1950206. [CrossRef]

Mishra, R.B.; Babatain, W.; El-Atab, N.; Hussain, M.M. Polymer/paper-based double touch mode capacitive pressure sensing
element for wireless control of robotic arm. In Proceedings of the 2020 IEEE 15th International Conference on Nano/Micro
Engineered and Molecular System (NEMS), San Diego, CA, USA, 27-30 September 2020; pp. 95-99.


http://doi.org/10.1080/00218464.2021.1904911
http://doi.org/10.1002/zamm.201400032
http://doi.org/10.1016/j.ijsolstr.2009.12.013
http://doi.org/10.1155/2018/5989010
http://doi.org/10.1007/s10825-018-1174-0
http://doi.org/10.1109/JSEN.2019.2926952
http://doi.org/10.1142/S0218126619502062

	Introduction 
	Membrane Equations and Its Solution 
	Results and Discussion 
	Convergence of the Closed-Form Solution Obtained in Section 2 
	Regression of the Solution after Contact to the Solution before Contact 
	Comparison between Present Solution and Previous Solution 

	Concluding Remarks 
	Appendix A
	Appendix B
	References

