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Abstract: The present paper deals with two of the most significant behaviors in the theory of
dynamical systems: the uniform exponential dichotomy and the uniform polynomial dichotomy for
evolution operators in Banach spaces. Assuming that the evolution operator has uniform exponential
growth, respectively uniform polynomial growth, we give some characterizations for the uniform
exponential dichotomy, respectively for the uniform polynomial dichotomy. The proof techniques that
we use for the polynomial case are new. In addition, connections between the concepts approached
are established.
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1. Introduction

The qualitative theory of evolution equations in Banach spaces represents a topic of
great interest in the last few years. One of the most important behaviors in the theory of
dynamical systems is the exponential dichotomy. For an evolution equation on a Banach
space, the exponential dichotomy refers to the existence of a projections family denoted by
{P(t)} that leads to a decomposition of the space, at every moment, into a direct sum of a
stable subspace where the norms decay exponentially as t — co and an unstable subspace
where the norms grow exponentially as t — co.

The exponential dichotomy was studied by Perron [1] and which has gained promi-
nence since the appearance of two fundamental monographs of J. L. Massera and ]J. J.
Schiffer [2], J. L. Daleckii and M. G. Krein [3]. These were followed by the important books
of Coppel [4], Chicone and Latushkin [5], who obtained significant results in the infinite
dimensional spaces.

In recent years, according to Sacker and Sell [6] research, the theory of exponential
dichotomy has proven to be a useful method for studying the stable, unstable and center
manifolds, perturbation theories, bifurcation theory, linearization theories, homoclinic
behavior and many other domains. This asymptotic property was intensively studied
in both finite and infinite dimensional cases, and it was generalized in many papers
(see [7-13] and the references therein).

Another direction of studying the dichotomic behavior refers to the situation when
the asymptotic behaviors are of a polynomial type. In this case, we stress the concepts of
nonuniform polynomial dichotomy, which were introduced independently by Barreira and
Valls in [14] for the continuous case of evolution operators and respectively by Bento and
Silva in [15] for discrete time systems.

Another line of research regarding the topics on dichotomies is represented by the
relationship between dichotomy and admissibility. There are many papers which present
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different input—output techniques used in order to characterize both exponential and
polynomial dichotomy. The most recent results in this direction were obtained by Drag-
icevic, Sasu and Sasu ([16,17]) who gave some new admissibility criteria for polynomial
dichotomies of discrete nonautonomous systems on the half-line.

Our work is motivated by the great number of domains that are based on the theory
of exponential and polynomial dichotomy: impulsive equations [18], delay evolution equa-
tions [19], discrete dynamical systems [20], and dynamical equations on time scales [21].

The main aim of this paper is to give some necessary and sufficient conditions for the
uniform exponential dichotomy and for the uniform polynomial dichotomy of evolution
operators in Banach spaces. More precisely, considering an evolution operator with uniform
exponential growth respectively uniform polynomial growth and a family of projections
invariant to the evolution operator, we obtain different characterizations of Datko type for
both concepts, as well as characterizations that use Lyapunov function in order to describe a
dichotomic behavior. Moreover, we give a new method of proving the polynomial behavior,
and we establish connections between concepts.

2. Notations and Definitions

Let X be a real or complex Banach space and B(X) the Banach algebra of all bounded
linear operators acting on X. The norms on X and on B(X) will be denoted by ||.|| .
The identity operator on X is denoted by I. We also denote by

A ={(ts) eRi ct>stand T = {(t,s,1)) ERi:tzs >t}

Definition 1. An application U : A — B(X) is said to be an evolution operator on X if
(er) U(t, t) =1 foreveryt >0
(ex) U(t,s)U(s, tg) = U(t, to) forall (t,s,ty) € T.

Definition 2. An evolution operator U : A — B(X) is said to be strongly measurable if, for all
(s,x) € Ry x X, the mapping t — ||U(t, s)x|| is measurable on [s, o).

Definition 3. An application P : Ry — B(X) is said to be a projection family on X if P(t) =
P(t), forall t > 0.

Remark 1. If P : Ry — B(X) is a projection family on X, then the mapping Q : Ry —
B(X),Q(t) = I — P(t) is also a projection family on X, which is called the complementary
projection of P.

Definition 4. A projection family P : Ry — B(X) is said to be invariant to the evolution operator
U:A— B(X)if
U(t,s)P(s) = P(H)U(t,s),

forall (t,s) € A.

In what follows, if P : Ry — B(X) is an invariant projection family to the evolution
operator U : A — B(X), we will say that (U, P) is a dichotomic pair.

Definition 5. The pair (U, P) is called uniformly exponentially dichotomic (u.e.d.) if there are
N > 1and v > 0 such that:

(uedy) [[U(t,s)P(s)x|| < Ne™"(=9)|[P(s)x],

(ued) e"=9)(|Q(s)x| < NJ[U(t,5)Q(s)x]l,

forall (t,5,x) € A x X.

Remark 2. Let (U, P) be a dichotomic pair. Then, (U, P) is uniformly exponentially dichotomic if
and only if there are N > 1 and v > 0 such that:



Mathematics 2022, 10, 3704

30f21

(ued}) ||U(t, to)P(to)xoll < Ne (=9)||U(s, to) P(to)xo||
(ued)) e"=9)||U(s, to) Q(to)xol| < NI[U(t, to)Q(to)xol|,
forall (t,s,ty,%9) € T x X.

Definition 6. We say that the dichotomic pair (U, P) has uniform exponential growth (u.e.g.) if
there are M > 1 and w > 0 such that:

(neg1) |U(t,s)P(s)x|| < Me“=)|[P(s)x],
(neg2) e~ U= Q(s)x[| < MUt 5)Q(s)x]l,
forall (t,s,x) € A x X.

Remark 3. The dichotomic pair (U, P) has uniform exponential growth if and only if there are
M > 1and w > 0 such that:

(uegh) [IU(t, to)P(to)xoll < Me“(=9)||U(s, tg) P(to)xo
(uegh) e=“U=)|[U(s, to)Q(to)xoll < M| U(t, to)Q(to)xol|,
forall (t,s,t9,x0) € T x X.

Definition 7. The pair (U, P) is called uniformly polynomially dichotomic (u.p.d.) if there are
N > 1and v > 0 such that:

(updr) (t+1)V|[U(t,s)P(s)x|| < N(s+1)"[[P(s)x]
(updz) (t+1)[[Q(s)x[| < N(s+1)"[|U(t,s)Q(s)x]],
forall (t,s,x) € A x X.

Remark 4. Let (U, P) be a dichotomic pair. Then, (U, P) is uniformly polynomially dichotomic if
and only if there are N > 1 and v > 0 such that:

(updy) (t+1)"|[U(t, to) P(to)xol| < N(s+1)"|[U(s, to) P(to)xol
(updy) (t+1)V[[U(s, t0)Q(to)xoll < N(s+ 1)V [[U(t, to)Q(to)xoll,
forall (t,s,t9,x0) € T x X.

Definition 8. We say that the dichotomic pair (U, P) has uniform polynomial growth (u.p.g.) if
there are M > 1 and w > 0 such that:

(upgr) (s+1)“[|U(t,s)P(s)x]| < M(t+1)“[|P(s)x]
(upg2) (s +1)«[|Q(s)x| < M(t+1)“[[U(t,5)Q(s)x]],
forall (t,s,x) € A x X.

Remark 5. The dichotomic pair (U, P) has uniform polynomial growth if and only if there are
M > 1and w > 0 such that:

(upgy) (s +1)“[[U(t, o) P(to)xoll < M(t+1)“|[U(s, to) P(to)xo|

(upga) (s +1)“||U(s, to)Q(to)xoll < M(E+ 1)Ut t0)Q(ko) xoll,

forall (t,s,t9,x0) € T x X.

Definition 9. The pair (U, P) is called uniformly dichotomic (u.d.) if there exists N > 1 such
that:

(udy) [JU(t,5)P(s)x]| < NJ||P(s)x|
(uda) [|Q(s)x[| < N|[U(t,5)Q(s)x]|,
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forall (t,s,x) € A x X.
Remark 6. The connections between the concepts defined above are given by the following diagram:

up.g. = ueg

i) T

upd. < ued.

In general, the converse implications are not true, as it can be seen in the examples described below.
We consider X = R? and the projections families P : Ry — B(X) defined by P(t)x = (x1,0) and
Q(t)x = (0,xp), forall t > 0and (x1,x2) € X.

Example 1. Let us consider the evolution operator
u(s) - u(t)
:A X =
u — B(X), U(t,s)x (u(t) X1, u(s)xz)'
where u : Ry — [1,00), u(t) =t+1.
Then, (U, P) has u.p.g., but it is not u.p.d.

Proof. It is easy to see that the pair (U, P) has u.p.g. for M = w = 1. In addition, if we
suppose that (U, P) is u.p.d., it results that there exist N > 1 and v > 0 such that (upd;)
and (upd,) are satisfied for all t > s > 0. In particular, for s = 0 and t — o, we obtain
oo < N, absurd. O

Example 2. We consider the application u : Ry — [1,00),u(t) = e' and the evolution operator
: _ (), uls)
U:A— B(X), U(t,s)x = <u(s)x1' u(t)xz .
Then, the pair (U, P) has u.e.g., but it does not have u.p.g., and it is not u.e.d.

Proof. It is similar to the proof of Example 1. [

Remark 7. An example of a dichotomic pair which is w.p.d., but it is not u.e.d. can be found in [22].

3. Uniform Exponential Dichotomy

In this section, we give some characterizations for the uniform exponential dichotomy
behavior. The first theorem includes a logarithmic criterion, a majorization criterion and a
criterion of Hai ([23]) type. Then, we give three integral characterizations of the Datko ([24])
type and three necessary and sufficient conditions which use Lyapunov functions.

Theorem 1. Let (U, P) be a dichotomic pair with uniform exponential growth. Then, the following
assertions are equivalent:

(1) (U, P) is uniformly exponentially dichotomic.
(2) there exists L > 1 such that:
(uledy) (t—s)|[U(t,s)P(s)x|| < LI|P(s)x]|
(uledy) (t—=s)[|Q(s)x| < LU(t5)Q(s)x],
forall (t,5,x) € A x X.
(3) thereare L > 1and ¢ : Ry — Ry a nondecreasing application, with tlgl.}o ¢(t) = oo and

¢(1) = 1 such that:
(umedy) @(t —s)[|U(t,s)P(s)x| < L|[P(s)x|
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(umeda) @(t —s)[|Q(s)x[| < LI[U(t,)Q(s)x],
forall (t,s,x) € A x X.
(4) therearer > 1and c € (0,1) such that:

(uHedy) ||U(r+s,s)P(s)x|| < c||P(s)x]|
(uHed,) [|Q(s)x|| < c||U(r +s,5)Q(s)x|],

forall (s,x) € Ry x X.

Proof. (1) = (2) For (uled,) see [8].
Moreover,

(t = 5)1Q(s)x]l < N(t —s)e ") |[U(t,5)Q(s)x|| = N - %IIU(RS)Q(SMII <

< %HU(t,s)Q(s)xH < Lu(ts)Q(s)x].

Weobtain .y 666)x|| < L|[U(t,5)Q(s)x||, s (leds) also holds .
(2) = (3) Itis immediate by taking ¢(t) = t.
(3) = (4) We suppose that there are L > 1and ¢ : R; — R, a strictly nondecreasing and
bijective application with ¢(1) = 1 such that the relations (umed;) and (umed,) are satisfied
forall (t,s,x) € A x X.

L
Letr > 1with¢(r) > Landc = — < 1.

¢(r)

Then, we have

lU(r+s,s)P(s)x|| < |P(s)x]| = c||P(s)x||, forall (s,x) € Ry x X,

L
¢(r)
so (uHed) is satisfied, respectively
L
¢(r)

so (uHed) is also proved.

(4) = (1) We suppose that there are r > 1 and ¢ € (0,1) such that (uHed;) and (uHed,) are
satisfied for all (s, x) € Ry x X.

For (uedy), see [8].

Now, let (£,s) € A. Then, there are n € Nand § € [0,7) with t —s = nr + 6.

We obtain

|U(t,s)Q(s)x|| = ||[U(t,s +nr)Q(s + nr)U(s + nr,s)Q(s)x| >

1Q(s)x|| < lU(r+s,5)Q(s)x|| = c||U(r+s,5)Q(s)x||, forall (s,x) € Ry x X,

> %e“"ﬁHQ(s +nr)U(s + nr,s)Q(s)x| >
> e U + nr,5)Q(6)]| =
1
= e YMU(s+nr,s+(n—1)r)Q(s+ (n—1)r)U(s + (n—1)r,5)Q(s)x]|| >
1 1
> — — [ S — =
2 e e IQ6 + (n =1)NU(s + (n = 1)r,s)Q(s)x|| = - - = T — 1Q(s)x|
1 1 1 1
T M ewreninc 1Q(s)x| = M mHQ(S)xH =
1 1 1 1 1 1
= . . — .. p(tms) = —pV(t=s)
M or— T ke 1Q(s)xll = 3 e 1Q(s)xll = e 1 Q(s)xll,

cr
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wr
where N =

s— >landv = —IHTC > 0, so (uedy) is also proved.
cr
It follows that (U, P) is uniformly exponentially dichotomic, so the proof is complete. [

Remark 8. Another version of a majorizarion criterion for the uniform exponential dichotomy can
be found in [25].

Theorem 2. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a
dichotomic pair with uniform exponential growth. Then, the following statements are equivalent:

(1) (U, P) is uniformly exponentially dichotomic.
(2) thereare D > 1and d > 0 with

o

(ueDy) /ed(t_s)llu(t, to) P(to)xol|dt < D|[U(s, to) P(to)xoll,

S
forall (s, tg,x0) € A x X.
t

(ueD2) [ et=9|ui(s, to) Qto) o s < DIU(L 1)Qlto) ol

to

forall (t,t9,x0) € A x X.

(3) there exists D > 1 with

(ueDy) /\Iu(f,fo)P(to)xOde < D|[U(s, to)P(to)xoll,

S
forall (s, tg,x9) € A x X.

t
(ueD}) [ 1U(s,t0)Qlto)xollds < DIU(E ) Qo)
for Z)ll (t,to,xp) € A x X.
Proof. (1) = (2). Itis a simple verification.
(2) = (3). It is immediate.
(3) = (1). See[11]. O

Corollary 1. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a di-
chotomic pair with uniform exponential growth. Then, (U, P) is uniformly exponentially dichotomic
if and only if there are D > 1 and d > 0 such that:

[e9)

(ueDy) /ed(tfs)HU(f/fo)P(to)XOde < D||U(s, tg)P(to)xol|,

forsall (s,to, x0) € A x X.
t
(ueDy) /ed(t75>||u(5, to)Q(to)xol|ds < D|[U(t, to)Q(to)xoll,

fo

forall (t,ty,x0) € A x X.
Proof. It follows immediately from Theorem 2. O
Theorem 3. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a di-

chotomic pair with uniform exponential growth. Then, (U, P) is uniformly exponentially dichotomic
if and only if there are D > 1and L : A x X — R with the following properties:
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(ueLy) L(t, to, x0) < D(||U(s, to) P(to)xoll + [|U(t,t0)Q(t0)xoll),
forall (t,ty,x0) € A x X.
t
(ueLp) L(t,to, P(tg)xo) + /ed(T*s)HU(T, to)P(to)xo|ldt = L(s, to, P(to)x0),

S
forall (t,s,ty,x0) € T x X.
t

(ueLs) L(s, to, Q(to)xo) +/€d(t7s)||u(sf to)Q(to)xol|ds = L(t, to, Q(fo)x0),
forall (t,s,ty,x0) € Ts>< X.

Proof. Necessity. It follows from Theorem 2 by taking the function L : A x X — R,
defined by

oo

L(t, to, x0) = /ed “||U(T, t) P to)ondTJr/ (=) || U (s, t)Q(to) xo|ds.

t to

Sufficiency. If there exists a function L : A x X — R, with the properties (ueL;) — (ueLs),
then

t
/Ed(FS) U (T, to)P(tg)xolldT = L(s, to, P(tg)xo) — L(t, to, P(tg)x0) <
< L(S, to,P(to)XO) < DHU(S, i’o)P(to)Xo”,

for all (¢,s,tp, x9) € T x X. For t — oo, we obtain

[e0]

/ed(T_5>||LI(T, to)P(to)xo|ldT < D||U(s, to)P(tg)xoll,

s

for all (s, tp, x9) € A x X. In addition,

t
[ IU s, to) Qto)ollds = Lt to, Qlto) o) — L5, o, Qlto) ) <

< L(t,to, Q(to)x0) < D||U(t, to)Q(to)x0l|
for all (¢,s,t9,x9) € T X X. For s — ty, we obtain

t
=) || U (s, 1) Q(to)xo]|ds < DUt to)Q(to)xo|

to
forall (t,tp,x0) € Ax X. O

Another characterization of Datko type is given by

Theorem 4. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a
dichotomic pair with uniform exponential growth. The following assertions are equivalent:

(1) (U, P) is uniformly exponentially dichotomic;
(2) thereare D > 1and d > 0 with
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DY) / ed(t=s) D
(e UG, f0)Plo)xo] ™ = U o) Plao)xo]
for all (t,to,x0) € Ax X, U(t, tg)P(to)xg # 0.
ed(t=s) D
D ,
(ueD2) / 10, ) QG0 xl ™ = TUs, 1) Q)]

for all (s,t0,x0) € Ax X, Q(tg)xp # 0.

(3) there exists D > 1 with

ds D
(ueD3) / UG, f0) Pl = U, fo) Pl o]l
for ull (t to,x0) € A x X, U(t,tg)P(tg)xo # 0.
dt < D
HU (t,to)Q(to)xoll — [IU(s, to)Q(to)xoll”
for all (s,t0,x0) € A x X, Q(tg)xg # 0.

ueD2

Proof. (1) = (2). It follows after a simple computation, by taking D =1 + id
(2) = (3). It is trivial.
(3) = (1). Step 1. We prove that (U, P) is uniformly dichotomic.
Let (t,s,t9) € T with t > s+ 1. Then,
s+1 s+1 (T s)

1 1
[U(s, to) P(to)xo] S/ ||U(Srfo)P(to)on M/ [u(z, fo) (fo)on

s+1 d i
T ' T
< Me% / < Me‘*’/ <
J |[U(z, t0) P(to)xoll ; |U(7, to)P(to)xol
0

1 Ny

< MDe" - < ,
- [U(t, to) P(to)xoll — [[U(t to)P(to)xoll

where N7 = MDe% > 1.
We obtain

|U(t,to) P(to)xoll < N1||U(s, to)P(to)xol|,V (8,5, t0,x0) € T x X, t > s+ 1. (1)
Let (t,s,tg) € T, t € [s,s+ 1). Then,

[U(t, to)P(to)xo]| < Me“ =) |[U(s, to)P(to)xo|| < Me“||U(s, to) P(to)xol|
< Ni||U(s, to) P(to)xo]-

Thus, we have
||U(t, i’o)P(to)xOH < N1||U(S, to)P(to)XoH,v (t,S, to,Xo) eTxX, te [S,S + 1). (2)

From (1) and (2), it follows that (ud;) is satisfied for all (¢, s, ty, xg) € T x X.
Now, we prove that (ud,) holds.
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Let (t,s,t9) € T,t > s+ 1. We compute

s+1 s+1
1 dr ew(t=1)
= <M dt <
el ~ | Towmetel =Y | o mete S
T dt MDe®
Me® < <
<M [ o ot < UG el <
Ny

< .
~ [IU(s, to) Q(to)xo|
We obtain
[U(s, to)Q(fo)xol < N[[U(t, to)Q(to)xoll,V (£,5,t0,x0) € T X X, t >s+1.  (3)

Let (t,s,t9) € T, t € [s,s+1). Then,

[U (s, to) Q(to)xo|| < Me“=2)||U(t, t0)Q(ko)xo | < Me“||U(t, t)Q(to) X
< Ni||U(t, to) Q(to)xo]|-

Thus, we have

[U(s, to)Q(to)xoll < Ni[[U(t, to)Q(to)xoll,V (t,5,to,x0) € T x X, t € [s,5+1). (4)

From (3) and (4), it follows that (ud;) holds for all (¢,s, tg, xg) € T x X, which means
that (U, P) is uniformly dichotomic.

Step 2. We prove that (U, P) is uniformly exponentially dichotomic:

(t—s) B / dt / dt
[U(t, to)P(to)xoll _S/ [U(s, to) P(t0)x0 = le/ [U(7, to)P(to)xol =

t

dt NlD
gN/ < .
1t [U(T, to)P(to)xoll — (LUt to)P(to)xoll
0

We obtain

(t —s)||U(t, to)P(tg)xo|| < N1DJ||U(s,to)P(to)xoll, V(£ s, to, x0) € T x X. (5)

(t—s) B / dt / dt
mmmmmw‘!ummqmmeZwmmmmwﬁ

T dt N;D
SMZMananmgnw&meWﬂ'

We obtain In my opinion, it is not redundant.
(t—s)[[U(s, t0)Q(to)xoll < N1D|[U(t, t0)Q(to)xoll, V(t,s,t0,x0) € T x X. (6)

From (5) and (6) using the logarithmic criterion from Theorem 1, it follows that (U, P)
is uniformly exponentially dichotomic. [

Corollary 2. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a di-

chotomic pair with uniform exponential growth. Then, (U, P) is uniformly exponentially dichotomic
if and only if there are D > 1 and d > 0 such that:
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oA (t=s) D

D p
(e / TUG, f0)Plio)xo]| ™ = U o) PlRo) o]
for all (t,t0,x0) € A x X, U(t, tg)P(tg)xo # 0.

DY) M D
(e / Juc, to>Q<to>xo|| = U (s, t0)Qlto) %o’
for all (s,t0,x0) € A x X, Q(tg)xo # 0.

Proof. Itis immediate using Theorem 4. [

Theorem 5. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a di-
chotomic pair with uniform exponential growth. Then, (U, P) is uniformly exponentially dichotomic
if and only if there are D > 1and L : A x X — R with the following properties:

li 1 1
(et) Littox0) < P gyl * oG RIQGT)”
forall (t,to, x0) € A x X, U(t, to)P(to)xo # 0, Q(to)xo # 0.
eA(t=7)
(ueLy) L(s, to, P(f0)xo +/ |U(t,to)P (fo)x0||

forall (t,s,ty,x0) € T x X, U(t, tg)P(tg)xg # 0.

L(t, to, P(to)Xo),

d(t T)
(ueL}) L(t,to, Q(to)xo +/ |U(T,t0)Q (to)x0||

forall (t,s,ty, x0) € T x X, Q(tg)xg # 0.

L(S, to, Q(to)Xo),

Proof. Necessity. It follows from Theorem 4 by taking the function L : A x X — Ry
defined by

L( ; ) / eA(t=1) p +/ ed(t—t) p
s, to, xXp0) = T T
v U ) PE)xlT ) U ) Qo) ol

Sufficiency. It follows in a similar manner as the sufficiency proved in Theorem 3. [

Theorem 6. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a di-
chotomic pair with uniform exponential growth. Then, (U, P) is uniformly exponentially dichotomic
if and only if there are D > 1 and d € (0,1) with

o

(o) [ e[t 0) ko) ldt < D™ [U(s, )P (ko) o],
S
forall (s, tg,x9) € A x X.
eld—1)t Defs
ueD / ,
[ILI(t, £0) Q(to x0|| = UG, 0)Qto)xo]
for all (s,t0,x0) € A x X,Q(ty)xo # O.

Proof. Necessity. It is a simple verification.

Sufficiency. We suppose that there are D > 1 and d € (0,1) such that (ueD3) and
(ueD3) are satisfied. We have to prove that (U, P) is uniformly exponentially dichotomic,
which means, according to Remark 2, that (ued}) and (ued}) hold. For (ueD3) implies
(ued])—see [7].
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In order to prove the second relation, we firstly consider (t,s,40) €T, et > 2s. Then,

et et
edt 2 edt 2 edt

It QGayll ¢ ) U Q)" @ ) TUEa U bQtx]"

2

T<

dt o (t—7)

||u T,8) U (s,t0)Q(to) XOH a / ||U T, fo fo)x0||
dt L (t—7) H(d—1)(t-7) H(1—d) (t—7) Pld-1)7
:¥/” e <o
e [U(T, to)Q(to)xoll [U(7, to)Q(to) xo||

e

2 2

(d 10ks ds ds
< ZM/ < 2MDe < Ne ,
[U(T,t0)Q (to)x0|| [U(s, to)Q(to)xoll — [IU(s,to)Q(to)xol|

where N = 2MD > 1.
We obtain

IU(s, t)Q(to)xo| < Ne™=)||UI(t, t9)Q(to)xoll, V(t,s,to, x0) € T x X, ¢! >2s.  (7)
Now, let (t,s,ty) € T, ¢! < 2s. Then,

ot - Meftpw(t—s) Meld+w)(t—s) pds _
1Lt t0)Q(to)xoll — [IU(s,t0)Q(to)xoll — [[U(s, to)Q(to)xoll ~

d+w ds ds
<M. (2> . e Ne .
e [U(s, to)Q(to)on U (s, to) Q(to)xol|
We obtain
IU(s, t0)Q(to)xol| < Ne U= | U(t, t0)Q(to)xoll, ¥(t,5,t0,%0) € T x X,e' <25.  (8)

From (7) and (8), it follows that (ued}) is satisfied for all (t,s, to, x9) € T x X.
In conclusion, from Remark 2, it follows that (U, P) is uniformly exponentially di-
chotomic, so the proof is completed. [

Theorem 7. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a di-
chotomic pair with uniform exponential growth. Then, (U, P) is uniformly exponentially dichotomic
if and only if there are D > 1and L : A x X — R with the following properties:

" 1
wetf) Lt to5) < D 1510 )0l + 7 ey )
forall (t,t9,x0) € A x X, Q(tg)xo # 0.

e(d 1)[
D 740, 0 0)

S
forall (t,s,ty,x0) € T x X.

IU(T, to) P(to)xo|ldT = L(s, to, P(to)xo),

) pld—1)7 1
(ueLt) L(t,to,Q(to)on/ eds{[U(T, t0)Q(to)xo ||

forall (t,s,ty,x0) € T x X, Q(to)xp # 0.

= L(s, to, Q(to)x0),
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Proof. Necessity. It follows from Theorem 6 by taking the function L : A x X — R,
defined by

(d=1)t dt p
T
Uz, to)Q(to) x|

L(t, to, xo) /e ||U T, to) (fo)x0||d7+/
t

Sufficiency. It follows by using similar arguments as in the sufficiency of Theorem 3. O

4. Uniform Polynomial Dichotomy

In this section, we focus on the uniform polynomial dichotomy. In fact, we obtain
similar results as in the exponential case and we use the characterizations obtained in
the exponential behavior in order to prove the theorems for the polynomial behavior. All
the proofs from this section are based on the connection between the exponential and
the polynomial case, a connection which is established through two evolution operators
defined as follows:

Up: A — B(X), Uy(t,s) =U(e —1,¢5 —1)

e Uy : A — B(X), Ux(t,s) =U(n(t +1),In(s +1)).
In addition, we define the projections’ families associated with this operators
PRy — B(X), P(t) = P(ef — 1)
and

P, : Ry — B(X), Po(t) = P(In(t +1)).

Proposition 1. The pair (U, P) is uniformly polynomially dichotomic if and only if the pair
(U, Py) is uniformly exponentially dichotomic.

Proof. Necessity. We suppose that (U, P) is u.p.d., which means that the relations (upd; )
and (upd,) are satisfied. A simple computation shows us that (ued;) and (ued,) are true
for the pair (Uy, Py).

Sufficiency. We suppose that the pair (Uy, P; ) is u.e.d. Then,

[Us(t,s)Pr(s)x| = [U(ef — 1,65 = 1)Py(e” — 1)x]].
If we denote by et —1=uand e —1 = v, we obtain

IU(u,0)P(v)x|| = [[U(e' = 1, = 1)P(e — 1)x|| = |Us(t,5)Pr(s)x]| <
< Ne—v(t—s)”Pl(s)xH _ Ne—v(ln(l+1¢)—ln(1+v))”P(es . 1)x|| —

:N(U+l)v\|P(U)x||.

u—+1

In addition,

N||U(u,v)Q(v)x| = N|U(e' — 1,65 —1)Q(e* — 1)x|| =
|

= N||Us(t,5)Qu(s)x]| = "= Qu(s)x]| = e INIHI=IT |y (s)x]| =
- (F4) 10 - 1xl = (14) 1e)s.
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Proposition 2. The dichotomic pair (Uy, P») is uniformly polynomially dichotomic if and only if
the dichotomic pair (U, P) is uniformly exponentially dichotomic.

Proof. The relation (ued;) is equivalent to:

[Ua(, 8) Pa(s)x|| = [U(In(t +1),In(s +1)) P(In(s + 1)) x[| <
< Ne—v(ln(t+1)—h1(s+1)) ||P(1n(s + 1))9(7”

N (D) ipme ol =N () Timesl,

The relation (ued,) is equivalent to:

N|[Ua(t,5)Qa(s)x[| = N|[U(In(t +1),In(s +1))Q(In(s + 1)) x[| >
> ev(ln(t—l—l)—ln(s—i—l))HQ(IH(S +1))x||

= (22) htn+0pxl = (1) hgatorel

O

Next, we give a majorization criterion for the uniform polynomial dichotomy.

Theorem 8. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a di-
chotomic pair with uniform polynomial growth. Then, (U, P) is uniformly polynomially dichotomic
if and only if there exists a nondecreasing function

¢ :[1,00) = Ry with tlim ¢(t) = oo such that

(em) 9257 ) It t0)Pto)30] < s t0)Pa)o]
(eme) o575 Q)] < UL )10 0,

forall (t,s,ty,x9) € T x X.

Proof. Necessity. We suppose that (U, P) is u.p.d., which implies from Remark 6 and
from Proposition 1 that (U, P) has u.p.g. and (U, P;) is u.e.d., so (Uy, P;) has u.e.g. Then,
from the majorization criterion for the exponential dichotomy, we have that there exists a
nondecreasing function ¢ : Ry — R, with tlg% ¢1(t) = coand

(i) @1(u—0)||Uy(u,w)P(w)xoll < ||Uy(v,w)Pr(w)xol  (*)
(it) @1(u —0)||Uy (v, w)Q1(w)xoll < [[Ur(u, w)Q1(w)xol| (%)

for all (u,v,w,xp) € T x X.

Moreover, for all (u,v,w) € R, there are (t,s,t)) € R3 such thatu = In(t+1), v =
In(s+1), w=In(ty+1).

Since u > v > w, then t > s > t;. We compute the left side of the inequalities (*) and
(), and the necessity is proved. Sufficiency. We suppose that there exists a nondecreasing
function ¢ : [1,00) — R with thﬁnomo @(t) = oo such that the relations (c¢my) and (cmy) hold.

We have to prove that (U, P) is u.p.d, which is equivalent from Proposition 1 with (U, P;)
being u.e.d.
Let (t,s,t9) € T, which implies that there are (1#,v,w) € T withu = In(t+1), v =
In(s+1), w=1In(ty+1).

Then, we have

t+1 n &1 n —In —
o(557) = p(EnHH) = plen ) — (et ) — y(u ),
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where 1 = @(e¥).

[U(t to)P(to)xol| = [U(e" —1,e” = 1)P(e” — 1)xq| = [|Uz (1, w)Py(w)]-
[U(s, to) P(to)xol| = [|U(e” =1, —1)P(e" — 1)xo|| = ||U1 (v, w) Py (w)]|.
[U(t t0)Q(to)xo0l| = [[U(e" —1,e“ —1)Q(e” — 1)xo| = || Uz (u, w) Q1 (w)]|-
[U(s, t0)Q(to)xoll = [[U(e” —1,e“ —1)Q(e” — 1)xol| = |[Uz (1, w) Q1 (w)]]-

Using the relations (cmy ) and (cmy), it follows that:
¢1(u = 0) [ Us (u, w) Py (w)xo|| < [|Un (0, w) Py (w)xol|
¢1(u = 0)|[Us (v, w) Q1 (w)xo]| < [[Us (1, w) Q1 (w)xol|-
Using the majorization criterion for u.e.d., it follows that the pair (Uy, P; ) is u.e.d, and, from
Proposition 1, we obtain that (U, P) is u.p.d., so the proof is complete. []
Theorem 9. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a

dichotomic pair with uniform polynomial growth. The following assertions are equivalent:

(1) (U, P) is uniformly polynomially dichotomic.
(2) thereare D > 1and d > 0 with

[ (TH1Y! U o) P(to)
<
wppy) [ (557 ) R e < Djugs )Pl

S
forall (s, tg,x9) € A x X.

t d
ppa) [ (17 ) I g < Dy, )il
fo

forall (t,ty,x0) € A x X.

(3) there exists D > 1 with

HU T, t9) P(to) x|
T+1

for all (s, to, x0) € A x X.

(upDY) dt < D||U(s, to)P(tg)xoll,

U(t,t)Q(to)x
(upD}) / ML)l 4e < (s, )00 %l

for all (t,to, xp) € A x X.

Proof. (1) = (2).

We suppose that (U, P) is uniformly polynomially dichotomic, which is equivalent
from Proposition 1 with (Uj, P; ) being uniformly exponentially dichotomic. Then, using
Theorem 2, it results that there are D > 1 and d > 0 such that

o)

(1) /ed(H)||U1(f,to)P1(fo)XOde < D||Ur (s, to) Pr(t0)xoll,

S
for all (s, to,x9) € A x X.
t

(i) [ =) Uy (s, t0) Qu o) ollds < DI (£0) Q1 (to) 0,
to
for all (t,t9,xp) € A x X.

Then, we have

/ed(t_s)Hll(et —1,e' —1)P(ef — 1)xp||dt < D|JU(e° — 1, efo —1)P(efo — 1)x0]|.
S
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We do the change of variable ¢! — 1 = u, and we obtain

< D||U(e® —1,e' —1)P(e" — 1)x]].

d(In(u+1)—s) to _ to _
[ UG, e = )P — x| 55
~1

eS'

We denote ¢ — 1 = v and ¢ — 1 = 1y, and we have

/<u+1)WUWMwPWMm“W<lwuwwwpwwmw

v+1 u+1
which is equivalent to (upDs).
On the other hand, the inequality (i7) is equivalent to

t
[N —1,¢0 —1)Q(e — 1xoflds < DU’ — 1,6 — Q[ — 1)l .
to

We do the change of variable ¢* — 1 = v, we denote by et —1=u, e —1=uyand
we obtain

/(” ; 1>d [ 1) Qo) ol 4 < DU (u, uo)Q(uo)xoll,

v+1 v+1
Uop

which is equivalent to (upD,).
(2) = (3). It is immediate.
(3) = (1). We suppose that there exists D > 1 such that (upD]) si (upD}) hold. We have
to prove that (U, P) is uniformly polynomially dichotomic. In order to do this, according
to Proposition 1, it is enough to prove that the pair (Uy, P;) is uniformly exponentially
dichotomic. We have

/||u1(t,t0)p1<t0)xoy|dt:/||u(ef—1,efo —1)P(e! — 1)xo]|dt.
S S

We do the change of variable ¢/ — 1 = 1, we denote by ¢ — 1 = v, ¢ — 1 = ug and
we obtain

du < D||U(v, ug)P(ug)xo|| = D||U(e° —1,e'0 — 1)P(e* — 1)xq|| =

/ | U (1, ug) P (ug)xo|
u+1
v

= D||U; (s, to)P1(to)xo0]|-

Thus,
[ st to)Pa(to)xolldt < DU (s, to) P (to) ol ,
S
which means that (zeD]) holds for (Uy, P;). (%)

In addition,

t t
[ s, 10)Qi(to)vollds = [ 1 =1, = 1)Q(e" — 1)1l ds.
to fo
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We do the change of variable ¢’ — 1 = v, we denote by et —1=u, e —1=ugyand
we obtain

||u v, uy) Q(uo)Xo|

dv < DU (u,19)Q(uo)xo |l = DI|U(e’ — 1, —1)Q(e' — 1)xo|| =

v+1
= D||Ux(t, t0)Q1(to)xol|-
We obtain
[ 11165, 10)Q1 (to)xollds < DL (1, £0) Q1 (f0) ol
to
which means that (zeD}) holds for (U, Py). (%)

From (x) and (xx), it follows that the relation (3) from Theorem 2 is satisfied for
the pair (Uy, P). Thus, (Uj, P;) is uniformly exponentially dichotomic, which implies,
using Proposition 1, that (U, P) is uniformly polynomially dichotomic, so the proof is
complete. O

Corollary 3. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a di-
chotomic pair with uniform polynomial growth. Then, (U, P) is uniformly polynomially dichotomic
if and only if there are D > 1 and d > 0 such that

e d
" T+ 1\ U(T, o) P(to)xoll ,
wot) [ () R < Dl WPl

forall s, to, x0) € A x X.

(
” Dg <t+1> [U (T t0)QU0)¥oll 50— 1oyt 1) Q(t0) 30,
(

T+1 T+1
forall £ to,x0) € A x X.

Proof. It is follows immediately from Theorem 9. O

Remark 9. Another variant of Theorem 9 was proved using a distinct technique by Ramneanfu
and Ceausu in [22].

In addition, a different proof of the above theorem for the particular case d = 0 can be found
in[26].

Theorem 10. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a di-
chotomic pair with uniform polynomial growth. Then, (U, P) is uniformly polynomially dichotomic
if and only if there are D > 1and L : A x X — R with the following properties:

(upL1) L(t,to,x0) < D([[U(s,to)P(to)xoll + [U(t, to)Q(to)x0ll),
forall (t,tp,x0) € A x X.

1y HU(T to) P(to)xolldT = L(s, to, P(to)xo),

(upLy) L(t, to, P(t0)x0 +/
forall (t,s,ty,x0) € T X X

(upLs) L(s, to, Q(to)xo +/t++1§21+1

forall (t,s,ty,x0) € T x X.

[U(7, to)Q(to)xolldT = L(t,to, Q(to)x0),

Proof. It is similar to the proof of Theorem 3.2 from [22]. O
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Theorem 11. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a
dichotomic pair with uniform polynomial growth. The following assertions are equivalent:

(1) (U, P) is uniformly polynomially dichotomic.
(2) thereare D > 1and d > 0 with

(upD}) /(t—i—l) dt < D ,
V1) (e DU (T to) Plto)xol| = [[U(E to) P(to)xoll
0
forall (t,ty,x0) € A x X, U(t, t9)P(ty)xo # O.

(u Dl)/(Hl) dt < D
e J \s+1) (t+ 1)Ut t0)Q(to)xoll — [[U(s, t0) Q(ko)xoll”
forall (s, tg,x9) € Ax X, Q(tg)xog # 0.
(3) there exists D > 1 with

t
D

2
(upDy) / T+ 1) HU Pl S Ta e Pl
for all (t to, XO) eAXX, U(t to) (to)Xo # 0.

o [ dt D
(upD2) / (DU, )Qo)xall = TG, o) Qi) xall
forall (s, tg,xp) € Ax X, Q(tg)xo # 0.

Proof. (1) = (2). We suppose that (U, P) is uniformly polynomially dichotomic, which
is equivalent from Proposition 1 to (Uj, P;) uniformly exponentially dichotomic. Then,
using Theorem 4, it follows that there are D > 1 and d > 0 such that (ueD}) and (ueD})
are satisfied for the pair (Uy, Py ), i.e

ed(t=s) D
U (s, fo)Pl(fo)on = Tth (&, o) Pr (ko) o]
fOI‘ all (t to, XO) e AxX, Ul(t, fo)Pl(to)XQ # 0.

ed(t=s) D
ll
/||U1 tto)Q1 to)xol\ = TUs (s, t0) Qx (o) o]
for all (S to, Xo) e AxX, Ql(to)xO # 0.

The relation (7) is equivalent to

d(t—s) D
ds < .
t/ [U(es =1, e —T)P(eh — o]l ~ U(e" — 1, el — 1)P(efo — 1)xo]
0

We do the change of variable ¢ — 1 = v, and we obtain

ef—1

pA(t-In(0+1)) D
t/ [U(v, e —1)P(elo — 1)x0|| = (el —1,e0 — 1)P(el — D)o

e'0—

We denote by e — 1 = 1 si e’ — 1 = u, and we obtain

/(u—l—l) do < D
v+1) (v+1)[|U(v,u0)P(ug)xoll — |[U (v, uo)P(uo)xoll”

up

which is equivalent to (upD}).
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In addition, (if) is equivalent to

it ed(t=s) e D
/ lU(et —1,eto —1)Q(eto — 1)xo]| b= |U(es —1,eto —1)Q(efo — 1)xg]|
S

We do the change of variable ¢/ — 1 = u, we denote by ¢ — 1 = v, ¢ — 1 = up and
we obtain

oo

/ (u +1 ) a du < D

J\o+1/ (u+1)[U(u, u0)Q(uo)xoll ~ [|U(v,u0)Q(uo)x0ll”

which is equivalent to (upD}).

(2) = (3). It is immediate.

(3) = (1). We suppose that there exists D > 1 such that (upD?) and (upD3) hold. We have
to prove that (U, P) is uniformly polynomially dichotomic. According to Proposition 1, it
is enough to prove that (Uj, P;) is uniformly exponentially dichotomic. We compute

t

t

/ ds _/ ds

It (s to)Pr(to)xoll [U(es —1,efo —1)P(efo — 1)xo]|”
0

0

We do the change of variable ¢ — 1 = v, we denote by ¢/ —1 = u, ¢ — 1 = ug and

we obtain
/” do - D B D B
i @+ DU, u0)Puo)xoll = [U(u,uo)P(uo)xoll  J[U(e" =1 e —1)P(elo —1)xo|
B D
[t (t to) Pr(to)xoll
Thus,
/t ds < D
) IUs (s, to) Pi(to)xol| = [[LL(t to) P (to)xoll”
which means that (ueD?) holds for (U, Py). (¢)
Similarly,

7 dt _ 70 dt
J Uy (t,t0)Q1(to)xol| J [JU(ef —1,efo —1)Q(efo —1)xo|

S

We do the change of variable ¢/ — 1 = u, we denote by ¢/0 — 1 = ug, ¢ — 1 = v and

we obtain
7 du - D B D B
J (A DU (u, u0)Q(uo)xoll — [[U(v,u0)Q(uo)xoll  [[U(e” =1, = 1)Q(efo —1)xo]|
B D
U1 (s, to)Q1(to)xol|”
We obtain .

/ dt < D

J (1Us (£ t) Qu(fo)xoll — [[Ua(s, t0) Qi (to)xoll”
which means that (zeD3) holds for (U3, Py). (00)

From (¢) and (0©), it results that the inequality (3) from Theorem 2 is satisfied for
the dichotomic pair (Uy, Py). Thus, (U3, P;) is uniformly exponentially dichotomic, which
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implies from Proposition 1 that (U, P) is uniformly polynomially dichotomic and the proof
is complete. O

Corollary 4. Let U : A — B(X) be a strongly measurable evolution operator and (U,P) a
dichotomic pair which has uniform polynomial growth. Then, (U, P) is uniformly polynomially
dichotomic if and only if there are D > 1 and d > 0 such that

1 t+1 dt D
(upDy) / <r+1> (T DU, to)P(fo)xol] ~ U o) Plto) o]’
for all t,to, x0) € A x X, U(t, to)P(tg)xo # 0.

(

1 t+1 dt D

(upDy) <s+1) (E+ DU ) Q) xo]l — UG, f0)Qto) o]l
for all (s,to,x0) € A x X, Q(tg)xo # 0.

Proof. It follows immediately from Theorem 11. [J

Theorem 12. Let U : A — B(X) be a strongly measurable evolution operator and (U, P) a di-
chotomic pair with uniform polynomial growth. Then, (U, P) is uniformly polynomially dichotomic
if and only if there are D > 1and L : A x X — R with the following properties:

!/ 1 1
(uply) L(t'to'x0)<D(|U(t,to) P(to) x| ||u<t,to>Q<to>xol)’

for all (t to, X()) e AxX, U( ,t()) (i’o)xO #0, Q(to)Xo # 0.

(t+1)4 dt

(upLa) Lis o, P(to)xo) + / T+ )T (T, 1) Pl)mo]] Ut Pllo)xo),
forall (t,s,ty,x0) € T x X, U(t, tg)P(tg)xo # 0.
, (T+1)41 dt B

pLa) Lt fo QltoJo +/ 17 TG QU] — o Qo))

forall (t,s,ty,x0) € T x X, Q(to)xg # 0.

Proof. Necessity. It follows from Theorem 11 by taking the function L : A x X — R,
defined by

7 (k1) dr T (t+1)+1 dt
Loto) = | e U mptol * G rF U RQUmTa

0

Sufficiency. It follows in a similar manner as the sufficiency proved in Theorem 10. [

5. Discussion

The results obtained in this work contribute to the development of the theory in the
field of dynamical systems. More specifically, we prove some characterizations for two of
the most studied asymptotic properties of evolution operators in Banach spaces, namely
the uniform exponential dichotomy and the uniform polynomial dichotomy.

We give necessary and sufficient conditions that extend Datko’s theorem, which has
become one of the most famous theorems of the modern control theory. In addition,
we characterize these concepts using Lyapunov functions, and we establish connections
between the concepts mentioned in the paper. The method that we use in order to prove
the polynomial part is new, and it is much simpler than the one that exists in the literature.

For the future, we intend to generalize all these results to the nonuniform case in order
to study the robustness property, a notion that has a long history and was discussed for
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the first time in the context of the nonuniform exponential behavior by Barreira and Valls
in [27].

In addition, having [28] as a start point, we would like to investigate if it is possible to
analyze the behaviors described in this paper in order to obtain some numerical results.
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