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Abstract: The Gierer-Meinhardt system is one of the prototypical pattern formation models. The
bifurcation and pattern dynamics of a spatiotemporal discrete Gierer-Meinhardt system are investi-
gated via the couple map lattice model (CML) method in this paper. The linear stability of the fixed
points to such spatiotemporal discrete system is analyzed by stability theory. By using the bifurcation
theory, the center manifold theory and the Turing instability theory, the Turing instability conditions
in flip bifurcation and Neimark-Sacker bifurcation are considered, respectively. To illustrate the above
theoretical results, numerical simulations are carried out, such as bifurcation diagram, maximum
Lyapunov exponents, phase orbits, and pattern formations.

Keywords: bifurcation; patterns formation; spatiotemporal discrete; Gierer-Meinhardt system

1. Introduction

In Turing’s pioneering work, the diffusion terms on pattern formation for reaction
diffusion systems are the main factor [1]. In recent decades, Turing instability has been
investigated in biology, physics, chemistry, embryogenesis, and others [2-5].

Many biological, chemical and physical phenomena in nature can be described by
the reaction diffusion equation, such as patterns and wave speeds. To describe the spatial
patterns formation for the tissue structures in embryology and regeneration, Gierer and
Meinhardt proposed several reaction diffusion equations—molecular models in 1972 [6].
The Gierer-Meinhardt system is expressed as the following form

oda(t,xy) _ a’(t,xy)
LY = pop t co—= —na(t,x,y) +diAa(t, x,y), 1)
ah(gtx,y) =cp'" (;tl;,x’y) —vh(t,x,y) + daAR(t, x, ),

where a(t, x,y) and h(t, x,y) are the density of the activator and inhibitor at time ¢ > 0 and
spatial location (x, y) respectively. d; and d; are the constant diffusion parameters to the
activator and inhibitor, respectively; ppy is the source concentration for the activator, here
p and o are constants; p’ is the one for the inhibitor; the activator and the inhibitor are
removed by the first order kinetics ua and vh, respectively.

Lots of works on the stability and bifurcation problems of stationary solutions and simula-
tion research have been performed to study the dynamical behaviors of these systems [7-15],
references therein. Ward and Wei [7] studied the stability and oscillatory instability of
symmetric k-spike equilibrium solutions to the Gierer-Meinhardt reaction-diffusion system
in a one-dimensional spatial domain for various ranges of the reaction-time constant and
the diffusivity of the inhibitor field dynamics. Wei and Winter [8] constructed solutions
with a single interior condensation point for the two-dimensional Gierer-Meinhardt system
with strong coupling. Ruan [9] investigated the instability of equilibrium points and the
periodic solutions under diffusive effects, which were stable without diffusion via the
perturbation method for such model with common sources. Whenr = 2,5 =2,T =1 and
u = 0, Wang et al. [10] studied Hopf bifurcation and Turing instability to such a system.
Turing instability to the semi-discrete Gierer-Meinhardt model was considered in [11],
and Turing bifurcation and chaos for the spatiotemporal discrete Gierer-Meinhardt were
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studied in [12]. Wu et al. [15] studied Turing instability and Hopf bifurcation to such a
system, whenr = 2,5 =1, T = 2 and u = 0. The influence of gene expression time delay on
the patterns to Gierer-Meinhardt system was explored [16], and the influence of fractional
Laplacian on the multi-bump solutions to Gierer-Meinhardt system was explored [17].
Moreover, some properties of the development of retinotectal projections in amphibians
and fish can be described by using the Gierer-Meinhardt system [18]. Most applications of
Gierer-Meinhardt system can be seen in Refs. [19-21].

Noticed that the coupled map lattices (CMLs) method can illustrate the complex dy-
namics of competitive system [2], physics system [22], population model [18], etc. Due to
the efficiency of its numerical experiments, it is becoming an important branch of nonlinear
dynamics. Some existing methods and theoretical results can be applied to study the dy-
namics of the CMLs model [23-28]. In addition, the Neimark—Sacker bifurcation and Turing
bifurcation analysis were investigated to spatiotemporal discrete nutrient-phytoplankton
model with time delay in Ref. [29] by using such methods. We will investigate the model the-
oretically to determine the conditions for such bifurcations to a modified Gierer-Meinhardt
system based on CMLs. Then, the influence of parameters on the patterns formation can
be illustrated quantitatively. Hence, the CMLs model can give a better description and
prediction of pattern formation, which has been applied to the phytoplankton-zooplankton
model [27,28] and predator—prey model [30] for pattern formation.

In order to obtain the spatiotemporal discrete Gierer-Meinhardt system, the CMLs
method apply to a modified Gierer-Meinhardt model in this paper. By stability and
bifurcation analysis, there are many interesting dynamical behaviors which cannot be
generalized by the corresponding continuous Gierer-Meinhardt system for the classical
bifurcation analysis, such as defect patterns. In this paper, we find other mechanisms
(for example, flip-Turing bifurcation, Neimark—Sacker-Turing bifurcation), except Turing
instability mechanism. Based on the analysis of these mechanisms, the circle, spiral of
spatial patterns are found.

The remainder of this paper is organized as follows. The Gierer-Meinhardt system with
CMLs model and its stability analysis are developed in Section 2 . The detailed theoretical
analysis of flip, Neimark-Sacker, Turing bifurcation and co-dimensional 2 bifurcation (such
as Neimark-Sacker—Turing bifurcation) are carried out for the spatiotemporal discrete
Gierer-Meinhardt system in Section 3. Numerical simulations are provided to illustrate
the theoretical results in Section 3 and show the dynamical behaviors and spatial patterns
in Section 4.

2. Stability Analysis

In [15], the authors studied the continuous modified Gierer-Meinhardt system which
has the following form
2
aa(g:c/y) —c+ 1 (t},lx,y) —ua(t,x,y) +diMa(t, x,y), )
W =a?(t,x,y) — h(t,x,y) + daAh(t, x,y),

where A = 9%/9x? + 92 /9y? in this paper. (x,y) is the spatial vector in two-dimensional
space, which shows the position of a(t, x,y) or h(t, x,y). By discretizing the model (2), the
CMLs model is developed as follows. One considers #n x # lattices in a two-dimensional
square domain. Each lattice is a site (i,),i,j = 1,2, ..., n includes two numbers which are
the density of activator a(i, j, t) and the density of inhibitor h(i, ], t) at time t = T; + Tp,
where Tj is initial time. Due to interactions and migration between two species, the density
of two will vary with time. When discrete step increases from ¢ to f 4 1, the CMLs dynamics
of the activator and inhibitor consists of two stages; one is the “reaction” stage and the other
is “dispersal” stage . The dispersal stage can be obtained by the spatiotemporal discrete
of (2)

®)

i) = Aij0 7 BaG ),
i = Mo T 2d1Bal g,
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where § and 7 are the space interval and time interval for discretizing Equation (2), respec-
tively. The discrete forms of the Laplacian operator A; which can be shown in the following

Bal(ije) = A1) T 8-150 T A0j410 T 010 ~ 4G, )
Bahiijny = hiiviin +himvin + ey + a0 = g
According to [31], the reaction terms can be obtained by discretizing the time terms of
Equation (3)
A6 = fl(a(i,j,t)/h(i,j,t)>/ (5)
i = 810 ),
where

fila,h) = a+r(c;— %

— pa),
g1(a,h) =h+t(a®—h). ©)

Assume that all the parameters are non-negative and 4; ; ;) and h; ; ;) are non-negative.
The periodic boundary conditions to the CMLs models are consu:lerec{ in this paper.

aG,0t) = Aimt) A6 Lt) = Uin+1t)r2(0,7t) = Hnjt) A(Ljt) = A(n+1jt) @)
Mo = Mann Gy = Pantn i =Pein i = hein-
For all i, j, t satisfy
Ad”(i,j,t) = O, Adh(i,j,t) = 0

Based on the above analysis, the homogeneous dynamics can be determined by

2
apy1 = ar + T(C + % - “l/lﬂt), (8)
hyy1 = he + T(a% — ht)

Then, the Equation (8) can be rewritten into the form of maps equation

2
a a+t(c+ 9 —pa) 9
<h)H< h+t@®—n) ) ©)
Hence, the homogeneous dynamics of equations can be directly analyzed by maps
Equation (9).
The fixed points of maps Equation (9) are the solutions of the following system
2

a:ﬂ—l-T(C—F%—}l), 10
{ h=h+t(a®—h). 10)

Clearly, system (10) has a unique fixed point (as, hy) = (%, C;;)Z)(O <c<1). The
Jacobian matrix associated to point (4., h) is defined by

2

1+ Ty%—;c —E

Haon) = ( z(1+c)TC , _(p:) : (11)
I

According to [32], the fixed point is stable, if the two eigenvalues of J|(,_,  satisfy
|A1] < Tand |Ap| < 1. However, if the two eigenvalues satisfy [A1| > 1 or |A;| > 1, the fixed

point is unstable. The two eigenvalues of ]| () AT€ A1 = l(—p(v.') + /p?(7) —4q(1’)),
where p(7) = 7(1 — my) —2and q(t) = pt®+ (1+cV —1t+1. Ifg(r) < 1and



Mathematics 2022, 10, 243 4 of 14

|p(7)] < 1+ q(7), the fixed point (a., h.) is stable. By solving the above inequalities, we
have the following result.

Proposition 1. The fixed point (a., h.) is stable, if one of the following conditions is satisfied.

3-2v2<pu<i,
— 2
(H1):{0<V<3 2V2 (). ] v g

0<7<14. (u—1)
O<T<Tf. (12)
3—2\@<y<}1,2 1o o1 u>1,
. dpy/ptaptpt—1 Lloasusl, . p=1
(H3): 4 0<c< o ,(H4).{O<T<TN_(H5). <c<l,
0<7<yN. 0<T<y.

In addition, if (H1) or (H2) holds, the fixed point (a., h.) is a stable node. If one of the condi-
tions (H3)—(H5) holds, it is a stable focus. Here, Ty = W and Tf = TN — \/TH — 4/

3. Bifurcation Analysis

In this section, taking T as the critical bifurcation parameter, we will investigate flip,
Naimark-Sacker, Turing bifurcation of system (3).

3.1. Flip Bifurcation

As known, if the fixed point (a., h.) loses its stability and undergoes a flip bifurcation,
then the period-2 points are bifurcated from the fixed point. At the critical value of
flip bifurcation, the two eigenvalues of | are A1(7) = —1 and |A2(7)| # 1. Hence, the
bifurcation T satisfies the following conditions:

1-c
=1, Tf(1— my) #2,4. (13)

The center manifold reduction can be applied to determine the stability of the bifur-
cated periodic-2 points. Taking T as an independent, the center manifold reduction should
be applied variable into the maps (9), and letw =a —a,,z=h—h,and T =71 — Uz hence,
the maps (9) is turned into the following form

a0 ap0 O w fi(w,z,7)
= | boo boo O z |+| s1(w,z7T) (14)
0 0 1 0

f (w,z,T) = uzoowz + ajowz + a1 wT + ag11zT + a300w3 + azmwzz + a201w2T + awzt + O4),

S N8
!

where

81(w,z,T) = byoow? + bi1gwz + binwT + bo11zT + baoow® + ba1w?z + by w*T + biyywzT + O(4).

Moreover, O(4) represents high order (>4) in the variables (w, z, T), and

2 3 2
p u(l—rc) —p
= 2 y = —2 , — , — ,
200 = ST Ty 1o ey Mo = "y o= e
2 2
— 2 -2
aspo = 0,a210 = il 0201 = 75,4111 = ——=, booo = 27,
(c+1)? (c+1)? c+1
2Ty 2u
bi10 = ——,bp11 = —1,b101 = ——, boo1 = 2,br10 = b3p0 = b111 = O.
110 1 011 101 i1 201 210 300 111
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a100 4010 0
=| -1—-ay0 Ax—ao O , (15)
0 0 1

where A, =1 — p(7¢), and the maps (15) can be transformed into

Let

L RS
QS

a -1 0 0 a 1 Fi(4,h,t)
h = 0 A 0 h|+—— | BGh7) |, 16
7 0 02 1 7 ao10(1 + A2) 2( ) 16
where
Fi(a,h, ) = ao[(A2 — a100)a101 — do10b101] (2 + 1) T + 11010[()L — a100)A200 — A010b200] (@ + 11)?
+adyo[(A2 — a100)a201 — a010b201] (8 + 1)>T + a3 [(A2 — @100)3300 — @010b300] (8 + 1)
“+agio[(A2 — a100)a110 — do10b110][A(—1 — a100) + (A2 — a100)] (@ + 1) T
+ady0[(A2 — ar00)a111 — ao10b111] [A(—1 — ar00) + h(A2 — a100)](a + 1)
+agyo[(A2 — a100)a210 — ao10b210][a(—1 — a100) + 1Az — a100)](a + 1)
3 +[(A2 = ar00a011][A(—1 — a100) + h~(/\2 — a100)]%, i
F(a,h,T) = apo[(1+ a100)a101 + ao10b101] (7 +h)T + ’1(2)10[( + a100) @200 + @010b200] (7 + 1)
+adyo[(1+ a100)a201 + ao10b201] (@ + 1)*F + @ [(1 + ar00)az00 + ag10b300] (7 + 1)

(=1 —a100) +h(A2 —a100)}(a + 1)
(=1 —=a100) + (A2 — a1p0)] (@ + 1) T
(=1 —a100) + (A2 — a100)] (@ + 1)
h(A2 — a100)]T.

+a3,0[(1 + a100)a111 + 40100111
+a3;0[(1 + a100)a210 + ao10b21

a
a
a
olld
+[(1 + a100)a011][3(—1 — a100) +

( ]
+61010[El + a100)a110 + ao10b110 }
]

[
[
[

The center manifold
W¢(0,0,0) = {(4,h,%) € R*|h = H(a, t), H(0,0) = 0, DH(0,0) = 0},

where H(d,T) = e1p% + expt + e3t? + O(3). Using the invariance of the center manifold,
taking 1 = H(@, T) into the maps, and completing the coefficients of ¢;, j = 1,2, 3, then

(1 + a100)?a110 — (1 + a100) (@200 — b110)@010 — @31b200

“= 21 ’
ey — (1 + a100)*a011 — ap10(1 + a100) @101 + Ao10b101

a010(A3 +1) ’
e3 = 0.

The maps (16) reduced to the central manifold W¢(0, 0, 0) are the following form.
F:d— —G+ cd® + c18T + co18°F + 18T + c308° + O(4), (17)

here,
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1
€0 = m{(l + a100) 40100110 — a§10b200 — 2(1 + a100) 110 + 2a0104200 }
1
c11 = ———{2ap10a101 — 2a011(1 +a — a2, ,
NS A ) {2a0108101 — 2a011 (1 + a100) — ag10b101}
€2 2
c1p = ——————(4ap11 + 2ap104101 — 9510b101),
12 101+ Ag) (4ao11 0104101 — Apob101)
1 2a010(2a0104200 — 0100110 + 20110 — 35192002
1 = o0+ +ago(1 4 a100) (a010b111 — 2a111) + 831020201 — A010b201) ,
010 2\ +(4ao11 + 2a0108101 — a510b1o1)er + (1 + a100) (a010b110 — 2a110)d010€2
- 1 ( a10(1 + agio) (a010b201 — 2a201) + @301 (2a300 — a010b300) )
1T+ A\ +2(2a101 + 2a010200 — 3%19b200)e1 + (1 + a100) (0100110 — 2a101)e1
The occurrence of flip bifurcation for maps (17) also requires the flip bifurcation
theorem in [33].
0*F | 10F °F
— el = 0, 18
= Gaaz * 297 om a0 M # (18)
19°F  ,19%°F,, 5
12 = (*f-‘-(*f) ) =C30+C207é0. (19)
6 8a3 2 8a2 (ﬁ,fz):(0,0)
Theorem 1. Assume the (H1) or (H2) holds, and Tf(l — %y) #2,4,m1 # 0,12 # O, then the
maps (9) undergo a flip bifurcation at (a, h.). Moreover, if 7, > 0(< 0) is satisfied, the stable
(unstable) periodic-2 points bifurcate from (a, h.).
3.2. Neimark—Sacker Bifurcation
The Neimark-Sacker bifurcation occurs at the fixed point (a, h,) of maps (9); there
exists a pair of conjugate complex eigenvalues of the maps (9); in addition, the modules of
two eigenvalues are both 1, which means p(7) — 4q(7) < 0 and g(7) = 1. Hence
, 4
T=1,0< 1T < —. (20)
H
In addition, the Neimark—-Sacker bifurcation theorem [32,33] requires the tranversality
condition to be non-zero; in fact
d|A(tn)] 1—c¢
d= =1- 0. 21
T 1+ M ~ @1)
Moreover, A(ty)™ # 1,m =1,2,3,4,1e., p(tn) # —2,0,1,2.
Letw = a —a, and z = h — h,, the map (9) becomes
w aip 4ol w ﬂzowz +apwz + a21w22 + a30w3 +0(4)
— + 2 2 3 7 (22)
z bip  bon z baow= + byywz + byyw=z + bgw’ + O(4)
where
p(l-o)w Y y w —Tnp?
— , — , = 2 ’ = _2 7 = 4
aio 1 ao1 c+1)2 a0 ™ c+1)2 an N c+1)3 a1 c+1)?2
2utyN 2TNH
=0,bpy = —tN, bio = ———, bag = 27N, b11 = —4, by = 0,b39 = 0.
a3 = 0, bo1 ™, b0 = T 020 = 2Tn, b = 7 b 0,b30 =0

The corresponding two eigenvalues are

ra(r) = T 4 L fag(oy) — p(y) = a2 1, @)
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where [Z2 = —1.
Assume
(Z;)_(“iojllo —0[3)<Z>’ (24)
then
(3)-C5 )05) s Ein ) @
here,

G1(a, h) =(azoaor — (x — ay0)a11)ag B> — ayyagy p*ah

+ (az0a01 — (& — a10) a1 )agy Ba° — bay agy pah + O(4),
G1(a,h) =[(a11 (& — a10) + ap1 (a20 — b11)) (& — a19) — by Jag &>

+ [(a21 (& — a10) + 401 (a30 — b21)) (& — a10) — baoay Jagy &

— agq (a11 (@ — ay0) — brrag ) Bih — ay (ax (« — ay0) — borag ) pa*h + O(4).

In addition, the Neimark-Sacker bifurcation [33] requires the discriminatory quantity

o satisfy
o= —Re(%CnCzo) - %|f§11|2 — Go2|* + Re(A&x1) #0, (26)

where

G0 = 8,11 1 (G1az = Guig +2Goa1) + H{Gana = Gopy = 26z

fn = 4{12 g [Graz + Gy + 1(Gaaa + Gy,

Go2 = Sailﬁ[(cwa — Gy — 2Gys1) + 1(Goaa + Gz, — 2G 7)),

En = Wlmﬁ (Gaaa + Giaiy + Gogain + o + 1(Goaaa + Gogii — Graah — Gn)]-
with

Guaa = B(2(a — ag1)agran + 2a%,a20), G = —B*apiar1, Glhh 0, Gluhh =0,

9]
iy
=
=
=

I
~

9]
iy
=
=
=

I
=
—~~

[N
—~

X

|
AN
o
=
~—

i)
ON
_

AN

[y
—
+

(o)

[
o
=

AN

(e8]
(e}
~

9]
—_
N
=N
=

|

N
‘m

Q
SN
—

2
[y
—_

~

0

Gaaa = 2401 ((& — ag1)?ar1 — ap1 (& — ag1) (b1 — a20) + ag1ba)), Goi = 0, Gozip = 0,

Gojiii = 0, Gy = Bao1 (a1 — a)a11 + a01611), Goga = 2Bagy ((aon — &)ar1 + agibir),
G = 60 (& — agn)az1 — ao1 (& — ap1) (b1 — azo) + ao1b3o)),

which are the second and third order partial derivatives of Gy (a., hy) and Gy (as, h«) at (0,0).

Theorem 2. Assume one of the conditions (H3)—(H5) holds. If ¢ # 0, then map (9) undergoes

Neimark-Sacker bifurcation at the fixed point (a.,h.) when T = Ty. In addition, if o < 0 (>0),
then an attracting (a repelling) invariant circle will occur when T > Tn(0 < T < TN).
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3.3. Turing Bifurcation

Assume that one of (H1)-(H2) holds. For Turing bifurcation, the eigenvalues for the
discrete Laplacian operator A; should be studied in this part. Hence, the characteristic
equation for A is defined by

Ag XY+ AXM =0, (27)
with periodic boundary conditions
X Xln Xll XZH+1 XO,]_xn,] Xl]_xn+1]1]€12

In [31], one knows that the discrete Laplacian operator A; has the following forms
eigenvalues

Ap = 4(Sin24)k + Sii’lchl),
where (Pk = (k—1)m (Pl

n

u nl)” and k,1 € {1,2,3,--- ,n}.

Letd(i,j,t) = a(i,j,t) — a. and h(i,j,t) = h(i,j,t) — hs, and notice that Ayi(i, ], t) =
Aga(i,j,t) and Agh(i, j, t) = Agh(i,j, 1), and taking this transformation into Equations (4)—(7),
one has
( i1 ) _ ( ap  ao1 )( it >+ a10 52 d18ad; ¢ + 01 2 d2Bahijr + O(2) 28)
hijei b boy hijs biogzd18ad; 1 + bor rd2Bghiji + O(2) )’

where a1, a¢1, b1o, bo1 are defined in above analysis. If the perturbations are small, the
higher order terms can be omitted.

Assume that X,Z as the eigenfunction of the eigenvalues Ay, and multiplying the both
sides of Equation (28) by X kl' one gets

( X1 ) _ < ayp Ao ) ( Xklﬂu t ) n ( a10 3% Xy d18ads ¢ + aon 5 Xy do Dk ) 29)
Xhij 1 b bon ]l(]lhz,],t b1o 5 X1 Aadli ¢ + bor 35 Xy da Dl
Summing Equation (29) for all of i and j, one obtains that
) Xllg]lﬁi,j,t+l _ ( aig ao1 ) ZX}ijlﬁi,j,t
¥ X j b bor ¥ X R
105 L X]ZldlAdﬁi,j,t +am 57 1 X]i]leAdfli,j,t +0(2) (30)
b105lz ZX]i]ldlAdﬁi,j,t + bOl(;lz ZX]i]leAdhi,]',t +0(2)

_ ij ~ > ij
Letds = ZXk]lﬂz‘,j,tH/ hiy1 =Y Xk]ll’ll',]‘/tJrl, hence, (30) becomes

< a1 > _ < ay  aol >< a >+< a10(— gz d1An) @ + a1 (— gzdaAu) e + O(2) > 31)
b b hy bio(—gxd1Ak)ar + bor (— zdaAw e + O(2) )

Hence, the eigenvalues of the Jacobian of equations of system (31) are

As(k1,T) = iPTle \/PTle — 407 (k1,7), (32)
where

T
- 57(”10(7)111 + bo1 (T)d2) Ak,

T
= 5diAn)(1— =
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In addition, one defines

Zr(k,1,7) = max(|A4(k,1,T)|, |A-(k,1,T)]), (33)
Zn(7) = max Zr(k1,7), (k1) # (1,1)). (34)

Zm(T) = 1is the threshold condition for the occurrence of Turing bifurcation. In addition,
if Pr(k,1,7)%> —4Qr(k,1,T) > 0 holds, the critical value 77 satisfies

kg}%ilﬂpT(k, 1,7)| — Qr(k,1,7)) =1; (35)

if Pr(k,1, T)2 —4Qr(k,1,T) < 0holds, the critical value 77 satisfies

n
k1,7) =1 36
ax, Qr(k1,7) (36)

Theorem 3. Assume that one of (H1)—(H5) holds, and T is close to tr. If Z,(T) > 1, the
homogeneous steady state of model (3) with periodic conditions undergo Turing instability, and
Turing patterns will occur. If Z,,(T) < 1, the homogeneous steady state is still stable; no Turing
patterns will occur.

4. Numerical Simulations

In this section, we will give some examples to illustrate the results in Section 3. We
can find the bifurcations and chaos, as well as many different Turing patterns in this part
by numerical simulations.

4.1. The Dynamics Behaviors for Spatially Homogeneous State

In this sunsection, we show the temporal dynamics of flip bifurcation and Neimark—
Sacker bifurcation. Let ¢ = 0.5, 4 = 0.2015, then the positive equilibrium is (a,,hs) =
(7.4442,55.4156) and critical value for flip bifurcation is Tr = 3.37221. ¢ = 0.5, p = 0.2156,
then the positive equilibrium is (a,, h.) = (6.9573,48.4044), and the critical value for
Neimark-Sacker bifurcation is 75y = 4.304889.

Moreover, the flip bifurcation diagram, Neimark-Sacker bifurcation diagram and the
corresponding maximum Lyapunov exponents are shown in Figures 1 and 2, respectively.
Besides, the phase orbits for flip bifurcation and Neimark-Sacker bifurcation are shown in
Figures 3 and 4, respectively.

From Figure 3, we can see that there exists stable periodic—2, 4, 8, 10 points as T great
than 7y sightly, as shown in Figure 3a—c,e, respectively. We can also find chaos (Figure 3d,f)
as T increases furthermore.

From Figure 4, we can see that there exists a stable limit cycle as T great than 1y
sightly, as shown in Figure 4a. We can also find chaos (Figure 4c) as T increases furthermore.
During the route to chaos, we find that there exists periodic-11 windows, as shown in
Figure 4b.

9.5 03

0.2]

85
0.1

75

Maximum Lyapunov Exponent

36 4 4.4 32 34 36 3.8 4 42 4.4
T T
(a) (b)

Figure 1. (a) Flip bifurcation diagram; (b) Maximum Lyapunov exponents.
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Figure 2. (a) Neimark-Sacker bifurcation diagram; (b) Maximum Lyapunov exponents.
70¢ 80!
70
< 60" c £ 64
50
50~ 48
¢
.
7 75 8 85 % 75 8 85 ] 5 75 8 85 ]
a a a
(a) (b)
100 100 100 <
. )
90 / 9 90
&) / %) 8
70 70, 70
= £ )
60 60 60r |
96.5
50 50
/ qf * !
o . 50 937
3 75 8 85 9 95 7 75 8 85 9 95 75 8 85 9 95
a a a
(d) (e) ®

Figure 3. Phase portraits for different values of T corresponding to Figure 1a. (a) T = 3.6; (b) T = 3.8;
() T=3.96;(d) T =4.02; (e) T = 4.12; (f) T = 4.18.
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Figure 4. Phase portraits for different values of T corresponding to Figure 3a. (a) T = 4.311;
(b) T = 4.3223; (c) T = 4.328.

4.2. The Dynamics Behaviors for Spatially Heterogenous State

In this part, we show the spatiotemporally dynamics of Turing instability for flip
bifurcation and Neimark-Sacker bifurcation. In order to ensure that a and & are non-

negative, we need diAt(ﬁ + ﬁ) <05,i=1,2. Letd; =02and n = 256; the Z,,, — T
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diagrams are shown in Figure 5. We find that Turing bifurcation curve T = 7r and the flip
bifurcation curve T = Tr (or Neimark-Sacker bifurcation curve T = 1) divide parametric
space, (d, T), into three regions, as shown in Figure 3a (or Figure 3b). Moreover, Let
dy = 0.5; we can observe that the critical value for Turing instability in flip bifurcation and
Neimark-Sacker bifurcation are 77 = 3.37221 and 71 = 4.304886, respectively.

4 T 6
flip-Turing instability
T Neimark-Sacker-Turing instability
35 L 5
T
’ pure-Turing AN
instability
¢ 3 4 pure-Turing
instability
homogeneous steady state
25 homogeneous steady state 3 g y
"0 1 2 3 4 5 "0 1 2 3 4 5
d2 d2
(a) (b)

Figure 5. (a) Z;; — T diagram for Turing instability in flip bifurcation; (b) Z,;, — T diagram for Turing
instability in Neimark-Sacker bifurcation.

In this sequel, we show the patterns for flip-Turing instability. Let T = 3.6; the
pattern induced by periodic-2 points [27,31] is shown in Figure 6a, which is formed by two
alteration states. Similarly, taking T = 3.8 and T = 3.96, the patterns induced by periodic-
4 and -8 points are shown in Figure 6b,c, respectively. Besides, on the paths to chaos,
there exists a pattern induced by periodic-10 points, which is shown in Figure 6e. Taking
T = 4.02 and T = 4.18, the patterns induced by chaotic attractors are shown in Figure 6d.f,
respectively. It is clear to observe that the pattern in Figure 6f is more fragmented than that
one in Figure 6d, which means that the self-organized symmetric patterns are broken and
spatial chaotic characteristics are shown.

(e) ()

Figure 6. The patterns for flip-Turing instability. (a) T = 3.6; (b) T = 3.8; (¢) T = 3.96; (d) T = 4.02;
(&) T =4.12; (f) T = 4.18.
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In this sequel, we show the patterns for Neimark-Sacker Turing instability. Let
T = 4.11, the pattern induced by invariant circles, be shown in Figure 7(al-a3) for ¢+ = 1000,
t=5000, and ¢ = 10,000, respectively. As T increases to 4.3223 continuously, the circular
pattern induced by periodic-11 orbit is shown in Figure 7(b1-b3) for t = 1000, ¢ = 5000,
and t = 10,000, respectively, which is more twisted than the top patterns of Figure 7. As T
reaches to 4.328 eventually, the pattern induced by the homogeneous chaotic oscillating
states [27,31] are more twisted than the former two, as shown in Figure 7(c1-c3) for t = 1000,
t = 5000, and t = 10,000, respectively,

S“i""* ¢ ) >
450 S

(al) T = 4.311 (t = 1000) (a2) T = 4.311 (t = 5000) (a3) T = 4.311 (¢ = 10,000)

s ne
{ Ve S

(b2) T = 4.3223 (t = 5000)

(c1) T = 4.328 (t = 1000) (c2) T = 4.328 (t = 5000) (¢3) T = 4.328 (t = 10,000)

Figure 7. The patterns for Neimark-Sacker Turing instability.

5. Conclusions and Future Direction

The flip, Neimark-Sacker and Turing bifurcations of a spatiotemporal discrete Gierer-
Meinhardt system are investigated in this paper. In addition, we illustrate the patterns
induced by the flip-Turing and Neimark-Sacker Turing instability. Compared to the pre-
vious works [3,34], we found that the flip-Turing patterns and Neimark-Sacker-Turing
patterns are similar with the patterns induced by the real Ginzburg-Landau equation
which emerges as the amplitude equation near a Hopf instability to a continuous reaction—
diffusion system, such as the defect turbulence. In fact, the coupled map lattice system is a
dynamic system that discretizes time and space but its state variables still remain continu-
ous. Hence, what is the relationship between the patterns of a continuous reaction—diffusion
system and a spatiotemporal discrete one? It is worth investigating this phenomenon in
further work.
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