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Abstract: We introduce a new class of interval-valued preinvex functions termed as harmonically
h-preinvex interval-valued functions. We establish new inclusion of Hermite-Hadamard for harmon-
ically h-preinvex interval-valued function via interval-valued Riemann-Liouville fractional integrals.
Further, we prove fractional Hermite-Hadamard-type inclusions for the product of two harmonically
h-preinvex interval-valued functions. In this way, these findings include several well-known results
and newly obtained results of the existing literature as special cases. Moreover, applications of the
main results are demonstrated by presenting some examples.

Keywords: Hermite-Hadamard inequalities; harmonical convex functions; interval-valued functions;
fractional integrals

1. Introduction

It is well known that extensive literature on the class of integral inequalities is being
introduced under various notions of convexity; see, for instance [1-6]. Inspired by the
importance of convexity in multiple fields of pure and applied sciences, researchers gener-
alized and extended the notion of convexity in various settings. A useful generalization
of convex functions is introduced by Hanson [7] which is called invex functions. In 1986,
Ben-Israel and Mond [8] proposed the notion of preinvex functions and showed that every
differentiable preinvex function is invex, but the converse may not be true. Yang and Li [9]
provided two conditions that determine the preinvexity of a function via an intermediate-
point preinvexity check under conditions of upper and lower semicontinuity, respectively.

On the other hand, interval analysis was introduced to handle interval uncertainty
in many mathematical or computer models of some deterministic real-world phenomena.
Moore [10] was the first to propose the concept of interval analysis and extend the arithmetic
of intervals to the computer. Moore et al. [11] discussed an arithmetic for intervals,
integration of interval functions, and interval Newton methods. Bhurjee and Panda [12]
provided a methodology to determine the efficient solution of general multi-objective
interval fractional programming problem. Lupulescu [13] gave a theory of the fractional
calculus for interval-valued functions using gH-difference for closed intervals. Further,
Li et al. [14] introduced the concept of invexity using gH-derivative of interval-valued
functions and derived Kuhn-Tucker optimality conditions for an interval-valued objective
function. Interval analysis has applications in various fields such as experimental and
computational physics, error analysis, computer graphics, robotics, numerical integration,
and many other fields (see [15-19]).

2. Literature Survey

Iscan [20] proposed the concept of harmonically convex functions and presented
some Hermite-Hadamard (H-H)-type inequalities for harmonically convex functions.
Noor et al. [21] defined a new class of preinvex functions named h-preinvex functions and
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established H-H-type inequalities for these preinvex functions under certain conditions.
Further, Noor et al. [22] introduced harmonic h-preinvex function and obtained Ostrowski
type inequalities for harmonic h-preinvex functions using Riemann-Liouville (R-L) frac-
tional integrals. In recent years, several integral inequalities for different type of preinvex
functions are investigated by many authors; see, for instance [23-30].

Cano et al. [31] obtained some Ostrowski type inequalities for interval-valued func-
tions using gH-derivative. Zhao et al. [32] investigated Riemann interval delta integrals for
interval-valued functions on time scales and proved Jensen’s, Holder’s, and Minkowski’s
inequalities using Riemann interval delta integrals. Budak et al. [33] defined right-sided
R-L fractional integrals for interval-valued functions and obtained H-H-type inequalities
for interval-valued R-L fractional integrals. Lou et al. [34] presented the notions of the
Ig-integral and Iq-derivative and gave the Iq-H-H inequalities for interval-valued functions.
Further, numerous concepts of quantum calculus for interval-valued functions have been
investigated by [35-37].

Considering the importance of interval analysis, many researchers established re-
lations between integral inequalities and different types of interval-valued functions.
Zhao et al. [38] introduced the notion of harmonical s-convexity for interval-valued func-
tions and proved some new H-H-type inequalities for the interval Riemann integral.
Further, Zhao et al. [39,40] introduced the concept of interval-valued coordinated convex-
ity and established H-H-type inequalities for newly defined interval-valued coordinated
convex functions. Recently, Sharma et al. [41] introduced (/1, iy )-preinvex interval-valued
function and derived fractional H-H-type inequalities for these class of interval-valued
preinvex functions. Zhou et al. [42] derived H-H-type inequalities for interval-valued
exponential type preinvex functions for R-L interval-valued fractional operator. For more
inequalities for interval-valued functions, see references [43-49].

The work in this paper is mainly motivated by Zhao et al. [38] and Shi et al. [50]. We
propose the concept of harmonically h-preinvex interval-valued function which includes
harmonical h-convex interval-valued functions as a special case. We prove new fractional
inclusions of H-H-type for harmonically h-preinvex interval-valued functions. We also
present H-H-type inclusions for the product of two harmonically h-preinvex interval-
valued functions for interval-valued R-L fractional integrals. Further, we discuss some
special cases of our main results. The results obtained in this paper may be generalized
for other kinds of interval-valued fractional integrals including harmonically h-preinvex
interval-valued functions. As future directions, we can investigate the interval-valued
preinvexity on coordinates and establish new inclusions of H-H-type for interval-valued
coordinated preinvex functions.

The presentation sequence of the proposed work is the following. In Section 3, we
consider some basic definitions and notions of interval analysis. Additionally, we discuss
the related results required for this paper. In Section 4, we define harmonically h-preinvexity
of interval-valued functions and prove fractional H-H-type inclusions for harmonically
h-preinvex interval-valued functions. Some special cases of these results are also discussed
in Section 4. In Section 5, we discuss the results obtained by us in this paper. Finally,
in Section 6, conclusions and future directions of this study are given.

3. Preliminaries

Let X; be the collection of all closed intervals of R and A € X;. Then, interval A is
defined by:

A=[AAN={ueR A<u<A}, A AER.

We say A is positive if A > 0 or negative if A < 0. We denote the set of all positive
closed intervals by X; and the set of all negative closed intervals by X; . The following
binary operations for intervals A; = [A1, A] and A, = [Ay, A7] are given by [17].

Ar+ g = [Ay, Ar] + [Ag, Ao = A1 + Mg, Ay + Ay,



Mathematics 2022, 10, 264 3of 16

A1 — By = (B, 1] = [Ag, 8] = [A1 — B2, By — Mg,
ArAy = [min{A1 Dy, Ay Do, By Mg, By By}, max{Ay Dy, Ay Bg, By Mg, Ay Ar}),
1/A={1/u: 0#uecA}y=[1/A1/4],
A/Dy = A.(1/07) ={u.(1/v) :u € A, 0 £ v € Ay},
[0A, pA], ifp >0,
pA = p[A A] = { {0}, ifp=0,
oA, pA], if p <0,
where p € R.

Definition 1 ([17]). A function  is called an interval-valued function on [w1, wy] if it assigns a
nonempty interval to each u € [wq, wy] and

p(u) = [pu), p(u)l,

where Y and 1 are real-valued functions.

Theorem 1 ([11]). Let ¢ : [w1,wp| — X be an interval-valued function such that P(u) =
[(u), ¢ (u)]. Then,  is interval Riemann integrable (IR—integrable) on [w1, w] if and only if

¢ (u) and p(u) are Riemann integrable (R—integrable) on [w, wy] and

(1R) [ gl = |(R) [ s, (R) [ Flapdn

wq wr T w1

The collection of all R-integrable and IR-integrable functions on w1, w;| denoted by

R and IR , respectively.

w1 ,wo]) wy,ws])

Definition 2 ([51]). Let ¢ € Li[w, ws]. The R-L fractional integrals | . and J* 1 of order
1 2
« > 0 with wy > 0 are defined by

]Z,;J/J(u) = I*(lrx) /u (u—e) @ Vy(e)de, u>w;

w1

and
1

]f,;lp(”) = (@) /uwz (e — u)(”‘_l)lp(e)de, U < wy,

respectively. Here, T'(.) is the Gamma function defined by
I'(a) = / e ¢e* e,
Jo

Definition 3 ([13,33]). Let ¢ : [wy, wa] — X be an interval-valued function and ¢ € IR
The interval-valued R-L fractional integrals of function y are defined by

wl,wz])'

Jos(u) = r(la) (IR) / (=) Vy(e)de, u>wya >0

and
]ff,;#’(”) = r(la)(IR) /wz(e —u)@Vy(e)de, u < wya >0,

where T () is the Gamma function.
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Corollary 1 ([33]). If ¢ : [w1,w2] — X| is an interval-valued function such that p(u) =

[ (u), p(u)] with Y(u), P(u) € R((y, w,)), then we have
]5,1+¢(”) = UZ,TI(”)f ]Zfrﬁ(”)]

and

o () = % (), 8 $0)

Definition 4 ([52]). A set I = (w1, wyp] C R\{0} is called a harmonic convex set if

uo

——— €, Vu, I, tel0,1].
tu—i—(l—if)vE woee €0o1]

Definition 5 ([20]). A function ¢ : I = [w1, wy] € R\{0} — R is called harmonic convex, if

uv
<(1-— .
1p<tu+ a _t)v> <(1-8yp(u)+typ(v), Yu,oel, te]0,1]
Now we consider some concepts for harmonic preinvex functions. Let ¢y : I C R\{0} —
Rand %(.,.) : I x I — R be continuous functions.

Definition 6 ([53]). A set I = [wy,wq + (w2, w1)] € R\{0} is called a harmonic invex with
respect to 4(.,.), if
u(u+mn(o,u))
u+ (1—t)n(v,u)

el, Yuvel, te]0,1].

It is well known that every harmonic convex set is harmonic invex with respect to
(v, u) = v — u but not conversely.

Definition 7 ([53]). A function i : I = [wy, w1 + (w2, w1)] € R\{0} — R is said to be
harmonic preinvex with respect to the bifunction (., .), if

u(u+n(o,u))
‘/’<u+(1t);7(v,u)> <(1—tp(u) +ty(v), Yu,vel, te[01].

Condition C [54]. Let I C R be an invex set with respect to #(.,.). Then, function %
holds the condition C if for any t € [0,1] and any u,v € I,

n(v,v+ty(u,v)) = —ty(u,v),

n(u,v+ty(u,0)) = (1 —t)n(u,0).
Note that V t1,t, € [0,1], u,v € I and from condition C, we have

(v +tan(u,0), v+ t1(u,0)) = (t2 — t1)n(u,v).

Theorem 2 ([55]). Let i : I = [wy, w1 + 17(wp, w1)] € R — (0,00) be a preinvex function on I
and wy, wy € 1 with wy < wy + 17(wy, wy). Then

l/J(Zwl +17(a;2,a)1)) < - 1 /wﬁ?](wz,wﬂlp(u)du < w

2 wy,w1) Jay 2 ’

which is called the H-H-Noor inequality.
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Definition 8 ([41]). If I C R is an invex set with respect to (.,.), Pp(u) = [p(u), P(u)] is an
interval-valued function on I. Then 1 is preinvex interval-valued function on I with respect to

n(.,.)if
Y(v+ty(u,v)) Dtp(u) + (1 —t)y(v), Yte[0,1]andVu,v e L

4. Main Results

In this section, first, we define harmonically h-preinvex interval-valued function and
discuss some special cases of harmonically h-preinvex interval-valued function.

Definition 9. Let h : [0,1] C | — R be a non-negative function such that h # 0, and I C R\{0}
be a harmonic invex set with respect to 77(.,.). Let ¢ : I C R\{0} — X; be an interval-valued
function on set I, then 1 is called harmonically h-preinvex interval-valued function with respect to

n(..)if

u(u+mn(v,u))
l'b(u—i— = t)17(v,u)> D h(1—t)p(u) +h(t)p(v), Vte[0,1]and ¥V u,v € I.

Now, we consider some special cases of harmonically h-preinvex interval- valued func-
tions.

For h(t) =1, function ¢ is called a harmonically P—preinvex interval-valued function.
For h(t) = t, function ¢ is called a harmonically preinvex interval-valued function.
Ifh(t) =15, s € (0,1), then we find the definition of Breckner type of s—harmonically
preinvex interval-valued functions.

If h(t) = t75, s € (0,1), then we find the definition of Godunova-Levin type of
s—harmonically preinvex interval-valued functions.

Example 1. Let I = [1,2] C R\{0}, ¢(u) = [1 - ﬁ,l + %}, n(v,u) =v—2u, h(t) =t
then 1 is harmonically h-preinvex interval-valued function on 1.

Now, we establish fractional inclusion of H-H for harmonically h-preinvex interval-
valued functions.

Theorem 3. Let h : [0,1] — R be a non-negative function such that h(%) # 0. Let ¢ :
I = [wy,w+7(wywi)] € R\{0} — X| be a harmonically h-preinvex interval-valued
function such that Y = [P, ] and wq,w, € T with wy < w1 + (wy, w1). If P € Liwy, wy +
17(wa, w1)], @ > 0 and 1 holds condition C, then

ah(

2

1 2w (w1 + (w2, wy))
;)lp( 2w1 + K (wy, w1) )

T(x) (wl(

w;(zz(:z),m)))“ [ a%y(qjon) (;) + ]”(‘w%),(lpon) <W>]

(w1+11(w2,w1

> [plen) + 9ler + plwz@))] [ 10 + b1~ D,

where O(u) = %and poQ) is defined by YpoQ(u) = p(Q(u)), Yu € [% 1 }

w1 (wa,wy)’ w1

Proof. As ¢ is harmonically h-preinvex interval-valued function on [wy, w1 + 1 (w2, w1)],
we have

1 2u(u+n(v,u))
h(%)v’b( 2u+n(v,u)

— wi(w1F7(wy,w1)) —
Lot = =Rl 1 0 =

)24mo+¢@»vmvekwmn+nmmwuy M

wi (w1 +17(wp,01))

Wt (@) Then, using Condition C in (1), we find
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1 ¢<2wl(w1 + 77(“’2/“71))> 5 1P< wi(wi + 1wz, w1)) ) n w(wl(wl + U(wz,wl))> o)
h(3) 2wy + 17 (w2, wr) ~ T\wr+ (1= H)n(w, w) w1 + ty (w2, w1)
Multiplying (2) by #*~1, & > 0 and integrating over [0, 1] with respect to ¢, we have

a1, (2w (w1 +17(w2, w1)) Ut [ wi(wr +1(wy, wr))
(IR) /t ( 2wy + 1 (wy, wy) >dt D(IR)/t ¢<w1+(1—t)17(w2 w1)>dt

(IR) / pa—1 (wl w1 + 17wy, wl))>dt. 3)

w1 + (w2, wr)

1
(2)

Applying Theorem 1 in above relation, we find

(IR /0 p-1 <2w1(w1+17(w2,w1)))dt

2w1 + 77(602 wl)

)

{(R pa—1 <2w1(w1+W(wz,w1))>dt,(m/1tu1¢<2wl(a)1+’7(wz,w1))>dt}
= 0

|

2wy + 17 (wp, w1) 2wy + 17w, wy)
1¢<2‘U1 w1 + 17 (w, wl))) 1 <2w1(w1 +77(w2,W1))>}
a-\ 2wy +n(wa, wy)

2w1 (w1 4 17(wy, Wl)))
2w1+11 wz,w1 !

"w 2w + (W, wr)

_1
T

4 4)

1 w1 (w1 + 17(wa, w1))
(IR) t1¢<w11+(11_t);7(2wz,1wl)>dt

_ {(R) 01 ta1¢< wl(w1+’7(wzrw1)))>dt’(m /01 tallp< w1(w1+17(w2,w1))))dt}
r J

w1 + (1 - f)’?(wszl w1y + (1 - t)?](a)z, w1

_ wl<w1+n<wz,wl>>>“ . Q(1> « o(1>
(IX)< 77(‘4]2/(*}1) [](W)+lp0 w1 ’ (w1+17(]w2’w1))+1p0 o1

g (<l ey, )+<woﬂ>(1). ®

1 (w2, wy) (et

Similarly,
Vot (wi(wr +y(wy,w1)) ,, wi(wy + 7wy, w1))\* 14 1
) (. Jar=r( ) ’<1>(“’°m<wl+n<wz,wl>>' ©

w1 + t(wy, w1) 1(wo, wy) =

Using (4)—(6) in (3), we have

1%)#)(2601(601 —|—11(w2,w1))) 5 F(a)(wl(wl +77(wz,wl)))ﬂé l]o(LW) (IPOQ)(;)

ah( 2wy + 17 (w2, wr) 1(w2, wr)
1
5o () . 7
As 1 is an harmonically h-preinvex interval-valued function on [wy, wy + 17 (wy, w1)],

we have
lP( wi (w1 + 1(wa, w1)) > _ 1P<(w1 + 17wz, w1)) (w1 + 17 (wa, wi) + 17w, w +’7(W2/w1))>
w1+ (1 —t)n(wy, wr) w1 + 1 (wp, wr) + ty (w1, wy + n(wp, wr))
> h(E)p(er + 1wz, w1)) + (1 = Dp(ar) ®)

and
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wi(wr + 7wy, w1))\ [ (w1 + 7w, wr))(wr +17(wz,w1) +1(wr, w1 +1(w2, w1))
‘P< @ + 170z, 1) )“’( wn + (w2, wr) + (1= Dl wr + (@ @) )

2 h(1 = t)p(wr +17(wz, w1)) + h(t)p(wr). ©)

Adding (8) and (9), we have

wy (w1 + 17wz, w1)) wi (w1 + 17 (ws, wr)) _ w wor b (o
(ot (e ) ) o )+ - D)) + plen + @z o). 0

Multiplying (10) by #*~! and integrating over [0, 1] with respect to ¢, we have

w1, [ wi(wr +7(wy, wr)) > U (wl(w1+77(w2/w1)))
(R) /t <w1+ (1= t)n(wz, wr) dt+(1R)/0t ¥ w1 + ty(wa, w1) at

= (IR)/O M R(E) + (L= D][p(wr) + lwr + (w2, wi))]dt.

This implies
o [ @rl@r+n(ws, @)\ | oo [ L @ , 1
I( )( 1 (w2 1) ) [](W)+(¢ 0>(w >+]( 1) (y Q)<w1+17(w2,w1)>]
> [p(n) +(en + ez, on))] [ E(0) + b1 D)t an
From (7) and (11), we find
1 ¢<2w1(w1+77(w2,w1))>
ah(3) 2wy + 17(w2, w1)
wi (@ n(@y )\ [ ol ek e 1
Qr(a)( (@ 1) > [I(W> (¥ Q)( 1>+](w1) (¥ Q)(wﬁﬂ(wwl))]
> [p(en) + (en + ez, on))] [ #7100 + b1~ Dt
O
Example 2. Let | = [wy, wq +11(wp, wi)] = [1,2], §(wy,w1) = wp —2wq. Let a = 1 and
h(t)=tVtel0,1],
¢ I — X be defined by
p(u) = [—1 +2,% +2} Vuel
We find
1 2w1(w1+11(w2,w1)) . é _ § E
lxh(é)lp( 2wy + 17wz, wy) ) _21/](3) [2' 2}’ (12
wi (w1 + 77 (w2, w1))\* | 1 1 « 1
I“((X)< 17(6(]2,6(]1) ) l](m) (lPOQ)(w1>+I( ) (11000)(@1_‘_’7((02,“]1))]
B 2w1(w1+17(w2,w1)) w1+17(w2a)1 1 1 B § E
- e o el e @

and
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5 11]. "

1
[plen) + pleon +p(wz )] [ # 1) +h 0l = [p+ 9] = |5
From (12)—(14), we see Theorem 3 is verified.
Remark 1. If we put 7(wz, wy) = wy — wy in the above theorem, we obtain Theorem 5 of [50].

Remark 2. If we put (wy, wy) = wy — wy and o = 1 in the above theorem, we obtain Theorem 1

of [38].

Remark 3. If we put n(wy,w1) = wy — wy and h(t) = t in the above theorem, we obtain
Theorem 3.6 of [56].

Now we present some particular cases of Theorem 3.

Corollary 2. If & = 1, then Theorem 3 gives the following result:

1 <2w1 (w1 +1(wo, wl))> 5 2w1 (w1 + 17w, wy)) /“’1+’7(w21w1) w(u)d
—y 5 9y,
h(3) 2wy + 17 (w2, w1) 1(ws, wr) w u

> [pn) +9leon +n(en, )] [ 1) + (1 — B

Corollary 3. Ifh(t) = t, then Theorem 3 gives the following result:

2wy (w1 + 17 (w2, w1))
lp( 2wy +17(w2, w1) )

M () U ¥ (@) iy ¥ )|

(wp w1
P(wr) + (w1 +y(wa, wi))
2

U

V]

Next, we prove fractional inclusions of H-H-type for the product of two harmonically
h-preinvex interval-valued functions.

Theorem 4. Let hy,hy : [0,1] — R be non-negative functions and hy,hy # 0. Let ¢, ¢ :
I = [wy, w1+ 1n(ws,w)] CR\{0} = X; be two harmonically hy- and hy-preinvex interval-
valued functions, respectively, such that = [, ], ¢ = [@, @] and w1, wy € [ with w; < wy +
1wz, w1). If e € Liwy, wy + 17(wa, wy)], & > 0 and n holds condition C, then

r(w(wl(wwn(wz,wl)))“la () e ()

1wz, ) (e “

+W¢)W“”(Mﬁwémwo)w“”ﬁm+wimw0ﬂ

> Flwnn + gz @) [+ (1D (O
+ G(wy, w1 + 1wy, wr)) /01 [1&"‘*1 +(1- t)""l]hl(l — t)hy(t)]dt, (15)

where F(wy, wi +17(w2, w1)) = P(wr) p(wr) + Pp(wr + 1n(wa, w1))p(wr + 11wz, wr)),
N(wl,(w; + 711(602,601)) = P(w1)p(w1 + 1w, w1)) + P(wr + (w2, w1))p(wr)
and Q(u) = -

u
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Proof. As ¢ and ¢ are two harmonically /;- and hy-preinvex interval-valued functions on
[w1, w1 + 17 (wy, w1)], respectively. Therefore,

( w1 (w1 + 1 (wa, w1)) > _ w((% + 11 (w2, w1)) (w1 + 1wz, w1) + (w1, wi +77(W2/w1)))
w1+ (1= t)y(w2, wr) w1 + 1 (wa, wr) + ty(wy, wr + 17(w2, wr))
2 i (t)p(wr + 1wz, wi)) + b1 (1 = t)p(wr) (16)

and
( w1 (w1 + (w2, w1)) > _ ((w1+17(w2,w1))(w1+17(w2,w1)—|-77(a11,w1 +77(w2,w1))>
wy + (1 —t)n (w2, wr) w1 + 11(wz, w1) + t(wy, wi + 17 (w2, w1))
2 hy(t) (w1 +1(w2, w1)) + ha(1 —t)p(wr). (17)
AsP(u), ¢(u) € XJ, Y u € [wy, w1 + n(wy, wy)), then from (16) and (17), we obtain
( wi(wy + 17(wa, w1)) ) ( w1 (wy + 17 (wa, w1)) )
wy+ (1= H)n(ws, wr) w1+ (1= H)n(wo, wr)
2 hy(H)ha (D) (w1 + (w2, wr))@(wr +1(w2, w1)) 4+ hi (1 = ) (1 — £)p(wr) p(wr)
+h1(H)h2(1 = t)p(wr + (w2, w1))@(wr) + (1 = Hha(H)p(wr)@(wr + 17(wa, w1)). (18)

Similarly,
w1 (w1 + 1wz, w1)) wi (w1 +1(wa, w1))
1/)( w1 + (w2, wr) ) ( wy + t (w2, wy) )
2 hi (1= t)ha(1 = t)p(wr + (w2, w1))p(wr + (w2, wi)) + ha (H)ha ()P (wr) p(wr)
+h1(1 = H)ha (H)p(wr + (w2, w1))@(wr) + hi(t)ha (1 — t)p(wr) (wr + 17(w2, w1))- (19)

Adding (18) and (19), we have
< wi(wi + 17(wa, w1)) ) < w1 (wy + 17 (wa, w1)) )

wy + (1 —t)n(wy, wr) w1+ (1 —)n(wy, wr)
w1 (w1 +17(wp, wi)) wi(wi + 17(wa, w1))
+lp( wi + ty (w2, wy) ) ( w1+t (wa, wi) )
2 [hy(H)ha(t) + hi (1 — H)ha (1 — £)][p(wr) p(wr) + (w1 + 7wz, w1))@(wr + (w2, wr))]
+ [h()h2(1 — ) + I (1 = ) ha ()] [ (w1 + 17(w2, w1)) p(w1) + P(w1)p(wr + (w2, 7))]
= F(wy, w1 + (w2, w1))[h1 (Hha(t) + (1 = £)hp(1 — t)]
+ G(w1, w1 + 1wz, w1)) [ (1 = t)ha(t) + hy(£)ha (1 — 1)]. (20)

Multiplying (20) by t*~! and integrating over [0, 1] with respect to ¢, we have

w1, [ wilwi + 1wy, wi)) w1 (w1 + 17wy, w))
(IR) / t (WH' (1—t)n(ws, wl)) (w1+(1—t)’7(w2,w1))dt

(IR) / pa—1 (wl (w1 + 17w, wl))) (wl(w1+n(w2,w1)))dt

w1 + tn(wa, w1) w1 + t(wa, w1)

> (IR) /O 1 (wr, wy + 17 (ws, 1)) [ (D)o () + (1 — D)o (1 — £)]dt
4 (R) [ 171G w01+ nfeon, @) I (1~ Diaft) + (a1~ Dlat. @D

As
(IR) / a1 ( wi (w1 + 17 (wp, wy)) )‘P( wi (wy +’7(w2,w1))))dt

wy + (1= H)n(wy, wr) w1 + (1 — )y (wy, wn
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:F(w)<w1(wl+’7(w2'wl))>a]“ ) ))+(1POQ)<C;>((POQ)<1)/ (22)

1w, ) (G “

(IR) /1 ta1¢<w1(w1 + U(wz/wl))>¢(wl(wl +77(W2,w1))>dt
0

wy + i (wy, wy) w1 + tn(wy, wy)

R S P N M

Using (22), (23) in (21), we have

r(@(“’l(‘“+’7(“’2""1)))“lﬂ Ly oo () won ()

1 (wy, wy) (emtmn w1

+I‘Ew%) ~(oQ) (W) (9o02) (“’1"’77(1‘02‘01))]

D F(wy, w1 + 1(wa, wr)) /01 [ (1= ) kg (D) hy (t)dt

(23)

1
+ Glwy,wr +y(wz @) [+ (1= 0" (1= Dha(0)]d.
O
Remark 4. If we put 7(w,, wy) = wy — wy in the above theorem, we obtain Theorem 6 of [50].

Remark 5. If we put n(wy, wy) = wy — wq and « = 1 in the above theorem, we obtain Theorem
3of [38].

Corollary 4. If « = 1, then Theorem 4 gives the following result:

w1 (w1 + 17 (wa, w)) /““*”(“’Z’w]) 1P(”)€9(”)du
1 (w2, w) w u?

1 1
QF(wl,wl—l—ﬂ(wz,wl))/o hl(t)hz(t)dt—i-G(wl,wl—i—n(wz,wl))/o I (1 — o (b)) dt.

Corollary 5. If hy(t) = hy(t) = t, then Theorem 4 gives the following result:

r<oc>(“’1(“’1+’7(“’2""1”)“[“ 1 )+<w00>(1)<¢oo>(1)

1(wa, wy) (et “

1} (o) <wl+17(1wzwl)> (po02) (“714"7(1(‘12“’l)>1

1
2 Flwy, wy + W(wzrwl))/o 2+ (1 - 1) dt

+ G(w1,aJ1 + n(wz,wl)) /01 t(l _ t)[t“_l + (1 . t)“_l]dt

R )
- a(“+1)(a+2)F(w11wl+77(w2/w1))+ (0(+1)(0(+2)
_ (@ +a+2)F(wy, wi +1(wz, wi)) +2aG(wy, wi +17(wp, wi))

ala+1)(a+2)

G(w1, w1 + 1(wo, wr))

Theorem 5. Let hy, hy : [0,1] — R be non-negative functions and hy(3)ha(3) # 0. Let
9 I = [w,wy +1n(wy,wy)] € R\{0} — X[ be two harmonically hy- and hy-preinvex
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interval-valued functions, respectively, such that p = [y, 1/) = [, 9] and w1, w, € I with
w1 < wi+ 1wy, wr). Ifpe € L{wy, wy + 1(wp, w1)], & and 1 holds condition C, then

1 <2aJ1(aJ1+71(W2,W1))) <2w1(w1+77(w2,a;1)))

ahy (D (L) 2w1 + 1 (ws, wr) 2w + 1(ws, wr)
wi(wy + 17wy, w1)) \* | 14 1 1
> rio) (R ) [ (oot on (Y ()

Jr]0(%)_ (po2) <w1 + ’7(1602,601) > (o) (wl + U(lwszl)ﬂ
+ F(wy, wy +1(wa, wy)) /Ol(t”‘*l + (1= ) Dy () (1 — t)dt
+ Glwy, @1 + 17w, ) /01(15“—1 + (1= O Yy (o ()t
where F(w1, w1 + 11(wy, wy)) and G(wy, wq + (w2, wy)) are defined as previous.

Proof. As 1 is harmonically h;-preinvex interval-valued function on [wq, w1 + 17(w2, w1)], we
have

: w(zu(uw(w)))Qw(u>+¢<v),w,ve[w1,w1+77(wszlﬂ' =

hi(3) 2u +1(v,u)

_ wi(w1t+n(wy,wi)) _ wi(witn(wy,wr)) ; s ; :
Letu = (1) (wnwr) and v = w1 (a0y) Then, using Condition C in (24), we find

1 2wy (w1 + 11 (wp, w1)) w1 (w1 + 1 (wa, w1)) w1 (w1 + 1 (wa, w1))
>"’< )29( )+ ) )

hl(% 2wy + 1 (wo, w) w1+ (1= H)n(wo, wn w1 + t(wa, wr)
Similarly,
1 ¢(2w1(w1+77(w21w1))) 5 fP( wi (w1 + 17(wa, w1)) )+ <w1(w1+77(w2/w1))> (26)
hz(%) 2wy + 1 (wy, wy) wy + (1= t)n(wy, wr) w1 + t(ws, wy) ’

From (25) and (26), we find

1 (Zwl(w1+77 Wy, wy) > (2w1 w1+77(a)2,w1))>
hi(3)ha(3)

2wq +#( wz,wl 2wq + 1 (wo, w1)
2|
< wr (w1 +7( wz,wl ) +(P<w1 w1+11(w2,w1)))]

( w1 a)1+77 wz,wl ) <w1 w1ty (,dz,wl))>:|
wy + (1 —)n(wy, wr) w1 + ty(wa, wy)
P

Y
X
[ wy+ (1—1t)y a)z,w1 w1 + t(wsy, wr)

— w1 (U1+17 CU2,(U1 w1 CU1+17 wz,wl))
wr + (1 —t)n(wy, wr) wr + (1= t)n(wy, wr)

wl(w1+17 w2,w1
+¢< w1 + tiy(ws, wr) >(P

(w (w1 +7 wz,w1)))
w1+t (wa, wy)
n [1P< wl(w1+17 wz,w1 ) <w1 wq +77 wz,wl))>
w1+ (1= H)n(wo, wr) w1 + t(wa, wn)
w1 (wy +17(w2/w1))) ( wi (w1 +1(wa, wy)) )}
() o (o T ey ) )

As ¢(u) and @(u) € X, Yu € [wy, w1 + 17(wp, wy)] are two harmonically /- and k-
preinvex interval-valued functions, respectively. Therefore,
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( wi (w1 + 1wz, w1)) ) (w1(w1+'7(6t)2,w1))>

w1 + (1= t)n(w2, wr) wy + ty (w2, wr)
2 hy(H)ha(t)p(wr + (w2, wr))@(wr) + (1 —t)ha (1 — t)P(wr) @(wr + 1(w2, wr))
+hy(£)ha(1 = t)p(wr + 11(wa, w1)) @(wr + 1wz, w1)) + ki (1 — t)ha(t)P(wr) p(wr).
Similarly,
w1 (w1 + 1wy, wr)) w1 (w1 + (w2, w1))
1/’( w1 + ty (w2, w) ) (w1+(1—t)11(w2,w1))
2 hi(Hha(H)p(wr)e(wr + 11(wz, w1)) + (1= Hha(1 = H)ip(wr + 7 (w2, w1))p(wr)
+h1(H)ha(1 = H)p(wr)p(wr) + (1 = ha(H)p(wr + 11(w2, w1))@(wr + 17 (w2, w1)).

Adding (28) and (29), we obtain
( wi (w1 + (w2, wr)) ) (wl(wl + ’7(602,601)))

w1+ (1 —t)n(w2, wr) w1 + ty(wa, wy)

Jrllj(wl(wl +’7(w2,w1))> ( wi (w1 + 1(wa, w1)) >

w1 + t(wo, wr) w1+ (1 —t)y(ws, wr)
2 G(wy, wi + (w2, wr)) [ (H)ha(t) + h (1 = t)ha(1 = 1)]
+ F(wl,wl + 17((,02,(,01))[]’!1(1 - i’)]’lz(i’) + hl(t)hz(l — i’)]

From (27) and (30), we have

1 lp(zwl(w1+”(w2 wl))> (Zwl(wl + 17(wo, wl))>
h(3)h(3) 2w + 1 (w2, wy) 2wy + 17 (w2, wr)
Dlp( wl(wl—l—iywzwl ) (wlwl—l—iywzwl))

wy + (1 —t)n(wy, wr) w1+ (1= H)n(ws, wr)

w1 (w1 +11(wz, wy) w1 (w1 + 1wy, wy)
lp( w1+t17 wo, w1) >(P< w1+t17 Wy, wy) >
+ G(wy, w1 + 1wz, w1)) [ (F)ha(t) + h1 (1 — t)ha(1 — t)]dt
+ F(wy, wi +11(wa, w1)) [ (1 = t)ha(t) + hy (t)ha(1 — t)]dt.

Multiplying (31) by *~1, then integrating over [0, 1] with respect to , we find

2w1 + 1 (wy, wr) 2wy + 1n(wy, wr)

l
(2)

(IR)/Olt“_llP( wi (w1 +7/( wz w1)) ) ( w1y (w1 + 1 (wa, wr)) )dt

wy + (1= )n(wy, wr) wy+ (1—1t)y wzwl)

N ([R) /-l tallp(a)l(ah +77 wy, w1 ) (w1 w1 +17 wy, w1 >dt
0

w1 + i (wy, wy) w1 + t(wo, wr)

+ G(wr, w1 + (ws, w1))(IR) / (91 [y (D ha () + ha (1 — Db (1 — £))dt

+ F(wy, w1 + (@, 1)) (IR) /O Uy (1 — D)o (F) + hy (£)ha (1 — 1)) dt.

This implies

1 lp<2w1(w1+ﬂ(w2,w1))> (2w1(w1 +17(w2,w1))>
“hl(%)hZ(%) 2w1+17(w2,w1) 2w1+17(w2,w1)

/ p-1 (2601 wi +17(wo, W]))) <2w1(w1 +11(w2, w1))

>dt

(28)

(29)

(30)

(31)
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S T(e) <w1(w1 + n(wz,wl))>"‘ l],x 1 ))+(¢OQ) (Jl) qooQ<1)

(@ @1) (i “

® 1 1 E—
+](w%)7 ($o02) (wl + 17(wo, wy) ) (po02) (wl +11(w2, Wl))]
+ F(wy, w1 + 17wz, wr)) ./(;1<t"“1 + (1= )" Dhy () (1 — t))dt
+ G(wi, w1 + f(ws, wr)) /O 1(#‘*1 + (1= ) Yy (D)o (t)dt.
O

Remark 6. If we put (w,, w1) = wy — wy in the above theorem, we obtain Theorem 7 of [50].

Remark 7. If we put n(wy, w1) = wy — wq and a = 1 in the above theorem, we obtain Theorem
4 of [38].

Corollary 6. If & =1, then Theorem 5 gives the following result:

1 lp(zwl(w1+ﬂ(w2/wl))> (Zwl(w1+17(w2,w1))>
2hy ($)ha(}) 2wy + 1 (wy, wy) 2wy + 1 (wy, wy)
1

wi (w1 + 7w, wy))  [ortrl@@n) p(u)g(u) !
T /wl Tdu+F(w1,w1+17(w2,w1))/() Iy (Dha(1 — £)dt

1
—|—G(w1,w1+17(w2,w1))/0 iy () ha (1)t

Corollary 7. If hy(t) = hy(t) = t, then Theorem 5 gives the following result:

4 (2w (w1 + 1wy, w1)) 2wy (w1 + 17(w2, w))
lp( 2wy + 17(w2, wy) ) ( 2w1 + 17(w2, wy) )

2r(a)lp(wl(wﬁq(wz,wl)))“[a 1 ))+(IIJOQ)<(;)¢OQ<1>

1wz 1) (arezan “

“”(‘;1)("’0“)(@)”"“)(@)]

+P(w1/w1+77(w2/w1))/01 t(l—f)(t“71+(l—t)“*1)dt

+G(w1,w1+17(w2,w1))/0 2 4 (1— )% )dt

(L) e (e ()
H?a}l)(IPOQ)(W)((POQ)(wl +17(w2, w1) )]

+ MF(W1,M1 + (w2, w1)) + (:‘J:;C(:—j 2) G(wr, w1 +1(wz, wr))
_r(“)i’b(wl(w’;(zz(“(;)lz),wl)))a[ tzwlﬂy(]wal +(poQ2) ( 1)(p ( )

+I‘E%)(¢00)(W>(¢OQ)(M + (w2, wi) ﬂ
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References

N 2aF (wy, w1 +1(wa, wr)) + (02 + &+ 2)G(wy, wi + 17(w2, wy))
ala+1)(a+2) '

5. Results and Discussions

After illustrating the concept of interval-valued functions, this paper proposes a new
definition of harmonically h-preinvex interval-valued functions. Further, with the help of
the proposed harmonically h-preinvexity for interval-valued functions, we have proven
H-H-type inclusions for interval-valued R-L fractional integrals. From the definition of
harmonically h-preinvex interval-valued function, we can see that every harmonical h-
convex interval-valued function is harmonically /-preinvex interval-valued function with
respect to 17(v,u) = v — u. The results obtained in this paper are generalization of the
results of Zhao et al. [38] and Shi et al. [50]. Moreover, some particular cases of our main
outcomes are considered.

6. Conclusions and Future Directions

In this paper, we have introduced harmonically h-preinvex interval-valued functions
which include harmonical h-convex interval-valued functions and harmonical convex
interval-valued functions as special cases. We have obtained H-H-type fractional inclu-
sions for harmonically /-preinvex interval-valued functions. After that, we have proven
fractional H-H-type inclusions for the product of two harmonically h-preinvex interval-
valued functions. The results obtained in this paper may be extended for other kinds of
interval-valued fractional integrals including harmonically h-preinvex interval-valued func-
tions. In the future, we can investigate the interval-valued preinvexity on coordinates and
establish new inclusions of H-H-type for interval-valued coordinated preinvex functions.
It is expected that current work will motivate researchers working in fractional calculus,
interval analysis, and other related areas.
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