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Abstract:
R(z) = oF(a+ny, b+ ny;c+m;z)/2F (a,b;c;z) of the Gauss hypergeometric functions. We find a

Given real parameters a,b,c and integer shifts ny,1,,m, we consider the ratio

formula for Im R(x + i0) with x > 1 in terms of real hypergeometric polynomial P, beta density and
the absolute value of the Gauss hypergeometric function. This allows us to construct explicit integral
representations for R when the asymptotic behaviour at unity is mild and the denominator does not
vanish. The results are illustrated with a large number of examples.
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1. Introduction
The Gauss hypergeometric functions ([1], [2] (Chapter II), [3] (Chapter 15))

2Fi(a,b;c;z) = 2F1< a,cb z) = ngn

M

and Fj(a + n1,b + ny; ¢ + m; z) are called contiguous in a wide sense if nq,n,m € Z;
see [4]. Any three functions of this type satisfy a linear relation with coefficients rational
inab,c,z. If ny,ny,m € {—1,0,1}, then the coefficients of this relation are linear in z,
and the functions are called contiguous in a narrow sense. Such a contiguous relation
was used by Euler to derive a continued fraction (much later termed T-fraction) for the
ratio pFy(a,b + 1;¢ + 1;z) /2Fi(a,b; c;z). Gauss described all three-term relations among
the functions contiguous in the narrow sense and found another continued fraction for the
above ratio, which has the following form [1] (p. 134) (see also [5] (Formula (89.9)) or [6]

(p- 123)):

F(a,b+1;c+1;2) Xo
G(z) = = 2
(2) F(a,b;c;z) . vz @
KoZ
1-— =

where oy = 1, and for n > 0,

(a+n)(c—b+n)
c+2n)(c+2n+1)’

_(b+n+1)(c—a+n+1) 3)
Yt = T+ ) (c+2n+2)

Xop1 = (

Clearly, we have lim;, ;0o &y = 1/4, while sup,, |a,| =: v/4 > 1/4. So, if a;, > 0,
n = 1,2,..., then it follows from [7] that there exists a unique positive measure dj(s)
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on [0, 7] whose support is dense in [0, 1] and has at most finitely many points in (1, 7],

such that du(s)
_ His
G(2) _/M e 4)

(The fact that dy(s) has at most finitely many atoms in this interval directly follows
from the fact that yF (4, b; ¢; z) has finitely many zeros in [0,1). The latter is given by
Theorem 4, a corollary of [8].) In general, on sending 7 to infinity in (4) so that the in-
tegration is over [0, +o0), and letting dyu(s) run over all positive measures du(s) such
that [°(1—s)~!du(s) < oo, we obtain the collection of functions called the Stieltjes class S.
For functions asymptotically behaving as Y3 ; sxz* at the origin, the class S is character-
ized by a continued fraction «g/ (1 — oqz/(l — )) with & > 0 for all j, see [7] or, for
example, [9] (p. 6). Such functions arise often in different areas, ranging from analysis and
operator theory to combinatorics and probability.

The tighter collection of functions obtained by taking y = 1 in (4) and letting dp(s)
run over all positive measures, making the integral convergent, is known as the Markov
class M. The same class can be described as the collection of generating functions of the
Hausdorff moment sequences; see [5] (Chapter XIV). Certainly, if v < oo, we can re-scale
the integration variable to make y equal 1.

Theorem 69.2 from [5] asserts that one may take v = 1in (4) if ay, = (1 — g4-1)8n
for all n > 1 with some numbers g, € [0,1] (the cases where g, for some n is 0, or 1
corresponds to rational G(z)). It is immediate to see that the condition «,, > 0 is satisfied
for the Gauss continued fraction for all # when —1 < b < cand 0 < 4 < ¢ + 1. The more
restrictive condition g, € [0,1] holds trueif 0 <a < c¢+1,0 < b < ¢; see [10] (Proof of
Theorem 1.1) for details. Surprisingly enough, the representing measure dyu in (4) for the
Gauss continued fraction was only computed in 1982 by Vitold Belevitch [11]. Around
the same time, Jet Wimp [12] constructed explicit formulae for the odd convergence of the
continued fraction (2) in terms of hypergeometric polynomials.

The main protagonist of this paper is the following generalization of the Gauss ratio (2)

_ 2F(a+mny,b+mnycH4m;z)
B 2Fi(a,b;c;z) ’

R”an,m (Z) ®)
where ny,ny,m € Z are arbitrary. This ratio was studied in our recent preprint [13].
The ideas presented in this preprint were developed further in [14]. The present work
constitutes a corrected, streamlined and elaborated version of a part of [13]. The main
objectives are to furnish a complete derivation of the integral representation of Ry, n,m(z),
including all detailed proofs omitted in [14], and to illustrate its structure with numerous
examples. As a by-product, each example contains sufficient conditions for Ry, u,m € M
in terms of the parameters 4, b, c.

The ratios of the Gauss hypergeometric functions are a recurring theme in the litera-
ture. An important particular case of this ratio is the logarithmic derivative of the Gauss
hypergeometric function. Its Stieltjes transform representation can be used to study the
infinite divisibility of certain ratios of beta-distributed beta variables in a way similar to
the investigation of the ratios of the gamma random variables in [15]. Furthermore, inte-
gral representations of the ratios of the Gauss hypergeometric functions are useful when
determining whether they belong to certain important functional classes. For example,
the authors of [16] applied such a representation to verify that Ry (z) can be written
as (4), and hence a certain pair of hypergeometric weights forms the so-called Nikishin
system—an important property in the realm of multiple orthogonal polynomials.

Concerning further applications, observe that the membership of Ry, u,» in the
Markov class M, conditions for which we give in each of the examples of Section 3, has a
number of important implications. These include the normality of all Padé approximants
and uniform convergence to Ry, 1, (z) of the para-diagonal Padé approximants on all com-
pact subsets of C\[1, c0); two sided bounds on the real line in terms of Padé approximants;
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the univalence of Ry, u,m(2z) and zRy, n, m(2) in Re(z) < 1 and its various consequences;

and the starlikeness of zRy, u, m(z) in the disk |z| < r* with r* = /13v/13 — 46 ~ 0.934.
Details regarding these claims and further references can be found in [17,18].

There are many intriguing open questions related to our work. For example, the case
when the shifts are no longer an integer is also of interest for applications, but requires
additional tools. For the Jacobi polynomials, certain relevant results are presented in [19].
For the non-polynomial case, there are only very fragmentary results of this type, such
as [20] (Lemma 4.5).

Another compelling problem is to extend the results of this paper to the ratios of the
generalized hypergeometric functions ,F; which, for certain integer shifts, have explicitly
known branched continued fractions generalizing the Gauss continued fraction (2); see [9]
(Sections 13-14). Similar problems may be posed, mutatis mutandis, for the basic hyperge-
ometric functions, cf. [9] (Section 15). The basic analogue of the Gauss continued fraction is
considered in detail in [21,22].

This paper is organized as follows. Section 2.1 deals with the asymptotic behavior
of Ry, n,m(z) near the point z = 1 and at infinity. In Section 2.2, we derive a formula
for the values of Im(Ry, u,m(x £i0)) for x > 1 using a recent duality identity for the
Gauss hypergeometric function. Section 2.3 is at the heart of our work: it contains the
integral representation for Ry, u,m(z). The basic ingredients are Theorem 4, which is a
corollary of Runckel’s theorem from [8] and Lemma 4 connecting Im(R, ,,m (x £i0)) with
a Cauchy-type integral. The largest section of this paper—Section 3—illustrates our study
with 15 different examples. In the last section, we show how our results may help to
calculate “generalized beta integrals”, as well as obtaining integral representations of such
functions as z/ Log(1 + z).

2. Main Results
2.1. Asymptotic Behavior

In this section, we will record the behavior of Ry, 1,,x(z) in the neighborhood of the
singular points z = 1 and z = oco. It will be convenient to use the following notation: if 2 is
a real number, then

(a)— :=min(a,0) and (a)4 := max(a,0).

Denote also N := {1,2,...} and Ny :=NU {0} = {0,1,... }. We will use the standard
symbols ¢1(z) = o(¢(z)) and ¢2(z) = O(¢(z)) as z — A to denote the functions satisfying
the relations

ZIE 4(;1((;)) =0 and |¢a2(z)| < C|¢(z)| for z near A,

respectively (C is a positive constant independent of z). The goal of this section is the
following theorem, which is a slightly corrected version of [14] (Lemma 1) presented there
without proof.

Theorem 1. Let a,b,c € Rand c,c +m ¢ —Ng. Then there exist four constants €1,€00 €
{=1,0,1} and Ly, Leo # 0 independent of z such that

Ryynym(z) = Ly (1 — z)(@tnybtny,ctm)—n(abc) log(1—2) (1 +0(1)) as z—1; (6)
Ryuy iy m (—2) = Leo 2800 mbtn2etm)=E(abie) (160 (7)]¢ (1 4 0(1)) as z — o0, (7)

where

(c—a—0b)y, if —a,b—ceNgor —ba—ce Ny
0, if —a € Noandfor —b € Ngwhilea—c,b—c ¢ Ny;
c—a—>, if —a,—b ¢ Ny, whilea —c € Ngand/or b —c € Ny;

(c—a—"b)_, otherwise

n(a,b,c) = ®)
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2F(a,b;c;1—

2Fi(a,b;c;1—z) =

and

—a, if A(b,a,c) =0
{(a,b,c) =< —b, if A(a,b,c) =0 where A(x1,xp,x3) =
—min(a,b), otherwise

T'(x3)T(x2 — x1)

[T —x) O

Remark 1. The function A(x1,xp,x3) is defined by continuity if some of the arguments of
the gamma functions become non-positive integers. Details can be found in this section below
Formula (12).

The above theorem is a corollary of three lemmas giving a more precise description of
the behavior of Ry, 1, (2) in the neighborhood of the singular points z = 1 and z = co. We
will furnish a detailed proofs of these lemmas below. Before formulating the first lemma,
note that the condition

{a,a+n,b,b+ny,c—a,c+m—a—ny,c—bc+m—-b—n}N-Ny=0 (10)

is equivalent to the claim that neither F; (a + n1, b + np; ¢ + m; z) nor »Fy (a, b; ¢; z) reduce
to a polynomial or polynomial multiple of a power of (1 — z)—the cases we will refer to as
degenerate. Note that Formulae (6) and (7) also hold for such degenerate cases.

Our first lemma deals with the singular point z = 1.

Lemma 1. Suppose that —c, —c —m & Ny and condition (10) hold true for some a,b,c € R
and ny,ny,m € Z. Denote p = ¢ —a —b, g = m — ny — ny and write b,y for the Kronecker
delta. Then

(1—z)Ft0-[1— Op+9,0 + Jp+4,01l0g(1 —z)]
(1- z)(P)* [1- 30,0 + 60,0 log(1 —z)]

Rnl,nz,m (Z) =M (1 + 0(1)) (11)

as z — 1 with some constant M # 0 independent of z. If (10) is violated, Formula (11) should be
modified as follows:

(1) If —a € No (—b € Ny), then the denominator should be replaced by 1, except when —a >
p € N(=b > p € N) in which case it should be replaced by (1 — z)P.

(b) If —a—ny € Ng (—=b —ny € Ny), then the numerator should be replaced by 1, except when
—a—ny > p+q € N(=b—ny > p+q € N), in which case it should be replaced by

(1—2z)r™.
(c) If—a,—b ¢ Nybuta—c € Nyand/orb— c € Ny, then the denominator should be replaced
by (1 —2z)F.

(d If—a—ny,—b—mny & Ng,buta+ny —c—m € Noand/or b+ ny —c—m € Ny, then
the numerator should be replaced by (1 — z)P+1.

Proof. Suppose first that (10) is satisfied. Then, if p = ¢ —a — b ¢ Z, according to [3]
(15.8.4), we have

I['(c)[(c—a—Db) I'(c)T(a+b—c

_ ) 10
Z)—mzl:l(abl‘i_p, )+ I’(g)r(b) szFl(C_a,C_b,l_p,Z).
If p=c—a—b=s € Ny, then according to [2] (2.10(12-13)) or [3] (15.8.10), we have
L(T(c—a—b) = @n®)n , (1) o (c—a)n(c=b)n, »
I'(c—a)l(c—0b) n;() (1—40),171!Z + ['(a)T .ZPHZ (1+p)un! Hnz

=0
(=1°T(e) ,
T

(a)F(b)s'Z Plog(z)2Fi(c —a,c —b;1+p;z),
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2Fi(a,b;¢;1—2)

where the sum over the empty index set equals zero, and
Hy=¢p(n+1)+ym+s+1) —ylatnts)—ypb+nts), pz)=T"(z)/T(2).

If p=c—a—b= —sforsomes € Ny, according to [2] (2.10(14-15)), we have

2Rt —2) = 1 )r(fa;lzbc 2 C71a+ p)nmb)nzn
(“DT@) & @u®)n py _n (—1)°T(c) o
" I'(c—a)l(c—Db)s! ; (1- p)nn!H”Z T(c—a)l(c—b)s! log(z)2F1(a, b;1 = p;z),

and
Hy=¢n+1)+y¢n+s+1)—pla+n) —pb+n).

These formulae imply that

Al +az+wz?+ - )+ BzP(14+ Bz + Bz +---), p¢Z
=L A4z + 822 +---) + BzPlog(2) (1 + Prz + Poz® +---), p € Np;
AzP(1+ &z + @22+ -+ ) + Blog(z) (1 + Biz + poz® +--+), —p€N,

where the constants A, A, A, B, B, B do not vanish due to condition (10). In a similar fashion,

oFi(a+ny,b+nyc+m;l—2z)
C(l+61z+8z*+ )+ DzPHM(1+y1z+ 122 +-++), p+qeZ;
= C(1+61z+ 622+ )+ DzPFlog(z) (1 + §12 + G22> + -+ ), p +q € Ny;
CzPT1(1+ 61z + 622+ - )+ Dlog(z) (1 + 1z + 5222 +--+), —p—q €N,

where the constants C,C,C, D, D, D do not vanish due to condition (10). Substituting
these formulae into definition (5) of the function Ry, 4, x(z) and analyzing the principal
asymptotic term in each of the five possible cases (1) p ¢ Z; (2) p € Np and p + g € Ny;
B)peNyand —p—gecN;(4) —pcNandp+q€Ny;(5) —p€Nand —p—q € N, we
arrive at Formula (11).

If condition (10) is violated, then claims (a)—(d) of the lemma follow from the following
two facts: (1) If —a € Ny and /or —b € Ny, then »F; (a, b; c; z) reduces to a polynomial; (2) If
—a,—b ¢ Nyg,buta — c € Nyand /or b — ¢ € Ny, then Euler’s transformation

oFi(a,b;¢;z) = (1 —2)PyF (c —a,c—b;c;z)

implies that F(a,b;¢;z) = (1 —z)P X polynomial. In view of a similar statement for
oF1(a+n1,b+ ny;c+ m; z), we arrive at the conclusions contained in claims (a)—(d) of the
lemma on the basis of case-by-case analysis. [

We now turn our attention to the neighborhood of the point z = co. According to [23]
(2.3.12) or [3] (15.8.2), as long as a — b ¢ Z, we have

2Fi(a,b;c;—z) = A(a,b,c)z " (1 + 2;11 &]-z_j> +A(b,a,c)z7" (1 + 2;021 561'2_]) (12)
for some finite numbers &;, &j, where, in accord with (9),

T'(x3)T(x2 — x1)

A(x1,x2,x3) = ['(xp)T(x3 —x71)°

Note that the situation A(a,b,c) = A(b,a,c) = 0 is not possible as long as we as-
sume that —c ¢ Ny. With that, one of the numbers A(a,b,c) or A(b,a,c) vanishes when
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{—a,—b,a—c,b—c} NNy # @. This is precisely the degenerate case: »F; (4, ; c; z) reduces
to a polynomial, possibly times a power of (1 — z). A brief analysis shows that (12) remains
valid in this degenerate case, despite the possibility that a — b € Z. In such a situation,
one of the numbers A(a, b, c) or A(b,c,a) vanishes, while the other is well defined under
the convention
I'(—k)
I'(—n)

which results from computing the limit of I'(—k +¢) /T'(—n + €) as ¢ — 0. We will assume
this extended definition of A(x1, x2, x3) in what follows. Define further for brevity

= (V"

A1 =A(a+ny,b+ny,c+m), Ay=A(b+nya+ny,c+m),

13
Az = A(a,b,c), As= A(b,a,c). (13

Note that the condition A1 AyA3A4 # 0 is equivalent to (10). The following quantities
will play an important role for the sequel. Puta = {(a +n1,b+ np,c+m) and v = (a,b, )
with ¢ from (9). In detail,

—min(a+ny,b+ny) if AjA; #0 —min(a,b) if A3Ay #0
a=¢ —a—nifA, =0 , 7¥=14¢ —aif A4 =0 . (14)
—b—nzifAlzo —blfA3:0

Note that a is well defined since A2 + A3 # 0 as long as —c — m & Ny, including the
case when one of A1, Aj; is infinite; similarly, y is well defined since A% + Ai # 0 as long
as —c & Ny, including the case when one of A3, A4 is infinite. Put further

A ifa=—a—m [ Az ify=—a
A(X_{Az, ifD(:—b—i’l2, A’)/_{A4, lf’)/:—b (15)

The above definition implies that both A, and A, do not vanish as long as —c, —c —
m ¢ No. We will break the result in two sub-cases. The following lemma treats the case
when no logarithmic terms appear in the asymptotics.

Lemma 2. Suppose that the numbers A1, Ay, A3, Ay defined in (13) are all finite. Then the
principal asymptotics of Ry, n,m(—z) have the form

A
Ry ym(—2) ~ A—iz“*'y(l +0(1)) as z — oo, (16)

where o,y are defined in (14) and Ay, A, are defined in (15). The term o(1) is a (generally infinite)
linear combination of negative powers of z.

Proof. In view of (12) and definitions (14) and (15), we have
2Fi(a,bic;—2) = A7 (27f(2) +2(2)), (17)

where 6 = |a — b| in the non-degenerate case, or § = 1 in the degenerate case, while f(z) =

Yo a;z’f and g(z) =1+ Y2 Ecjz’f for some numbers a;, &j. Now, fory — 0

R - T O
O rs@ T (i@ - =Y gy (1%

so the left-hand side is just a sum of the geometric series on the right-hand side. On plug-
ging y = z ¢ into (18) and writing expansions of the ratios f*(z)/¢"*1(z) in powers of z~1
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through f(z) and g(z) using the standard recursion formulae (see also [24] (p. 141, notation
on p. 6)), we arrive at

LFi(a,b;c;—2)] 7" = (Ay) 1277 (1 + i ZLX;{) (19)

for some positive numbers 6. (In our case f(z), g(z) and, hence, f*(z)/¢"*1(z) actually
converge to functions analytic near infinity; this makes the proof even simpler.) Analogous
to (17),

oFi(a+ny,b+ny;c+m;—z) = Agz" (1 + Bz Bz Bz Bz ) (20)

Riy ng,m (—z) ~

for some numbers /3;, B]- and € = |a + n; — b — np| in the non-degenerate case or ¢ = 1 in
the degenerate case. Multiplying (19) by (20), we arrive at (16). [

The condition a — b ¢ Z in Lemma 2 ensures that no logarithms appear in the asymp-
totics. If, on the contrary, a — b € Z such that also a + n; — b — ny € Z, the asymptotic
expansions of the hypergeometric functions in both the numerator and denominator of
Ry ny,m(—2z) will contain logarithmic terms if (10) holds true (i.e., AjAyA3As # 0). We
will treat this situation in the lemma below. If (10) is violated, however, then either the
numerator (if A1 Ay = 0) or denominator (if A3A4 = 0) or both will reduce to a polynomial
possibly times a power of (1 — z) in which case the logarithmic terms are missing, and
(12) holds. Note also that in the non-degenerate case when a — b € Z \ {0}, we have
0 # |Az] < o0, |Ag] = 0ifa < band 0 # |Ay| < oo, |A3| = coif a > b. This implies that
v = —min(a,b) in (14), and A, in (15) is well defined. Similar claims hold for « and A,
whena +n; —b—mnp € Z\ {0}.

Lemma 3. Suppose that ny —ny #a—b € Z\ {0}, A1AyA3A4 # 0 (< condition (10) holds)
such that « = —min(a + n1, b+ ny) and y = — min(a, b). Let Ay, Ay be defined in (15). Then
the asymptotic expansion of Ry, n,m(—2) as z — co has the form

A min(d,e)—1 1)
2p1e Y B4 ¥ B4 bilog(z) -+ bilogt(2)] |, 21)
i k=1 k=min(d,¢) z

where the sum over the empty index set is zero, ay and bj ;. are real numbers (possibly vanishing),
e=|a+ny —b—mny|and 6 = |a — b| are positive integers.

Proof. Indeed if |a — b| > 1, we apply [3] (15.8.8), which can be written in the form:

(o] f] [e] ek
oF1(a,b;c; —z) = A2V <1 + Z i + log(z) Z x|
j=1 k=4
where as before Y = —min(a,b), 6 = |[a—b| € N, and A, is defined in (15). Hence,
letting y = z ' log(z), f(2) = Litser/z T and g(z) = 1+ L%, f;/2 in (18) yields
S R =il L, logz) |, log’(2) , log/(z)
LFi(a,b;c;—2z)] " = (Ay) 27 (1 + ]; = 1+¢, i1 + ¢ 206-1) EREEE Ny o | ) (22)
In a similar fashion,
. oy o 8j o Tk
2F1(a+mny,b+nyc+m;—z) = Ayz" (1 +]; 77 log(z) k;e z") / (23)
where as before « = —min(a+ny,b+ny), e = |[a+n; —b—ny| € Nand A, is defined

in (15). The multiplication of (22) and (23) yields (21). O
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Note that in the above lemma, a — ¢ € Z. The remaining cases not covered by
Lemmas 2 and 3 are the following. If a = b, but —a,a — ¢ ¢ Ny, according to [3] (15.8.8),

we have
 log(2)T(o) fo g f
2Fi(a,a;¢,—z) = T(a)l(c—a)z® (1 + log(z) +k ! zl’i [1 * log’Ez)})

so that (18) with y = 1/log(z), f(z) = fo+ Lo exfi/zF and g(z) = 1+ X2, e/ 2k
implies

1 T(@I(c—a)z x©  fk o f [ i1 b:
Fi(a,a;¢;— 1:— o L AL ey iy 24
R 6 =2 = TR log(z) ( L liog@F " o[ o T gl 9
In a similar fashion, if a +ny = b+ np, but —a — ny,a + n; — c — m ¢ Ny, we will have
: oy z "Mlog(z)l(c+m) g0 ok Sk
ZFl(a+n1,ﬂ+n1,C+m, Z)_ r(a+n1)r(c—a+m—nl) 1+10g( ) + 1Zk 1+10g(2) . (25)

Hence, when both @ = b and a + n; = b 4 ny, but there are no non-negative inte-
gers among the numbers —a,a — ¢, —a — ny,a + ny — ¢ — m, the asymptotic expansion of
Ry ny,m(—2) is obtained by the multiplication of (24) and (25). If a = bbuta+ ny # b+ ny,
we have to multiply (24) by (23) or, if a + 11 = b + ny but a # b, then multiply (25) by (22).
Finally, if the denominator is degenerate while the numerator is not, we multiply (19)
by (23) when a + n1 # b+ ny or by (25) when a + ny = b + ny. Similarly, if the numerator
is degenerate while the denominator is not, we multiply (20) by (22) when a # b or by (24)
when a = b.

2.2. Boundary Values

For any integer r, define the Pochhammer symbol by (z), = I'(z +r)/I'(z). Given
three integers 11, np, m € Z, define the following related quantities:

=min(ny,ny), 1 =max(ny,ny), p=(m—ny—ny)y, 1= (ng+ny—m)y

_ _ [max(m—nn)—1, m>0 (26)
r_l+(m)+nl_{max(—ﬂ,n—m)—l, m < 0.

=

Note that p — I = m — n; — np and r may only be negative when ny = np = m =0,
in which case r = —1. In the following theorem, which forms the main result of this
subsection, we give an explicit formula for the imaginary part of Ry, n,m(z) on the banks
of the branch cut [1, o). Note that for x > 1, the function ,F; (4, b; ¢; x + i0) may vanish at
finitely many points in the degenerate case {—a, —b,c —a,c — b} NNy # &, but does not
vanish otherwise, see, respectively, Theorem 4 and [8] (Lemma 2, p. 54).

Theorem 2. Suppose that ny,ny,m € Z, a,b,c € Rand c,c +m ¢ —Ny. The following identity
holds on the banks of the branch cut x > 1:

xl_ﬂ_c(x — 1)5_“_1’_1P,(1/x)
|2F1 (a,b; ¢; x)|? ’

Im[Rnl,nzlm (x i 10)} - :l:T[BTll,l’lz,m (11, b, C) (273)

where
I'(c)T(c+m)

I(@)T(b)I(c—a+m—ny)(c—b+m—ny)

Bnl,nz,m(az b, C) = — (27b)

and Py(t) is a polynomial of degree r (P_1 = 0) given by
14

(VN (K £ N p , a
P(1) = (1) Y (1) 2p)+<n1>f(k_n_].)1<], (282)

k=0 j=(k—
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(v —

(v —

mn
pPAa

“)—nz(')’_,B)m—nztszl( 1_’Y+0é,1—7+ﬁt)21:1 Y—a—nyy—B+m—
1)n1—n2+1

a, ..
bl,...

where, with the convention 1/(—i)! =0 fori € N,

K — (1—a)j(c—a)my; —j—ny,al+a—ca—b—ny—j 1

]_(b—a)n2+j+1(j+n1)!43 a—jl+a—c—m—jl+a—b
(1—=b)j(c— )y 4F3(—j—.n2,b,1+b—c,b'—a—n1

(@a—=b)ngjs1(j +n2)! b—j1+b—c—m—j1+b—

-]
) 1). (28b)

Remark 2. Note that the coefficients of P, depend on the parameters, so the whole expression (27a)
may remain nonzero even when By, u,m(a,b,c) vanishes.  Furthermore, the polynomial
P.(t) = Py(t;n1,np,m) depends on all three indices nq,ny, m and not only on the degree r.
For example, rather, the straightforward calculation yields

1
ab’

P(£0,0,2) = ct+a-+b—2c—1.

Py(£0;1;1) = —%, Py(£1,1,1) =

ct+b—a+1

Pl(t}olzlz) = - W/

The key fact that we will need for the proof of the above theorem is a more precise
version of a particular case of [25] (Theorem 1), which (after some change of notation), reads:

2 t)—i—

l—a—m,1-B+m—m

Theorem 3. Assume that nq,n,, m € Z. Then

2—v Y+ny—ny

(=) (1= Bt ( w6

(1= Y)ny—ny+1 ( Y t) ZFI(

2—y+n—m

£P, (1)
)=ty @

where Py(t) is the polynomial (28) of degree r (P_1 = 0) with parametersa = a, b =1+ a — 1,
¢+« — B. This polynomial can also be computed by multiplying the left hand side of (29) by
t~(1 — t)? and calculating the first r + 1 Taylor coefficients on the left-hand side.

Remark 3. The particular oFy case of our general identity [25] (Theorem 1) given in (29) was
essentially discovered by Ebisu in [26]. Namely, it can be derived by combining Theorem 3.7 with
Proposition 3.4 from [26].

Remark 4. Our identity from [25] (Theorem 1) does not contain explicit expression (28) for the
polynomial Py. This expression is found in [27] (Lemma 6.1). It can also be computed by taking the
limit g — 1in [28] (Theorem 2). For specific values of ny, 1y, m, the second method of computing
Py (t) indicated in the above theorem is more practical.

Proof. The boundary values of the generalized hypergeometric function on the cut [1, c0)

was found in [18] (Theorem 3). For the case of the Gauss function , F;, this theorem takes
the form (x > 1):

1,c

ab

z7%ds, (30)

T
2Fi(a,b;c;x £i0) = 7T(C)G21(x

1,3/2,c . T(c) 1
T (5) 3 )i”%< Gm(

a,b,3/2 a)L(b) 22\ x

where Gp;' denotes Meijer’s G function defined by the Mellin-Barnes integral

: > ) [(1—a;—s)---T(1—ay,—s)[(by+s)---T(by+s)
by ) 27'(1 [(ayi1+s) - F(ap+s)r(1 —bpp1—s) - T(1—bs—s)

where the contour £ is a simple loop that starts and ends at infinity and separates the
poles of s — F(b]-—i—s),j =1,...,m, leaving them on the left from those of s — I'(1 — aj—s),
j=1,...,n, leaving them on the right. Details regarding the choice of the contour £ and
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the convergence of the above integral can be found, for instance, in [3] (Section 16.17), [27]
(Formula (1.2)). As
Im(“ + zﬁ) _ By —.océ ’
y+io) |y +idl?
by writing ¢+ (x) = Im[Ry,; n,,m(x £ i0)], we will get

p (x) = Im oFi(a+ny,b4nyc+mx£i0)] 72T ()T (c + m)
= 2F1(a,b; c; x £ i0) ~ T 2F(a,b;¢;x) 2T (a)T ()T (a + n1)L (b + n2)

(L] L3/2ctm 20(1 1,3/2,¢\20( 1] Letm
33\ x a,b,3/2 ) 22\ x| a+ny,b+ny ) [°

Le _ 2l
a+mny,b+ny,3/2) 22\ x| ab 33\ x
Meijer’s G function here can be expanded as follows [18] (Proof of Theorem 3):

21 1,3/2,¢\ _T(b—a)l(a)t® a,l1—c+a
G3'3<ta,b,3/z) Te—a) 21 b4a |t)os(m)

[(a—b)T(b)t’ b1—c+b
+ ———=—2h l—a+tb t ) cos(rb)

nl(c—Db)
and
20(,| L,e\  T(b—a)l(a)t? a,l—c+a .
Gz’z(t ‘1,17)_ nl(c—a) B g |t sin(7ra)

['(a—b)T(b)t’ b1—c+b .
+W2Fl L —a+tb t | sin(7tb).

Substituting these expansions into the above formula for ¢+ (x) and collecting terms,
the expression in the braces becomes
1
x

)1() sin(7t(b +ny —a))

T(b—a)l(a+n —b—ny)(b+ny)(a)x " 0m a,1—c+a
T (c—a)T(c+m—Db—ny) 2Fl< 1-b+a
szl(b+nz,1—c—m+b+n2
l—a—n+b+ny
T(a—b)I(b+ny —a—n)T(a+n)T(b)x~b—a—m g b1-c+b
* T (c—b)T[(c+m—a—nq) 21<l—a+b

1

x

a+ny,l—c—m+a+ny| 1Y . _
XzFl(l—b—nz—i—a—i—nl . sin(7t(a +ny —b)).

Then, writing ¢t = 1/x, applying Euler’s transformation and the reflection formula
I'(z)['(1—z) = m/ sin(7z), we obtain
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p+(1/t) =
a—b)T(b+ny—a—ny)l'(a+ n1)r(b)t“+b+"1
F(C_b)r(c+m_ﬂ—nl)

bj1—c+b a+n,l—c—m+a+m . B
XZPl(l—a+b t)2F1<1—b—712+a+1’l1 t sm(rc(a+n1 b))

T(b—a)T(a+ny —b—np)T(b+ ny)T(a)trtotm

+ I'(c—a)l(c+m—b—ny)
a,l1—c+a b+ny,l—c—m+b+ny .
><2F1<1_b+a t)F(l—a—nl—l—b—l—nz t ) sin(rt(b+ ny —a))

ﬂr(ﬂ — b)F(b —a-+ny— nl)r(g + nl)r(b)ttl-i-b-‘rnl (1 _ t)c—u—b—i—m—nl—nz
T(c—b)T(c—a+m—n)l(a—b+n)T(1+b—a—ny)

X2F1( b,l—c+bt>2F1<l—b—n2,c—b+m—n2 t)

l1—a+b 1+a—b+n—ny
nl(b—a)T(a — b+ ny — np)T(b + np)T(a)t?+bHn2(1 — p)c-a-brm—m-—n,
TFlc—a)T(c+m—b—ny)T(b—a+n)I(1+a—b—nyp)

a,l—c+a l—a—ny,c—a+m—m
X2F1<1b+a t>2F1<1+ba+n2n1

_|_

')

Further, writinga = a, b = 1 -9 +a, ¢ = 1 — B + «a after tedious but elementary
transformations with the use of the relations

_1)k z —Z
(1 —Z),k _ ( 1) ( )kfr _ (_1)k((1 )T’

and (z—r), = ,

=) =2,

the above expression reduces to
|2F1(a,b;¢;1/t) 2T (a)T (b)T (a + n1)T(b + n)
¢4(1/1)
I'(c)T(c+ m)
ot — ) Y—a—ptm=m=mT (g 4 )T(14a — v + np)
rA—B+m—ny)I'(y—B+m—ny)

(v =) —ny (7 = B)m—myt™ l—y+al-—7+p Y—a—nyy—B+m—ny
(=1 oF 2 t ok y4n " t
— L)y —ny+1 - 1= "2
1—a)_py (1— g, 2 —x — — —
+( 06) ”1( :B)m nq ZF] DC/,B t ZF] 1 14 7’11,1 :B+m ny ¢
(1= Y)ny—ny+1 Y 2—vy+ny—m
() )0 BIT (w  ng )T(1 + & — oy 4 1) 0
—_— r 7

r1—Bg+m—mn)I(y—B+m—ny)

X

where the ultimate equality is an application of Theorem 3 with the notation introduced
in (26).
Now substituting backa =4, =1—-c+a,y=1— b+ a, we obtain

T (c)T (c + m)t*+0(1 — p)e-a-b P (t)

210, b1/ 0P (V8 = ~ 5oy r iy (e —atm =) Te — b m—m) (1= DI

It remains to plug here x = 1/t to arrive at (27a). O

2.3. Integral Representation

The goal of this subsection is to construct an explicit integral representation for
Ry, ny,m(z)—the central result of this paper. It will be based on a polynomial correction
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of the standard Schwarz formula expressing the analytic function in the upper half-plane
via the boundary values of its real part. The Schwarz formula is a particular case of the
Stieltjes—Perron inversion formula (the measure in the Stieltjes—Perron inversion formula is
often assumed to be positive (see [7] (no. 39), [6] (p. 188) or [5] (p. 250)), although this re-
quirement can be relaxed) applied for recovering the representing measure in (4). However,
the integral representation of the form (4) may already be too restrictive for the Gauss ra-
tio G(z) = Ry 11(z), let alone Ry, u,m(2z). The two main reasons are that (1) the right-hand
side of (4) is analytic in C \ R, while R 1(z) may have complex poles for certain values
of a,b, c, and (2) the representing measure may grow too fast for the integral in (4) to be con-
vergent. We deal with the first problem in Theorem 4 below containing conditions ensuring
that there are no poles in C \ [1, 00) as well as on the banks of the branch cut. Under these
conditions, the corresponding signed measure (or charge) is supported on [1, +c0) and
has an analytic density. Thus, to obtain an integral representation we only need to deal
with the asymptotic behavior of Ry, ,x(2z) near the points z = 1 and z = oo to handle the
second problem. This was solved by our rational correction presented in [14] (Lemma 4).
In this paper, we will only use a particular case of [14] (Lemma 4) containing a polynomial
correction at infinity. Recall that an analytic function is called real if f(Z) = f(z) in the
appropriate domain.

Lemma 4. Let f(z) be a real analytic function defined in the cut plane C \ [1, +00) and suppose

that u(x) := L Im f(x +i0) is continuous on (1,+00). Suppose that there exists n € Ng such that
lim |f(z)(1—2z)| = lim |f(z)z”"|=0 (31)
|z—1]—0 |z|—e0

and u(x)x ="~ is absolutely integrable over (1,+c0). Then

© y(x)dx

O R©F g
f(z)—kg%)T+z /1 (x —z)xn’ (32)

The above lemma assumes that the function f is analytic in C\ [1, +c0). Hence,
in order to apply it to Ry, n,,m(z), we need to make sure that the denominator F; (a, b; ¢; z)
does not vanish in this domain. Such conditions will follow from an important theorem
due to Runckel [8]. We will denote by || the maximal integer number < ¢ for any ¢ € R.
Note that if ¢ is non-integer, then | —¢| = —[&] — 1.

Theorem 4. The function ,Fy(a, b;c;z) does not vanish for z € C\ [1, +c0), including on the
banks of the branch cut if and only if (a,b,c) € V CR3, where V is the set of points (a, b, ¢) with
c # 0 satisfying any of the following conditions:

(I) —1 < min(a,b) < c¢ < max(a,b) <0;

) —1 < min(a,b) <0< max(a,b) <¢

(T11) —1 < ¢ <min(a,b) <0< max(a,b) <c+1;

(Iv) 0 < min(a,b) < ¢ and max(a,b) < c+1;

V) a,b,c,c —a,c — b are non-integer negative numbers, such that |§1| +1 = [G4] and
|82 | = | &3], where &y, ..., &y are the numbers a,b,c — a,c — b taken in non-decreasing
order:

min(a,b,c —a,c—b) =& <& < & < & =max(a,b,c —a,c—b);
(VD) 0€{a,bc—a,c—b}
In this form, this theorem was formulated and proved by us in [14] (Corollary 2).

Remark 5. Under condition (V), one necessarily has ¢ — ¢y = 1 < {pand ¢ — ¢y = G3 < C4.
Indeed, {1+ s = ¢ = G+ 3 inviewof a+ (¢ —a) = ¢ = b+ (c —b). So, if we have one of
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the equalities {1 = §p and {3 = {4, we automatically have the other, assuming that the last two
equalities together will contradict to |&1| +1 = | 84| on account of |G| = |3 ].

In fact, (V) is generated by the following two basic cases,

—k—1<a<min(bc—b) <max(b,c—b)< —k<c—a<—-k+1, keN, and
—k—1<a< —-k<min(bc—b) <max(bc—b)<c—a< —-k+1, k€N,

further extended through the symmetry a <+ b and Euler’s transformation exchanging
(a,b) <> (c—a,c—D).
Another important fact established by Runckel is the following corollary of [8] (Lemma 2):

Lemma 5. Ifa,b,c —a,c —b ¢ —Nyand x > 1, then yF;(a, b; c; x £1i0) # 0.

Lemmas 2 and 3 and the subsequent remarks show that the asymptotic expansion of
Ry npm(2) at infinity is a combination of terms of the form Az*[log(z)]¥, where A and
are real numbers, while k is an integer. Condition (34) in the theorem below requires each
exponent y satisfying 4 > N, N € Ny to be an integer and the corresponding k to be zero
(no logarithms at powers j > N). The following theorem is the main result of this section.

Theorem 5. Suppose that (a,b,c) € V, with V defined in Theorem 4, and n(-) given in (8)
satisfies
n(a+ny,b+ny,c+m)—n(ab,c) > —1. (33)

Assume further that there exists N € Ny such that the asymptotics of Ry, n, m(2) at infinity
have the form
Ry ny,m (Z) = Qu,b,c(z) + O(ZN) asz — oo, (34)

where Q, p,¢(2) is a (possibly vanishing) polynomial with real coefficients and the lowest degree
non-vanishing term ~ zN. Then the following representation holds true:

N-1 R(k) 0
Ruyrn(@) = Qupele) + 1, et
k=0 :

dx, (35)

l-n—c—N c—a—b—I
N CxTE (x—1) Pr(1/x)
+:2NB /b, /
2" Buynym (a, b, ¢) 1 l2Fi(a, b;c;x) |2 (x — z)

where r,1 and By, n,m(a,b,c) retain their meanings from Theorem 2 and P, is defined in (28).
If (34) holds with N = 0, we obtain

I-n—c c—a—b-I
0o yl-n—ciy _q P(1/x
Ruy nym(2) = Quape(2) + By nym(a, b, ¢) / (x—-1) r(1/x)

1 |2F1(a,b;c;x)|(x — 2) dx (36)

In particular, (34) holds for N = 0, Q,c(z) being a constant if ny,ny > 0 and (10) is
satisfied.

Remark 6. Note that the choice of N and Q, j, .(z) in (34) is not unique. In particular, it follows
from Lemmas 2 and 3 that we can always take Q, 1, .(z) = 0 by choosing a large enough N.

Remark 7. The first two terms of the Taylor expansion of Ry, u,m(z) are given by

(any + bny + nyny)c — abm

e m) z 4 0(22).

Rnlr”Zrm (Z) =1+

Remark 8. Substitution x = 1/t brings Formula (36) to the form (we write B = By, n,m(a,b,c)
for brevity):
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1 pa+b+n+N-1 1 t)c—a—b—lp (t)
|2F1(a, b; c,1/t)|2(1 — zt)

Rﬂlfﬂz,m (Z) = Qa,bc Z nl,nz m Z +ZNB/ dt. (37)

This form turns out to be more convenient in most applications. Moreover, taking z = 0 or
z = 1, we obtain the following curious integral evaluations:

N
/.1 prvtNoL peablp () RN 4(0) — QuN! 8)
0 |2P1(a,b;c;1/t)\2 N!'B !
where Qn denotes the coefficient at zN in Q, 1, .(z), and
_ k
/1 ta+b+E+N71 (1 — t)C7a7b7171Pr(t) dt — Rnl,i’lZ,m(l) - Qa,b,c(l) _ l 1\121 Rl(’ll),HQ,m (0) (39)
0 |2F1(a,b;c;1/1)|? B B k! ’

k=0
where, in view of the Gauss summation formula,

(C)m(c —a— b)m*m*nz
(c—a)m—n, (c = D),

Ry nym (1) =
Multiplying the integrand in (39) by (1 — t), splitting the result in two summands, and using
both formulae (38) and (39), we also obtain

/‘l tﬂ+b+ﬂ+N(1 — t)C—lZ—b—l—lPr(t) dt — Rnl,nz, ( ) ngc( )+ Q[\] o l % M (40)
0 2Fi(a,b;c;1/t)? B :

Remark 9. The absolute value of o F; on the branch cut in the integrands in (35) and (36) can be
2 2 _ 1)2(c—a—b) _ _
2 - L) [(x—1) c—ac—b
|2F1(a/b/clx)| - F(a)zl"(b)z{[l"(c—a—b)]z 2F c—a—b
c—a)l(1/2—a)T(1/2+a 2N 1-b+a 1/x>
_ b _ 2
n I'(a—b)T'(b)x r < 117,1 C+b1/x>] }

computed as follows (x > 1):
2
1—- x)}
[ I'(b—a)l(a)x " < a,1—c+a
I( )
T(c—b)I(1/2—-b)I(1/2+b)* " a+b

Proof of Theorem 5. Define f(z) = Ry, nym(2) — Qupc(2). As the lowest degree term in
Qup,c(z) is ~ zN, in view of the condition (a,b,c) € V, Theorem 4 implies that the function

. N-1 N=1 K o
Ful2) = R (2) = Qo) = T 2tk = Roy(2) = Q) — 1 sz
k=0 ™ k=0 :

is holomorphicin z € C\ [1,c0) and has no singularities on the banks of the branch cut
other than z = 1 and z = co. We aim at the application of Lemma 4 to the function
fn(z). Denote u(x) = Im(fy(x +i0)). As Q,,(z) has real coefficients, we conclude that
u(x) = Im[Ry; nym (x +i0)].

If condition (33) is satisfied, then Formula (6) from Theorem 1 guarantees that the first
limit in (31) in Lemma 4 is indeed equal to zero for Ry, », m(z) and hence also for fn(z).
Moreover, for any —1 < 0 < 5(a +ny,b+ny, ¢+ m) —y(a,b,c), we will have

Ju(x)x N7 < Ry g m (x +0)| < M|1 — x|? (41)

N=1 s integrable in the

for some M > 0 in certain neighborhood of x = 1. Hence, u(x)x~
neighborhood of x = 1.
Further, condition (34) leads to the second equality in (31) with n = N for the function

fn(z). Indeed, the condition (34) gives precisely (31) for the function f(z) by the definition
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of 0 symbol and the extra terms in fy/(z) go to zero as z — oo after division by zN. Then
Lemmas 2 and 3 imply that the asymptotics at infinity must have one of the forms

z Nin(z) = logc(z)(l + O([log(z)]*l)) asz — o

or
2 Niu(z) = Z%(l +o(1)) as z — oo

for some T > 0. In view of

Im 1 T
log(x + i0)

which leads to

u(x) 1 u(x) 1
)(N'H:O<x10g2(x)> or xN'H:O<x1+T) as x — 090,

This implies the absolute integrability of x“N~1u(x) on (1, +). Hence, we are in
the position to apply Lemma 4 leading to formula (35) by an application of Theorem 2.
The ultimate claim of the Theorem follows directly from Lemmas 2 and 3. O

3. Examples

In this section, we will apply Theorem 5 to 15 specific triples (11,13, m) to obtain
integral representations of the ratio Ry, n,m(z) defined in (5). These representations are
only valid if Ry, 1, m(z) is well behaved near z = 1 and its denominator ,F; (a,b;c;z) # 0
in the cut plane C \ [1, +o0) and on the banks of the branch cut. Conditions for the latter
are given in Theorem 4, while the former in ensured by the inequality (33). To relax these
restrictions, one needs a kind of regularization near the point z = 1 as well as near all
zeros of the denominator. Such regularizations were explored by us in [14]. We will further
mention conditions for Ry, 4, m(z) to belong the Markov M and the Stieltjes S classes,
whose definitions can be found below formula (4).

Example 1. For the Gauss ratio Ry 1(z) according to (26), we obtain p = | = r = 0. Theorem 3
and definition (27b) yield

T(c)T(c+1)
[(@)Tb+1)T(c—a+1)I(c—b)"

Bo1,1Po(t) =
Next, using (16) and (21), or directly, it is easy to verify that

0, b<a

Qape = lirg Ropa(z) = {[cw —a)l/[b(c~a), b>a.

Then, Theorem 5 with N = 0 yields
1
(C)F(C+1 pa+b— 1 )c a=bg;

Ia)(b+1)I(c—bI(c—a+1) J (1—zt)] 2F1abct H)2-

Ro,1,1(z) = Qap,e +

In order for this representation to hold, we need to assume that (a,b,c) € V, that is to
say (a,b,c) satisfies at least one of the conditions (I)~(VI) from Theorem 4. For (a,b,c) € V
the condition (33) from Theorem 5 holds automatically since the parameter g = m —nq — np in
Lemma 1 vanishes such that R 1 1(z) is integrable in the neighborhood of z = 1. We remark that the
integrand is symmetric with respect to the interchange of a and b, and the asymmetry of Roq,1(z) is
only reflected in the constants Q,p, . and By 1 1.
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The above integral representation was first found by V. Belevitch in [11] (Formula (72)) under
the restrictions 0 < a,b < ¢, c > 1 (there is a small mistake in Belevitch’s paper—a superfluous
2 in the denominator of the constant Q,,c). Independently, using the Gauss continued fraction
(2) and Wall’s theorem, Kiistner [10] (Theorem 1.5) proved that Ry 1(z) is a Markov function
(generating function of a Hausdorff moment sequence) if 0 < a < c+1,0 < b < c. As we
mentioned in introduction, the coefficients of the Gauss continued fraction (2) for Ro11(z) are all
positive if (a) =1 < a < Oand either =1 <b<c<0or0<c<b<c+1lor(h)0<a<c+]1,
c > 0and —1 < b < c. If these conditions hold, while conditions of Runckel’s Theorem 4 are
violated, i.e., (a,b,c) ¢ V, then representation (4) is true while the above integral representation is
not. Hence, in this situation, Ry 1 1(z) has pole(s) in the interval (0, 1), which are reflected by the
atoms of the representing measure in (4) at some real points s, > 1. This is the case, for instance,
if0<c<a<c+1land =1 < b < 0. In this situation Ry 1,(z) still belongs to the Stieltjes
class S.

Example 2. For the ratio Ry 1 o(z) according to (26), we obtain | =1, p = r = 0. Theorem 3 and
definition (27b) yield

_ [T(0)
Boi0Po(t) = T(a)T(b+1)I(c—a)(c—b)

Next, using (16) and (21), or directly, we can verify that

0, b<a

Qup = Jim, Roa0(2) {(b—a)/b, b>a.

Then Theorem 5 with N = 0 yields

B [r(c)}Z 1 tu+b71(1_t>c7u7b71dt
Ro10(2) = Qup + Ty T ¥ 1T (e —a)T (e = 1) /0 (=20 ph (b 1/HP

Note that similarly to Example 1, the integrand is symmetric with respect to the interchange of
a and b, and the asymmetry of the left-hand side is only reflected in the constants. In order for this
representation to hold, we need to assume that (a,b,c) € V in Theorem 4. Under this restriction
and except for the degenerate cases ab = 0 and (¢ — a)(c — b) = 0, the condition (33) reads

(c—a—-b—-1)_—(c—a—b)_ > —1,

which is easily seen to be equivalent to ¢ > a + b. The above set of conditions holds, for example,
if-1<a<0and0 <b<cora>0and —1 < b < c—a. Note that the degenerate cases
ab = 0and (c — a)(c — b) = 0 yield the standard Euler’s integral [23] (Theorem 2.2.4) in the
above representation (although the integral may disappear when multiplied by zero). This remark is
also true for all subsequent examples, so we will omit it in the sequel.

Using continued fractions, Kiistner [10] (Theorem 1.5) proved that Ry10(z) € M (the
Markov class) if =1 < b < cand 0 < a < c. Askitis [29] (Lemma 6.2.2) found another proof for
the this claim (without a use of continued fractions). We also remark that the continued fraction for
Ro,1,0 was also found by Gauss; see [1] (Equation (26)) or [10] (Equation (2.7)), in the form
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where a1 = a/c, and for k > 1

_ (b+k)(c—a+k-1) _(a+k)(c—b+k—-1)
Mk T e 2k —2) (et 2k—1) “FHT i 2k—1)(ct2k)

From these formulae, it is also not difficult to formulate sufficient conditions for o, > 0
ensuring that Ro19 € S (the Stieltjes class).

Example 3. For the ratio Ry 1 1(z) according to (26), we obtain | =1, p = r = 0. Theorem 3 and
definition (27b) yield

[(c)T(c+1)
I'(a+1)I'(b+1)I'(c—a)T(c—b)

Bia1Po(t) =
Next, it is easy to verify using (16) and (21) or directly that
Qupe = lim Ryy:(z) =0.

Then, according to the case N = 0 of Theorem 5, we obtain

R - T(c)T(c+1) 1 patb(q — pyea-b=lgy
111(2) = T(a+1)L(b+1)I(c—a)l(c—Db) /0 (1 —zt)|oFy (a,b;c;1/t) 2

In order for this representation to hold, we need to assume that (a,b,c) € V in Theorem 4.
Under this restriction and except for the degenerate cases ab = 0 and (c —a)(c —b) = 0, the
condition (33) reads

(c—a—b—-1)_—(c—a—-0b)_ > -1,

which is easily seen to be equivalent to ¢ > a + b. All these conditions are satisfied, for example,
if(a) =1 <a<0and0 <b<cor()0<a<cand -1 <b < c—a. The above integral
representation obviously implies that Ry 11 € M if the constant in front of the integral is positive
(or =Ry,1,1 € M otherwise).

Example 4. For the ratio Ry 1(z) according to (26), we obtain | = p = r = 0. Theorem 3 and
definition (27b) yield

I'(c+1)T(c+2)

Bia2Po(t) = BiioPo = Ta+O)I(b+1)l(c—a+I(c—b+1)

Next, it is easy to verify using (16) and (21) or directly that
Qa,b,c = zh—g)lo Rl,l,Z(Z) =0.

Then, according to the case N = 0 of Theorem 5, we obtain

R _ T(c+1)T(c+2) L patb(] — p)ema=bgy
112(2) = Ta+1DI(b+D)I(c—a+ 1) (c—b+1) /o (1—zt)|2F (a,b;c;1/8) 2

In order for this representation to hold, we need to assume that (a,b,c) € V in Theorem 4.
Under this restriction and except for the degenerate cases ab = 0 and (c —a)(c —b) = 0, the
condition (33) reads

(c—a—b)-—(c—a—b)_ > -1

and is trivially satisfied. If the above integral representation holds true, then Ry 1, € M once the
constant in front of the integral is positive, which is the case for parameters satisfying any of the
conditions (I)-(V) of Theorem 4.
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Ropp(z) =

Rop0(z) = Qup + Ta)

Example 5. For the ratio Ry (z) according to (26), we obtain | = p = 0, r = 1. Theorem 3 and
definition (27b) yield

T)T(c+2)(ct+b—a+1)
(@)T(b+2)[(c—a+2)T(c—b)

BopoPi(t) =
022P1(t) T
Next, it is easy to verify using (16) and (21) or directly that

0, b<a

Qabe = }Ln;oRO’Z'Z(Z) - {c(c—i—l)(b —a)(b—a+1)/b(b+1)(c—a)(c—a+1)], b>a.

Then, according to the case N = 0 of Theorem 5, we obtain

Oup. t T(c)T(c+2) /1 tHb =Nt +b—a+1)(1—t) " bdt
wbe T T (@) (b+2)T(c—a+2)T(c—b) Jo (1 —zt)|2Fi(a,b;¢;1/1)|?

In order for this representation to hold, we need to assume that (a,b,c) € V in Theorem 4.

Under this restriction and except for the degenerate cases ab = 0 and (c —a)(c —b) = 0, the

condition (33) reads
(c—a—-b)-—(c—a—b)_- > -1

and is trivially satisfied. Here, we need to require that the zero t* = (a — b — 1)/ c of the polynomial
ct +b — a+ 1 lies outside the interval (0, 1) in order that Ropo € M or —Rppp € M (depending
on the signs of the measure and the constant).

Example 6. For the ratio Ro(z) according to (26), we obtain p = 0,1 = 2, r = 1. Theorem 3
and definition (27b) yield

[T()>(tc—2b—2)+b+1—a)
['(a)T(b+2)T(c—a)l(c—0)

BopoPi(t) =
Next, it is easy to verify using (16) and (21) or directly that

0, b<a

Qup = lim, Roa0(2) = {(b —a)(b—a+1)/[b(b+1)], b>a

Then, according to the case N = 0 of Theorem 5, we obtain

[T(c)) /lt””’l(b —a+1+Hc—2b—2))(1— t)cfufbfzdt.

F(b+2)l"(c—a)1“(c—b)0 (1 —zt)|aF(a,b;c;1/t)|2

In order for this representation to hold, we need to assume that (a,b,c) € V in Theorem 4.
Under this restriction and except for the degenerate cases ab = 0 and (c —a)(c —b) = 0, the
condition (33) reads

(c—a—b—-2)_—(c—a—0b)_ > -1

which is easily seen to be equivalent to c > a + b+ 1. Similar to the previous example, a necessary
condition for Ry € M or —Rgo0 € M is that the zero t* = (a —b —1)/(c — 2b — 2) of the
polynomial b — a + 1 + t(c — 2b — 2) lies outside the interval (0,1).

Example 7. For the ratio Ry 10(z) according to (26), we obtain p = 0,1 = 2, r = 0. Theorem 3
and definition (27b) yield

[C(e)P(c—a—b-1)

Bia,0Po(t) = " T(a+1)T(b+1)T(c—a)l(c—b)
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Next, it is easy to verify using (16) and (21) or directly that
Qa,b,c = Zlglf}o Rl,l,O (Z) =0.

Then, according to the case N = 0 of Theorem 5, we obtain

[r(c)]z(c —a—b-1) /~l tu+b(1 _ t)c—a—b—zdt
o (

Rio(z) = " T(a+ DI+ 1)I(c—a)T(c—b) Jo (1—zt)|2F(a,b;c;1/H)

In order for this representation to hold, we need to assume that (a,b,c) € V in Theorem 4.
Under this restriction and except for the degenerate cases ab = 0 and (c —a)(c —b) = 0, the
condition (33) reads

(c—a—-b—-2)_—(c—a—-b)_ > -1

which is easily seen to be equivalent to c > a + b + 1. Now, if the above integral representation
for Ry 10 holds true, then either —Rq 1 or Ry 1,9 belong to the class M (depending on the sign of
the constant in front of the integral).

Example 8. For the ratio Ry 1(z) according to (26), we obtain p = 1,1 = r = 0. Theorem 3 and
definition (27b) yield

I'(c)T(c+1)
I(@a)(b)f(c—a+1)T(c—b+1)

Boo1Po(t) = —

Next, it is easy to verify using (16) and (21) or directly that

Qape = 211_{1010 Ro,1(z) = {

unless ¢ = min(a, b). Then, the case N = 0 of Theorem 5 leads to the representation

T(c)T(c+1) b1 — f)eabgt

1
Ro01(2) = Qupe = T(a) (L) (c—a+ I (c—b+1) /o (1 —zt)|oFi(a,b;c; 1/8) 2

In order for this representation to hold, we need to assume that (a,b,c) € V in Theorem 4.
Under this restriction and except for the degenerate cases ab = 0 and (c —a)(c —b) = 0, the
condition (33) reads

(c—a—-b+1)-—(c—a—-b)_ > -1

which is easily seen to be satisfied for all real a, b, c. Here, Ry 1(z) — Qg p e 0F Qqpec — Ropa(2) is
a Markov function under conditions (I)~(II) or, respectively, (II1)—~(V) of Theorem 4.

Example 9. For the ratio Ry _1(z) according to (26) we obtain | =1, p = r = 0. Theorem 3 and
definition (27b) then yield

I'(c)T(c—1)
[(@)T(b)T(c—a)l(c—b)

Boo,~1Po(t) =
Next, it is easy to verify using (16) and (21) or directly that

(c=b—=1)/(c=1), b<a

= lim Ry — =

Then, the case N = 0 of Theorem 5 leads to the representation

T(c)T(c—1) /1 patb=l(1 — )e—a=b=1gs
0

Roo-1(2) = Qupe + T(a)T(b)I(c—a)T(c—b) Jo (1—zt)|2F(a,b;c;1/)]2
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Rop,2(2z) = Qape +

Roj2(z) =

In order for this representation to hold, we need to assume that (a,b,c) € V in Theorem 4.
Under this restriction and except for the degenerate cases ab = 0 and (c —a)(c —b) = 0, the
condition (33) reads

(c—a—-b—-1)_—(c—a—-b)_ > -1

which is easily seen to be equivalent to c > a + b. All these conditions are satisfied, for example, if (a)
—1<a<0and0<b<c—aor(h)0 <a<cand -1 <b < c—a. Here, the representing
measure is again positive for all values of parameters so that Roo_1 € M provided the above
integral representation holds and the constants are positive.

Example 10. For the ratio Ro(z) according to (26), we obtain p = 2,1 = 0, r = 1. The
application of Theorem 3 and definition (27b) yields

I'(c)I'(c+2)[ct+a+b—2c—1]
Ia)I(b)(c—a+2)[(c—b+2)

BoooPi(t) =
Next, it is easy to verify using (16) and (21) or directly that

cc+1)/[(c=b)(c=b+1)], b<a

Qupe = Jim, Rooa(2) = {c(c+ 1)/[(c—a)(c—a+1)], b>a.

Then, the case N = 0 of Theorem 5 leads to the representation

T(c)T(c+2) Lyatb=l(ct a4+ b—2c—1)(1— ) bat
I'(a)T(b)I(c—a+2)T(c—b+2) /0 (1 —zt)|2F1(a,b;¢;1/1)|?

In order for this representation to hold, we need to assume that (a,b,c) € V in Theorem 4.
Under this restriction and except for the degenerate cases ab = 0 and (c —a)(c —b) = 0, the
condition (33) reads

(c—a—b+2)_—(c—a—-b)_ > -1

which is true for all real a, b, c. The necessary condition for Roo2 € M or —Rgp € M is that the
zero t* = (2c —a — b+ 1) /c of the polynomial ct + a + b — 2c — 1 lies outside the interval (0,1).
Under this condition, Rogp € M for the values of parameters, making the constants positive.

Example 11. For the ratio Ry 2(z) according to (26), we obtain p = 1,1 =0, r = 1. Theorem 3
and definition (27b) yield

I'(c)T(c+2)(ct+b—c)
(@)T(b+1)T(c—a+2)(c—b+1)

Boy12Pi(t) = —
012P1(t) T
Next, it is easy to verify using (16) and (21) or directly that

0, b<a

Qe = Jim Roa(2) = {c(c—i—l)(b—a)/[b(c—a)(c —a+1)], b>a

Then, the case N = 0 of Theorem 5 leads to the representation

I(c)T(c+2) Lpatb=1(ct 4+ b —c)(1 — t)°*dt
Qabe = T+ DT (e —a +2)T(c—b+1) /0 (1—z0)[2Fy(a,b;¢;1/1) ]2

In order for this representation to hold, we need to assume that (a,b,c) € V in Theorem 4.
Under this restriction and except for the degenerate cases ab = 0 and (c —a)(c —b) = 0, the
condition (33) reads

(c—a—b+1)_-—(c—a—b)_ > -1
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which is true for all real a,b,c. Similar to the previous example, the additional condition that
t* = (c—b)/c & (0,1)yields Q,p . — Ron2 € MorRoy1p— Qgpe € M depending on whether
the constant near the integral is positive or negative.

Example 12. For the ratio Ry, —1(z) according to (26) we obtain | =1, p = r = 0. Theorem 3
and definition (27b) yield

(o)
[(a)T(L)[(c—a)l(c—b+1)

By, —1,0Po(t) = —

Using Lemmas 2 and 3 or by direct, albeit tedious calculation, we obtain the following asymptotic ap-
proximations:
(1) Ifb+1<a, then Ry_10(z) =Az+B+o0(1)asz — oo;
(2) Ifb<a<b+1,thenRy_10(z) = Az+o0(z)asz — oo;
(3) Ifb—1<a<b,thenRy_10(z) =o0(z)asz— oo
(4)  Ifa<b—1,then Ry_10(z) =C+o(1)asz — oo,
where b b(b+1) — 2ab+c(a—1) b—1
—a +1)—2ab+c(a— —
c—b’ (c—b)a—b-1) ’ c b—a—1

Hence, if |a — b| > 1, we have Ry, _1(z) = pz + a +0(1) as z — oo, with (B,a) = (A, B)
ifa>b+1and (B,a) = (0,C)ifa < b—1. Then for |a — b| > 1 we can choose N = 0 in
Theorem 5 leading to the representation

_ [F(c)}z 1 ta+b—2(1 _ t)c_“_b
Ro-10(z) = a+ Pz — T(a)T(O)T(c —a)T(c—b+1) /0 (=20 hE (0 b 1/t)|2dt. (42)

In addition to the condition |a — b| > 1, we need to assume that (a,b,c) € V in Theorem 4.
Under these restrictions and except for the degenerate cases ab = 0 and (c — a)(c — b) = 0, the
condition (33) reads

(c—a—b+1)_—(c—a—b)_ > -1

which is true for all real a, b, c. If the above representation holds, we see that &« + Bz — Ro,—10(z) €
M if the constant in front of the integral is positive.

For arbitrary a, b, we obtain Ry _10(z) = Bz +0(z) as z — oo, with p = Aif b < a and
B = 0ifa < b. Hence, we can remove the restriction |a — b| > 1 by taking N = 1 in Theorem 5,
which leads to

Ro’il’o(z) . ‘BZ B Z[F(C)]Z /01 ( ta+b71(1 _ t)cfafb i (43)

T'(a)[(b)[(c—a)T(c—b+1) 1—zt)|oF (a,b;c;1/t)]?

ot, by taking N = 2, we obtain

ac Z2[T(c)]? /01 t’“’b(l — t)c‘“_b (44)

Ro10(z) =1- 57 T(a)T(B)[(c—a)T(c—b+1) Jo (1—zt)]2F(a,b; c;l/t)|2dt'
Example 13. For the ratio R_q _1(z) according to (26), we obtain p = 2,1 = r = 0. Theorem 3
and definition (27b) yields

[T(c)]*(c—a—b+1)

B 0P =~ F e F BT (e —at DIc b1 1)

Using Lemmas 2 and 3 or by direct, albeit tedious, calculation, we obtain the asymptotic approximations

(1)  Ifa>b+1,then R_1_10(z) = B(a,b)z+ A(a,b) +0(1) as z — oo;
(2) Ifb<a<b+1,thenR_q_10(z) = B(a,b)z+0(z) asz — oo;
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(3) Ifb—1<a<b,then R_q_10(z) = B(b,a)z+o0(z) asz — oo;
(4) Ifa<b—1,then Ry _10(z) = B(b,a)z+ A(b,a) +o0(1) asz — oo,
where . (- 1)(2b— o)
a— a— —c
p—c A0 = oA e —a
Hence, if |a —b| > 1, then Ry _19(z) = pz+a +o0(1) as z — oo, where (B,a) =
(B(a,b),A(a,b))ifa > b+1and (B,«) = (B(b,a), A(b,a)) ifa < b—1. Hence, for |a—b| > 1,
the N = 1 case of Theorem 5 leads to the representation

B(a,b) =

[T(c))?(c—a—b+1) patb— 2( —t)easb
L) (b)I(c—a+1)T c—b+1 |2F1 a,b;c; 1/t)|2(1—zt)
In addition to the condition |a — b| > 1, we need to assume that (a,b,c) € V in Theorem 4.

Under these restrictions and except for the degenerate cases ab = 0 and (¢ —a)(c — b) = 0 the
condition (33) reads

R,L,LO (Z) =ua+ IBZ — dt. (45)

(c—a—b+2)_—(c—a—0b)_ > -1,

which is true for all real a, b, c. The above representation implies that x + pz — R_q1 _19(z) € M
if the constant in front of the integral is positive.

As R_1_10(z) = Bz+o0(z) as z — oo, where p = B(a,b) ifa > band p = B(b,a) if
a > b, we can lift the restriction |a — b| > 1 by taking N = 1 in Theorem 5, which leads to

z[[(c)]*(c—a—b+1) 1 ptb=l(] — p)ea-b
(@) T(B)T(c—a+1)T(c—b+1).Jo |2F(a,b;c;1/t)2(1 —zt)
ot, by taking N = 2, we obtain

Ry, 10(z) =1+ Bz~

dt, (46)

(a+b—-1)c 22[[(c)]?(c—a—b+1) (1 — f)c—a-b
R_q_ =1 — . 47
L10() = T T T (e — e T )T (e — b+ 1) |2F1abcl/t)| a—a “7)
Example 14. For the ratio R_1 1 (z) according to (26), we obtain p =1 = r = 0. Theorem 3 and
definition (27b) yield:
2a—-b—-1
5o [M@Ra—b-1

I'(a)T (b+1)r(c—a+1)F( —b)’

The asymptotic behavior of R_110(z) as z — oo is rather complicated and depends on the
relation between a and b. The application of Lemmas 2 and 3 yields the following:
(1)  Ifb+1<a,then R_110(z) =0(1)asz — oo;
(2) Ifb<a<b+1,thenR_q110(z) =o0(z)asz— oo;
(3) Ifb—1<a<b, thenR_110(z) = Bz+o0(z) asz — oo;
(4) Ifa<b—1,then R_119(z) =Bz+C+o(1)asz — oo,

where
(b—a)(b—a+1) c— (b—a)(b—a+1)(c(a+b—1)—2ab)
b(a—c) LT b(c—a)(a—b—1)(a—b+1)
Hence, if [a — b| > 1 we have R_110(z) = Pz +a +0(1) as z — oo, where (B, a) = (0,0)

whena > b+ 1and (B,a) = (B,C) when a < b — 1. Then, for |a — b| > 1 the N = 0 case of
Theorem 5 leads to the representation

B =

[T(c))?(a—b—1) 1 peb-2(q _ pyemab

_ ]2
Ropio(z) =a+pzt ¢ T(@ I+ 1)(c—at+D)I(c—0) Jo F(ab;c1/0) 21— zt)

dt. (48)
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Roq10(z) =1+

Ry 20(z) =72 +pz+a—

In addition to the condition |a — b| > 1, we need to assume that (a,b,c) € V in Theorem 4.
Under these restrictions and except for the degenerate cases ab = 0 and (¢ —a)(c — b) = O the
condition (33) reads

(c—a—b)_—(c—a—b)_> -1,

which is true for all real a, b, c. Here, R_11(z) —a — Bz € M provided that the above representa-
tion holds and the constant in front of the integral is positive.

For arbitrary values of a,b, we have R_11(z) = Bz + 0(z) as z — oo, where p = 0 when
a > band B = B when a < b. Hence, we can use representation (35) with N = 1 yielding

Z[F(C)]Z(a -b-1) 1 tu+b—1(1 _ t)c—a—b dt
(a)T(b+1)T(c—a+1)T(c—D) /0 2F1(a, b;c; 1/0)[2(1 — zt)( |
49

R—LLO(Z) =1+ ‘BZ + T

or with N = 2 yielding

(a—b—1)c 22[T(0)(a—b—-1) 1 (b1 — p)e—a-b
c2 z+ r(a)r(b+1)r(c—a+1)r(c—b)/0 |2F1(g,bl-c;1/t)|2(17zt)dt. (50)

Example 15. For the ratio R_5 _5(z) according to (26), we obtain p = 4,1 = 0, r = 1.
Theorem 3 and definition (27b) yield

[T(c)]*(c —a—b+2)(po + p1t)
T(@)T(O)T(c—a+2)T(c—b+2)

B_y 50Pi(t) = —

where pg = a®> +b* — (c+2)(a+b)+3c+1, 01 =clc—a—b+1)+2(ab—a—b+1).
Using Lemmas 2 and 3 or by direct, albeit tedious, calculation, we obtain the following asymptotic
approximations:

(1) Ifa>b+2,then Ry _20(z) = YVopcz> + Bapez + dpe +0(1) asz — oo;
(2) Ifb+1<a<b+2then R o 20(z) = Yapcz*> + Bapez +0(z) asz — oo;
(3) Ifb<a<b+1 then Ry _20(z) = yapc2* +0(z%) as z — oo;
(4 Ifb—1<a<b,then R o 20(z) = Ypac2* +0(z%) asz — oo;
(5) Ifb—2<a<b—1,then Ry _20(z) = Ypuc2*> + Boacz +0(z) as z — oo;

(6)  Ifa<b—2,then R_p 20(z) = Vpuc2> + Boacz + &pae +0(1) asz — oo,

where
(a—2)(a—1) 2(a—2)(a—1)(c+1—2b)

Yabe = e By e—b+1) P T b e—br )b —at1)
N c(c+1)(a—1)+2b*(a+4c —3b) —2ab(c +2) — b(3c> —c — 6)
ab,e = Yab,c (a—b—Z)(a—b—l)z ’
Hence, for |a — b| > 2, we have R_5 _»0(z) = vz> + Bz +a + o(1) as z — oo, where (7, B, ) =

('Yu,b,C/ ﬁa,b,C/ ‘Xa,b,c) when a > b+ 2and (7/ ﬁ/‘x) = (')’b,a,C/ ﬁh,a,C/ “b,a,c) whena < b— 2. Then/
for |a—b| > 2, the case N = 0 of Theorem 5 leads to the representation

[T(c)]?(c—a—b+2) /1 (oo + pr )t H0=3(1 — p)e—a-b
I(@)I'(W)I(c—a+2)I(c—b+2)Jo |2F(ab;c;1/t)2(1—zt)
In addition to condition |a — b| > 2, we need to assume that (a,b,c) € V in Theorem 4.

Under these restrictions and except for the degenerate cases ab = 0 and (c — a)(c — b) = 0, the
condition (33) reads

dt. (51)

(c—a—b+4)-—(c—a—b)_ > -1,

which is true for all real a,b, c. The above integral representation implies that either yz% + Bz +
a—R o5 20(z) € MorR_p 20(z) — yz* — Bz —a € M if the zero t* = —py/p of the
polynomial po + p1t lies outside of the interval (0,1).
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R_5 20(2)

Z

Log(1+z)

Ta+1+ )b+l (c—a+1—k)I(c—b+n)

If1 < |a—b| < 2, we see that the asymptotics takes the form R_5 _50(z) = vz> + Bz + 0(z)
as z — oo, where (77, B) = (Yap,crBape) When a > b+ 1and (7v,B) = (Yoacr Pac) When
a < b— 1. Hence, for 1 < |a — b| according to (35) with N = 1, we obtain

2 Z[T(e)P(c—a—b+2) /1 (po + prt)t™P2(1 — )"
= 1-— dt. 2
VB TN (c— a + 2)T(c— b 1 2) F1(a,b;6,1/8)2(1 — zt) 62)
Similarly, for |a — b| < 1, the asymptotics takes the form R_ _50(z) = vz + o(z%), where
Y = Yabe When a > band v = 7, . when a < b. Hence, without additional restrictions
according to (35) with N = 2, we obtain
22—a—-b
R,2/,2/0(Z) =1+ %Z + ’)/Z2
B 22[T(c))?(c—a—b+2) /1 (0o + p1t)tHb=1(1 — t)H*bdt 53)
['(a)T(b)[(c—a+2)T(c—b+2) |2Fi(a,b;c;1/t)|2(1 — zt)
under the condition (a,b,c) € V from Theorem 4, but without any other restrictions.
4. Concluding Remarks
It turns out that our results may help in finding integral representations of elementary
and special functions. For instance, Formulas (43) and (44) witha = b =1 and ¢ = 2 yield
the following curious identity:
7 dx Z 2 7
=14z / 5 = -—Z /
/ (log (x —1) + 72)(x +z) "2 / (log?(x — 1 —|—712)(x—|—z)

The first equality here after division by z corrects the representation [30] (Formula (34)).
This identity may be easily generalized by applying (37) with arbitrary N e N,a=b =1
and ¢ = 2 to the results of Example 12:

z —Nlckz——zNj dx
Log(14+2z) /(= K / (log?(x —1) 4 72) (x + z)aN-1"

where N =1,2,3,... and (y is the kth Cauchy number [24] (p. 294).
Moreover, Theorem 5, in view of Remark 8, gives a way for calculating the “generalized
beta integrals” of the form

‘ 1 t”+b+j(1 _ t)cfafbfk
Loy (j, k) = /0 2Fi(a,b;c;1/t) )2 o

In particular, Examples 1-4, 7-9 and 12 lead immediately to explicit evaluations in
terms of gamma functions of the integral I, ;,(j, k) for the following pairs (j, k): (=2, 1),
(=2,0),(-1,-2),(-1,-1),(-1,0),(0,-3),(0,-2),(0,—1),(0,0), (1,-3),(1,-2),(1,-1).
This list can be extended by invoking Examples 6 and 15 with the following pairs: (—3, —1),
(=3,0), (—1,—3). For instance, for j € {—1,0} and k € {0,1} we get:

Iﬂ,b (]/ k) =

T mT(cT24]—F) , where n = min(1+j,1—k) € {0,1},

provided that a > b; the case a < b follows by exchanging a <+ b. Further examples are

I(a+1)I'(b+1)I(c—a)l(c—b)
C(e)?(a+b—c+1)

Iu,b (0/ 2) =



Mathematics 2022, 10, 3903 25 of 26

and,ifa >b-+1,

[(@)(b+1)(c—a+1)I(c—b)

Iop(—2,0) = (a—b—1)I2(c)

Note that the value of j in the above 15 pairs (j, k) may be increased by any positive
integer (and hence made as large as desired) by choosing larger values of N € Ny in (37).
A natural limitation of the above integral evaluations is that the hypergeometric function
in the denominator has to be non-vanishing in C \ [1, o) and on the branch cut, which can
be verified via Theorem 4. For a general pair of integers (j, k), we can use formulae (26) to
choose the corresponding shifts 1, 1y, m and use Remark 8 to calculate the corresponding
integral. The details of this algorithm will be elaborated in a separate publication.
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