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1. Introduction

The Banach contraction principle [1] of 1922 forms the basis for metric fixed-point the-
ory. The principle is not just a source of inspiration but also a point of origin for establishing
the fixed-point results both of Hausdorff and of non-Hausdorff topological spaces with vast
applications not just in science, technology, engineering, and mathematics (STEM) but also
in economics, game theory, and other fields as well. Using this principle, fixed-point results
have been established in various topological spaces. Due to its generalized nature, metric
space is the obvious choice for any mathematician for applications in real-life situations.ii

Metric fixed-point theory is used to solve different types of mathematical problems
such as dynamic programming, variational inequalities, nonlinear differential equations,
fractal dynamics, and satellite launch. It also ensures that patients receive the most appro-
priate diagnosis, and it examines the intensity of the spread of contagious diseases in a
variety of cities.

The study of new space discoveries in mathematics and their basic properties are
always favorite topics of interest among the mathematical research community. In this
context, the concept of 2-metric spaces was introduced initially by Gahler [2] in his series
of papers, and it drew attention to new dimensions for ordinary metric spaces. Since
the metric for a pair of points is non-negative real, i.e., [0, +0c0), it has wide scope for
further study.
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Various types of distances such as those between points of a set are considered in
metric spaces and their generalization. However, we come across situations where distances
arise between elements of two different sets rather than between points of a unique set,
wherein the distances between the same type of points are either not known or not defined,
due to lack of data. In a Euclidean space, the distance between points and lines; in a metric
space, the distance between sets and points; and the reaction rates of pairs from disjoint sets
of chemical substances are some examples of such distances. The concept of probabilistic
metric spaces in which the probabilistic distance between two points is considered has
provided a new dimension for the study of stars in the universe.

Mutlu et al. [3] formalized these types of distances as the bipolar metric, considering
them only isometrically without analyzing their topological structures in detail. They intro-
duced the concept of bipolar metric spaces (bpms) and proved certain fixed-point theorems.

Definition 1 ([3]). Let ¢ and A be non empty sets. Let 9 : & x A — (0, c0) be a map satisfying:
(@)  o(0,@) =0ifand only if § = @, forall (9, @) € ¢ x A

(b))  Y,w) =0w®,0), forall (%,@) € PxA

(o 30,w)=0w,0) forall (¥,w) € PNA

d 8w <o(d,0)+03(t,0)+03(t, @), forall 9,8 € Pand o, @ € A.

The pair (®, A, 0) is a bpms.

Remark 1. Suppose (a) in the above definition is replaced with (a*) as: ¢ = @ implies 9(9, @) = 0;
then, (@, A, 0) is a bipolar pseudo-metric space.

In the recent past, mathematicians have established many fixed-point results under
various contractive conditions in the setting of bpms (see [4-25]).

Ma et al. [26] defined the concept of C*-algebra-valued metric space and proved
Banach’s contraction principle. Later, fixed-point results in the setting of a C*-valued
contractive-type map were established by Batul and Kamran [27]. For further details on
C*-algebra, please refer to [28-31]. Recently, Guna et al. [25] introduced the notion of
C*-algebra-valued bipolar metric space and proved fixed-point results therein. Inspired
by the proven results, we establish fixed-point results in the setting of C*-algebra-valued
bipolar metric space and find its application to prove the existence of unique solutions to
integral equations.

The rest of the paper is organized as follows: In Section 2, we present certain basic
concepts and monographs that are required for our main result. In Section 3, we present
our main result of establishing the fixed-point results for covariant and contravariant maps
in the setting of C*-algebra-valued bipolar metric space. We support our main results with
suitable non-trivial examples. We present an application to analyze the applicability of our
main result for finding the existence of a unique common solution for an integral equation
and a voltage differential equation in an electric circuit.

2. Preliminaries

Let us begin with some basic concepts and definitions, which are very essential in
the sequel.

An algebra A, with a conjugate linear involution map 1 — #*, is called a x-algebra,
if (no)* = ¢o*n* and (n*)* =y for all g, € A. If A contains the identity element 1, € A,
then (A, *) is a unital x-algebra. A complete normed unital x-algebra is called a Banach
x-algebra (A, x) where the norm on A is sub-multiplicative and satisfies ||7*|| = ||77|| for
ally € A If ||y || = H;y”z forall 7 € A, in a Banach x-algebra (A, x), then A is known

as a C*-algebra. 7 € A is called a positive element, if # = #* and its spectrum o (r7) C R,
where 0(17) = {i € R: ulp — nis non-invertible}.
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A denotes the collection of all positive elements that defines a partial order = on A.
That is,

o= niffo—n€A;.

Let 0y be the zero element. Then, 17 = 0y, if # is positive. Each positive element 7 of a

C*-algebra A has a unique positive square root denoted by 17% in A.
Hereafter, A represents a unital C*-algebra with identity element 1,. Additionally, A,

={n € A:n=04}and (1*n)"* =y

Definition 2 ([26]). Let A be a C*-algebra, and &, A # ¢. Let 0 : & x A — A be a map
satisfying
(@) 0,@) =0 iff 9=, forall (d,@) € ®xA
(b))  Y,w) =0w®,0), forall (%,@) € PxA
(c 30,®) <o(8,79)+0(8,7) +0(d,®), forall 8,0, € Pand vy, @ € A.
The 4-tuple (®, A, A, ) is a C*-algebra-valued bipolar metric space.

Lemma 1 ([29,31]). Let A be a unital C*-algebra, where 14 is the identity element.

(A1) Ifo € Ay, then® < 1, ifand only if ||| < 1.

(A2)  If5 € Ay with ||6]| < 3, then (14 — &) is invertible and |[5(1, —6)7|| < L.

(A3)  Suppose that 6,0 € A with ¢ > 0 and S0 = 06, then ¢ = 0.

(A4) By A’, we denote the set {6 € A : 60 = 06, forall o € A}. Let 6 € A/, if o,c € A with
o=c>=0,andly —6 € Aﬁr is an invertible operator, then

(1p — 5)71Q = (1p — 5)71&
Remark 2. It may be noted that in a C*-algebra, if @ < 6, 9, one cannot conclude that 8 < Jo.

Definition 3. Let (®1, A1, A, ) and (P,, Ay, A, 0) be two C*-algebra-valued bipolar metric spaces
and given amap Y : @1 UA] — Py U Ay.
(B1) IfY(®1) C Pypand Y(A1) C Ay, then Y is called a covariant map, or a map from
(D1, A1, A, 01) to (Py, Az, A,0,), and this is written as
Y : (D1, A1, A,07) = (Pg, Ao, A, 07).
(B2)  IfY(®P1) C Apand Y (A1) C Py, then Y is called a contravariant map from (&1, A1, A, 01)
to (Py, Ay, A,02), and this is denoted as:
Y : (@1, A1, A, 01) = (@2, Ao, A, 02).

Definition 4. Let (P, A, A,0) be a C*-algebra-valued bipolar metric space.

(C1)  Asequence ({0n},{@n}) on the set @ x A is called a bisequence on (P, A, A, ).

(C2)  Apoint 0 € ®U A is said to be a left point, if ¢ € @, a right point if ¢ € A and a central
point if ¢ € @ N A. Similarly, a sequence {0y} on the set O and a sequence {@y } on the
set A\ are called left and right sequence, respectively, with respect to A.

(C3)  Asequence {0y} converges to a point @ (with respect to A) if {0y} is a left sequence, @ is
a right point, and ‘}grolob(ﬁn, @) = 0y, or if
{On} is a right sequence, @ is a left point, and Jlim (@, 0n) = 04.

(C4)  Ifboth {0y} and {@y} converge (with respect to A), then the bisequence ({0y}, {con}) is
said to be convergent (with respect to A). If {0, } and {@y } both converge (with respect to
A) to a same point u € @ N A, then this bisequence is said to be biconvergent (with respect
to A).
(C5)  Abisequence ({0}, {@n}) on (P, A, A,0) is said to be a Cauchy bisequence (with respect
to A),if lim (8, @m) = 0.
n,m—00

(C6) (@, A 0) is complete if every Cauchy bisequence (with respect to A) is convergent.
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3. Main Results

Now, we present our first fixed-point result using covariant maps in the setting
of bpms.

Theorem 1. Let (D, A, A,d) be a complete C*-algebra-valued bipolar metric space. Suppose
Y,Q:(D,A A D) =2 (D, A, A,0) are covariant maps such that

(Y (9), 2(w)) 2 wo (9, @)u forall § € ¢, € A,
where yu € A with ||u||?> < 1. Then, Y, Q : ®U A — ® U A have a unique common fixed point.

Proof. If A = {0, }, then we are done. Suppose not. Let 9y € @ and @y € A. For each
n € N, define Y(ﬁzn) = 192n+1/ 0(192“_;,_1) = l92n+2 and Y((Dgn) = Orn+1, Q((OZn-H) =
@2 ({On}, {@n}) is a bisequence on (P, A, A,0). Let M := d(dy, @1) + (9, @p) and
S :=0(%, @) + 9(8, @p). Then, for each n,p € ZT,

(B2nt1, @2n+2) = (YOon, Q@2n11)

= W0 (2n, @201 1

= WY1, Qon)pt
< (1*)*0(B2n—1, @20 ) 4°
= (1) (B2n—2, @2n—1)°

< (‘u*)szrlD(l%, wl)‘uZnJrll

(Bont2, @2n11) = 3(You11, Q02n)

= (V20 11, @20

= w0 (Y, Q@zy 1)
= (0*)*0(02n, @2n—1)
= (W)*0(92n-1, @2n—2)pt°

(y*)2n+10(19l, (Do);l/l2n+1,

PN

(Y2041, @2n+1) = (Y2n, Q@2y)
= W(Oon, @20 )
= WO (Y1, Q@2 1)1
= (1*)*0(Bon—1, @2n—1)
< (1)°0(920-2, @20 —2)1t®

< (V*)2n+10(190, (Do);lzn+l.
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and

0(1911/ (Dn+p)

n+p
M| Z ||#2||81A —0asn,p— +oo
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=

g

!

"+P/ On41
n+p/ Wn41
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0(Bnt1, @nt2) +0(Bnt1, @npa) + (#
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)n+1M‘un+1 +(
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. V*)n—HMI/{n—&-lJr
(]/l*)n+l/\/l]1n+l +

(
+

( )na(ﬁlrwo)yn + 0(1911—1—1/ (Oner)

F)ESE" + (0041, @nt1) +0(Ont2, @ni1) + (Fnt2, @ntyp)
*)nS‘un + (.u*)n—HSVnJrl + D(1911Jr2/ (Dner)

()" Mp"
)" Mp®

(n*

+ (‘u*)n—l—p—ls‘un+p—1 + 0(1911+Pr (Dner)
+ (‘u*)nerflS‘unerfl 4 (‘u*)nerS‘uner
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n+p 1 ein
= Y IS2pfl)P1,

t=n

e 121,812
= Y ISz Pkt 1A

t=n

1 2ner 2¢
=<[Sz11* Y [ul**1a
t=n

—0asn,p— +oo.

Therefore, ({0n}, {®@n}) is a Cauchy bisequence in ¢ with regard to A. By the
completeness of (P, A, A,0), we have, 9, — ¢ and @, — ¢, where ¢ € &N A. Since
({®n}, {@n}) is a Cauchy bisequence, we have d(9,, @,) < €. Now,

0(Yp,p) 20(Yp, @n11) + (i1, @ny1) +0(Ony1,9)
=Y, Qwn) +0(On 11, @ny1) +0(Ony1,¢)
2 (P, @n)p +0(Ony1, @ny1) +0(Gnr1, @)
< (g, @n)p + € +0(0nr1, 9)
Asn — +oo,

2(Yg, ) <€

Therefore, Y(¢) = ¢.
Note that,

2, Q¢) =0(Y, Qp) =X p (¢, ) =

Therefore, Q2(¢) = ¢. Hence, ¢ is the common fixed point of Y and (2. To prove
uniqueness, suppose that ¢y € @ U A is another common fixed point of ¢ and A such that
QY =Yy = . Then,

0a 20(p, ) =0(Y, Q) = p™o(¢, ).
From the norm of A,

0< = [lul*[ote. )|

The above inequality holds only when 2(¢, ) = 04. Hence, ¢ = 1. [

Example 1. Let & = [0,2], A = {0} UN — {1,2}, and A = M;(C). Defined: & x A — A

by
_(l6-al 0
0(“’)( 0 a9

forall ® € @ and @ € A, where « > 0 is a constant. Consider the partial ordering < on A
such that,

(61,01) = (62, 02) ifand only if 61 < &y and 01 < 0.

Then, (@, A, A,0) is a complete C*-algebra-valued bipolar metric space.
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DefineY,2: PUA = dUA Dby

|8, ifeeo],
YW){? ifo € N—{1,2},

and
g, ifoe(o02],
4, ifoeN-{1,2},

forall ¢ € @ U A. Now, we consider two cases:
Case 1: Let 9 € [0,2] and @ € N — {1,2}, then

YO — Q| 0

MY&Q@)_< 0 a[Y9 — Q|

where

[es R NI
= O
N———

=
and ||p|| =1 < 1.
Case 2: Let @ € [0,2] and 9 € N — {1,2}, then

Y8 — Qo 0

D(W'Q‘r"):< 0 &[Y9 — Q|

where

X

and ||pu|| = L < 1. Both the cases satisfy Theorem 1, and ¢ = 0 is the unique fixed point of Y.

[e¥o N
A= O
N~

Now, we prove a similar result for contravariant maps.

Theorem 2. Let (P, A, A,d) be a complete C*-algebra-valued bipolar metric space. Suppose
Y,Q: (®,AA0) S (DA, A,0) are contravariant maps such that

(Y (@), Q2(8)) = wo(8,@)u forall § € @, € A,

where y € A with ||u||*> < 1. Then, Y, Q : ®U A — ® U A have a unique common fixed point.
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Proof. If A = {04}, then we are done. Suppose not. Let 9y € @ and @y € A. For each
n € N, define Y(ﬁzn) = Wy, Q(l92n+1) = O2n41 and Y(@zn) = l92n+1, Q(@2n+1) = l92n+2.
Then, ({®n}, {@n}) bisequence on (P, A, A, ). Let G := (8, @p). Then, for eachn,p € Z+,

2(O2n+1, @2n+1) =0(Y2n, Q02n41)
= W(B2n 11, @20
= W o(Y@an, Q020 )1
= (1*)*0(2n, @20 ) 1>
< (1) *0(B2n—1, @2n-1)pt*

j (‘u*)4n+20<l90, @, )y4n+2/

(02041, @2n) =0(Y@2n, Q82y)
j V*D(ﬁZm CDZn)V
< (H*)4n+1b(ﬁ0,wo)y4n+l,

ntpr @ni1) +0(Ong1, @ni1) +0(Fng1, @n)
n+p/wn+1) + (}4*)2"+20(19o,600)]/12n+2 + (y*)2n+10(l90,@0)]/12n+1

(Ontp, @n) 2 0(0

(0

(Ontp, @nt2) +3(Bns2, @nt2) + (Bnio, @ui1) + (1) F20(8o, @0 ) p** +2
("

0

IA A TR

>2n+10(l9 @6 )‘u2n+1

A+

n )211—&-40(190, wo)‘u2n+4 4 (y*)2n+30(l90, (Do)]/l2n+3
2n+2

(Fntp, Ont2) + (
)2n+2 ( o)]/l
)

>2n+10 (19 , @6 ‘u2n+1

+ (n*
+ (p

2 0(Ontp, Onyp-1) + (H*)2n+2p_20(l90,wo)y2“+2p_2
+ .4 (y*)2n+lb(ﬂo/wo)y2n+l
< (V*)ZnJrZPle(l%,wo)y2n+2pfl + (V*)2n+2p720(190,(DO)VZnJerfZ

N (y*)2n+10(190,(00)}12n+1
2n42p—1

= Y w)to
e=2n-+1

2n42p—1 -
= Y (g2t
e=2n-+1

2n42p-1 )
= Y (Gtygat
e=2n-+1

2n42p-1

= Y (G
t=2n+1

m2p-2 oria
<Y lG2u|)P1a

£=2n
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2n+2p—1

=D DR (111172 [ 8

£=2n+1
2n+42p—1
<Gl Y [#]l"1a —= 0 asn,p = +oo,
£=2n+1

(O, @n) +0(Fnt1,@n) +3(Fnt1, @uiyp)

)20 (Bo, @0 ) 2™ 4 (1) 10 (80, @0 ) ™+ 0 (B0 11, @ntp)
H)P(80, @0 )" + ()" 10(80, @0 )" 1 +0(Bnt1, D)

(19114'2/ (Dn+1) + 0(1911+2/ wn+p)

‘u*)Zna(ﬁO,wo)‘uZn 4 (y*)2n+1a(l90,wo)y2n+l + (H*)2n+20(190/w0)y2n+2
1230 (80, @0 ) ™3 4+ 0(0nt2, @ntp)

0(1911/ (Dner)

A+ 1A TA A
/\C)/—\/—\c)

+

—~

< (0080, @0)p2" + () 1080, @0 )P (4" 208, 00)
4t (y*)2n+2p710(190,(DO)VZnJer 1, 3(Busp, Pusp)

< (0080, @0 )12 + () 108,00 ) (47208, 00)
NI (y*)2n+2p710(190,wo)‘u2n+2p 1 (‘M )2n+2pa(l90, (Do)y2n+2p

2n+2p
= ). (w)ou’
£=2n
2n+2p 11
= Y ()'g2gau
£=2n
2n+2p 1 1
= ) (GGt
£=2n
2n+2p
= Y Gt
£=2n
2n+2p
< Y 1G22,
£=2n
2n+42p )
Y. lGHIREP1a
t=2n
2n+2p
<Gl Y |#2]|814 — 0 as n,p — +oo.
£=2n

Therefore, ({0n}, {®@n}) is a Cauchy bisequence in ® with respect to A. By the com-
pleteness of (@, A, A,0), it follows that 9, — ¢ and @, — ¢, where ¢ € PN A. Since
({®n}, {@n}) is a Cauchy bisequence, we have d(9,, @y) < €. Now,

O(Q(P, (P) = D(Q(P (Dn+1) + 0(19“+1, wn+1) =+ D(l9n+1, 47)
= D(Q(P Yl9,1+1) + D(lgnJrlr (DnJrl) + D<l9n+1/ (P)
= “l/l ( n+1/¢).u + D( n+1/wn+l) + D(ﬁn-&-l/ 4))
< W(Bny1, P)pt + €+ 0(Ingr, P)-
Asn — +oo,

00, 9) <€
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Therefore, Q(¢) = ¢. Note that,

2, YP) =0(Qp,YP) = u* (¢, ) = 0.

Therefore, Q2(¢) = ¢. Hence, ¢ is a common fixed point of Y and (2. Let ) € ® U A be
a another common fixed point of @ and A such that Q¢ = Yy = ¢. Then,

0p 20(, ) =0(Qp,Yp) 2 p*o(¢, ).

Using the norm of A, we have

]/l*

0< oto. )] < [[wraow2n] < oo )l = 1ot w)]|

The above inequality holds only when ?(¢, ) = 04. Hence, ¢ = . O

Example 2. Let @ = {0,1,2,7}, A = {0,1,1,3}, A = M,(C), andd : & x A — A be

defined by ‘ |
t—-w@ 0
e = (1 )

or a € ®and @ € A, where « > 0 is a constant. Let < be the partial order on 1ven
119 € ®and A, wh ] L be the partial ord Agi by
(01,01) = (62, 02) ifand only if 61 < 55 and 01 < 02.

Then, (@, A, A,0) is a complete C*-algebra-valued bipolar metric space. DefineY : @ UA =
PUA by

ifd €{0,7,2},
ifo € {},3,1,3},
ifd €{0,7,2},
ift €{},3,1,3},
forall & € @ U A. We have the following two cases:

Case 1: Let & € {0,7,2} and @ € {}1, %, 1,3}; then,

~

~

[SISSENTISS \\1\% gl

IS
=
Il
—N—

~

(Yo, 08) :( Yo — 09 0 >

where

~=

Il
7N
(@ RN
N O
N—
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and ||p|| =1 < 1.
Case 2: Let @ € {0,7,2} and ¢ € {}1, %,1,3}; then,

(Y9, Q0) =

Y9 — Qo 0
0 a|Y0 — Q|

where

=

|
7N
[eRé; 1o
gi= O
N—

and [|p|| = 1 < 1
The above two cases satisfy Theorem 2, and ¢ = 0 is the unique fixed point of Y.

4. Application

Now, we present an application of Theorem 1 to integral equations.

Theorem 3. Consider the equations

9(t) = o(t) + /Z L, L5005, e 51U Z

and

() = o(t) + /Z 5, Ga650()s, te BUE,

where Z1 U Z; is a Lebesgue measurable set. Suppose
(T1)  G1,Go: (22U Z2) x [0,00) = [0,00) and b € L¥(Z1) UL™(Zy),
(T2)  there is a continuous function 6 : Z2 U Z3 — [0,00) and p € (0,1) such that

G1(t,5,8(s)) — Ga(t,s, @(s) < p|0(t,5)[[0(s) — @(s)],

fort,s € Z2U 23,
(T3)  supiczuz, f31U229(t,5)d5 <1
Then, the integral equations have a unique common solution in L®(Z1) U L®(Z).
Proof. Consider two normed linear spaces ¢ = L®(Z;) and A = L®(Z,), where 24, 2,
are Lebesgue measurable sets and m (2 U Z5) < co. Let A = L?(21) U L?(2,). Consider
2: @ x A — L(A) defined by 3(¢, @) = 7|y_|, where 7, : A — A is the multiplication

operator defined by 71 (0) = .0 for ¢ € A. Then, (®, A, A,0) is a complete C*-algebra-
valued bipolar metric space.

Define the covariant maps Y, 2 : L*(21) UL®(2;) — L®(21) UL®(2;,) by

Y(9(t)) = o(t) + /Z 5, GiL50(E)ds, te 2 U2,

Q1)) = o(t) + /Zluzz Galt,5,8(s))ds, t € 21U 25,



Mathematics 2022, 10, 4385 12 of 16

Set B=pl, then B € L(A); and ||B|| =u < 1. Forany b € A,

|W(Yﬁ$7wﬂlzlfﬁp(ﬂnw_nwb,m
b=

= suli -/%1U22 :/ZluZZ |G1(t,5,0(s)) Qz(t,s,w(s))|d5}h(t)b(t)0t
< Hzlﬁzl /Z]uzz :/Zluzz |G1(t,5,0(s)) —gz(t,s,c’o(s))|d5} |h(t)[*ot

< Lo L sl - o) (o) o

i Lo L tewslas| o Poslio - @l
b :1 1 2 1 2

<u sup [ jo(,s)lds. sup 156 PoL |6 — o oo
teZ1UZ, / Z1U2, Z

< pl]9 = @lfeo
= [IBl[I[o(8,@)]l.

One can easily see that Theorem 1 is satisfied as ||B|| < 1, and hence the integral
equations have a unique common solution. [

5. Application to Electric Circuit Differential Equation

In this section, we study the existence and unique solution to an electric circuit differ-
ential equation as an application of Theorem 1.

Let us consider a series electric circuit that contains a resistor (R, Ohms), a capacitor
(C, Faradays), an inductor (£, Henries), a voltage (V, Volts), and an electromotive force (&,
Volts), as in the following scheme, Figure 1.

RLC
ot ]

- VR w— Y —+— Vg —*

Figure 1. RLC circuit in series.

Considering the definition of the intensity of electric currents Z; = %, i =1,2 where

qi denote the electric charges and t the time, let us recall the following usual formulas:
* Vr=ILiR;
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In a series circuit, the current flowing through the circuit is uniform. So, Z; have the
same value throughout the entire circuit.

One of the fundamental laws of circuit theory is Kirchhoff’s voltage law. It states that
the algebraic sum of all the voltages around any closed loop in a circuit is equal to zero.
Kirchhoff’s Voltage Law is based on the fact that while moving along a closed loop or a
circuit, one can find that the starting and ending points are the same. The voltage drop
in the circuit equals the voltage source. This implies that there is no voltage loss in the
circuit. Voltage drop, if any, will be equal to the voltage source encountered along the way.
Mathematically, the sum of the voltage drops equals the sum of the voltage rises across any
circuit. Accordingly, we have the following:

R+ %y 4L

The above voltage equation can be expressed as follows:

dz . da: : /
L dt‘;l + R% + % = Vy(t), with the initial conditions, q;(0) = 0,q;(0) =0,i=1,2 (1)
where C = % and 7 = % - the nondimensional time for the resonance case in physics.
Moreover,

Gls) = —se T if0<s<t<T;
T e, ifo<t<s <1,

where, G (t,5) represents the Green function associated with the second order differential
Equation (1).

In these conditions, Equation (1) can be expressed as the following set of integral
equations.

9(t) = /0 " G(t,5)i1 (s, 8(s))ds, where t € [0,1] @)

9(t) = /0 $G(4,)fa(s, 8(s))ds, where t € [0,1] @)

and f;(s,-) : [0,1] x R — R is a monotonically nondecreasing map for all s € [0, 1].

Let @ = (C[0,1], [0, +00)) be the set of all continuous functions defined in [0, 1] with
values in the interval [0, +0), and let A = (CJ0, 1], (—o0,0]) be the set of all continuous
functions defined on [0, 1] with values in the interval (—o0,0]. Let A = M>,(C) and
0:® x A — Ay be defined by

| supepo 18(t) —@(t)] 0
29, w) =
() l 0 ksupcjoq) [8(t) —@(1)]

forall ¥ € @ and @ € A, where k > 0is a constant. Then, (&, A, A,?) isa complete
C*-algebra-valued bipolar metric space.
Now, let us give the main result of this section.

Theorem 4. Let Y, Q2 : (®,A,A0) = (P, A, A,0) be maps such that the following asser-
tions hold:

(i) G: [0,1]?> — [0, 0) is a continuous function;
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(ii) fi(s,-): [0,1] x R — R, i = 1,2 is a monotonically non-decreasing function for all
s € [0,1] such that for (9, @) € (P, A), we have the inequality:

1(8) — 2t @)] < 518() - @(0)];

(iii) SUP; [0 1] fot G(ts) <1
Then, the voltage differential Equation (1) has a unique common solution.

Proof. Define the covariant maps Y, (2 : (®,A,A,0) = (P, A, A0) by

t
Yo(t) = /0 G(t,5)f1 (s, 8(s))ds.

and
t
Q8(t) = /0 G(t 5)a(s, 8(5))ds.
Now,
[ supge 1Y9(H) — Qa(1)] 0
Y3, 02 —
°(x8,0m) = | 0 ksupc(o, [YO() — Qo (1)
[ supip Jo G(45) (s, 8(s)) — fa(s, @(s))|ds 0
<
0 ksupc(oq) o G(t,5)[f1(s,8(s)) — fa(s,@(s))|ds
[ asupicpy 8 — @) 0
Il 0 e} sup e [8(t) — @(t)]
_ 1 supiepp [8(H) — @(0)] 0
2 0 ksupcpoq [8(t) — @ (b))
= po(d,@)u,
where

and ||u|| = % < 1. Therefore,

(Y9, Q@) < yp*o (8, @)p.

All conditions of Theorem 1 are satisfied. Hence, the differential voltage Equation (1)
has a unique common solution. [

6. Conclusions

It has been established that the generalization of the Banach contraction principle in
various topological spaces helps in establishing fixed-point results under varius contractive
conditions. We established fixed-point results using covariant and contravariant maps
in the setting of the C*-algebra-valued bipolar metric space, supplemented with suitable
examples. The derived results have been applied to analyze the existence of the unique
common solution to integral equations and the voltage differential equations of electric
circuits. This research explores the possibility of establishing fixed-point results using the
Ciri¢ type, the Nadler type, the Presi¢ type, and the Meir-Keeler type of contractions, in the
setting of C*-algebra-valued bipolar metric space and its applications therein.
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