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Abstract: Focusing on the actuator fault of the quadrotor unmanned aerial vehicle (QUAV), an ac‑
tive fault‑tolerant control scheme based on fixed‑time linear active disturbance rejection control is
proposed. Firstly, in order to simplify the complex dynamic model, the virtual control quantity is in‑
troduced to decouple the flight control system of the QUAV. Secondly, the fixed‑time extended state
observer (ESO) is utilized to estimate and compensate the internal uncertainty, external disturbance
and actuator fault of the QUAV in fixed time. Thirdly, a continuous output feedback controller based
on fixed‑time ESO is designed to keep the stability of the flight control systemwith actuator fault and
external disturbance. Finally, the closed‑loop stability of the flight control system is demonstrated by
Lyapunov function. The numerical simulation is carried and the results also verify the effectiveness
of the proposed control scheme.

Keywords: actuator fault; external disturbance; fault‑tolerant control; fixed‑time ESO; quadrotor;
UAV
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1. Introduction
Quadrotor unmanned aerial vehicle (QUAV) is a multi‑rotor remote control

autonomous flight vehicle, which can achieve vertical take‑off and landing [1], and quickly
changeflight attitude in narrow space [2]. Therefore, QUAVhas awide applicationprospect
in agricultural production [3], atmospheric monitoring [4], forest fire prevention [5], elec‑
tric power inspection [6] and so on.

In order to realize the autonomous flight and high reliability mission requirements
of QUAV, attitude and path tracking control is the most important technology. However,
the QUAV flight control system has the characteristics of nonlinearity, under‑actuation,
strong coupling [7] and mathematical model uncertainty [8]. In addition, the QUAV will
still have some unexpected faults in actual flight process [9]. From the view of fault loca‑
tion, the fault can be divided into sensor fault, actuator fault and structural fault. Among
them, sensor fault and structural fault are mainly related to internal components. With the
improvement ofmicroelectronics technology and the existence of redundant configuration
in QUAV, the probability of these two types of faults is relatively low, while the frequency
of actuator fault is higher [10], which is 44% [11]. The actuator is a structure that converts
the signal generated by the system controller into an electrical signal to change the position
and attitude. Therefore, whether the actuator is perfect and effective has a great impact on
the stability of the whole system.

The idea of fault‑tolerant control can be traced back to 1971 and developed from [12]
integrity control proposed by Professor Niederlinski. Since then, the system fault‑tolerant
control technology has attracted the attention of scholars and experts [13,14]. According
to the method of system implementation, fault‑tolerant control can be divided into two
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types: the hardware redundancy method and analytical redundancy method. However,
the method of hardware redundancy increases the complexity of QUAV control and struc‑
ture to a great extent. With the development of fault‑tolerant control technology and the
progress of aviation technology, analytical redundancy has gradually developed [15]. An‑
alytical redundancy can be subdivided into passive fault‑tolerant control and active fault‑
tolerant control [16]. For the passive fault‑tolerant control system, the fault information is
taken into account as a priori knowledge before the design of the control law, so it does
not include the fault diagnosis and isolationmodule. The system has faster response speed
and good robustness. The traditional methods include quantitative feedback theory [17],
H∞ algorithm [18,19] and backstepping control algorithm [20]. However, it is difficult to
get a good control effect for unknown faults. While the active fault‑tolerant controlmethod
does not need to know the fault information in advance, especially for unknown system
faults, the control effect is better and has a wider range of application.

At present, there are many research results on active fault‑tolerant control of aircraft
flight control systems. The commonly utilized control methods include feedback lineariza‑
tion [21], backstepping [22], PID control [23], nonlinear adaptive fault‑tolerant control tech‑
nology [24], fault‑tolerant control based on fault diagnosis observer [25] and predictive
fault‑tolerant control [26]. Considering the fault‑tolerant control in the case of actuator
fault in the aircraft, Xiao [27] andZhang [28] constructed the attitude and speed control law
through the slidingmode observer to realize the stability of the attitude control subsystem,
but did not consider the tracking control of the position trajectory subsystem. Zhao [29]
designed an adaptive unknown input observer to estimate the uncertain parameters of ac‑
tuator fault and realized the stability of the attitude subsystem, but did not analyze the
actuator fault model. When the external disturbance occurs, this method will not be ap‑
plicable. Aiming at the tracking control problem of aircraft in the presence of external
disturbance from air resistance, Li [30] designed a sliding mode fault‑tolerant controller
to deal with two kinds of problems: propeller damage and actuator fault in quadrotor
QUAV, but it cannot analyze the sudden disturbance from the wireless communication of
the system. Wang [31] designed a control strategy based on adaptive and sliding mode
control to realize the attitude tracking control of QUAV, but the position trajectory track‑
ing control was not considered. Razmi [32] realized the stability control of quadrotor UAV
by the combination of neural network and adaptive sliding mode control. However, the
complexity of neural network parameter solution limited the application in practical engi‑
neering. Zeghlache [33] proposed an algorithmby combining the backstepping control and
the fuzzy sliding mode control to realize the attitude control of the quadrotor helicopter.
When the fault or external disturbance occurred in the system, the control performance of
this method would be obviously insufficient. In addition, Gong [34] designed an adaptive
sliding mode control method to compensate the faults and uncertainties, but only studied
the attitude control subsystem and the analysis was not comprehensive. Nekoukar [35]
proposed a controller design scheme combining proportional differential control and ter‑
minal sliding mode control algorithm, but did not consider the position tracking control.
Yang [36] applied the nonsingular terminal sliding mode control algorithm to the attitude
fault‑tolerant control, but the influence of disturbance on the aircraft was not considered.
A hybrid fault detection and isolation scheme was designed in [37] to deal with large envi‑
ronmental disturbances and actuator faults while this solution relied on the precise math‑
ematical model.

It can be seen from the above research results that the research on fault‑tolerant control
of aircraft has become a hot topic. However, due to the complexity constraints of theQUAV
system model, most of the research results remain in the stability analysis of the attitude
controller. Moreover, many research results are realized in the ideal environment, and
the influence of external disturbance is ignored. Therefore, the designed fault‑tolerant
controller should not only effectively ensure the stability of the system in the case of system
fault, but also be effective in the case of external disturbance.
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In addition, inmany applications, understanding the current state of the dynamic sys‑
tem is essential for constructing the controller or attaining the real time information about
the system for monitoring or decision‑making. Furthermore, since this research, many
disturbance observers have been studied, such as the typical asymptotic disturbance ob‑
server [38], the exponential observer [38], the typical finite‑time disturbance observer [38],
robust observer [38], Kalman or Kalman‑like observers [38], high‑gain observers [38], adap‑
tive observers [38], first‑order and high‑order sliding‑mode observers [39] and classic
ESO [40]. The function of the observer is to estimate the state of the equipment in real
time based on the information of its output. This means that the signal contains enough
information in some way to uniquely determine the overall state of the system.

Additionally, due to the complex structure of the QUAV, it is difficult to establish the
precise dynamics model. However, active disturbance rejection control (ADRC) is a hot
control algorithm. Professor Han first proposed the ADRC, which is not highly dependent
on the model. Before long, Professor Gao proposed the linear ADRC to solve the problem
of toomany parameters in ADRC. Also, to deal with some difficult control problems in the
QUAV system, such as nonlinearity, strong coupling and sensitive to disturbance, Yong
Zhang proposed a kind of double closed‑loop ADRX scheme.

Then, in order to make up for the deficiencies of above methods and improve the
fault‑tolerant control performance of QUAV, on the basis of the ADRC, the fault‑tolerant
controller based on fixed‑time extended state observer (ESO) is designed for the dynamic
system of the QUAV, including actuator fault and disturbance.

Compared with other control methods, the fixed‑time control method has many ad‑
vantages and has attracted more and more attention. Compared with the finite‑time ob‑
server mentioned above, the fixed‑time ESO can estimate the state of the flight control
system in real time and compensate the effects of disturbances, model uncertainties and
faults in fixed time. It can be said that the fixed‑time ESO is equivalent to the fast subsys‑
tem, which not only ensures the fast convergence of the observer, but also ensures suffi‑
ciently high estimation accuracy and provides a valuable and available speed signal for
the system. It has strong robustness to the parametric uncertainties, and the convergence
time of the fixed‑time ESO has an upper bound. It is not influenced by the initial estima‑
tion error and external disturbances of dynamic systems and does not rely on the precise
mathematical model. In addition, it is insensitive to system state changes and has been
widely used in automated systems. The observation and disturbance rejection capability
are greatly improved.

Here, this paper focuses on the active fault‑tolerant control of QUAV with partial ac‑
tuator fault and designs the corresponding fixed‑time observer and controller. The main
work of this paper is as follows:
1. A fixed‑time ESO is proposed to estimate and compensate the internal uncertainty,

external disturbance and actuator fault of QUAV in fixed time. In contrast with other
finite‑time convergence ESO, the convergence time of fixed‑time ESO has an upper
bound and it is not influenced by the initial estimation error. The observation and
disturbance rejection capability are greatly improved.

2. A fixed‑time continuous output feedback controller is proposed to keep the system
stable quickly in fixed time and the convergence time is independent of initial condi‑
tions. Different fromothermulti‑variable decoupling controlmethods, the controllers
are devised independently in each channel and the strong couplings among different
channels are basically eliminated. With the well previously designed fixed‑time ESO,
the actuator fault, external disturbance, internal uncertainty and the unmodeled dy‑
namics are extended into a new state, which is considered as the overall disturbance
and can be estimated and compensates in fixed time.

3. Multiple actuator partial loss‑of‑effectiveness faults and external disturbance are both
considered in themodel ofQUAV. Besides, based onfixed‑time ESO, the initial system
dynamic can be simplified to an integrator system.
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This article is organized as below. The typical QUAV motion model is described
in Section 2. In Section 3, the detailed control scheme design process is introduced. In
Section 4, the numerical simulations are carried out. Finally, concluding remarks in
Section 5 are given to end this paper.

2. System Dynamics Model
QUAV is a kind of 6 degrees of freedom and under actuated rotary aircraft. The flight

attitude and position are changed by adjusting the rotor speed. The center of gravity of the
QUAV is at its geometric center. The four rotors of the QUAV generate the power, which is
directly proportional to the square of the angular velocity of rotor rotation. The continuous
high‑speed rotation of themotor and propellerwill greatly improve the probability of fault.

2.1. Fault‑Free Model
The force analysis diagram is shown in Figure 1.
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According to the flight principle of QUAV and the coordinate system conversion re‑
lationship, the flight dynamics model of QUAV is constructed as follows [41].

..
X = UX − KF

.
X/M

..
Y = UY − KF

.
Y/M

..
Z = UZ − G − KF

.
Z/M

..
θ = Uθ − KF

.
θ/J2 + (J3 − J1)

.
ϕ

.
ψ/J2..

ϕ = Uϕ − KF
.
ϕ/J1 + (J2 − J3)

.
θ

.
ψ/J1..

ψ = Uψ − KF
.
ψ/J3 + (J1 − J2)

.
θ

.
ϕ/J3

(1)

where X, Y and Z are the position variables of the QUAV. θ, ϕ and ψ are the pitch angle,
roll angle and yaw angle, respectively. M is the mass of the QUAV. G is the gravitational
acceleration. KF is the air resistance coefficient. J1 is the rotational inertia of the X axis. J2
is the rotational inertia of the Y axis. J3 is the rotational inertia of the Z axis. Four virtual
control variables of the whole system U1, Uθ , Uϕ, Uψ are introduced. Also, in the position
loop, UX , UY, UZ are the virtual control inputs.

The actual control input of altitude Z channel in the position loop can be calculated
as below:

U1 =
UZ

cos ϕ cos θ
(2)
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In the same way, the expected intermediate values of the pitch angle and roll angle
are calculated by the inverse solution below:

θd = arctan
(

UX cos ψ + UY sin ψ

UZ

)
(3)

ϕd = arctan
(

cos θ
UX sin ψ − UY cos ψ

UZ

)
(4)

Then, the typical fault‑free dynamic model of QUAV is established well.

2.2. Fault Model
With the use of mechanical equipment, the performance will deteriorate, and the ac‑

tual force and torque will decrease. According to the degree of fault occurrence, the ac‑
tuator fault can be divided into partial fault and complete fault. Partial fault belongs to
the type of multiplicative fault that the actuator output defects but not completely loses of
function. Complete fault means the actuator loses the effectiveness completely. No matter
what input, the actuator will not operate.

The partial fault of actuator in QUAV flight control system is mainly studied in this
article. Because of the high frequency of such fault, is not easy to be found. To some extent,
it has a great impact on the flight control system.

Therefore, partial actuator fault can be described as the change of control input to fa‑
cilitate the unified description and the establishment of fault model. Then the influence
of partial actuator fault on control input synthesis can be expressed by introducing un‑
known effectiveness factor. ρi is introduced as the unknown effectiveness factor of actua‑
tors, which satisfy 0 ≤ ρi ≤ 1, i = X, Y, Z, θ, ϕ, ψ.

In addition, the unknown disturbances from the external environment are added to
the system. Then, the fault model of QUAV can be rewritten as follows:

..
X = ρXUX + GX + FX..
Y = ρYUY + GY + FY..
Z = ρZUZ + GZ + FZ..
θ = ρθUθ + Gθ + Fθ..
ϕ = ρϕUϕ + Gϕ + Fϕ..
ψ = ρψUψ + Gψ + Fψ

(5)

where the initial values of the external disturbances are set as follows:

FX = FY = FZ = Fθ = Fϕ = Fψ = 0 (6)

and 

GX = −KF
.

X/M
GY = −KF

.
Y/M

GZ = −G − KF
.
Z/M

Gθ = −KF
.
θ/J2 + (J3 − J1)

.
ϕ

.
ψ/J2

Gϕ = −KF
.
ϕ/J1 + (J2 − J3)

.
θ

.
ψ/J1

Gψ = −KF
.
ψ/J3 + (J1 − J2)

.
θ

.
ϕ/J3

(7)

Then, the fault dynamic model of QUAV is established well.

3. Control Scheme
In order to realize the better path tracking performance of the QUAV, the flight con‑

trol system is divided into four separate channels: the yaw angle ψ channel, the altitude
Z channel, the θ − X cascade channel and the ϕ − Y cascade channel. The design of cas‑
cade controller is introduced in detail in the later section. The position X is considered as
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the control input in the pitch angle θ channel, while the position Y is considered as the
control input in the roll angle ϕ channel. The design scheme of QUAV is shown in the
Figure 2 below.
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Using the abovemodel, the fixed‑timeESO is designed. Then, the internal uncertainty,
external disturbance and unknown fault disturbance of the system are estimated and com‑
pensated in fixed time. In addition, the fixed‑time continuous output feedback controller
is design based on linear active disturbance rejection control. The expected values of pitch
angle and roll angle can be obtained by the inverse solution calculation of control quantity
to improve the control precision and meet the performance needs under the normal and
fault conditions.

According to Equation (5), define

Yi = i, x1i = Yi, x2i =
.

Yi, x3i = Fi, i = X, Y, Z, θ, ϕ, ψ (8)

3.1. Position Control by Composite Controller
Before the beginning of this section, a notation is given as below.

Notation 1. In this article, defineJEKK = |E|Ksgn(E), here sgn(·) is the symbolic function and
K ∈ ℜ.

3.1.1. Controller Design for Yaw Angle Channel
In this separate channel, the reference input is the desired value ψd. Then, the virtual

control variable Uψ can be attained. By combining Equation (8), the expression of yaw
angle in Equation (5) can be rewritten as follows in Equation (9):

.
x1ψ = x2ψ.
x2ψ = x3ψ + ρψUψ − KFx2ψ/J3 + (J1 − J2)x2θ x2ϕ/J3.
x3ψ = Hψ

Yψ = x1ψ

(9)

where Hψ is the derivative of the total disturbance in the yaw angle channel. Then the
original dynamics can be approximated as a second‑order integrator system with a total
disturbance. The total disturbance makes the system stay away from the expected second‑
order integrator. Estimating and eliminating the total disturbance is the solution.
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The ESO and the controller designed in [40] are as follows:

.
υψ1 = υψ2.
υψ2 = f han

(
υψ1 − ψd, υψ2, R, h

)
.
Zψ1 = Zψ2 − β1

(
Zψ1 − Yψ

)
.
Zψ2 = Zψ3 − β2

(
Zψ1 − Yψ

)
+ Uψ.

Zψ3 = −β3
(
Zψ1 − Yψ

)
Uψ = K1

(
υψ1 − Zψ1

)
− K2Zψ2 − Zψ3

(10)

A more specific design process is described in reference [40].
However, in this article, by applying the high‑order sliding mode technology, the

fixed‑time ESO for the yaw angle channel is designed as follows in Equation (11):
.
Z1ψ = Z2ψ − M1ψJE1ψKA1ψ − N1ψJE1ψKB1ψ

.
Z2ψ = Z3ψ − M2ψJE1ψKA2ψ − N2ψJE1ψKB2ψ + B0ψUψ.
Z3ψ = −M3ψJE1ψKA3ψ − N3ψJE1ψKB3ψ + Kψsgn

(
E1ψ

) (11)

where Z1ψ, Z2ψ, Z3ψ are the observed values of Yψ, the differential signal of Yψ and the
total disturbance of the yaw angle channel, respectively. The output of the yaw angle
channel is Yψ.Mjψ, Njψ, (j = 1, 2, 3) are the observer gains. Aψ ∈ (0, 1), Bψ > 1 and meet
A1ψ = Aψ, A2ψ = 2Aψ − 1. A3ψ = 3Aψ − 2, B1ψ = Bψ, B2ψ = 2Bψ − 1, B3ψ = 3Bψ − 2.
B0ψ and Kψ are the adjustable observer parameters related to the system. In simulations,

a continuous hyperbolic tangent function Kψtanh
(
E1ψ

)
= Kψ

eE1ψ−e−E1ψ

eE1ψ+e−E1ψ
will substitute for

Kψsgn
(
E1ψ

)
to avoid chattering. E1ψ = Z1ψ − Yψ, E2ψ = Z2ψ −x2ψ, E3ψ = Z3ψ − Fψ

are the estimation errors of the fixed‑time ESO, the differential of which can be expressed
as below: 

.
E1ψ = E2ψ − M1ψJE1ψKA1ψ − N1ψJE1ψKB1ψ

.
E2ψ = E3ψ − M2ψJE1ψKA2ψ − N2ψJE1ψKB2ψ

.
E3ψ = −M3ψJE1ψKA3ψ − N3ψJE1ψKB3ψ + Kψsgn

(
E1ψ

)
− Hψ

(12)

Lemma 1. For the yaw angle in dynamic system, if the fixed‑time ESO is designed as shown in
Equation (11), then there exists a constant number 0 < Aψ < 1, Bψ > 1 and proper param‑
eters Miψ, Niψ, (i = 1, 2, 3), which means the state variables x1ψ, x2ψ, x3ψ can be estimated by
Z1ψ, Z2ψ, Z3ψ within the fixed time. Furthermore, the estimation error of total disturbance E3ψ can
also converge to a neighborhood of the origin within the fixed time.

Proof of Lemma 1. The proof of this lemma is given in reference [42]. □

The actuator fault and external disturbance are estimated and compensated by the
fixed‑time ESO in fixed time. In addition, the convergence time of fixed‑time ESO is inde‑
pendent of initial estimation errors. Then, the next step is to construct a smooth and in‑
dependent single‑input‑single‑out continuous output feedback controller with fixed‑time
convergence for the yaw channel to achieve the fixed time stability and the expected per‑
formance, which is shown below, under the well design of the observer before:

Eψ = ψ − ψd,
.
Eψ =

.
ψ −

.
ψd,

..
Eψ =

..
ψ −

..
ψd = Uψ (13)

make ξ1ψ = Eψ, then
.
ξ1ψ = ξ2ψ,

.
ξ2ψ = Uψ (14)
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Uψ = −
(

λ1ψJξ1ψKη1ψ + λ′
1ψJξ1ψK+ λ

′′
1ψJξ1ψKη′

1ψ

)
−
(

λ2ψJξ2ψKη2ψ + λ′
2ψJξ2ψK+ λ

′′
2ψJξ2ψKη′

2ψ

) (15)

here, λqψ > 0, λ′
qψ > 0, λ

′′
qψ > 0, (q = 1, 2), ηψ ∈ (0, 1) and η1ψ =

ηψ

2−ηψ
, η2ψ = ηψ,

η′
1ψ

=
4−3ηψ

2−ηψ
, η′

2ψ
=

4−3ηψ

3−2ηψ
.

3.1.2. Controller Design for Cascade Channel
In the θ − X cascade channel, the desired position value Xd is the reference input

of the position X channel. Then, the virtual control input UX can be attained, and the
intermediate variable θd, which will be regarded as the next reference input of the pitch
angle θ channel, can be calculated by Equation (3). Then, by using the similar method from
Equations (11) and (15), the control algorithm of the θ − X channel can be constructed.

By combining Equation (8), the expressions of pitch angle and position X in Equation
(5) can be rewritten as follows:

.
x1X = x2X.
x2X = x3X + ρXUX − KFx2X/M
.
x3X = HX
YX = x1X.
x1θ = x2θ.
x2θ = x3θ + ρθUθ − KFx2θ/J2 + (J3 − J1)x2ϕx2ψ/J2.
x3θ = Hθ

Yθ = x1θ

(16)

Then, construct the fixed‑time ESO and continuous output feedback controller of the
θ − X cascade channel as follows:{

EX = X − Xd,
.
EX =

.
X −

.
Xd,

..
EX =

..
X −

..
Xd = UX

Eθ = θ − θd,
.
Eθ =

.
θ −

.
θd,

..
Eθ =

..
θ −

..
θd = Uθ

(17)

make ξ1X = EX , ξ1θ = Eθ , then { .
ξ1X = ξ2X ,

.
ξ2X = UX.

ξ1θ = ξ2θ ,
.
ξ2θ = Uθ

(18)

where Z1X , Z2X , Z3X are the observed values of YX , the differential signal of YX and the
total disturbance of the position X channel, respectively. Z1θ , Z2θ , Z3θ are the observed
values of Yθ , the differential signal of Yθ and the total disturbance of the θ channel, re‑
spectively. The output of the position X channel is YX , while the output of the θ chan‑
nel is Yθ . MjX , NjX , Mjθ , Njθ , (j = 1, 2, 3) are the observer gains. AX ∈ (0, 1), BX > 1,
Aθ ∈ (0, 1), Bθ > 1 and meet A1X = AX , A2X = 2AX − 1, A3X = 3AX − 2, B1X = BX ,
B2X = 2BX − 1, B3X = 3BX − 2. A1θ = Aθ , A2θ = 2Aθ − 1, A3θ = 3Aθ − 2, B1θ = Bθ ,
B2θ = 2Bθ − 1, B3θ = 3Bθ − 2. B0X , B0θ and KX , Kθ are the adjustable observer parame‑
ters related to the system. In simulations, to avoid chattering, the continuous hyperbolic
tangent functions KXtanh(E1X) = KX

eE1X−e−E1X

eE1X+e−E1X
, Kθtanh(E1θ) = Kθ

eE1θ−e−E1θ

eE1θ+e−E1θ
will substi‑

tute for KXsgn(E1X), Kθsgn(E1θ). λqX > 0, λ′
qX > 0, λ

′′
qX > 0, λqθ > 0, λ′

qθ > 0,λ′′
qθ > 0,

(q = 1, 2), ηX ∈ (0, 1), ηθ ∈ (0, 1) and η1X = ηX
2−ηX

, η2X = ηX , η′
1X

= 4−3ηX
2−ηX

, η′
2X

= 4−3ηX
3−2ηX

,

η1θ = ηθ
2−ηθ

, η2θ = ηθ , η′
1θ

= 4−3ηθ
2−ηθ

, η′
2θ

= 4−3ηθ
3−2ηθ

. E1X = Z1X − YX , E2X = Z2X − x2X ,
E3X = Z3X − FX and E1θ = Z1θ − Yθ , E2θ = Z2θ − x2θ , E3θ = Z3θ − Fθ are the estimation
errors of the fixed‑time ESO.
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.
Z1X= Z2X − M1XJE1XKA1X − N1XJE1XKB1X

.
Z2X= Z3X − M2XJE1XKA2X − N2XJE1XKB2X + B0XUX
.
Z3X= −M3XJE1XKA3X − N3XJE1XKB3X + KXsgn(E1X)

UX= −
(

λ1XJξ1XKη1X + λ′
1XJξ1XK+ λ

′′
1XJξ1XKη′

1X

)
−
(

λ2XJξ2XKη2X + λ′
2XJξ2XK+ λ

′′
2XJξ2XKη′X

)
θd= arctan

(
UX cos

(
Yψ

)
+ UY sin

(
Yψ

)
UZ

)
.
Z1θ= Z2θ − M1θJE1θKA1θ − N1θJE1θKB1θ

.
Z2θ= Z3θ − M2θJE1θKA2θ − N2θJE1θKB2θ + B0θUθ
.
Z3θ= −M3θJE1θKA3θ − N3θJE1θKB3θ + Kθsgn(E1θ)

Uθ= −
(

λ1θJξ1θKη1θ + λ′
1θJξ1θK+ λ

′′
1θJξ1θKη′

1θ

)
−
(

λ2θ , Jξ2θKη2θ ,+, λ′
2θ , Jξ2θK,+, λ

′′
2θ , Jξ2θKη′

2θ

)

(19)

3.1.3. Controller Design for ϕ − Y Cascade Channel
The control algorithm of the ϕ −Y cascade channel can be designed in the same way,

considering the ϕ − Y cascade channel and the θ − X cascade channel have the identical
characteristics.

By combining Equation (8), the expressions of roll angle and position Y in Equation
(5) can be rewritten as follows:

.
x1Y = x2Y.
x2Y = x3Y + ρYUY − KFx2Y/M
.
x3Y = HY
YY = x1Y.
x1ϕ = x2ϕ.
x2ϕ = x3ϕ + ρϕUϕ − KFx2ϕ/J1 + (J2 − J3)x2θ x2ψ/J1.
x3ϕ = Hϕ

Yϕ = x1ϕ

(20)

Then the control algorithm is expressed as follows:{
EY = Y − Yd,

.
EY =

.
Y −

.
Yd,

..
EY =

..
Y −

..
Yd = UY

Eϕ = ϕ − ϕd,
.
Eϕ =

.
ϕ −

.
ϕd,

..
Eϕ =

..
ϕ −

..
ϕd = Uϕ

(21)

make ξ1Y = EY, ξ1ϕ = Eϕ, then { .
ξ1Y = ξ2Y,

.
ξ2Y = UY.

ξ1ϕ = ξ2ϕ,
.
ξ2ϕ = Uϕ

(22)

The fixed‑time ESO and controller of this cascade channel are designed as follows in
Equation (23).



Mathematics 2022, 10, 4386 10 of 26



.
Z1Y= Z2Y − M1YJE1YKA1Y − N1YJE1YKB1Y

.
Z2Y= Z3Y − M2YJE1YKA2Y − N2YJE1YKB2Y + B0YUY
.
Z3Y= −M3YJE1YKA3Y − N3YJE1YKB3Y + KYsgn(E1Y)

UY= −
(

λ1YJξ1YKη1Y + λ′
1YJξ1YK+ λ

′′
1YJξ1YKη′Y

)
−
(

λ2YJξ2YKη2Y + λ′
2YJξ2YK+ λ

′′
2YJξ2YKη′Y

)
ϕd= arctan

(
cos(Yθ)

UX sin
(
Yψ

)
− UY cos

(
Yψ

)
UZ

)
.
Z1ϕ= Z2ϕ − M1ϕJE1ϕKA1ϕ − N1ϕJE1ϕKB1ϕ

.
Z2ϕ= Z3ϕ − M2ϕJE1ϕKA2ϕ − N2ϕJE1ϕKB2ϕ + B0ϕUϕ
.
Z3ϕ= −M3ϕJE1ϕKA3ϕ − N3ϕJE1ϕKB3ϕ + Kϕsgn

(
E1ϕ

)
Uϕ= −

(
λ1ϕJξ1ϕKη1ϕ + λ′

1ϕJξ1ϕK+ λ
′′
1ϕJξ1ϕKη′

1ϕ

)
−
(

λ2ϕJξ2ϕKη2ϕ + λ′
2ϕJξ2ϕK+ λ

′′
2ϕJξ2ϕKη′

2ϕ

)

(23)

where Z1Y, Z2Y, Z3Y are the observed values of YY, the differential signal of YY and the
total disturbance of the position Y channel, respectively. Z1ϕ, Z2ϕ, Z3ϕ are the observed
values of Yϕ, the differential signal of Yϕ and the total disturbance of the ϕ channel, respec‑
tively. The output of the position Y channel is YY and the output of the ϕ channel is Yϕ.
MjY, NjY, Mjϕ, Njϕ, (j = 1, 2, 3) are the observer gains. AY, Aϕ ∈ (0, 1), BY, Bϕ > 1 andmeet
A1Y = AY, A2Y = 2AY − 1, A3Y = 3AY − 2, B1Y = BY, A1ϕ = Aϕ,
B2Y = 2BY − 1, B3Y = 3BY − 2, A2ϕ = 2Aϕ − 1, A3ϕ = 3Aϕ − 2, B1ϕ = Bϕ, B2ϕ = 2Bϕ − 1,
B3ϕ = 3Bϕ − 2. B0Y, B0ϕ and KY, Kϕ are the adjustable observer parameters related to the
system. In simulations, to avoid chattering, the continuous hyperbolic tangent functions
KYtanh(E1Y) = KY

eE1Y−e−E1Y

eE1Y+e−E1Y
, Kϕtanh

(
E1ϕ

)
= Kϕ

eE1ϕ−e−E1ϕ

eE1ϕ+e−E1ϕ
will substitute for KYsgn(E1Y),

Kϕsgn
(
E1ϕ

)
. λqY > 0, λ′

qY > 0, λ
′′
qY > 0, λqϕ > 0, λ′

qϕ > 0, λ
′′
qϕ > 0, (q = 1, 2), ηY ∈ (0, 1),

ηϕ ∈ (0, 1) and η1Y = ηY
2−ηY

, η2Y = ηY, η′
1Y

= 4−3ηY
2−ηY

, η′
2Y

= 4−3ηY
3−2ηY

,

η1ϕ =
ηϕ

2−ηϕ
, η2ϕ = ηϕ, η′

1ϕ
=

4−3ηϕ

2−ηϕ
, η′

2ϕ
=

4−3ηϕ

3−2ηϕ
.E1Y = Z1Y − YY, E2Y = Z2Y − x2Y,

E3Y = Z3Y − FY, E1ϕ = Z1ϕ − Yϕ, E2ϕ = Z2ϕ − x2ϕ, E3ϕ = Z3ϕ − Fϕ are the estimation
errors of the fixed‑time ESO.

3.1.4. Controller Design for Altitude Z Channel
The control algorithm of the Z channel can be constructed using a similar method

because the Z channel and the ψ channel have the identical characteristics. By combining
Equation (8), the expression of position Z in Equation (5) can be rewritten as follows in
Equation (24): 

.
x1Z = x2Z.
x2Z = x3Z + ρYUY − KFx2Y/M
.
x3Z = HZ
YZ = x1Z

(24)

Then, the control algorithm can be described as follows:

EZ = Z − Zd,
.
EZ =

.
Z −

.
Zd,

..
EZ =

..
Z −

..
Zd = UZ (25)

make ξ1Z = EZ, then .
ξ1Z = ξ2Z,

.
ξ2Z = UZ (26)
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.
Z1Z= Z2Z − M1ZJE1ZKA1Z − N1ZJE1ZKB1Z

.
Z2Z= Z3Z − M2ZJE1ZKA2Z − N2ZJE1ZKB2Z + B0ZUZ
.
Z3Z= −M3ZJE1ZKA3Z − N3ZJE1ZKB3Z + KZsgn(E1Z)

UZ= −
(

λ1ZJξ1ZKη1Z + λ′
1ZJξ1ZK+ λ

′′
1ZJξ1ZKη′Z

)
−
(

λ2ZJξ2ZKη2Z + λ′
2ZJξ2ZK+ λ

′′
2ZJξ2ZKη′Z

)
(27)

where Z1Z, Z2Z, Z3Z are the observed values ofYZ, the differential signal ofYZ and the total
disturbance of the altitude Z channel, respectively. The output of the altitude Z channel
is YZ.MjZ, NjZ, (j = 1, 2, 3) are the observer gains. λqZ > 0, λ′

qZ > 0, λ
′′
qZ > 0(q = 1, 2).

AZ ∈ (0, 1), BZ > 1 and meet A1Z = AZ,A2Z = 2AZ − 1, A3Z = 3AZ − 2, B1Z = BZ,
B2Z = 2BZ − 1, B3Z = 3BZ − 2, B0Z and KZ are the adjustable observer parameters re‑
lated to the system. In simulations, to avoid chattering, the continuous hyperbolic tangent
functions KZtanh(E1Z) = KZ

eE1Z−e−E1Z

eE1Z+e−E1Z
will substitute for KZsgn(E1Z). ηZ ∈ (0, 1) and

η1Z = ηZ
2−ηZ

, η2Z = ηZ, η′
1Z

= 4−3ηZ
2−ηZ

, η′
2Z

= 4−3ηZ
3−2ηZ

. E1Z = Z1Z − YZ, E2Z = Z2Z − x2Z and
E3Z = Z3Z − FZ are the estimation errors of the fixed‑time ESO.

3.2. Stability Analysis
From Equation (13), define the Lyapunov function as below:

V1 = 2λ1ψ(η
′
1ψ + 1)Jξ1ψKη1ψ+1 + λ′

1ψ(η1ψ + 1)(η′
1ψ + 1)Jξ1ψK2

+2λ
′′
1ψ(η1ψ + 1)Jξ1ψKη′1ψ+1

+ (η1ψ + 1)(η′
1ψ + 1)Jξ1ψK2 (28)

Equation (29) can be obtained by combining Equations (14), (15) and (28), In addition,
V1 is positive definite and continuously differentiable.

.
V1 = λ1ψΓ1Jξ1ψKη1ψ

.
ξ1ψ + λ′

1ψΓ1Jξ1ψK .
ξ1ψ

+λ
′′
1ψΓ1Jξ1ψKη′1ψ

.
ξ1ψ + Γ1Jξ2ψK .

ξ2ψ

(29)

here, Γ1 = 2
(
η1ψ + 1

)(
η′

1ψ + 1
)
. Equation (30) can be obtained as follows by substituting

Equations (14) and (15) into Equation (29).

.
V1 = Γ1ξ2ψ

(
λ1ψJξ1ψKη1ψ + λ′

1ψJξ1ψK+ λ
′′
1ψJξ1ψKη′1ψ

)
−Γ1Jξ2ψK(λ1ψJξ1ψKη1ψ + λ′

1ψJξ1ψK+ λ
′′
1ψJξ1ψKη′

1ψ

+λ2ψJξ2ψKη2ψ + λ′
2ψJξ2ψK+ λ

′′
2ψJξ2ψKη′

2ψ

) (30)

Due to Jξ2ψK = ∣∣ξ2ψ

∣∣sign
(
ξ2ψ

)
= ξ2ψ, Equation (31) can be achieved as below:

.
V1 = −Γ1Jξ2ψK(λ2ψJξ2ψKη2ψ + λ′

2ψJξ2ψK+ λ
′′
2ψJξ2ψKη′

2ψ

)
= −Γ1ξ2ψ

(
λ2ψξ2ψ

η2ψ + λ′
2ψξ2ψ + λ

′′
2ψξ2ψ

η′
2ψ

)
= −Γ1

∣∣ξ2ψ

∣∣(λ2ψ

∣∣ξ2ψ

∣∣η2ψ + λ′
2ψ

∣∣ξ2ψ

∣∣+ λ
′′
2ψ

∣∣ξ2ψ

∣∣η′2ψ

)
< 0

(31)

The following results can be easily obtained using a similar method:

.
V2 = −Γ2|ξ2Z|

(
λ2Z|ξ2Z|η2Z + λ′

2Z|ξ2Z|+ λ
′′
2Z|ξ2Z|η

′
2Z

)
< 0 (32)
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.
V3 = −Γ3|ξ2X |

(
λ2X |ξ2X |η2X + λ′

2X |ξ2X |+ λ
′′
2X |ξ2X |η

′
2X

)
< 0 (33)

.
V4 = −Γ4|ξ2θ |

(
λ2θ |ξ2θ |η2θ + λ′

2θ |ξ2θ |+ λ
′′
2θ |ξ2θ |

η′
2θ

)
< 0 (34)

.
V5 = −Γ5|ξ2Y|

(
λ2Y|ξ2Y|η2Y + λ′

2Y|ξ2Y|+ λ
′′
2Y|ξ2Y|η

′
2Y

)
< 0 (35)

.
V6 = −Γ6

∣∣ξ2ϕ

∣∣(λ2ϕ

∣∣ξ2ϕ

∣∣η2ϕ + λ′
2ϕ

∣∣ξ2ϕ

∣∣+ λ
′′
2ϕ

∣∣ξ2ϕ

∣∣η′2ϕ

)
< 0 (36)

The conclusion is easy to understand that:
.

V1 =
.

V2 =
.

V3 =
.

V4 =
.

V5 =
.

V6 = 0

only when

ξ1X = ξ2X = ξ1Y = ξ2Y = ξ1Z = ξ2Z = ξ1θ = ξ2θ = ξ1ϕ = ξ2ϕ = ξ1ψ = ξ2ψ = 0

So, the Lyapunov function: Λ = V1 +V2 +V3 +V4 +V5 +V6 is positive definite and its
derivative:

.
Λ < 0. The system origin is globally asymptotically stable by using Lyapunov

stability theory and LaSalle invariance principle. In addition, the fixed‑time stability of
origins of the feedback error dynamic systems is proved in reference [43].

4. Simulation Results
The numerical simulation verification is carried out to illustrate the advantages of the

proposed control scheme in this article. The initial coordinates of the position and attitude
angle are set as [0m, 0m, 2m] and [−3◦,−3◦, 59◦]. The sampling period is 0.001 s. When
10s ≤ t ≤ 20s, the disturbances from the external environment are added to the three
position channels of the system as follows:

FX = 0.5sign(sin(0.9t))
FY = 0.5sign(sin(0.9t)) + cos(0.3t)
FZ = 0.5sign(sin(0.5t)) + cos(0.3t) + 2 cos(0.9t)
Fψ = sign(sin(0.9t))

(37)

Figures 3–6 show the disturbance curves in each channel.
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The designed reference trajectory is a cylindrical spiral in the simulation experiment
to verify the superiority of the proposed strategy.{

Xd = 0.5 cos(0.5t), Yd = 0.5 sin(0.5t)
Zd = 2 + 0.1t, ψd = 60◦

(38)

On the basis of the nature of the fault, it can be divided into constant fault and time‑
varying fault. The simulation starts with no fault, and then different faults are applied to
the system.
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4.1. Constant Fault Condition
Assume that the fault occurs as follows:

ρi = 1, (i = X, Y, Z, θ, ϕ, ψ), 0s ≤ t < 25s (39){
ρX = 0.5, ρY = 0.4, ρZ = 0.6
ρθ = 0.7, ρϕ = 0.8, ρψ = 0.8

, t ≥ 25s (40)

The values of other parameters are illustrated in Table 1 as below:

Table 1. The values of parameters.

Symbol Value Symbol Value Symbol Value Symbol Value Symbol Value
J1 0.0552 J2 0.0552 J3 0.11 KF 0.012 M 2
G 9.8 ηψ 0.8 λ1ψ 3000 λ′

1ψ 3000 λ
′′
1ψ

500
λ2ψ 2500 λ′

2ψ
125 λ

′′
2ψ

100 Aψ 0.9 Bψ 1.2
M1ψ 36 M2ψ 432 M3ψ 1728 N1ψ 36 N2ψ 432
N3ψ 1728 Kψ 0.5 B0ψ 0.09 ηX 0.8 λ1X 3000
λ′

1X 3000 λ
′′
1X 500 λ2X 2500 λ′

2X
125 λ

′′
2X 100

ηY 0.8 λ1Y 3000 λ′
1Y 3000 λ

′′
1Y 500 λ2Y 2500

λ′
2Y

125 λ
′′
2Y 100 AX 0.9 BX 1.2 M1X 36

M2X 432 M3X 1728 N1X 36 N2X 432 N3X 1728
KX 0.5 B0X 0.09 ηθ 0.8 λ1θ 3000 λ′

1θ
3000

λ
′′
1θ

500 λ2θ 2500 λ′
2θ

125 λ
′′
2θ

100 Aθ 0.9
Bθ 1.2 M1θ 36 M2θ 432 M3θ 1728 N1θ 36

N2θ 432 N3θ 1728 Kθ 0.5 B0θ 0.09 AY 0.9
BY 1.2 M1Y 36 M2Y 432 M3Y 1728 N1Y 36

N2Y 432 N3Y 1728 KY 0.5 B0Y 0.09 ηϕ 0.8
λ1ϕ 3000 λ′

1ϕ 3000 λ
′′
1ϕ

500 λ2ϕ 2500 λ′
2ϕ

125
λ
′′
2ϕ

100 Aϕ 0.9 Bϕ 1.2 M1ϕ 36 M2ϕ 432
M3ϕ 1728 N1ϕ 36 N2ϕ 432 N3ϕ 1728 Kϕ 0.5
B0ϕ 0.09 ηZ 0.8 λ1Z 3000 λ′

1Z 3000 λ
′′
1Z 500

λ2Z 2500 λ′
2Z

125 λ
′′
2Z 100 AZ 0.9 BZ 1.2

M1Z 36 M2Z 432 M3Z 1728 N1Z 36 N2Z 432
N3Z 1728 KZ 0.5 B0Z 0.09

The following figures are the trajectory tracking responses of the QUAV based on
different control schemes. The Figure 7 is the flight trajectories of the QUAVwith actuator
constant fault anddisturbance. Figures 8–11 are the responses of trajectory tracking control
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for QUAV with actuator constant fault and disturbance. Figures 12–15 are the tracking
errors of QUAV with actuator constant fault and disturbance. The ADRC is the control
scheme by using the classic ESO in reference [40]. The “Composite Controller 1” is the
control scheme combining ADRC in reference [40] and fixed time ESO. The “Composite
Controller 2” is the control scheme combining “Composite Controller 1” and fixed‑time
feedback controller. It can be seen that the tracking stability can be achieved based on
ADRC, but the effect is not as good as the other two methods. The tracking responses will
be unstable and not fast, but the stable tracking can be recovered within two seconds, and
the tracking error is within the acceptable and the allowable error range.
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In the tracking control of position X, there appears a little overshoot under the control
of traditional ADRC in [40]. However, this situation does not occur in the design scheme
of this paper and the controller can make the quadrotor move with a fast and accurate
performance of tracking reference trajectory even in the case of external disturbance and
actuator fault.
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In the tracking control of positionZ, it is evident that the performance of the fixed‑time
output feedback control designed in this article is better than ADRC in [40].

It is obvious that the fixed‑time output feedback control designed in this paper can
let the yaw angle track the reference trail accurately and rapidly, while the performance of
the traditional ADRC control in [40] has a little overshoot. There is nearly no effect on the
system in the case of external disturbance.
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4.2. Time‑Varying Fault Condition
Assume that the fault occurs as follows:

ρi = 1, (i = X, Y, Z, θ, ϕ, ψ), 0s ≤ t < 25s (41)
ρX = 0.5 + 0.1 sin(t), ρY = 0.4 + 0.2 sin(t)
ρZ = 0.5 + 0.2 sin(t), ρθ = 0.6 + 0.1 sin(t)
ρϕ = 0.3 + 0.3 sin(t), ρψ = 0.4 + 0.2 sin(t)

, t ≥ 25s (42)
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It is obvious that the actuator faults occurred in the 25th second. Under the control of
traditional ADRC in [40], the values have large chattering phenomenon, which brings great
loss to the motor and greatly reduces the service life of the motor. However, the control
scheme proposed in this article, namely Composite Controller 2, has better performance.
Figure 16 shows the flight trajectories of the quadrotor under the time‑varying fault and
disturbance condition. Figures 17–20 show the tracking responses of the QUAV under the
time‑varying fault and disturbance condition. Figures 21–24 show the tracking error of the
QUAVunder the time‑varying fault and disturbance condition. All the states can converge
to the corresponding expected reference requirements in a short space of time.
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Figure 22. Tracking error of position Y control for QUAV under actuator time‑varying fault and
disturbance condition.

It is obvious that the QUAV based on the fault‑tolerant controller designed in this
article by using the “Composite Controller 2” can quickly adapt to environmental changes
and it is not sensitive to fault response. It is simple and effective. In general, comparedwith
the traditional ADRC in [40] and “Composite Controller 1”, the control strategy designed
in this article, namely Composite Controller 2, has better performances.
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5. Conclusions and Future Works
In this paper, based on the traditional ADRC in [40], the fixed‑time ESO and fixed‑

time continuous output feedback controller are introduced. Different from the traditional
multivariate decoupling control strategies, to eliminate the strong couplings between dif‑
ferent channels, the independent controllers are designed for each channel, respectively.
By applying fixed‑time ESO, the original system dynamics is simplified as an integrator
system. The expected performance is achieved by using the continuous output feedback
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control law. The simulation results prove that the control scheme proposed in this article
has the better tracking performance and the better fault‑tolerant performance.

However, in practical physical systems, the time to reach the steady state may vary:
some reach it soon and others take very long. Thus, to reach the steady state quickly, the
feedforward, which takes proactive control actions and can provide better control, should
be introduced into the control system in the futurework. Then, the proactive control action
can be taken and the set point tracking of control variable can be guaranteed. It is suggested
that the simulation comparison experiment of fixed‑time ESO and other observers will be
reflected in the next work plan. Since the observer proposed in this article cannot handle
the stochastic disturbance andmeasurement noise, the Kalman filter should be considered
in the next work plan. Additionally, the relevant experiments should be carried out to
better verify the effectiveness of the proposed scheme in this article and the later research
direction of this research topic could include the sensor fault. In addition, the actuator
fault and sensor fault can also be introduced into the cooperative control of the QUAVs
to improve the performance. At the same time, the transient performance of the system
should also receive attention. Thus, in the future work, we will try to solve such problems
by using prescribed performance control or barrier Lyapunov function.
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