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Abstract: In the process of aerospace service, circular mesh antennas generate large nonlinear vi-
brations under an alternating thermal load. In this paper, the Smale horseshoe and Shilnikov-type
multi-pulse chaotic motions of the six-dimensional non-autonomous system for circular mesh an-
tennas are first investigated. The Poincare map is generalized and applied to the six-dimensional
non-autonomous system to analyze the existence of Smale horseshoe chaos. Based on the topological
horseshoe theory, the three-dimensional solid torus structure is mapped into a logarithmic spiral
structure, and the original structure appears to expand in two directions and contract in one direction.
There exists chaos in the sense of a Smale horseshoe. The nonlinear equations of the circular mesh
antenna under the conditions of the unperturbed and perturbed situations are analyzed, respec-
tively. For the perturbation analysis of the six-dimensional non-autonomous system, the energy
difference function is calculated. The transverse zero point of the energy difference function satisfies
the non-degenerate conditions, which indicates that the system exists Shilnikov-type multi-pulse
chaotic motions. In summary, the researches have verified the existence of chaotic motion in the

six-dimensional non-autonomous system for the circular mesh antenna.

Keywords: circular mesh antenna; Smale horseshoe; the Poincare map; multi-pulse chaotic motion;
the extended energy phase method

MSC: 34H10

1. Introduction

As an ideal form for large deployable structures, circular mesh antennas are applied
to various aerospace missions, such as land sensing, earth observation, and deep space
exploration. Circular mesh antennas are designed as a lightweight and flexible structure
in orbit and use metal meshes as a reflecting surface [1-3]. The scale of the circular mesh
antenna can reach the magnitude of 30-50 m, and it is difficult to understand and extract the
essential nonlinear dynamic behaviors of the system from the mass data by the method of
numerical simulations. Many scholars apply chaos theory to study the stability of a circular
mesh antenna when it is deployed and locked in air service. By the nonlinear dynamics
method, the chaotic phenomenon of the circular mesh antenna is predicted, and the validity
and correctness of the prediction are verified by the theoretical and numerical simulations.
Considering the complicated aerospace environment, the circular mesh antenna may cause
large amplitude nonlinear vibrations [4]. This can seriously affect the accuracy and stability
of the system. It is significant to study the nonlinear dynamical behavior of the circular
mesh antenna system.

Nonlinear science has gradually developed into a frontier field of scientific research,
and there is chaotic motion in nonlinear systems [5,6]. The researches of chaos have ex-
perienced the following stages of development: discovery, exploration, in-depth analysis
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and engineering applications. Originally, Smale et al. [7] constructed a map in the discrete
dynamical system with shapes similar to horseshoes and represented chaos in a topological
sense. Li and Yorke [8] gave the definition of chaos in the subsequent research. With
the improvement and development discovery of chaos, modern chaos originated from
Poincare’s pioneering work [9,10] on homoclinic orbits generated by the transverse cross-
ings of stable manifolds and unstable manifolds. In addition, many scholars and scientists
have recently shown interest in applying these natural science models to social sciences [11]
including areas such as psychology [12], family [13], addiction, happiness, and adult love
and romantic relationships. Particularly, the relationship between love affairs [14] and
romances of humans deal with different or similar contents in mathematics, biology and
psychology. Deng et al. [15] proposed a new version of the nonlinear model with two
women competing vehemently for an attractive man in a competitive love-triangle, which
provides more insight into the dynamical behaviors of complex love-triangle relationships.
Huang et al. describe a dynamical love model with the external environments of the love
story of Romeo and Juliet with fuzzy membership function [16]. In the following analysis,
the author used sinusoidal function as external environments which can represent the
positive and negative characteristics of humans to analyze the chaotic behaviors in a novel
extended love model [17]. The researchers reveal the mechanism of chaotic phenomena by
the Lyapunov exponent, chaotic attractor, attractor basins [18], the Melnikov method [19]
and other analytical methods. Zhang et al. [20] reported a class of two-dimensional rational
memristive maps in which all attractors are hidden through numerical simulations. It is
found that these maps can generate periodic, chaotic, quasi-periodic, and hyper-chaotic
solutions. Wen et al. [21] studied the necessary conditions for a chaotic analytical solution
of a Duffing oscillator with fractional order by the Melnikov method and investigated
the bifurcation and chaos threshold of the system. Tian et al. analyzed the fundamental
dynamics of the nonlinear systems with hidden attractors and line equilibria [22].

Among several types of chaotic motions, the horseshoes occur when the stable mani-
fold and the unstable manifold cross transversely at a saddle fixed point. The horseshoes
have been widely studied due to their special geometric structure. Huan et al. [23] put
forward sufficient conditions for homoclinic orbits in the three-dimensional segmented
affine systems and proved the existence of horseshoes under appropriate conditions. Li
and Tomsovic [24] demonstrated that the behavior of unstable trajectories could be ex-
tended to linear combinations of homoclinic orbit in the Hamilton system. Furthermore,
Shilnikov’s theory and its extensions theories [25,26] show that the existence of homoclinic
orbits or heteroclinic orbits implies the existence of horseshoes under certain conditions.
At the same time, the Poincaré map is often utilized in the process of verifying horseshoes.
Liu et al. [27] constructed the Poincaré map and applied integral manifold theory to study
the conditions of periodic solution and the invariant torus for a four-dimensional nonlinear
dynamical system.

There are mainly two different analytical methods for chaotic motion in high-dimensional
nonlinear systems, the generalized Melnikov method [28,29] and the energy phase method [30].
The nonlinear dynamical behaviors of cantilever beams, thin plates, and functionally gra-
dient frustoconical shells were studied using these two methods [31,32]. The Melnikov
method was applied [33] to analyze the jump of multi-pulse chaotic dynamics. More-
over, the extended energy phase method [34] was used to study the chaotic motion of a
four-dimensional nonlinear system. The higher-order Melnikov theories for time-period
equations with homoclinic solutions were developed [35,36]. Yu et al. [37] applied the
energy phase method on non-autonomous systems to study the energy dissipation of the
system, and theoretically generalized the problem to 2n + 2 dimensions. Based on the
energy phase method of Haller and Wiggins, Sun et al. [38] improved the energy phase
method, studying the nonlinear dynamical behaviors of the circular mesh antennas. The
geometry structure of three jumping pulses in six-dimensional phase space is described.
For the choice of the two methods, the generalized Melnikov method is much more com-
plicated than the energy phase method in terms of application, calculation and proof of
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W1 + w1 + wiwy + fr cos(Qt)wy + a1 w? + apw3 + w3w3 + a14w3 + ag5w3 + agew3

expansion conditions. Therefore, the energy phase method is more suitable for solving
complex nonlinear practical engineering problems.

Many studies of chaotic motions in physical and engineering systems may be related to
homoclinic orbits. The researches on relevant properties of homoclinic orbits are important
for chaotic motions. The properties near the homoclinic orbit are chaotic or transient chaotic
phenomena that can be observed, which exist in physical systems. Chertovskih et al. [39]
found 21 distinct nonlinear convective MHD attractors (13 steady states and 8 periodic
regimes) and identified bifurcations in which they emerge. Cao et al. [40] present a novel
construction of homoclinic/heteroclinic orbits in nonlinear oscillators. It is found that the
present structure gives an accurate approximate solution of a homoclinic/heteroclinic orbit
for large parametric value in relatively few harmonic terms. In the above research, the en-
ergy phase method had been extended to 2n + 2 dimensions in theory, and the multi-pulse
chaotic motion of six-dimensional autonomous systems was analyzed in practical applica-
tions. The construction and description of differential manifolds for the six-dimensional
nonlinear systems need further refined.

Due to the space environment, large deployable antennas will generate complex
chaotic motions during the operation after unfolding and locking. In this paper, the chaotic
motion of the six-dimensional non-autonomous system for the circular mesh antenna is
studied. We analyze the horseshoes and multi-pulse chaotic motion of the six-dimensional
non-autonomous system for circular mesh antenna. The Poincare map is applied to analyze
the horseshoes in the six-dimensional non-autonomous system. The three-dimensional
solid torus structures and in mutually vertical directions are selected, and the solid torus
structure is mapped into a logarithmic spiral structure. Intercept the two-dimensional
cross-section of the map, and the horseshoes occur. The perturbation analysis needs to
be combined with the geometry structures of stable and unstable manifolds. Solving the
dissipative energy difference function of the six-dimensional non-autonomous system, the
transverse zeros and the upper bound of the dissipative factor are obtained. The energy
difference function is verified to satisfy the non-degenerate conditions. The multi-pulse
orbit jumped from the slow manifold returns to the domain of focus attraction.

2. Dynamical Equations and Simplifications

To study chaotic motions of the circular mesh antenna during the operation, according
to reference [38], the three-degree-of-freedom ordinary differential equations are introduced
as follows:

3

2 2 2 2
Fa17W Wy + R18WrW3 + X19W3W1 + ApWTW7 + Ko WHW + AR W5W3 + A3W3W) 1

+0c24w%W3 + tx25w%w1 + apswiwowz = Fy cos(Oqt),

Wy + ]Jzil)z + W%ZUQ + fz COS(Qt)wz + ﬁuw% + ﬁlzw% + ,313%0% + ﬁuw% + [515w§ + ,Bmwg

+Brrwiwy + Brswaws + Browswy + Paowiwy + Pr1wiwy + Prwiws + Prwiwy

+Bauwiws + Baswiwy + Paswiwows = F cos(Qpt),

W3 + paws + wiws + f3 cos(Q)wz + y11W3 + Y12W3 + Y13W3 + Y14W3 + Y15W3 + Y1603

+Y17W1W2 + Y18W2W3 + Y19W3W + 720%0%302 + ’Yzlw%wl + 722w§w3 =+ 723w§w2

+yuwiws + Yaswiwy + yoewrwrws = F3 cos(Qst),

where wy, wp and w3 represent the amplitudes of the first, second, and third modes, y1, y2
and 3 stand for damping coefficient, while f; and F; represent the extrinsic excitation. Other
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coefficients in the equations are listed in reference [38]. Selecting the internal resonance
relationship 1:4:6, and the six-dimensional average equations of the system are obtained.

X1 = —3mx1 — (01 + f1)x2 — Faraxo (x2 + x3)

2
— 20122 (%5 + x3) — Jeas¥a (%3 + x3), ?
5(2 = (0’1 — f1)x1 — %‘ul.XZ + %0(143(1 (X% + x%)

+%“21x1 (3 +x3) + %a25x1 (x2+x2),

Y3 = — 323 — §02%s — 1P15%4 (45 + ) — gPooxa(x] +13)

—§Bosxs (x% + x2) — §Poax1xox5 — ¢ Poaxe (3 — x3),

Xy = }IO'QX3 - %]123&; + %,315363 (x% + XZ) + %,Bzo)(g, (x% + x%)
+3Bosxs (x2 4+ x2) — & Boax1Xoxe + 12 Poaxs (x2 — x3) — 16,

S| 1 3 2., .2 1
X5 = —5H3X5 — 303X — 3716%6 (X5 + XZ) — 737Y20X1X2%3

— 2572034 (3] — 33) — f3722%6 (43 + 27) — 1y 720%6 (x] + 13),

X6 = Lo3X5 — 2i3%e + 3Y16X5 (X2 + X2) — 15720X1X2%s
2072033 (¥ +23) + 3722%5 (35 + ) + 3720%5 (3] + 23) — 4B,
where 01, 0» and 03 are the perturbation parameters. The normative theory is used to
simplify Equation (2), and its topological equivalent form is obtained. Equation (2) has an

initial equilibrium solution (x1, x2, x3, X4, X5, x¢) = (0,0,0,0,0,0). The Jacobi matrix of the
linear part of Equation (2) is given by:

—31 —(+f) O 0 0 0
(n—f) —3m ? ? 0 0
0 0 —5H2 —102 0 0
= 3
I 0 0 oo —lw 0 0 @)
0 0 0 0 —lus —ios
0 0 0 0 tos —fus]
The characteristic polynomial of the Jacobi matrix (3) is expressed as follows:
fA) = </\2 + A+ g +or? — flz) @

X (A2 + Az + po? + §5027) x (A% + Aia + fa® + 503?).

When the conditions y1 = yp = 3 = 0 and 02— f12 = 0 are satisfied, the polynomial
(4) has a pair of double-zero eigenvalues and two pairs of pure imaginary eigenvalues:

1 . 1 .
A1,2 = 0, /\3[4 = :l:AIUZZ’ /\5,6 = :|:6(73l. (5)
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The transformation matrix T is introduced as follows:

MM 0O 0 0 0 0
0 A% O 0 0 0

o 0o o ln o 0| ..

A=10 o —3m 0 0 o | =TT ©)
0 0 0 0 0 ios
00 0 0 —loz O

According to the above transformation, the solution x(t) of the linear part of Equation (2)
can be expressed as follows:

eMt 0 0 0 0 0
0 et 0 0 0 0
0 0 cos tont  sinlopt 0 0
=TeMT g =T 1,2 572 T xo. 7
x(t) ¢ o 0 0 —sin %Uzt cos }Iazt 0 0 %o @)
0 0 0 0 cos %(731‘ sin %(731‘
0 0 0 0 —sin %0‘3t cos %@t

When 07, 03< 0, the geometric structure of the stable manifold and the unstable
manifold of the six-dimensional non-autonomous system can be described. The unstable
manifold E* and the stable manifold E® correspond to the pure imaginary eigenvalues and
the real eigenvalues. The trajectory E¥ is spirally rising out of the plane. Meanwhile E®
presents the shape of a homoclinic orbit on the plane (17 — 1), and converged near the
saddle point P;, as shown in Figure 1.

EII

ES
= W 2
&

N

(
(

Figure 1. The geometric structures of stable and unstable manifolds.
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After obtaining the manifold structure, let f{ = —1, oy = f1 + 01, p1, p2, 43, 01, B>
and F; are perturbation parameters. The third-order normal form with parameters for

Equation (2) is given by:

y1 = =5y + (1—01)y2

Yp = T1y1 — %Vlyz + %%14%3 + %txzmygz,

+%“z1y1]/42 + %0625y1y52 + %0625]/1%2
: 1 1 9 63
U3 = —3M2y3 — 102y + 15 P15Y3° — TagPisya’

— $B20y12Ya — £ B15Y32Ya + 135 P15YaYa> + 1% Pa3yaysts

_%/323%3/52 + 11*6!323y3y62 - %ﬁ23y4y62
Yy = §02Y3 — 3Haya + DpP1sys° + mghisya’

+3Bo0y12y3 + 135 P15Y32Ya + 15 P15Yaya’ + 1 Pasyaysts

+15B23yays® + 15P23YsYe” + 15 Pasyave” — 1F2

o1 1 21 3_1 2
Ys = —oH3Y5 — gU3Ye — gaV1i6Ye ™ — 137V24Y17Ye,

— 5722056 — 15 Y22Y4%Y6 — E116Y5%Y6

Vo = £03Y5 — 3H3Y6 + S116Y5° + 13724412V

+1572Y3%Y5 + 15722Y4%Y5 + E116Y5Ye — ¢ .

Let
y3 = Iy cosB1,ys = Iy sinby,ys = I cos 0y, yg = I sin 6.

®)

)

Substituting the transformation (9) into Equation (8), the system (8) in the polar

coordinates is rewritten as follows:

A 1 _
=5yt (1=71)y2,

| 9 4 1 , 1 )
Y2 =011 — 512 + 1M + 5“21]/111 + 50625y112 ,

I = —5}4211 - ZFZ sin 61,
N 1 63 3 1 2 1 ) 1
L6, = 40'211 + 128,51511 8,320% L+ 16/32311[2 4F2 cos 01,
I = *EVB.IZ - 61:3 sin 6y,

: 1 21 1 1 1
Loy = -o3h + —116h> + = v2uv1° b + 5122 [1* — ~F3 cos 6.
202 = 203la + o iela” + 52yt 2 T 57220 gracosty
Equation (10) is rewritten as the simple normal form:

i = iy,

Uy = —Coli] — Hiup + C3u13 + C4Ll1112 + C5u117_2,

- 1
11 = C6Il - ZFZ sinf)l,

. 1
161 = c7 11 + 68113 + C9u1211 + C1011122 — ZLFZ cos 61,

(10)

(11)
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) 1.
12 = C1112 — gFg Slnez,
Ly = cppl L° 2] 121 — L Fycos0
202 = C1l2 +c1302” +-csup”lp +-c10l17 12 g 3cos by
o — — 914005 — \2
Among them, ¢; = %, C) = ﬁ[l *40’1(1 *0’1)] c3 = *ﬁ(l *0’1) , C4 =
X145 (1 _ _1 1 ﬂzs _ =
e (1-71),¢5 = 2%5(1 (71) Ce = }12, 7 = 402,68 = 128/515/ Cg = 3,320 725 (1—01),
10 = 15B23, €11 = —3H3, C12 = £03, C13 = 24 V16-

To analyze the influence of damping coefficient and thermal excitation on the nonlinear
dynamic behavior of the system, the perturbation parameters of damping coefficient and
thermal excitation are introduced as follows:

251 — EUL, U2 — €U, U3 — U3, Fz — SF2 , F3 — €F3. (12)

Equation (11) is rewritten as the Hamilton system with disturbance terms, and the
system is extended to a non-autonomous system. The multi-scale method is used to
introduce the time differential form:

) H
=5, +eg"l = cyu, (13)
. oH
2= Tau +e8" = —cpuy + ez + cqur [ + csur ) — epuug,
oH

. 1
L = %6, + sgll =eceli — ZLSB sin 61,

. oH 1
L6 = —8711 + Sgel =cyl] + C8113 + C9M1211 + 61011122 — ZSFZ cos 04,

oH

. 1
I I, — —¢eF3si
2 = 892 +€g = &C1112 68 3511’192,

JoH 1
1292 = _ﬁ + Sg92 =cph+ C13123 + C5u1212 + C1011212 — 6£F3 cos 6y,

(‘b = Ww1i.
When ¢ = 0, the Hamilton function of the unperturbed system from Equation (13) is

_ 1 1 2 1 4 1 2 2 2 1 2
H = 5C1 + 5CU1" — zC3U1” — E(C‘lll +c51p )u1 — 76711

1. 74 1 272 1 21 4 (14)
—3080* — 501017 ° — 5c121° — ze131°.

When ¢ # 0, the system is a perturbed system, each disturbance term can be expressed as:

8" =0,8" = —puy, (15)
1 1
¢ = _ZFZ cosfy, g% = —6F3 cos By,

1 1
gll = 6611 - ZFZ Sil’l@l,glz = CllIZ - 61:3 Sil’lgz.

3. Smale Horseshoe

In the six-dimensional non-autonomous dynamic system, there are chaotic motions in
the system which can be judged through the geometric structure near the homoclinic orbits.
Based on the Poincare map method given by reference [41], it is promoted and applied
to analyze the horseshoes in the six-dimensional non-autonomous system. Due to the
large amount of calculation and the difficulty in constructing the topological structure, the
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unperturbed system is decoupled into the first two-dimensional system (u1, 1) and the
latter four-dimensional system (Iy, 01, I, 6;). Consider the first two-dimensional equations.
When ¢ = 0, the remaining variables satisfy the conditions I; = 0and I, = 0. Consider

Equation (13) as follows:
1;l1 = C1Uyp, (16)

Uy = —Cou] + c3u13 + C4u1[12 + C5u1122.

The Hamilton function of Equation (16) can be expressed as:

H, = %Cluzz + %Czulz - %C3u14 — %(64112 + 65122) ulz. (17)

Considering the system parameters, when czc; < 0, it is found that the system had
homoclinic bifurcation. Let c3 > 0 and ¢; < 0, discuss the characteristics of homoclinic
bifurcation based on the above parameter settings. When the condition c; — c4I? — c513 < 0
is satisfied, Equation (16) has a unique zero solution (u1,u;) = (0,0) which is a saddle
point. When c; — ¢4I? — c5I3 > 0, Equation (16) has three singular points. The phase
diagram near the equilibrium point, responding to both of the two cases, is plotted in
Figure 2. The eigenvalues obtained from the first two-dimensional system are expressed as

A= :t\/—(cz — 64112 — 651%), when the system parameters are taken as c; = —1.1, c; = 54,
c3 =4.795,¢4 = —19,¢c5 = 6,11 = 0.98, I = 0.49, the phase diagram is shown in Figure 2a,
while the system parameters are chosen as ¢c; = —1.1, c; = —5.4, c3 = 4.795,c4 = —1.9,

cs = 6,11 =0.98, I, = 0.49, and the phase diagram is plotted in Figure 2b. The initial value
is selected as xg = [0.98, —1.001].

(a) (b)

Figure 2. The phase diagram of the plane (17 — 1) (a) The phase diagram of the plane (u; — uy)
under condition ¢; — C4112 —C5 122 > 0; (b) The phase diagram of the plane (11 — 1) under condition
0 —cy? —csI3 <0

2 —C4lf —c5ly < 0.

To study the orbit properties of the first two-dimensional system (1, ) better, we
rewrite Equation (16) into the following form:

U] = cqlp +f1(u1,u2,1), (18)

Uy = —couy + fo(uy, up, I).

Among them, (u1,up, 1) € R! x R x RY, f1, £,=0(|x|?> + |y|?), I is a parameter and
c1 - ¢ < 0. We make the following assumptions on Equation (18).

Al: c1 - cp < 0. (Al is local nature, which concerns the properties of the eigenvalues of
the vector field linearized about the fixed point.)
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A2: At I = 0, Equation (18) possesses a homoclinic orbit connecting the hyperbolic
fixed point P; (11, up) = (0,0) and itself. On both sides of I = 0, the homoclinic orbit breaks
in a transverse way. The stable and unstable manifolds have different orientations on both
sides of I = 0. (A2 is global in nature. It supposes the existence of a homoclinic orbit.)

When the parameters of the model satisfy the above two assumptions, it is found that
the stable manifold lies outside of the unstable manifold when I > 0. The stable manifold
and the unstable manifold overlap when I = 0. When I < 0, the stable manifold lies inside
of the unstable manifold. The above description is shown in Figure 3.

unstable

N _r .
_» unstable &estable

stable 1
I<0

Figure 3. The homoclinic orbit local properties.

_—» unstable

/)

\
| B
‘Stable

1>0

To analyze the properties near the homoclinic orbit, it is necessary to compute a
Poincare map near the homoclinic orbit. Set up the domains for the Poincare map. The
planes I'ly and I'ly of the small neighborhoods in two vertical directions near the equilibrium
point are introduced as follows:

Iy = {(ul,uz) S C§|u1 =¢>0,up >0}, (19)

I = {(uq,uz) € C¥lug > 0,up = ¢ > 0}.

The geometric structure of Iy and I1; under the situation I = 0 is given in Fig-
ure 4. From Figure 4, the map P} is mapped from ITj to IT;. The flow is defined by the
linearization of the system about the origin point, which is expressed as u1 (t) = uyg - €1/,
up(t) = upg - e~ 2t. Thereis a point (¢, uzg) € Iy to reach Iy under the action of Equation (18)
given by solving ¢ = uyg - e~ ', Both 119 and uy are the initial values. The map POL is
denoted by:

PY Ty — 11y, (e, un0) > (e (Tm)C2’€)' (20)

Unstable
&stable

Figure 4. When I = 0, the plane I'ly and IT; under the two-dimensional Poincare map.
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Define a map PlL from plane I1; to I'ly. Since the map from plane I; to Iy takes only
finite time, there exists a subspace U C I1; in I1; satisfied the equation

Py(uq,up, 1) = (P11(uq,up, I), Pra(uq,up, 1)) : U C I — Ty, (21)

PE Ty — T, (uy,€) = (g, cruy — cal).
The Poincare map is denoted by:

1
PL = PLopl:V Iy — 114, (e u20) — (e, clg(uizo)c2 — o), 22)

-1

Ll
V= (PYY N (U), PL(up, 1) s up — Aup 2 — ool

1+
where A = ci¢ a2 > 0.

The fixed point of the Poincare map is essential for discussing the positional rela-
tionship between the fixed point and the periodic orbit. To solve the fixed point of the
Poincare map, the fixed points can be dlsplayed graphically as the intersection of the graph

of PL(uy, I) with the line PF(uy,I) = Auz‘CZ‘ — ¢l = uy for different values of I. The
discussion is categorized by the term 2 . There are two cases:

Case 1: When |c1| > |cp|. For this case, D,, P£(0,0) = 0. According to different values
of I, the graph of (PL — uy) appears as shown in Figure 5 for I < 0, [ =0and I > 0.

PL
= Pt
1>0
fixed point
7/
z 1=0
.-/V
G I1<0
112
(a)
7 unstable J— N unstable _————_ __» unstable
- \,\/‘ &stable SN
/ s / 7
\ /
/ \
f ; / "| (
h i tp ; R _
o - — A}_( ........... _.-’/ * '
stable } ! stable
<0 I=0 150
(b)

Figure 5. The positional relationship when % > 1, (a) The fixed point diagram. (b) The position
relationship between the fixed point and periodic orbit.

o1
In Figure 5a, when the equation P* (uy, I) = Auz‘ ol - c2] = uy is satisfied, the graph
has an intersection point for I > 0, it is the fixed point in case 1. The fixed point is stable
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and hyperbolic, since 0 < D,, PL < 1forl sufficiently small. From the topological structure
in Figure 5b, it is concluded that the fixed point corresponds to an attracting periodic orbit
of Equation (18). The fixed point would occur for I < 0, while the homoclinic orbit breaks.

Case 2: When |c1| < |cy|. For this case, Dy, P*(0,0) — co. According to the different
values of I, the graph (PL — u5) is described as shown in Figure 6 for I < 0,1 =0and I > 0.

Figure 6a shows that when the equation Pl(uy, I) = Auzlé‘ — ¢ = uy is satisfied, the
fixed point appears at I < 0. It is a repelling fixed point. In Figure 6b, when corresponding
to I < 0, this fixed point tends to repel the periodic orbits. The fixed point would occur for
I > 0, while the homoclinic orbit breaks.

We are considering the Poincare map in the system (11, 01, I, 02). Horseshoes are one
of the most critical characteristics of chaotic phenomena in nonlinear dynamical behaviors.
Intercepting the linear flow of Equation (2), equations are rewritten into the following form:

: 1
X1 = —Eylxl — (01 + f1)x2 + P(x1, X2, X3, X4, X5, X¢), (23)

. 1
xp = (01 — f1)x1 — FH1x2 + Q(x1,x2, X3, X4, X5,X¢),

. 1 1

X3 = —5}2X3 — 102Xy + R(x1, x2, X3, X4, X5, X)),
. 1 1

X4 = 10—23{3 - §H2x4 + S(xll X2,X3,X4, X5, X6),

) 1 1

X5 = —5HaXs — 03%6 + T(x1,X2,X3, X4, X5, Xg),
. 1 1

X6 = ¢ 03X5 — 5 }i3Xe + U(x1, X2, X3, X4, X5,X6),

Under the initial condition of (x1, X2, x3, X4, X5,%¢) € R®, uy, pia, 3, 02, 03 > 0 and
01 — f1 > 0. The functions of P, Q, R, S, T, U all belong to the space C2. (x1, x2, X3, X4, X5, Xg) =
(0,0,0,0,0,0) is a fixed point of Equation (23), and the eigenvalues of Equation (23) linearized
about the origin are givenby A1, =0, Az4 = j:%azi,. Asg = j:%ag,i. We make two assump-
tions for the above system, such as:

(H1). Equation (23) has homoclinic orbits connecting the fixed point (0,0,0,0,0,0)
to it.

(H2). y1q, pp and p3 are different from each other.

Equation (23) has a pair of double-zero eigenvalues and two pairs of pure imaginary
eigenvalues. The map PZL near the origin point is derived from the linearized flow. It is
more suitable to use the polar coordinates. The following transformations are introduced:

5C3 — 71 COS 91, 9.(74 =n sin91, 5(5 = ¥p COS 92, 5(6 = I COS 92. (24)

The linearized vector fields are given by:

. 1 1 1 A 1
r= —Eyzml th = 102, r2 = —Eﬂsrzf 0, = 6‘73- (25)

The linear flow represented by Equation (25) can be rewritten in a new form as follows:
“lyt 1 gy 1
ri(t) = ripe” 2%, 01(t) = oot + 610, 11(t) = raoe” 2, Or(t) = Zost +00.  (26)
where 11, 120, 610, 020 are the initial values.

The three-dimensional solid torus structures I'T, and I3 of the vector field near the
origin point are introduced as follows:

Iy = {(r1,61,72,02)|r1 = ¢}, 27)
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I3 = {(r1,61,12,62)|r2 = €},

Pl.

fixed point
(a)
r,,, unstable e - ;.n:t:llt)llee unstable
i 7 * \ ra N
S P 7 N\
{8 yay ; -,
B e 't : p J
S s N ¢ DN _ ' : /
| -
v st;;hlc I [
/ stable
I1<0 I1=0 1>0
(b)

Figure 6. The positional relationship when % < 1, (a) The fixed-point diagram. (b) The Positional
relationship between fixed point and periodic orbit.

It is found that I'l; and I3 are all three-dimensional solid torus structures which are
highly symmetrical. The central circle of I'l; and the locally unstable manifold intersect at
ro = 0. The central circle of I13 intersect with the stable manifold at r; = 0. The intersections
of locally stable manifolds and unstable manifolds with homoclinic manifolds are defined
as po and p1.po = (£,0,0,0) =TNW; , p1 = (0,0,¢,0) = TN W} . The geometry structure
of the solid torus structures and manifolds is depicted as shown in Figure 7.

Figure 7a represents a cross-section diagram taken from two three-dimensional solid

torus structure diagrams. Figure 7b describes the process of the PX map in the three-

dimensional solid torus structures I1, and I3, respectively. Let ¢ = rzoe%%f, the time
&

t = 2u3log™0 mapped is obtained from I, to IT5. The map P is denoted as

2

8 o(2)h
PL T, s s, ‘2 S0 2% log* (28)
% 0 — 32 log
Consider an infinite sequence of solid annuli contained in I'l,:
. . 27 (k+1)p3 —27kpy
Ay = {(rl,el,r2,92)|r1 =g, —a<0 <O +aee 2 <rp<e 2 ,0<6,< 27'[}. (29)

For Va > 0,k =0,1,2.. ., the geometry structure is shown in Figure 8.
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The behavior of boundary of A under I, needs to be investigated. The boundary of
Ay consists of the union of terminal linear structures at both ends, and also consists of a
left terminal and a right terminal which are expressed as E ,l( and Ej. Its inner and outer
surfaces are marked as S; and S{. The above terminal structures are denoted by:

Ep = {(T1,91,rz,92)|71 =¢,00 =0 — etV <y <eek,0< 9, < 271}, (30)

Ep = {(71,91,72,9z)|r1 =¢,0; =0; +a,eeTV <y <eefc0< 9, < 271},
S, = {(r1,91,72,92)|71 =0, —a<6 <0 +ar=clD o< < 271},
S;z = {(7’],91,7’2,92)‘71 = 8,5] - & S 91 S él +0‘er = SekC’O S 92 S 27-(}/

where ¢ = %72”43. The geometry boundary structure is shown in Figure 9. The geometry
structure was regarded as a solid torus structure nested in a three-dimensional ring structure
in a small neighborhood « of 6;. The structure includes left terminal, right terminal, inner
surface and outer surface. Substituting Equation (30) into the map PZ, the following forms
are obtained.

Y= (xs -,xs)
// A \
I, | 1L x=(x.x)
| [ I,
()
PI.
W, i Wiee
. x,
m |
.:\'3
§2
—_ T T ) i ‘ 77777 e
91 97

(b)

Figure 7. The three-dimensional solid torus structure and cross section of I, and Il3. (a) The cross
section of Il and IT3. (b) The three-dimensional solid torus structure of Poincare map PZL.
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-

o=

Figure 9. The three-dimensional torus structure I, and the boundary descriptions.

=27 (k+1)pp —27tkpp
PHEL) = { (r,01,12,0,)| 8 @ Sn<e 2 n=g0<6<2m 1 (3))
1—a+2mk <6; <0 —a+2m(k+1)
=27 (k+1)pp —27tkpip
PL(Ep) = { (r1,61,12,600)| €€ 7 <n<e 2 ,rn=g0<6, <2m, |
01 +a+21k <0 <0 +a+2m(k+1)
=27 (k+1)pup
PE(SL) =< (r1,01,72,60)| 1 =¢¢ 2, ra=¢0< 6 <2,
0 —a+2m(k+1) <6 <6 +a+2n(k+1)
—27mtkpy
Liply __ 1 =¢€e 2
Py (Ey) = § (r1,01,12,02)| 11

;12 =¢0<0; <2m,
1 —a+2mk <6 <0 +a+2mk
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Each terminal structure under the Poincare map P% is given, the geometric structure
was constructed in Figure 10, as a solid ring nested inside the three-dimensional torus
structure. Similarly, stable manifold and unstable manifold can be distinguished. The cross-
section under the Poincare map is given in Figure 10b. For sufficiently large k,PL(Ay) cuts
through Ay. For p3 > pp, PF expands along the 3 direction. When 3 < o, PL contracts
along the y3 direction. Lines parallel to W; _ are contracted. Lines connecting Si and S
are stretched under P*. From the above analysis, P contains two expanding directions
and one contracting direction if y3 > u», or one expanding direction and two contracting
directions when p3 < py. It follows that P* contains horseshoes and the accompanying
chaos phenomena.

The change process of the cross-section is regarded as the behavior of introducing a
vertical line and horizontal sum line on the two-dimensional plane. The four lines can be
mapped into a logarithmic spiral structure through the transformation of the Poincare map,
as shown in Figure 11.

PE(4,) X,

PE(S)

PE(SL)
P(EY) o

> x

(b)

Figure 10. The geometric structure of the Poincare map. (a) The Poincare map of three-dimensional

structure. (b) The cross-section of the logarithmic spiral map.



Mathematics 2022, 10, 4454 16 of 25

II, 1
2 P2L

e T
: E; /</§"> \‘g .
|/ # . /—l K

/ ~/

27 (k1)1 [

N\ i rn=rwge: = \

S; 2 P o
) <. 1

—

\

Figure 11. The process of from a planar linear structure to a logarithmic spiral structure.

In the three-dimensional space, the structure of the Poincare map PL(Ay) goes through
Ay, as is shown in Figure 12. By Theorem 3.2.17 in reference [34], the Poincare map PL(Ay)
satisfies the conditions that the logarithmic spiral structure after the Poincare map has two
intersections with the upper and lower boundaries of the rectangular area. It is verified
that within the six-dimensional non-autonomous system exist horseshoes.

L _———
Pi(4,) ~
DR A, )
| 44/ 16
\|\~~‘+~/’
" |
i o
JSSR N R I | I x
/7 I ! | ’ > 5
// \\ | |' | 11 A\
—_——bh e e L \
AN MO ! e 7N \
[ Y ! oo Vo
[ | | | P (N
I 1 i 1
o I Py | Lo ol
e T
\ \ I 1 | | | \ \ 1 I
\ \ / ! | | 1 1 \ ! ]
\ AR | 1 N,
\ __I:_-_:______l___,[___\\___.. /
\ / I \ /
\ / I I I \ /
TS SN SN P U — Na”
r 1 I
H I !
]
o /
P
/:'7 —
L DYoo
\ - /
\_ o - / 1

Figure 12. The four-dimensional Poincare map.

4. Shilnikov-Type Multi-Pulse Chaotic Motions

The nonlinear dynamical characteristics of the unperturbed and perturbed system of
Equation (13) are given, respectively. Based on the eigenvalues calculated in Equation (5),
the homoclinic bifurcation exists in the system (16) when ¢; - c3 < 0. Let c3 > 0 and ¢; <0,
the equilibrium point is obtained; discuss the parameter settings as follows:

1. When ¢y — cs1? — csIp? < 0, the system has one equilibrium point P(uq, 1) = (0,0),
which is a saddle point.

2. When ¢y — csl12 — c51h% > 0, the system has three singular points, which are P; (0, 0)
and P53 = (£B,0). When ¢; — c4I;? — c5% = 0, the system is in a critical state and
bifurcates. The saddle point P(u1,u;) = (0,0) bifurcates into three solutions Py (0,0)
and P, 3 = (£B,0), and the pitchfork bifurcation appears. P; (0,0) is saddle point and

P, 3 = (£B,0) are center points, where B = {% [c2 — cyI? — c513] } ’,
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Substituting P, 3 into the Hamilton function (17), the expression of the homoclinic
orbit is given by:

u1(Ty) = =y %sech(za/clslTl), (32)

[ 2
MZ(Tl) = 1+2¢ Etan(Z/clslTl)sech(2\/c1£1T1),

Discuss the latter four-dimensional system, the variables Ij, I, 8; and 6, represent
the amplitude and the phase, respectively. When [; > 0,i = (1,2), the system has two
center points P,3 = (£B,0) and a saddle point P;(0,0) under the unperturbed case. A
pair of homoclinic orbits u' (Ty, I;),i = (1,2) exist in the interval I € (I}, L) ¢ [I11, [12] X
[I21, I2] C R2. The homoclinic orbits satisfy the condition Tl}irinoo uy;(Ty, I;) = P 3, which

1

T; is defined as a two-dimensional slowly varying manifold in the phase space. In the
six-dimensional non-autonomous phase space, the five-dimensional hyperbolic invariant
manifold M is defined as follows:

My = {(u,I,G) ERxRExS|lu="D,L <1<D,0<6;< 2n},i = (1,2).  (33)

Mj has five-dimensional stable manifold W*(Mj) and five-dimensional unstable
manifold W"(M)p). The singular point connected by the homoclinic orbit I' along W* (M)
and W*(Mp). The homoclinic orbit I' converges to the saddle point P;(0,0). W*(My)
and W"(M)) intersect transversely along a five-dimensional homoclinic manifold. The
homoclinic orbit I is defined as follows:

r— {(u, I,0)‘u —ul (Ty, ), 1€ (I, I),

. (34)
7 = Jo Dy H (ul(To, 1), T)ds + 010 b, i = (1,2).

Two-dimensional regular hyperbolic invariant rings (1) corresponding to each am-
plitude of vibrations have a three-dimensional stable manifold W*(6(I)) and unstable
manifold W?(6(I)), respectively. The 6 represents the phase of vibration. It is consistent
with the formation of a three-dimensional homoclinic manifold.

According to the criterion of boundary manifold, the five-dimensional unstable mani-
fold at the boundary is inflow manifold. It is a local characteristic of the six-dimensional
non-autonomous system.

Constraining the unperturbed system (12) to the invariant manifold, the latter four-
dimensional equations are rewritten as:

L =0, (35)
1191 =cy + Cgha + C9u1211 + 61011122,
=0,
o 3 2 2
0y = c1olp + c131p” + csu1 I + c1017 1,

(,i):wl.
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I € (I, I) = C, where C is the constant. Based on the condition in reference [30],
when the conditions D, H(q+(I), I) # 0,i = (1,2) are satisfied, the solution of the system
(35) is a two-dimensional ring. When D; H(q+(I), I) = 0,i = (1,2), the solution is a fixed
point, D1 H(q+(I), I),i = (1,2) are denoted as:

DL H(Pyz, L) = c7li, + cshi,® + coPas I, + c10h, o2, (36)

DL,H(Py3, Ir) = c1olp + c130a,% + c5Po 3% by + c1911,2 Loy

The system (35) generates resonance under conditions (36). I, and I, represent the
resonance values, which are expressed as follows:

c3(cipc12 — c7c13) +€1(cs5¢10 — €9C13)

117’2 = 2
c3(cgc13 — c10?)

, (37)

ca(csc12 — c7c10) + €1(C5C8 — C9c10)
c3(c10? — csc13)
Substituting the homoclinic orbit equations into Equation (35), the vibration phases 6;
and 0, are obtained as:

2
IZr =

7

2£1C9 C9+/€1
=(d T, — h(2 T
61 ( 1+ o ) 1 C3\mtan (2y/c1e1Th) + 610, (38)

2¢e109 C5+/€1
Gzz(dz—i— )T— tanh(2+/c1e1T7) + 0.
s Jh oA (2y/c1e1Th) + 620
Whendy = ¢y + 68112 + 610[22, dy =cp+ C10112 + C13122, 010 and 6, are initial values
of the vibration phases. The phase shifts are denoted as:

Af; = 0(+o0, I;) = 0(—00, I;),i = (1,2), (39)
2c9./€1 2c5./€1
! c3/c1 z c34/c1

The six-dimensional non-autonomous system with perturbation is investigated. The
invariant manifold My becomes the invariant manifold M., when the system is sub-
jected to dissipative perturbations. Due to the saddle point P; keep the hyperbolic
characteristics under dissipative perturbations, M, is sufficiently close to M. A section
2P0 = {(uy,u, 11, 1,0,4)|¢ = ¢o } is introduced into the system. The hyperbolic invari-
ance of the subspace My, W*(Mjy) and W* (M) still keep the properties. The invariant
manifold of the combined cross-section can be expressed as the following forms:

MO‘PO = {(ul, Us, 1111219)|(u1, MZ) = Pl/ Iil <I< I,‘Z,O < 91‘ < 27'[}, (40)

Mg4) = {(ul,uz, 11,12,9) € RXx R xR x S|(u1,u2) = P2,3,111 <I< 112,0 < 91 < 27‘[}.

The latter four-dimensional equations on M.? are expressed as:
} 1 1 .
I = *E‘uzh *811:2 Sll‘l(91 +§D), (41)

. 1 1
L6 = 1(72[1 + C8113 + C9u1211 + C1011122 - 1£F2<COS 61 + ¢),

. 1 1
I, = _5‘143]2 — SEFQ sin(f)z + (P)/

. 1 1
Lo, = 60’312 + C13123 + C5u1212 + C10112[2 — 681:3 COS(92 + 47)
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Combining with the invariant manifold and the geometric structure of the five-
dimensional stable manifold and unstable manifold, the influence of dissipative perturba-
tions is analyzed.

Under dissipative perturbations, the invariant manifold My becomes the invariant
manifold Mo, Mo, is close enough to M.

My — My = {(ul,uz,I,G)\(ul,uz) =P, 1 <I<Ip 0L Gi < 27‘[}(i = 1,2). (42)
Leth =D, € U I € [Iyg — ¢ Iy + €] C [I1, Inp], 0 € [0,271]. To analyze the influence

of the dissipative perturbations, introduce the transformation I = I, + \/eh and T = /¢t.
The Hamilton system is expressed as:

: 1
h=cegliy — Z_LFZ sin(61 + ¢p) + ceVeh, (43)

VeR
4l

91 = 2I19cgh + \/ECghz - COS(91 + (Po),
the Hamilton function is denoted as:

N 1
AHp (h, 91) = cgl1p01 — Cgllghz + ZFZ COS(91 + 4)0) (44)

When ¢ = 0, the fix points of the system (43) in the interval 6; € (0,27) are given by:

4cel 4cel
Q1 = (0,615) = (0, T — arcsin C; 16 ),Q2 = (0,61,) = (0, arcsin CI(; 16’). (45)
2 2

The characteristics of the Jacobi matrix of the unperturbed part in the system (43) at
Q1 and Q;, which is

] =

_1
0 4F2c0591} (46)

2C8119 0

When %Cg Fy L9 cos 61 > 0, the system (43) has two eigenvalues with opposite signs, the

eigenvalues of Q; under the unperturbed system are Ay , = + \/ %Cng I cos arcsin C(’FIZW , the

eigenvalues of Q are under the unperturbed system are A3 4 = +i \/ %CgFZ Ig cos arcsin%.
Qj is a saddle point connected with the homoclinic orbit, Q, is the center point. The
characteristics of the Jacobi matrix of the linear part of the system (43) under the dissipative
perturbation €, which is given by

1
C6\/E — ZF2 Cos 91
= . 47
]S [2C8119 ﬁ? sin 91 ( )

The dynamical characteristics of the singular points Q; and Q; are uncovered. The
eigenvalues of Qq are A%, = cg\/e £ 4/ %FngIlg cos t5, compared with the eigenvalues of
the unperturbed system, Q; keeps hyperbolic properties, so the singular point Q is still a

saddle point with perturbation. The eigenvalues of Qy are A°34 = ¢/ £/ %FgCg I19 cos B4,
the center point Q; becomes a stable sink Q> under small perturbations.
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Considering the dissipation perturbation, the n-order energy difference function is:

AnHD(ul/ us, 11/ 12/ 61/ 92/ 4)0)

= Hp(h, 6 +nA6) — Hp(h,01) — n [, [72-8"1 (1,2, 1,0) 72-8"2 (1, 2, 1,0) | durdus — n [ ¢'d6 8)
A

167’!]41?,1 A91

= HC6117A91 + %Fz [COS(01 + (Po -+ TlAG]) — COS(91 + (P(])] + W

+ nceqp Iergz.
Hp(h,6; + NAB,) is the energy function of n pulses. Hp(h,6;) represents the first
pulse. Af is the phase shift. The expression of dissipation factor is

L 3c3y/C1[y/ F2 — 16¢62119%[1 — cos(nAby + )] + 4ceL1g sin(nAb; + ¢p)] )
Fz 161’181A91F2 — 6C3 \/aIwAQzFZ !

where d depicts the relationship between the dissipation factor and the external
excitation. When the dissipative energy difference function satisfies the condition
A"Hp (u1,uz, I, Ip,01,02,¢9) = 0 and & = nA291 + 61 + ¢o, the following equation can
be obtained:

. . nAf 32n11e1A01 + 61C3+/C1011 19 AO
sing = sm(i2 ! +01+¢o) = H1E1891 . igf 11726772 (50)
3Fyc34/c1 sin(“5L + ¢o)

According to Equation (49), due to d < 1, it can be drawn that:

3c3/C1[y/ F? — 16c621192[1 — cos(nA6y + ¢y)] -

161’181A91 Fz — 6C3 \/allgAeze

|7’1| < Mmax =

The upper bound on the maximum number of pulses 7max for multi-pulse chaotic
motion is obtained. To compute the transversal zeros of the energy difference function,
define a set containing the transversal zeros of the dissipative energy difference function
as follows:

2Ny 2 {(,0)|AN Fip (1, 1, Ty, I, 01,0, o) = 0, Dg| AN Ap (11, 45, 1, T, 01,02, ) # 0} (52)

The transversal zeros of the dissipative energy difference function ANHAp (uy,up, Iy, I,
61,602, ¢o) satisfy the condition:

nAf T 3m
61 4+ — + po = 2nm + (—1)"a,0; € [-=, =] (53)
2 2" 2
The following relationship is obtained as follows:
32 Afq + 6ncz/ LyAB
® = arcsin| e 80 + Oncay C101120 2}. (54)

3Fyc3/c1 sin( 255 4 ¢p)

When the condition nA6, # 4km,k = 0,1,2... is satisfied, two transversal zeros
A"Hp(u1,uz, I, I, 01,02, ¢o) are denoted by:

3 AB 3
05, = > — ("5 —a)mod2m 0y = = —

1’1A91

(r+

— &)mod27r. (55)

The transversal zeros satisfy the non-degenerate condition (53); it is verified that there
exist non-degenerate zeros in the Hamilton function AHp (I, 61 ) of the system. When d # 0,
the center point Q is the zero point of the energy difference function.
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nAby + ¢g # 2k, k € Z*
a 16 Af . 56
DyAHp (61, ¢0) = Dy(3F2(cos(61 + nAby + o) — cos(61 + o)) + %jgl + nc111, A0, (56)
To verify the existence of multi-pulse chaotic motion in the system, it is necessary to
examine the multi-pulse orbit from the slow manifold returns to the attraction domain of
the focus. From the Hamilton function (44), the estimated domain of attraction of 6,;, can
be obtained as:

1 1
c61160min + sz c08(Omin + ¢0) = col1901c + ZFZ cos(b1c + ¢o)- (57)

Substituting the fixed point Q, into Equation (57), the estimated domain of attraction

of Omin is given by:

F degl
Ommin + 2 €08 (Omin + ¢o) = arccos 6716
4C6116 >

+k, (58)
where k is a constant. Define an annulus A, near I = Iy as
Ae = {(”1/”21 I, b, 01,65)|u1 = B,up = 0,|I — I;| < Cv/e,0; € S, (i = 1,2)}. (59)

the constant C ensures that the unperturbed orbit is always contained in the annulus domain.
The saddle point Q; and the center point Q, correspond to the energy function
HAp(0,6:5) and Hp(0,6:.), respectively. In the interval (0,277), the pulse jumps from the
starting point Q; and returns to point Q. The energy function of Q is Hp (0, 61, ). Since the
distance between the center point and the falling point is larger than 2k7t, define the falling

point 01, — 2k as
ON = 01 + [01c + NAO; — 01 Jmod2krr, (60)

where 613 = 7T + arcsin2dlqy, 01, = —arcsin2d .

The energy at the starting point is the largest. When the falling point keeps away from
the start point, the energy gradually decreases. The minimum energy corresponds to the
saddle point Q;. When the energy of the falling point is larger than the saddle point, that is

HAp(0,601,) > Hp(0,0ys). (61)

The falling point finally comes back to the attraction domain of the sink. From the
proof of the above process, it is known that there exists a Shilnikov multi-pulse chaotic
motion in the six-dimensional non-autonomous system.

To verify the above theoretical analysis, numerical simulations and analysis are carried
out based on the six-dimensional average Equation (2) in the Cartesian coordinate system.
The parameters are chosen as i1 = yp = p3 = p = 0.06, o7 = 0.12, 0 = 0.19, 03 = 3.12,
ag = 1.24, a3 = 09, ap5s = 3.9, 15 = 211, foo = 7, B2z = 24, Pos = 2, 116 = 2,
Y20 = 5, Y22 = 2.5, 704 = 2.3, Ff = 9, F, = 90. We choose F; as the primary variable.
The initial condition of the selected system is chosen as x19 = 0.44, xp9 = 0.2, x3p = 0.35,
x40 = 0.19, x50 = 0.01, xgp = 0.06. The Runge-Kutta algorithm is taken advantage of by the
numerical simulations.

Figure 13a—f show the waveform, phase portraits, spectrogram map, the Maximum
Lyapunov exponent and Poincare maps for the system when F3 = 30. When F3 = 40,
Figure 14 shows the corresponding numerical simulation results. It is concluded that chaos
occurs in the six-dimensional non-autonomous system for the circular mesh antenna.
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Figure 13. The trajectory under the condition F3 = 30. (a) The waveform on the plane (t,x1); (b) The
phase portrait on the plane (x1,x2). (c) The phase portrait in the three-dimensional space (x1,x2,x3).
(d) The Maximum Lyapunov exponent plot of x1. (e) The power spectrum of x;. (f) The Poincare
map on the plane (x1,x2).
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Figure 14. The trajectory under the condition F3 = 40. (a) The waveform on the plane (t,x1). (b) The
phase portrait on the plane (x1,x2). (c) The phase portrait in the three-dimensional space (x1,x7,x3).
(d) The Maximum Lyapunov exponent plot of x;. (e) The power spectrum of x;. (f) The Poincare

map on the plane (x1,x).

5. Conclusions

The Smale horseshoe and multi-pulse chaotic motion of a six-dimensional non-
autonomous system for the circular mesh antenna are verified. Through the construc-
tion of the Poincare map in the first two-dimensional system, the positional relationship
and geometric structure between the fixed point and periodic orbits are obtained. For the
latter four-dimensional system, the three-dimensional solid torus structure is mapped to
the logarithmic spiral structure. There exists chaos in the sense of the Smale horseshoe. The
Shilnikov multi-pulse chaotic motion of the six-dimensional non-autonomous system is
verified by the extended energy phase method. From the analysis of the above two parts,
the following conclusions can be drawn.
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1.  Inthe process of the Poincare map of the six-dimensional non-autonomous system,
the map contains two expanding directions and one contracting direction in the cross-
section. According to the topological horseshoe theory, there exists chaos in the sense
of a Smale horseshoe.

2. Through the calculation of the energy difference function, the conditions for gen-
erating Shilnikov-type chaos in the six-dimensional non-autonomous systems are
obtained in theory. When the orbit converges to the focus, the Shilnikov-type orbit
jumps up again and repeats this motion in the six-dimensional phase space. The
Shilnikov-type multi-pulse orbit with energy dissipation is formed.
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