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Abstract: In view of a complex multi-factor interaction relationship and high uncertainty of a
battlefield environment in the anti-missile troop deployment, this paper analyzes the relationships
between the defending stronghold, weapon system, incoming target, and ballistic missile. In addition,
a double nested optimization architecture is designed by combining deep learning hierarchy concept
and hierarchical dimensionality reduction processing. Moreover, a deployment model based on
the double nested optimization architecture is constructed with the interception arc length as an
optimization goal and based on the basic deployment model, kill zone model, and cover zone model.
Further, by combining the target full coverage adjustment criterion and depth-first search, a deep
Kuhn–Munkres algorithm is proposed. The model is validated by simulations of typical scenes. The
results verify the rationality and feasibility of the proposed model, high adaptability of the proposed
algorithm. The research of this paper has important enlightenment and reference function for solving
the force deployment optimization problems in uncertain battlefield environment.

Keywords: anti-missile; force deployment; double nested optimization; deep Kuhn–Munkres algorithm

MSC: 68Q25; 90C29

1. Introduction

The process of anti-missile troop deployment is mainly to judge the current conditions,
predict the trajectory and other related information based on the enemy’s situation, and
deploy an appropriate weapon system at the right location so that it can effectively deal
with the high uncertainty of a battlefield environment and maximize its operational effec-
tiveness [1,2]. Anti-missile troop deployment is crucial for system-level joint anti-missile
operations [3,4], the core part of pre-war mission planning [5], and an important prereq-
uisite for the successful interception of ballistic missiles. This is conducive to grasping
the initiative of a war and influencing or even deciding the victory or defeat of the war.
Therefore, the research on anti-missile troop deployment has important practical value and
military significance.

At present, the existing research on troop deployment has mostly focused on air
defense operations, and relatively little research has been conducted on anti-missile troop
deployment. However, there is a significant difference between anti-missile operations
and air defense operations [6]. Namely, anti-missile operations are characterized by fast
target flight speed, strong penetration performance, short combat time, and difficulty in
interception and destruction [7,8], making an air defense troop deployment plan difficult
to adapt to anti-missile operations. In addition, the current research on anti-missile troop
deployment lacks analysis of multiple elements and is less capable of handling variable
and uncertain battlefield environments. In terms of troop deployment models, based on the
relevant theories of operations-related research, previous studies proposed various model-
construction methods based on different focuses. The military troop deployment models
have been mainly focused on the field of air defense. Zhao and Li proposed a calculation
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model for the penetration probability of air defense weapons based on the queuing theory
and established a fan-shaped deployment optimization model for multi-type air defense
weapons [9]. Xu analyzed the matrix countermeasures under the pure strategies of both
sides participating in a battle, and established an optimization model of the air defense
deployment [10]. Wan et al. analyzed the deployment strategy, principle, and form of
the multi-platform coordinated air defense and established a deployment model based on
a hybrid deployment strategy [11]. Yan et al. proposed using a dynamic programming
algorithm to obtain the route with minimum risk of attack and incorporated the obtained
result into the fitness function of a genetic algorithm to obtain an optimization model of the
air defense deployment based on a dynamic programming genetic algorithm [12]. However,
most of the intelligent optimization algorithms introduced in the previous research are not
specific for the deployment problem. The recently proposed algorithms for deployment
problem solving have been mainly based on the genetic algorithm [13–17], particle swarm
algorithm, improved Memetic algorithm, and Hungarian algorithm. However, there has
been little systematic research on the troop deployment of anti-missile, and the obtained
solutions have low universality. Liu et al. analyzed the deployment area selection from
the perspective of firing favorability for mid-range anti-missiles [18]. Yu et al. analyzed
the advantages and disadvantages of deployment solutions from the perspective of result
evaluation for late-range anti-missiles [19]. The existing research lacks the analysis of the
complex interaction of the elements, and the ability to deal with the uncertain battlefield
environment is insufficient.

This paper provides a comprehensive analysis of the anti-missile troop deployment
problem, focusing on the complexity of the interaction between various elements in anti-
missile operations and considering the high uncertainty of battlefield environmental con-
ditions, such as attack direction and scale. This study comprehensively considers the
relationship between defended strongholds, preselected positions, weapon systems, and
incoming ballistic missiles and uses the concept of deep learning hierarchy as a guide [20]
to design a double nested optimization architecture. In this architecture, the first-layer
optimization provides an optimal configuration of weapon systems and ballistic missiles,
whereas the second-layer optimization preselects positions and weapon systems for the
optimal configuration obtained by the first-layer optimization. Based on this optimization
architecture, an anti-missile troop deployment optimization model based on double nesting
is constructed with the interception arc length as an optimization goal, reducing prob-
lem complexity. Following the idea of optimization-problem solving in operation-related
research [21,22], a deep Kuhn–Munkres (KM) algorithm is used to solve the anti-missile
troop deployment problem by adopting the depth-first search algorithm according to the
full-coverage adjustment criterion of the incoming target. This provides a solution with
better adaptability and higher satisfaction and achieves more desirable results.

2. Problem Analysis
2.1. Anti-Missile Troop Deployment Analysis

Anti-missile warfare is a countdown operation based on preplanning [23], and the
general operational time is ten to twenty minutes. The predictability of a ballistic missile
flight trajectory provides the basis for pre-war deployment plan, while uncertainties, such
as the size, number, and direction of a target when it arrives, increase the difficulty of
generating a pre-war deployment plan [24].

The main reasons for the troop deployment before war in anti-missile operations are
as follows:

1. Anti-missile force maneuver deployment is time-consuming, and the time planned
for anti-missile operations is extremely short, making deployment adjustments based
on a real-time battlefield situation extremely difficult;

2. Based on the available data, such as information on enemy situation and judgment,
launch and drop points, and trajectory prediction, the best points are found in advance
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for targeted deployment to handle possible attack situations of enemy targets, reduc-
ing the impact of uncertainty and helping to improve the interception probability;

3. The depth of the kill and cover zones and route shortcuts differ among deployment
locations, and early deployment at the best point is conducive to the operational
effectiveness of a weapon system;

4. The contradictory relationship between limited anti-missile troop resources and the
cost-efficiency ratio of intercepting incoming missiles.

The problem of anti-missile troop deployment mainly relates to the defending strongholds,
weapons systems, preselected positions, and incoming ballistic missile exhibitions. Among them,
defending strongholds belong to the targets for weapons systems to defend and protect. They
are fixed in place and have different levels of importance according to the geographical location
and comprehensive factors, including political, economic, cultural, and military factors. Weapon
systems mainly refer to different types of firepower units with various combat capabilities
that intercept ballistic missiles and defend defending strongholds, involving indicators such as
kill and cover zones. The preselected positions mainly denote deployment positions that can
be selected for the weapon systems filtered based on the information on terrain cover, traffic,
communication, and other related factors combined with possible enemy incoming attacks.
Further, incoming missiles are generally ballistic missiles launched by the enemy to attack the
defending strongholds, and related data include the number, type, incoming direction, and
range of missiles [25]. Therefore, the anti-missile troop deployment represents a complex multi-
constraint optimization problem that integrates deterministic and uncertain factors, combines
qualitative analysis and quantitative calculations, and employs scientific methods to realize the
optimal matching of weapon systems and preselected positions to achieve the interception of
incoming missiles and stronghold defense.

2.2. Current Difficulties in Multi-Constraint Optimization Problem Solving

The deployment of anti-missile forces involves many elements, and it is necessary to fully
consider the impact of uncertain battlefield environment to solve the following difficulties.

1. Complex multi-factor and multi-constraint interaction relationships

The anti-missile troop deployment involves different factors, such as defending
strongholds, weapon systems, preselected positions, and incoming missiles, each of which
has a number of sub-factors with complex correlations and mutual constraints [26,27].
Therefore, sorting out the relationships between the factors to achieve the best solution
under multiple constraints represents a complex non-equilibrium problem.

2. Certain deployment plan to deal with the uncertain battlefield environment

Ballistic missile attacks have a high degree of uncertainty, which is mainly reflected
in the uncertainty of the direction and scale of an attack. The uncertainty of the incoming
direction mainly refers to the problem that a specific direction and the number of directions
cannot be determined. The uncertainty of the scale mainly refers to the difficulty in deter-
mining an appropriate scale among small, medium, and large scales. The missile range
and type are also uncertain. However, the deployment plan is relatively deterministic, and
there is almost no time to adjust the deployment plan in a real-time battlefield environ-
ment, so the plan has to have a high degree of generalization. Therefore, the conflicting
relationship between certainty and uncertainty of missile attack and deployment makes
the solution complex.

2.3. Solution Ideas Analysis

1. Solution ideas

Through comprehensive analysis of each factor and their complex correlations, an
abstract military deployment problem is transformed into a concrete mathematical prob-
lem, which represents a complex multi-constraint optimization matching problem [28],
and an efficient and reasonable mathematical model is constructed to reduce problem
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complexity. Scientific methods and optimization algorithms are employed to solve the
considered problem and generate a highly satisfactory solution to handle the uncertainty
of the deployment problem.

2. Specific implementation

A simplified mathematical expression of the troop deployment problem can be defined
as follows. Assume that m weapon systems are deployed in n preselected positions, each
of which can deploy at most one weapon system to achieve the overall optimum of the
interception arc length w.

Particularly, an anti-missile troop deployment plan is created according to the fol-
lowing steps: element analysis, architecture definition, model construction, algorithm
implementation, simulation, and verification. The attributes of each element are analyzed,
and the defending strongholds are set as a constant element; then, the weapon system,
incoming target, and preselected position are used as changing elements to integrate the
elements organically. The hierarchical concept of deep learning is adopted to design a
double nested optimization architecture to simplify problem complexity. Further, the basic
deployment model, kill zone model, and cover zone model are combined to construct a
mathematical model based on the double-nested optimization architecture with the inter-
ception arc length as an optimization criterion. Furthermore, the optimal matching problem
in operation-related research is considered [29], and the non-equilibrium problem is trans-
formed into an equilibrium problem [30]. Finally, incorporating the target full-coverage
adjustment step and combining the KM algorithm and depth-first search to develop the
deep KM for solving the problem can improve solution satisfaction, enhance the ability to
handle uncertainty, and realize the scientific optimization of the considered problem.

3. Proposed Model Design
3.1. Basic Deployment Model

An anti-missile troop deployment model mainly takes the overall optimal interception
arc length as an optimization goal. In this study, F represents the objective function, and wij
denotes the interception arc length of a weapon system on the incoming ballistic target. The
interception arc length is the arc section part of the incoming target ballistic curve within
the kill zone of a weapon system [31]. The longer the interception arc length is, the higher
the interception success probability in anti-missile operations will be. The interceptor can
encounter the target on this arc section, whose starting point is the earliest encounter point
(tls), and the ending point is the latest encounter point (tle). The time difference between the
earliest and latest encounter points is calculated as a measure of the intercept arc length,
and the calculation formula is w = tle − tls.

When preselected positions are selected for deployment, each position can deploy at
most one weapon system, and according to the 0–1 integer planning idea [32], the decision
variable is denoted by xij. Namely, for any position, one is taken for a deployed weapon
system, whereas zero is taken for a not-deployed system. The basic constraint is that each
weapon system can be deployed in only one position, and each position can deploy at most
one weapon system. The basic deployment model can be expressed by Equation (1).

F = max
m
∑

i=1

n
∑

j=1
wijxij

s.t.



n
∑

j=1
xij = 1, i = 1, 2, . . . , m

m
∑

i=1
xij ≤ 1, j = 1, 2, . . . , n

xij ∈ {0, 1}, i = 1, 2, . . . , m j = 1, 2, . . . , n
n ≥ m

(1)

where m denotes the number of weapon systems, n denotes the number of preselected
positions, i denotes a weapon system’s number, and j denotes a preselected position’s
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number, wij represents the interception arc length calculated after the weapon system i is
deployed in the position j.

3.2. Kill and Cover Zone Models

1. Kill zone model

The kill zone is a spatially closed three-dimensional area where the kill probability
of a weapon system does not fall below a certain value [33], and it mainly includes the
high bound, low bound, far bound, and near bound, as well as high near bound and side
bound [34]. A weapon system is located at the origin point O of the coordinate system.
The S-axis is related to the incoming target, and it is parallel but points opposite to the
horizontal projection of the incoming target velocity vector; the H-axis is perpendicular
to the horizontal plane (upward is positive). Lastly, the P-axis forms a right-handed
Cartesian coordinate system with the S-axes and H-axes [35]. This coordinate system can
be mathematically modeled, the kill zone model can be expressed by Equations (2)–(8). The
kill zone is shown in Figure 1.

Far bound ABCD : S2 + P2 + H2 = D2
max, Hmin ≤ H ≤ Hmax,

|P|
S
≤ tan γ (2)

Near bound KLMN : S2 + P2 + H2 = D2
min, Hmin ≤ H ≤

√
Dmin sin θ (3)

High bound ABFE : H = Hmax (4)

lower bound CDMN : H = Hmin (5)

high near bound EFLK :
H
S

= tan θ (6)

side bound one BCNLF :
P
S
= tan γ (7)

side bound two ADMKE : −P
S
= tan γ (8)

where H is the flight height of the target, P is the shortcut of the target’s route, S is the
horizontal projection of the target distance, γ is the target azimuth, and θ is the target
height angle.
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2. Cover zone model

The cover zone mainly refers to the projected area of a weapon system’s kill zone on
the ground according to the incoming direction of a ballistic missile; the projected area is
capable of covering the defended target [36]. The cover zone model can be expressed by
Equation (9).

B(d, f ) =


(d ∗ sin f + ha

tan q )
2
+ (d ∗ cos f )2 − s2

a = 0

(d ∗ sin f + hb
tan q )

2
+ (d ∗ cos f )2 − s2

b = 0

d ∗ sin f + fAB(d∗sin f )
tan q = 0

(9)



Mathematics 2022, 10, 4627 6 of 17

where d is the distance between the deployment point and the boundary of the cover zone;
f is the angle between the line connecting the boundary point of the cover zone and the
origin and horizontal direction; q is the angle between the average velocity of a ballistic
missile in the kill zone and the ground plane; sa and sb are the heading distances of the
incoming ballistic missile when it flies to points A and B, respectively; ha and hb are the
heights of the incoming ballistic missile when it flies to points A and B, respectively; fAB is
the curve distance between points A and B.

3.3. Optimized Double Nested Architecture-Based Deployment Model

For the problems involving a large number of factors, high degree of complexity,
and uncertainty in weapon types, preselected positions, incoming targets, and defending
strongholds in force deployment, this study adopts the concept of deep learning hierarchy
to represent high-level features as low-level features and defines complex concepts using
simple concepts [37,38]. In this study, a double nested architecture is used for hierarchical
dimensionality reduction, which can reduce problem complexity and helps to obtain
deployment solutions faster under the conditions of covering all incoming ballistic missiles
and defending strongholds. The double nested optimization architecture is shown in
Figure 2.
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The double nested optimization architecture can simplify the multi-dimensional force
deployment problem into two two-dimensional problems. It is convenient for rapid
optimization of the deployment plan. Based on the known input information of weapon
system, ballistic missiles, preselected positions, defense places, and the basic models of
kill zone and cover zone, the weapon system and ballistic missiles are optimized for the
first-layer optimization; then, the formed intercept arc length matrix is used as input to
the second-layer optimization, the optimal matching between preselected positions and
weapon system can be realized; finally, this architecture can get the deployment plan.

A weapon system is represented by S = {s1, s2, . . . , st}, the description of the weapon
system is given by si = {Ti, Ri, Bi}, where Ti denotes the weapon system type, Ri is the
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kill zone, and Bi represents the cover zone. It should be noted that the same type of
weapon system has the same interception capability. Further, the incoming ballistic missile
is represented as M = {m1, m2, . . . , mn ′ }, and its description is given by mi = {bitm, titm,
ditm}, where bitm, titm, and ditm denote the trajectory position information over time in the
East-North-Up (ENU) coordinate system. The preselected position is expressed by P = {p1,
p2, . . . , pm”}, and its description is given by zi = {bip, tip, dip}, where bip, tip, and dip denote
the position information in the ENU coordinate system. The defending strongholds are
represented as A = {a1, a2, . . . , aS}, and their description is given by ai = {Li, bia, tia, dia},
where Li denotes the stronghold level, and bia, tia, and dia denote the location information
in the ENU coordinate system.

The first-layer optimization mainly solves the relationship between weapon system
S and ballistic missile M. For a certain stronghold, under the constraint conditions, the
same types of weapon systems are combined to obtain an optimal interception arc length
w of different weapon types. Meanwhile, the second-layer optimization mainly solves
the relationship between the preselected position P and weapon system S. Based on the
optimal interception arc length obtained by the first-layer optimization part, the best
position is selected from the preselected positions under the compliance constraint so that
all weapon systems can be deployed. The schematic diagram of the hierarchical process is
shown in Figure 3.
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The objective function F defines the overall optimal interception arc length based on
the double nested optimization architecture. The corresponding mathematical model can
be expressed by Equation (10).

F = max
m′′

∑
i′′=1

n′′

∑
j′′=1

max(maxw1j′ +
m′

∑
i′=2

n′

∑
j′=1

wi′ j′x′ i′ j′)x′′ i′′ j′′

s.t.



n′

∑
j′=1

x′ i′ j′ ≤ 1, i′ = 1, 2, . . . , m′

n′′

∑
j′′=1

x′′ i′′ j′′ ≤ 1, i′′ = 1, 2, . . . , m′′

m′

∑
i=1

x′ i′ j′ ≤ 1, j′ = 1, 2, . . . , n′

m′′

∑
i′′=1

x′′ i′′ j′′ = y′′ j′′ , j′′ = 1, 2, . . . , n′′

x′ i′ j′ ∈ {0, 1}, i′ = 2, . . . , m′ j′ = 1, 2, . . . , n′

x′′ i′′ j′′ ∈ {0, 1}, i′′ = 1, 2, . . . , m′′ j′′ = 1, 2, . . . , n′′
n′′

∑
j′′=1

y′′ j′′ = t, y′′ 1 = ta, y′′ 2 = tb . . .

w ∈ {a, b, . . .}
m′ ≤ n′

m′′ ≥ n′′

(10)

where x′i ′j′ with a value of one indicates that the incoming target j′ has the interception
condition; otherwise, x′i ′j′ has a value of zero; x”i”j” with a value of one means that weapon
j” is deployed in stronghold i”; otherwise, x”i”j” has a value of zero.

The maximum single-interception arc length of the incoming ballistic missile is a
mandatory value. The meaning of each symbol is given in Table 1.

Table 1. List of parameters.

Parameter Description

i′ Number of interceptions of a certain type of weapon
j′ Incoming ballistic missile number

m′ Maximum number of interceptions of a weapon
n′ Total number of incoming ballistic missiles
w Interception arc length
I” Preselected position number
j” Weapon number; A corresponds to one, B corresponds to two, . . .
m” Total number of preselected positions
n” Total number of weapons

A, B . . . Label of weapon A, B . . .
a, b . . . Interception arc length of weapons A, B, . . .

t Total number of weapons
ta, tb.... Total number of weapons A, B, . . . corresponding to y1”, y2”, . . .

For the anti-missile troop deployment problem, the main assumptions and constraints
are as follows:

• Assumptions

1 The cover zone can cover defending strongholds when a weapon system is
deployed in the preselected position;

2 The shelter angle of the preselected position meets the interception demand of
a target;

3 When the incoming target enters the kill zone of a fire unit, it will be intercepted
with a certain probability;
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4 The traffic and communication conditions of the preselected position meet the
deployment demand.

• Constraints

In addition to satisfying the conditions based on the basic matching problem, the
following constraints should be satisfied.

1 All incoming ballistic missiles must be covered, and after the calculation is completed,
the x′i ′j′ = 1 is selected to take the value of j′ corresponding to max w1j ′ , and all
incoming ballistic missile numbers must be covered;

2 A weapon system’s cover zone covers all defending strongholds;
3 Each position deploys at most one set of weapon systems;
4 A weapon system does not produce resistance to only one ballistic missile but can

resist multiple incoming missiles on the premise that the response time of the weapon
system meets the requirements. In addition, considering the capabilities of combatant
commanders and operators and following balancing guidelines and force require-
ments, the number of ballistic missiles that can be intercepted by a weapon system is
limited to two.

3.4. Interception Arc Length Matrix

The anti-missile troop deployment represents a non-equilibrium problem, and the
obtained arc-length matrix needs to be transformed into a balanced matrix for further
processing by a method of adding edges to complement zeros and a method of transforming
one set into m sets [39,40]. The initial matrix of the arc length relationship of all weapon
systems and incoming ballistic missiles is denoted by M; one type of weapon system
in a preselected position can intercept at most m′ ballistic missiles, where m′ ≤ n′. The
interception arc length matrix is transformed by changing one weapon system set into
m′ sets, and the remaining (n′ − m′) rows are assigned zeros to obtain the n′th order
interception arc-length matrix W. All weapon types are calculated, and the remaining (m”
n′ − m′ n”) rows are assigned zeros to obtain m” n′ order interception arc length matrix Q.
After determining the best value of each weapon type in a certain position according to
the constraints, each of the determined values is assigned to each row, m” ≥ n”, and the
remaining (m” − n”) columns are assigned zeros; the m” order intercept arc length matrix
R is formed by all weapon types in all positions.

Mt×n′ =


w11 w12 . . . w1n′−1 w1n′

w21 w22 . . . w2n′−1 w2n′

. . . . . . . . . . . . . . .
wt−11 wt−12 . . . wt−1n′−1 wt−1n′

wt1 wt2 . . . wtn′−1 wtn′

 (11)

Wn′×n′ =



w′11 w′12 . . . w′n′−1 w′1n′

w′21 w′22 . . . w′2n′−1 w′2n′

. . . . . . . . . . . . . . .
w′m′−11 w′m′−12 . . . w′m′−1n′−1 w′m′−1n′

w′m′1 w′m′2 . . . w′m′n′−1 w′m′n′
0
(n′−m′)×n′


(12)
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Qm′′ n′×m′′ n′ =



a11. . .a1n′ . . . a11. . .a1n′

. . . . . . . . .
am′1. . .am′n′ . . . am′1. . .am′n′

. . .
w11. . .w1n′ . . . w11. . .a1n′

. . . . . . . . .
wm′1. . .wm′n′ . . . wm′1. . .wm′n′

0
(m′′ n′−m′n′′ )×m′′ n′


(13)

Rm′′×m′′ =


A11(max) . . . W2n′′ (max)
A21(max) . . . W2n′′ (max)

. . . . . . . . . 0
m′′×(m′′ − n′′ )

Am′′−11(max) . . . Wm′′−1n′′ (max)
Am′′ 1(max) . . . Wm′′ n′′ (max)

 (14)

4. Algorithm Implementation

The anti-missile deployment problem represents a complex multi-constraint optimiza-
tion matching problem. Following the idea of operations-related research and based on the
established double nested optimization model, a depth-first search method is integrated,
and each possible branch path can be explored as deep as it can go [41]. The KM algorithm
is a typical algorithm for solving weighted-matching and assignment problems [42], which
is conducive to obtaining a solution with a high degree of matching [43]. Depth-first search
can traverse all feasible solutions while performing a backtracking operation, which is
conducive to the overall solution search and adjustment. Therefore, the deep KM algo-
rithm can obtain more optimal solutions with higher satisfaction and effectively handle
uncertainty in the anti-missile deployment problem.

4.1. Algorithm Core Ideas

The core idea of the proposed deep KM algorithm is to transform the problem of
finding the maximum right matching into the problem of finding the perfect matching
by assigning a vertex with a label [44], converting weights into feasible vertex labels, and
deeply traversing all feasible solutions to obtain the most satisfactory matching. When the
most satisfactory matching cannot be found, the total number of feasible edges is increased
by modifying the feasible vertex labels to determine the matching of each point satisfying
the constraints so that the final and best matchings are achieved.

4.2. Algorithm Design

The algorithm flow diagram is shown in Figure 4, the specific algorithm steps are
as follows:

Step 1: Input the required parameters: the number of weapon types and related data;
the number of incoming ballistic missiles and related data; the number of preselected
positions and their locations; and the number of defending strongholds and their locations;

Step 2: Construct the bipartite maps of ballistic missiles and weapon systems and of
weapon systems and preselected positions;

Step 3: Initialize the feasible vertex label; assign the left vertex to the maximum weight
of the edge connected to it and the right vertex to zero;

Step 4: Perform the depth matching process by performing the following steps:
Step 4.1: According to the criterion of selecting the maximum value and the deter-

mination criterion of whether the second ballistic missile can be intercepted, obtain the
arc length matrix and perform the normalization process, including adding the edge and
filling with zeros and converting one set into m sets, to transform the matrix to the n-order
standard matrix;

Step 4.2: Process the matrix for finding zeros; subtract the maximum of a row from
each element in that row, and repeat the same procedure for columns;
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Step 4.3: Process the matrix for depth marking zeros, starting from the first row
(column) of the first zero, circle zero, and cross out the row and column where it is located;
cross out the new matrix in the same way in turn until all zero elements in the matrix
are marked; if the initial row (column) has multiple zeros, proceed sequentially from the
second zero to obtain multiple marked matrices;

Step 5: Determine whether the matching is complete; check whether the number of
zeros in the matrix is equal to the number of matrix dimensions; if so, proceed to Step 6;
otherwise, proceed to Step 7;

Mathematics 2022, 10, x FOR PEER REVIEW 12 of 17 
 

 

 
Figure 4. Diagram of the algorithm design 

4.3. Ballistic Missile Full-Coverage Adjustment Criteria 
The incoming ballistic missile’s number is determined based on the preliminarily ob-

tained results, and if not all ballistic missiles are covered, an adjustment needs to be per-
formed according to the adjustment criteria by conducting the following steps: 

Step 1: Among the weapon systems of each type, identify the weapon systems that 
have the capability to intercept an incoming ballistic missile two or more times and their 
deployed positions. A weapon system that can intercept the missile more times has a 
higher adjustment priority. A weapon system with a smaller arc length also has a higher 
adjustment priority. For instance, type-A weapon systems deployed in positions 1 and 5 
both meet the interception conditions for incoming ballistic missile 1. Next, the arc lengths 
of positions 1 and 5 are compared, and the one that has smaller arc lengths is first adjusted; 

Step 2: Determine whether the selected weapon models and their deployment posi-
tions have interception arc lengths for incoming ballistic missiles for which the weapons 
do not meet interception conditions; proceed to Step 3 if they have interception arc lengths; 
otherwise, proceed to Step 4; 

Step 3: After screening out the weapon models with interception capability and their 
deployment locations, perform deployment adjustments; 

Step 4: Adjust the interception arc lengths for the incoming ballistic missile given in 
Step 1 from smallest to largest to determine whether a weapon that does not satisfy inter-
ception conditions for the ballistic missile has the interception capability. If so, return to 
Step 3; however, if not even after adjusting the interception arc length to the maximum 
arc length, proceed to Step 5; 

Step 5: Adjust the preselected positions and re-execute the automatic troop deploy-
ment optimization operation. 

Basic data:
1.Parameters of weapon system
2.Relevant data of ballistic 

missiles
3.Preselected positions 

4.Defend places

Establish corresponding 
bipartite graph

Initialize feasible top mark

Determination of 
complete matching:

Whether the number of ○
 in the matrix

 is equal to the order

Get preliminary feasible 
scheme

Judgment scheme
Whether all ballistic missiles are 

covered

Force deployment scheme 

Select weapon systems and 
preselected positions that 

meet the adjustment 
conditions

The value marked ○ is 
assigned 1, and the rest is 

assigned 0

yes

no

Introduced variable d

Subtract d from left 
vertex

 plus d from Right vertex

Modify top mark processing

Initialize feasible matrix

Find zero for feasible 
matrix

 Depth mark zero 
processing for feasible 

matrix

Repeat the process of 
marking zero in depth 

until all zero in the 
matrix are marked

Deep matching processing

no

yes

Figure 4. Diagram of the algorithm design.

Step 6: Assign the marked position to one and the remaining positions to zeros to
obtain a set of feasible solutions; then, proceed to Step 8;

Step 7: Modify the vertex label; introduce variable d; subtract d from the vertex label
of the left endpoint and add d to the vertex label of the right endpoint; return to Step 4;

Step 8: Determine whether the scenario covers all ballistic missiles; if so, proceed to
Step 9; otherwise, proceed to Step 10;

Step 9: Output the resulting troop deployment plan;
Step 10: According to the ballistic missile full-coverage adjustment criteria, screen out

the weapons systems and preselected positions that meet the adjustment conditions and
return to Step 7.

4.3. Ballistic Missile Full-Coverage Adjustment Criteria

The incoming ballistic missile’s number is determined based on the preliminarily
obtained results, and if not all ballistic missiles are covered, an adjustment needs to be
performed according to the adjustment criteria by conducting the following steps:
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Step 1: Among the weapon systems of each type, identify the weapon systems that
have the capability to intercept an incoming ballistic missile two or more times and their
deployed positions. A weapon system that can intercept the missile more times has a
higher adjustment priority. A weapon system with a smaller arc length also has a higher
adjustment priority. For instance, type-A weapon systems deployed in positions 1 and 5
both meet the interception conditions for incoming ballistic missile 1. Next, the arc lengths
of positions 1 and 5 are compared, and the one that has smaller arc lengths is first adjusted;

Step 2: Determine whether the selected weapon models and their deployment posi-
tions have interception arc lengths for incoming ballistic missiles for which the weapons
do not meet interception conditions; proceed to Step 3 if they have interception arc lengths;
otherwise, proceed to Step 4;

Step 3: After screening out the weapon models with interception capability and their
deployment locations, perform deployment adjustments;

Step 4: Adjust the interception arc lengths for the incoming ballistic missile given
in Step 1 from smallest to largest to determine whether a weapon that does not satisfy
interception conditions for the ballistic missile has the interception capability. If so, return
to Step 3; however, if not even after adjusting the interception arc length to the maximum
arc length, proceed to Step 5;

Step 5: Adjust the preselected positions and re-execute the automatic troop deployment
optimization operation.

5. Simulation Verification
5.1. Scene Setting

In the simulation scene, there were three defending strongholds denoted by D1–D3. Six
preselected positions denoted by Z1–Z6 were determined based on the possible direction
of the enemy. Further, both A and B weapon types had two deployed sets, and there were a
total of six attack ballistic missiles, with lot numbers of 001–006.

The variable d = 0.1, the initial matrix R0 = [06×6], the number of operations T = 100,
number of interceptions of a certain type of weapon i′ ∈ {0, 1, 2}, the incoming ballistic
missile number j′ ∈ {1, 2, 3, 4, 5, 6}, 1~6 represents ballistic missile 001~006, the maximum
number of interceptions of a weapon m′ = 2, the total number of incoming ballistic missiles
n′= 6, the preselected position number i′′ ∈ {1, 2, 3, 4, 5, 6}, 1~6 represents preselected
position Z1~Z6, the weapon number j′′ ∈ {1, 2}, 1 represents weapon type A, 2 represents
weapon type B, the total number of preselected positions m′′ = 6, the total number of
weapons n′′ = 2, the total number of weapons t = 4, the total solution time is not more than
30 min, it depends on the solution scale. It was assumed that the coverage requirements of
the defending strongholds were met after the deployment of weapon in the preselected
positions, and each weapon system was intercepting maximum of two ballistic missiles.
After the weapon system deployment, it was required to cover all incoming ballistic missiles
and defending strongholds. The coordinates of the defending strongholds and preselected
positions in the ENU coordinate system are given in Table 2. The weapon system capability
parameters are given in Table 3. The schematic diagram of the weapon system capability is
shown in Figure 5. Finally, the ballistic trajectory simulation data, positions of the defending
strongholds, and preselected positions are shown in Figures 6 and 7.

Table 2. Coordinates of the defend places and preselected positions.

North-
Up-East DS 1 DS 2 DS 3 PP 1 PP 2 PP 3 PP 4 PP 5 PP 6

North −13,979 −4184 −13,924 −14,690 −12,289 −5730 −4786 −13,865 −14,300
Up −288 −303 −221 −300 −290 −268 −269 −209 −230
East 59,784 62,374 51,588 59,453 61,029 62,069 61,388 50,987 49,398

Note: DS stands for a defending stronghold, and PP means a preselected position.
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Table 3. Weapon system combat capability parameters.

Weapon Type High Bound
(km)

Lower Bound
(km)

Far Bound
(km)

Near Bound
(km) Sector Range

A 100 30 180 60 −50◦–+50◦
B 60 20 80 30 −45◦–+45◦
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Figure 5. Diagram of the combat capability of weapons. (a) The combat capability of weapon A;
(b) the combat capability of weapon B.
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5.2. Deployment Plan Analysis

Based on the weapon system operational performance and trajectory information of
the incoming ballistic missile, the scene setting has assumed that a weapon system can
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intercept at most two ballistic missiles, so the number of targets that a weapon system can
intercept can be 0, 1, and 2. The specific number of interceptions is determined according to
the solution results. And it has set up six preselected positions, each of which is numbered
Z1~Z6 and set a total of six incoming ballistic missiles in the scene settings, whose numbers
are 001–006. At the same time, it analyzed six preselected positions and deploy two types
of weapon systems, A and B. The interception arc length matrix for six ballistic missiles is
QZ1–QZ6.

After processing, the sixth-order interception arc length matrix R was obtained with
two sets of different weapon types A and B in six different preselected positions. The
first column indicated the A-type weapon system, while the second column indicated
the B-type weapon system. The first and second columns in R were copied once, so the
final calculation results in each row and column had at most one “1” while the remaining
columns were zeros. the final deployment matrix R′ was obtained by performing a series
of processing as follows:
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3.6 3.3 4.1 2.0 1.9 2.4
3.3 2.6 3.7 1.9 1.6 1.9
3.3 2.6 3.7 1.9 1.6 1.9

×

 
 
 = 
 
  0

ZQ 3

2 6

1.5 1.3 1.9 5.6 4.8 2.1
1.5 1.3 1.9 5.6 4.8 2.1
1.3 1.2 1.7 5.4 4.7 2.0
1.3 1.2 1.7 5.4 4.7 2.0

×

 
 
 = 
 
  0

ZQ  

4

2 6

1.4 1.3 1.8 5.3 4.7 2.0
1.4 1.3 1.8 5.3 4.7 2.0
1.2 1.1 1.6 5.1 4.5 1.9
1.2 1.1 1.6 5.1 4.5 1.9

×

 
 
 = 
 
  0

ZQ 5

2 6

2.5 2.0 2.7 1.9 1.8 5.7
2.5 2.0 2.7 1.9 1.8 5.7
2.3 1.8 2.6 1.8 1.7 5.5
2.3 1.8 2.6 1.8 1.7 5.5

×

 
 
 = 
 
  0

ZQ 6

2 6

2.4 2.0 2.6 1.8 1.6 5.5
2.4 2.0 2.6 1.8 1.6 5.5
2.1 1.7 2.3 1.7 1.5 5.4
2.1 1.7 2.3 1.7 1.5 5.4

×

 
 
 = 
 
  0

ZQ  

 

6 2

7.3 6.4 7.3 6.4
7.7 7.0 7.7 7.0
10.4 10.1 10.4 10.1
10 9.6 10 9.6
5.7 5.5 5.7 5.5
5.5 5.4 5.5 5.4

R ×

 
 
 
 =
 
 
  

0 ⇨
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 0 1 0

R'

 
 
 
 =
 
 
    

Matrix R′ is obtained after matrix R performs optimization according to the con-
straints and 0–1 integer programming. One means the deployment of weapon system, 0 
means no weapon system is deployed. According to the deployment requirements, it is 
necessary to find the best deployment scheme from the optimization results of R, so as to 
optimize the overall interception arc length as much as possible. The obtained result 
should meet the requirement that each row and column can only have one 1. 

The numerical values in the matrix QZ1–QZ6 represent the interception arc length 
formed for the incoming ballistic missiles 001~006 when deploying two different weap-
ons, A and B. The interception arc length has been defined before. It can be calculated 
according to the parameters of the kill zone of the weapon system and the flight path data 
of the ballistic missile. 

In the matrix R′, the row represents position and column represents the weapon type, 
Lines 1–6 in matrix R′ represent positions 1–6 respectively, the odd column represents 
weapon type A, even columns represent weapon type B. The second value in the first row 
of the matrix R′ is 1, which means that the weapon system is deployed in the position Z1, 
and the second value corresponds to the second column, which is the weapon type B. We 
get the conclusion that the weapon type B is deployed in the preselected position 1. After 
returning to our analysis of matrix R, we know that it is mainly used to intercept the sec-
ond batch of 002 targets and the third batch of 003 targets. According to the analysis re-
sults of the plan matrix R′, the following conclusions could be made: 
• B-type weapon deployment in position 1 mainly intercepted target batches 002 and 

003; 
• A-type weapon deployment in position 2 mainly intercepted target batches 001 and 

003; 
• B-type weapon deployment in position 3 mainly intercepted target batches 004 and 

005; 
• A-type weapon deployment in position 5 mainly intercepted target batch 006. 

The deployment results indicated that the double-fold coverage of defending strong-
hold D1 and one-fold coverage of defending strongholds D2 and D3 were achieved. Thus, 

Matrix R′ is obtained after matrix R performs optimization according to the constraints
and 0–1 integer programming. One means the deployment of weapon system, 0 means no
weapon system is deployed. According to the deployment requirements, it is necessary to
find the best deployment scheme from the optimization results of R, so as to optimize the
overall interception arc length as much as possible. The obtained result should meet the
requirement that each row and column can only have one 1.

The numerical values in the matrix QZ1–QZ6 represent the interception arc length
formed for the incoming ballistic missiles 001~006 when deploying two different weapons,
A and B. The interception arc length has been defined before. It can be calculated according
to the parameters of the kill zone of the weapon system and the flight path data of the
ballistic missile.

In the matrix R′, the row represents position and column represents the weapon type,
Lines 1–6 in matrix R′ represent positions 1–6 respectively, the odd column represents
weapon type A, even columns represent weapon type B. The second value in the first row
of the matrix R′ is 1, which means that the weapon system is deployed in the position Z1,
and the second value corresponds to the second column, which is the weapon type B. We
get the conclusion that the weapon type B is deployed in the preselected position 1. After
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returning to our analysis of matrix R, we know that it is mainly used to intercept the second
batch of 002 targets and the third batch of 003 targets. According to the analysis results of
the plan matrix R′, the following conclusions could be made:

• B-type weapon deployment in position 1 mainly intercepted target batches 002 and 003;
• A-type weapon deployment in position 2 mainly intercepted target batches 001

and 003;
• B-type weapon deployment in position 3 mainly intercepted target batches 004 and 005;
• A-type weapon deployment in position 5 mainly intercepted target batch 006.

The deployment results indicated that the double-fold coverage of defending stronghold
D1 and one-fold coverage of defending strongholds D2 and D3 were achieved. Thus, all incom-
ing ballistic missiles were covered, which verified the reliability, feasibility, and effectiveness of
the proposed algorithm.

6. Conclusions

This paper conducts a systematic analysis of the anti-missile troop deployment, devel-
ops a model based on a double-nested optimization architecture, and proposes a deep KM
algorithm. The proposed algorithm is verified by simulations.

In terms of system cognition, this study clarifies the importance and necessity of troop
deployment, along with its uncertainties and complexities, which can lay a solid foundation
to solve deployment problems. In terms of complexity, the relationship between key factors
is determined, and problem complexity is reduced by decreasing the modeling dimension.
In terms of uncertainty, this study is beneficial to solution optimization, which can increase
problem solving satisfaction and can enhance efficiency in handling uncertainties on the
battlefield. The research presented in the paper provides valuable reference to solving
complex multi-constraint optimization problems under uncertainties and has important
theoretical guidance and practical application to anti-missile warfare and anti-missile
troop deployment.

Further work could include further research regarding the proposed algorithm solving
efficiency improvement.
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