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Abstract: This paper investigates the finite-time consensus tracking control problem of uncertain
nonlinear multi-agent systems with unknown input saturation and unknown control directions. An
adaptive fuzzy finite-time consensus control law is proposed by combining the fuzzy logic system,
command filter, and finite-time control theory. Using the fuzzy logic systems, the uncertain nonlinear
dynamics are approximated. Considering the command filter and backstepping control technique, the
problem of the so-called “explosion of complexity” in the design of virtual control laws and adaptive
updating laws is avoided. Meanwhile, the Nussbaum gain function method is applied to handle the
unknown control directions and unknown input saturation problems. Based on the finite-time control
theory and Lyapunov stability theory, it was found that all signals in the closed-loop system remained
semi-global practical finite-time stable, and the tracking error could converge to a sufficiently small
neighborhood of the origin in the finite time. In the end, simulation results were provided to verify
the validity of the designed control law.

Keywords: multi-agent systems; finite-time control; fuzzy logic system; unknown control directions;

command filter
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1. Introduction

The consensus problem for multi-agent systems has been widely investigated over
the past few decades due to its applications in aircraft formation control [1], autonomous
unmanned systems [2], wireless sensor networks [3], and other fields. Many remark-
able research findings, such as the adaptive cooperative control of nonlinear multi-agent
systems [4], adaptive distributed control of non-affine multi-agent systems [5], iterative
learning control of nonlinear multi-agent systems [6], distributed optimization control
of linear multi-agent systems [7,8], adaptive event-triggered control of multi-agent sys-
tems [9,10], and so on, have been extensively reported. It is not difficult to find that in
many existing achievements on multi-agent systems, the fuzzy logic system and neural
network approach have been successfully applied to approximate the unknown nonlinear
dynamics by many researchers; see [11-14] and references therein. Meanwhile, to obtain
the final control law, the backstepping control technique and dynamic surface control
technique have been considered by researchers [15,16]. Moreover, in [17,18], an improved
command filter control method is addressed, where the compensating signal that does not
need to take the derivative of the filtering error is applied, and the so-called “explosion
of complexity” problem caused by the traditional backstepping control method is solved.
However, it should be noted that in many practical systems, the control directions of these
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systems may not be known a priori or may be affected by actuator faults. Therefore, it is of
more practical significance to consider these cases.

For the issue of control direction, the sign of control gain may not always be known
when considering the existence of unmeasurable state variables and unknown uncertainties.
Fortunately, the Nussbaum gain function method is presented and is usually used to deal
with the unknown control direction, which was first reported in [19]. Subsequently, the
method has been widely utilized for the adaptive control problems of kinds of systems
under unknown control directions [20-22], to name only a few. More recently, the unknown
control direction problems for multi-agent systems have been discussed in many references.
In [23], the authors studied a class of multi-agent systems with second-order nonlinear
dynamics, where the unknown control directions and position constraints are simultane-
ously considered and the designed position-constrained consensus control law ensured that
the consensus errors could converge to zero. In [24,25], high-order nonlinear multi-agent
systems with unknown control directions were investigated, where the output-constrained
control law and distributed consensus control law have been presented, respectively. Fur-
thermore, the leaderless consensus control for a class of nonlinear multi-agent systems
with unknown control directions and strict-feedback form was developed in [26,27], where
the designed adaptive control laws ensured that the error surfaces remained bounded and
asymptotically converged to zero. However, it should be pointed out that the finite-time
control problem was rarely discussed in the above results. Actually, in practical engineer-
ing, such as in the chemical reaction process and spacecraft attitude control, it is usually
required to achieve stability quickly. Hence, in these cases, finite-time control should be
considered. The finite-time control ensures that the tracking errors converge to the desired
range within a given settling time. In addition, for the control problem of multi-agent
systems with unknown control directions, how to design a finite-time control strategy is a
topic worthy of research.

Another issue that needs attention is the faults of control systems, such as input/output
saturation, dead-zone, and hysteresis, which are inevitable owing to the influence of exter-
nal interferences or human factors. Among them, the fault of input saturation exists widely,
and many control strategies have been proposed [28-30]. In recent years, the consensus
control of multi-agent systems with input saturation has attracted the attention of some
researchers. Considering the input saturation and unknown leader input, a distributed
observer-based output feedback controller for multi-agent systems with multiple leaders
was designed in [31]. For a class of singular multi-agent systems with input saturation,
the control laws were presented by the authors to solve the semi-global bipartite consen-
sus tracking control problem, where the local information of agents was considered [32].
In [33], an adaptive fuzzy consensus control law for the prescribed performance problem
of a type of non-affine stochastic nonlinear multi-agent systems was proposed, where
input hysteresis, input saturation, and non-affine nonlinear forms were simultaneously
considered. Moreover, in [34,35], the command filter control problem of high-order non-
linear multi-agent systems with input saturation was discussed by the authors, where
the problems of bipartite output consensus tracking control and event-triggered adaptive
control were solved, respectively. Through the above analysis, it is not difficult to see
that the control problems of multi-agent systems with input saturation have been deeply
studied. However, it is also easy to see that there are only a few works that have further
discussed the coexistence of an unknown control direction and input saturation in the
finite-time control problem of multi-agent systems.

Based on the aforementioned discussion, this paper investigates an adaptive fuzzy
finite-time consensus control law for nonlinear multi-agent systems with unknown input
saturation and unknown control directions. Compared with the existing results, we have
the following three main contributions:

(i) A class of nonlinear multi-agent systems is addressed in this paper, where uncertain
dynamics, unknown control directions, and unknown input saturation are simultaneously
considered, and only the local information of the agents is used. Different from the constant
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control gains considered in [22,25,27], the control gain considered in this paper is time-
varying and the control input of multi-agent systems is subject to saturation constraints.

(ii) An improved command filter is designed, and then an adaptive fuzzy finite-time
consensus control law is proposed by using the fuzzy logic system and finite-time control
theory. Compared with [16,24,36], in this paper, the derivative of filtering errors generated
in recursive design is avoided by introducing filtering compensating signals.

(iii) Based on the Nussbaum gain function method, the problems of unknown control
directions and unknown input saturation are effectively solved. It can be seen that the
presented control law ensures that all signals in the closed-loop system maintain semi-
global practical finite-time stable, and the tracking errors can converge to a sufficiently
small neighborhood of the origin in finite time.

The remainder of this paper is arranged as follows. The problem statement and
mathematical preliminaries are introduced in Section 2. The design and theoretical analysis
of the adaptive finite-time control law is presented in Section 3. Thereafter, Section 4 gives
the simulation results, and brief conclusions are shown in Section 5.

2. Problem Statement and Mathematical Preliminaries

In this section, the problem statement and mathematical preliminaries that are used in
this paper are provided.

2.1. Problem Statement

Consider a type of uncertain nonlinear multi-agent systems with one leader agent and
N follower agents. The dynamic model of the ith agent is given as

Xi,m = Xim+1 +fi,m (ii,m) + 'ng(Pi,m(Ei,m)r m=1,---,n-1
Xin = gi(t)”f(t) + fi,n (ii,n) + 7En¢i,n(ii,n) 1)
Yi = Xia

wherei =1,--- N, Xj,, = [xj1, - ,xi,m]T € R"and X;, = [xj1, - ,xiln]T € R" are the
state vectors; uf (t) € R and y; € R are the control input and output of the ith follower
agent, respectively; @; ., (¥; ,) and @; ,,(X; ,) are known smooth continuous nonlinear func-
tion; fi » (Xi ) and fi ,(Xin), ¥im and v; , are unknown smooth nonlinear functions and
unknown parameter vectors, respectively; g;(f) is an unknown time-varying nonlinear
function representing the direction of the control input and g;(t) # 0. Here, the system
input uf (t) suffers from saturation nonlinearity, which is described as

F Ui maxs ui(t) > Ui max
U; (t) = Sat(“i(t)) = ui(t)r Ui min < ui<t) < Uj max (2)
ui,minr ui(t) S ui,min

where 1 min < 0 and u; max > 0 are the unknown saturation boundaries, and u;(t) is the
actual control input to be designed. Similar to the method proposed in [36], the piecewise
smooth function is introduced to process the saturation function and defined as

u:(t ”i(t>/”i,max7 _”i(t>/”i,max

) Himax-tanh ﬁ) ) Himax- iui W”i,max+Z*”i“>/”i,max’ ui(t) =0
Pi(”i(t)) - Ui tanh u;(t) g"i(t)/”i,min7e_l’i(t)/”i,min (3)

i,min Ui min Ui min * g“i(t)/”i,min.t,_g’“i(t)/”i,min ’ ui(t) <0

F . .
Hence, u; (t) in (2) is expressed as
F

wi (t) = piu;) + di(u;) @)

where d;(u;) = uf (t) — p;(u;) is a bounded function and satisfies

|d;(ui)| = [uf (£) — pi(u;)| < max{ujmax(1 — tanh(1)), #; min (tanh(1) = 1)} = D; ~ (5)

i
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Basem [37], there exists a constant A, 0 <A < 1, such that

pi(ui) = piu, (ui — ug) + pi(uo) (6)

where p;, = (E)pi(ui)/aui)\ui:uK and uy = Au;(t) + (1 —A)ug. By selecting ugp = 0,
one obtains
up (£) = i, i () + i (1) @)

Moreover, the graph theory is introduced to represent the relationship of information
changes among agents. Let G = (V, £, A) be a directed graph with N nodes, in which
V = {vy,--- ,oN} is the set of vertices, & = {(i,]), i,j € V, and i # j} is the set of edges,
and A = [a;] € RN*N is the weighted adjacency matrix of G, respectively. If there is an
edge between node i and j, then a;; = aj; # 0 and otherwise aj = aj; = 0. The set of
neighbors of node i is denoted by J; = {J v; : (v}, v;) € £}. The Laplacian matrix of G is
denoted by £ = D — A, where D = diag{dy,--- ,dy} with d; = 2]57:"1 a;j. Graph G is
connected if a path exists between any two vertices.

An extended graph is defined as G = (V, £), which is associated with the leader agent
and follower agents. Let the leader adjacency matrix as B = diag{by,- - - , by}, and if the
follower agent 7 obtains the information of leader agent, then b; = 1 and otherwise b; = 0.

The control goal is to design an adaptive fuzzy finite-time control law u;(t) for the
system (1), such that: (i) in the presence of unknown control directions and input satu-
ration, all signals of the closed-loop systems are semi-global practical finite-time stable
(SGPEFS), and (ii) the output of each follower agent can be synchronized to the leader agent’s
output y,.

To achieve the control objective, the following assumptions are given and will be
utilized in the subsequent analysis.

Assumption 1. The directed graph G contains a spanning tree and the leader node is the root node.

Assumption 2. The unknown nonlinear function g;(t),i =1,--- ,N in system (1) is bounded.
That is, 0 < gm < |gi(t)| < gm, where g, and g are unknown positive constants.

Remark 1. Assumption 1 is a basic condition for the directed graph composed of multi-agent
systems, which guarantees eigenvalues of H = L + B have positive real parts [11,38]. That is to
say, each follower agent has at least one neighbor. For Assumption 2, it is usually used to solve the
problem of an unknown control direction of the system, see [20,23] and references therein. From the
perspective of practical engineering, this assumption is reasonable because the control coefficient of
the actual control input u;(t) cannot be infinite in practice.

2.2. Mathematical Preliminaries

To facilitate the design of the consensus control law, we recall several useful prelimi-
naries, including some definitions and lemmas.

Definition 1 [22]. The smooth continuous function N (k) is called the Nussbaum gain function if
the following properties are held

lim supl [T N (x)dx = +oo @)

[ 8

Sh_{?omf%fos N (x)dk = —oc0

2 2

cos(x), x*sin(x), e cos(mx/2),
e sin(x), and so on. In the following research, the Nussbaum gain function is chosen as

N (k) = k2 cos (k).

There are many Nussbaum gain functions such as x
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Lemma 1 [25]. Let V (t) and x(t) be smooth functions defined on [0, t¢) with V(t) > 0, and N (x)
be an Nussbaum gain function. If the following inequality holds

V() < /O (G(T)N (x) + 1)kdT + Co, £ € [0,t) )

then V(t), x(t), and fot(G(T)./\/(K) +1)kdt are bounded on [0,tf), where G(t) satisfies
Gm < |G(t)| < Gup, with Gy, and Gy being positive constants; Cy is the positive constant.

Lemma 2 [39]. Consider the nonlinear system o = f (o), if scalars a; > 0,a > 0,and 0 < p < 1
exist, and a smooth positive definite function V (¢) such that V(o) < —a; V¥ (') +ap, t > 0, then
the nonlinear system o = f (o) is SGPFS, and V (o) satisfies

aa
Vi (o) < A= oa’ VE> T, (10)
T, = 7(1 _;)Qal [Vl_y(o'(o)) - ((1 _aZQ)al ) P] (11)

where 0 < ¢ < 1, 0(0) is the initial value of the system.

Lemma 3 [39]. For any real variables, x and y, and any positive constants, py, p2, and ps3, the
following inequality holds

p
Py < S pafalpeve 4 gy (12)

Lemma4 [39]. Foray € R, k=1,--- ,n,and 0 < p < 1, the following relation holds
n p n 1 n P
Yolarl )] < Yo lal” <t TPLY el (13)
k=1 k=1 k=1

Lemma 5 [4]. For any b € R and & > 0, the hyperbolic tangent function satisfies
0 < |b| — btanh(b/®) < 0.27850.

2.3. Fuzzy Logic Systems

In the subsequent analysis, some unknown continuous functions will be approximated
by the fuzzy logic systems. A fuzzy logic system usually consists of four parts, that is, the
fuzzifier, the fuzzy rule base, the fuzzy inference engine, and the defuzzifier [33,40]. The
fuzzy rule base is composed of “if-then” rules of the following form.

R: ifxpis Fl, ..., and x, is F}, thenhis G, [ =1,2,--- , M.

wherex = [x1,- -, xn]T and h are the fuzzy logic system’s input and output, respectively;
M is the total number of “if-then” rules; F{, cee, F,ﬁ and G! are fuzzy sets for linguistic
variables x1, - - - , x, and h, respectively. By utilizing the singleton function, center average
defuzzification, and product inference [33], the fuzzy logic system can be formulated as

Z{\il EIH?:1 .”Fl.l (x7)
Z{\il [H?:l HE! (xi)}

h(x) (14)

where by = max;cgpci (h).
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Let 87 = [El,- . ,EM} = [0y, ,0um] and p(x) = [1(x), -, Ppar(x)]”, then (14) is
rewritten as

h(x) = 0T9(x) (15)
where ;(x) = (H?:lyﬁ_;(x,')) / (Zf\il {H?:M/‘Fi’ (xi)} ),l =12,---, M.

Lemma 6 [33]. For any continuous function f(x) defined on a compact set Q) and any given
positive constant e, a fuzzy logic system f*(x) = 0*T4p(x) exists in the form of (15), such that

sup|f*(x) — f(6,9) <e (16)

xeQ)

where 0* is the ideal parameter vector, € is the approximation accuracy and can be arbitrarily small.

3. Main Results and Stability Analysis

In this section, the adaptive fuzzy finite-time consensus control law is designed for
controlling the multi-agent systems (1) based on the fuzzy logic system, command filter,
finite-time control theory, and Nussbaum gain function method. The design procedure is
divided into 7 steps. At the mth step for the follower agenti,m =1,--- ,n—1,i=1,--- ,N,
the virtual control law «; ,,, is designed, and at the nth step, the actual control law u;(t) for
the follower agent i is proposed.

3.1. Adaptive Fuzzy Finite-Time Consensus Control Law Design

The consensus error and coordinate transformation tracking error are given as

zin =Y aij(yi — ;) + bi(yi — viy) (17)
jET:
Zi,m = xi,m _]/?,mr m = 2/ e, n (18)

wherei=1,---,N and yfll =1y, yfm are the output of a second-order command filter (see
Lemma 7) with the virtual control law «; ,,_1 as the input.

Lemma 7 [41]. Consider the following second-order command filter with y? (0) = a;,,_1(0) and
¢im2(0) = 0as its initial conditions.

.d
Yim = Wim®Pim2

7

. (19)
Pimp = —20WimPim2 — Wim (yﬁm - "‘i,mfl)

For any v; ,,_1 > 0, constants w;,, > 0,m =2,--- ,n,and { € (0,1] exist, such that the
difference (yfm — Dé,'/m,1> is bounded by v; ,_1.

Defining the compensated tracking error s; ,, as follows:

Sim = Zim — ‘:i,m (20)

wherem =1,---,n,{; , is the compensating signal to be designed.
Stepi,1 (1 <i < N): According to (17), (20), and system (1), the derivative of s;; is
given as
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si1= (X aj+b )(xi,z + fir(®i1) + vhein (fi,l))
JET:

- EZJ ajj (xj,z + £ (1) + 91900 (fj,l)) z% 1= (21)
JEJi

= lixip + LiFig + Gy )i (Rin) — Zj iy} 11 (Fjn) — biyi,l — &
J€Ji

where
l; = Z ajj + b; (22)
j€di
_ 1
Fi=fia(xi1) — E‘ Z al]f] x]l Z aijXj2 (23)
tjedi ]EJ

Considering the nonlinear function F; ; is unknown, a fuzzy logic system is employed
to approximate it, that is,
Fi1=071;1(Xi1) + €1 (24)

where X;1 = [x1, X1, xj,z] T, g1 is an approximation error and there exists |¢; 1| < €.
Substituting (24) into (21), yields

Sin = Lixig + 607 in (Xin) + ligin + Livagin(Rin) — Y aiv]19j1 (Fj1) — bivriy — G (25)
jeTi

According to (18), it is obtained that

Sig = bisig + Cizip + Gy, — 1) + 001 i1 (Xi1) + Ligin + vl @in (%in)
— L a0 (F1) — z}/i,1 — & (26)
S

According to Lyapunov stability theory, and considering estimation errors 51‘,1/ Yi1
and 7; ; 1, the Lyapunov function candidate V; ; in this step is designed as

1, 1 s 1
Vip =581+ o s o, 0,10;1 + A —— Vi1 + Z‘Y ]EZ ﬂz]%,],nz,], (27)

where 6,1 = 0], —0i1, 7ip = vi1 — %1 and Yij1 = vj1 — Fiju Hig, Aip and ¥ are
positive design constants; 9,-,1, i1 and 4; ;1 are the estimate of 07, ;1 and 71, respectively.
Noting (26), then the derivative of V; ; is expressed as

Vit =si1si1 — H%lezléi,l - A%lﬁl"?i,l - 11%1]6237 ﬂij'ygj/l'.?i,j,l
i
=Si1 (51'061‘,1 +lizip + iyl — ain) + 46T i1 (Xin) + iy + Ly @in (%in) (28)
-, g:j iy} 11 (%) —bz’?/?J - '31',1) M 191 19 A%ﬁz‘?ﬁi,l - ‘Y%]g:j 271 Vi1
Designing the compensating signal ¢; ; as

Ein = —cinlin + Gyl — 1) + Gidin (29)

Designing the virtual control law «; ; as

1 2 H 5i1 .d
wjp = -7 (Ci,lzi,l + kirlsi,ﬁl +¢; 9 1%in + El'yl 1Pi1— Z alj'yl]lq)] 1+ 4 i€ 7 tanh( 1’1191 ) — biym) (30)
! j€Ti
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Designing the adaptive laws 8; 1, '.i’i,l and ';?i,j,l as

0;1 =11;1(lisigtpin — Ain0in) (31)
Fi1 = Nia(Lisia@in — Mi19i1) (32)
’?i,j,l = —Yi1(si19j1 + 9ij1%i1) (33)

where p; € (0,1),¢i1, ki1, Aix, i1, d; 1, and ¥ are the designed constants, respectively.
Considering (20), substituting (29)-(33) into (28), and considering the Lemma 5, yields

3 2 i A ~ A ~ ~
Vi1 < —ciisiy — kz‘,lsiﬂl + 0si18i0 + Ai10010i1 + 1A Vi + 0ija Y ﬂij’rgj,wl',j,l +0.2785¢ (34)
jET

Remark 2. Observing (18), it is not difficult to see that the differential of y? . eeds to be calculated,
which will lead to an explosion of complexity. To avoid this phenomenon, the virtual control law

«; 1 is introduced into (26), and the difference (yfm — txi,m,1> can be obtained. Then, through the

application of Lemma 7, the analysis process is simplified. The same considerations apply in the
following steps.

Step i,2: According to (18), (20), and (1), the derivative of s;, is expressed as

. d
Sip = Xig+ fin + via@i2 — Yio —Cin (35)
A fuzzy logic system is employed to approximate the unknown nonlinear function

fi,Z , that is,
fiz =05 %in +ein (36)

where ¢;, is an approximation error and |g; | < €7, exists.
Considering (18), and substituting (36) into (35), we have

) d .
Si2 =2zi3+ a2+ (y‘f,g - “z‘,z) + 072 in + 0+ Vi — Yio —Gin (37)

In view of the Lyapunov stability theory, and considering estimation errors ; , and
7¥i 2, the Lyapunov function candidate V; ; in this step is designed as

1, 1 a7~ 1 o
Vip = 58i2 + mei,zei,z + m')’i,z’)’i,z (38)
where 51-,2 =07, — éi,z and ;2 = vi2 — §i2; I1;2 and A; ; are positive design constants; (91-’2
and 4, , are the estimate of 87, and v; ,, respectively.
Thus, the derivative of V;, can be determined by

ool 1 3T A 1 AT 4
Via = si28ip = 11590i20i2 — 3572 Ti2

. 39)
o . (
= Si2 (Zz‘,s +ajn+ (y?,s - “z‘,Z) + 073 i+ €in + VoPin — Vip — 51',2) - %MGEZGi,Z - ﬁ,ﬂfz%,z
Designing the compensating signal ¢; » as
Ein=—liCi1 — CinCin + Yl — ajn + & (40)

Designing the virtual control law «;, as

€555;
o 2ui=1 AT ~T * i,2°1,2 . d
wip = —lizin — Cipzip —Kiasiy' — 0ipPio — Fippip —eiptanh(=5=) + Y, (41)
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Designing the adaptive laws éi,z and ’.f’i,z as
0ip =15 (siotpin — Ainbi2) (42)

Fin = Nin(Sio@in — 1i2¥i2) (43)

”

where ¢; 5, ki, Aj» and 1; , are the designed constants, respectively.
Substituting (40)—(43) into (39), and considering (20) and Lemma 5, we have,

3 2 i A ~T «
Vig < —lisiasia — Ciosty — kinsih +5i28i3 + Ai20]20i2 + 1272 7i2 +0.27858  (44)

Stepi,m (3 < m < n — 1): It follows from (18), (20) and (1), the derivative of s; ,, is
obtained as J '
éi,m = Xim+1 + fim + 7Em¢i,m - yi,m - gi,m (45)
A fuzzy logic system is employed to approximate the unknown nonlinear function
fim, thatis,
fi,m = 91*; Yim + €im (46)
where ¢; ,,, is an approximation error and there exists |¢; ,,| < €7,
Noting (18), substituting (46) into (45) obtains

) d .
Sim = Zim+1 + &im + (y‘ij,erl - “i,m) + gzznwi,m +€im + 'Yi]:m(Pi,m —Yim— gi,m (47)

The Lyapunov function candidate V; ,, is designed as

1, 1 ~r = | A
Vim = 55im + mei,mei,m + m’)’i,m%,m (48)
where 6; im =0, —0;and ¥ = Yim — §im; i and A; , are positive design constants;
9, m and §; ,, are the estimate of 6* and v; ,,, respectively.
Similar to Step 1, the der1vat1ve of V; ,, can be determined by
Vi,m = Si,méi,m l eleéz,m - ﬁm%]:m'?z,m
d :
= Sim (Zi m+1 + &im + (y?m+1 - ‘Xi,m) + Gﬁtﬁi,m + Eim + 'Yi]:m(Pi,m - yi,m - gi,m) (49)

aT A. :
Hlmezmel,m A 'ylm%m

1,m

Designing the compensating signal ¢; ,, as

‘f:i,m = _Ci,mgi,m + y?,m+1 — Rim — ‘:i,mfl + ‘:i,m+l (50)

Designing the virtual control law «; ,,, as

i = —Zim-1— CimZim — KimSpy = O Wi — V@i — & tanh( CimSim )+ i (51)
Designing the adaptive laws éi,m and '?lm as
Bim = Wi (i Wi — Aignin) (52)
Yim = Nign(Sin@im — NignFipm) (53)
where c; ,, ki 1y, Ay and 77; ,,, are designed constants, respectively.

According to (20), substituting (50)—(53) into (49), and considering the Lemma 5,
we have,
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- 2 i A ~ ~
Vi,m < —Sim—15im — Ci,mszz,m - ki,msz‘,l:n + Si,mSi,m+1 + )\i,mazmei,m + Ui,mWiTm'Yi,m +0.2785¢ (54)

Step i, n: The actual control law will appear in this step, the derivative of s; , is given as

. d :
Sip = Qi(WUE (E) + fin +V@in — Vin — Cin (55)

A fuzzy logic system is employed to approximate the unknown nonlinear function
fin, thatis,
fi,n = ezj‘izl/}i,n + Ein (56)
where ¢; , is an approximation error and |e; ,| < €], exists.
Substituting (7) and (56) into (55), one obtains

Sin = Gi(8) (Piu i () + di(u)) + 05 i+ €in + ¥ Pin = Vip — Gin

i ’ g (57)
= Gi(t)u;(t) + 9i,£¢i,n tént+ ’)’Eﬂ’i,n = Yin = Gin
where G;(t) = p;,,8i(t) and &, = gi(t)d;(u;) + & -
Noting that
ou; (emi/ = 4 e=ui/us)*| ~

where 1, represents u; min OF Uj max-
Considering |d;(u;)| < D;, and Assumption 2, then the following inequalities hold

Gi(B)] = lpiu, - &i(1)] < gm (59)

<gmDi+e,=¢, (60)

= [gi(t)d;i(u;) + i

where g1 and g/, are unknown positive constants.

Ein

Similarly, applying the estimation errors §l~,n and %; ,, The Lyapunov function candi-
date V; , in this step is designed as
1o

Vi,n =55

ST T
25 T 3 OinBiin + 53— Vinin (61)

2Hi,n L 2
where 9~i,n =0;, - 0;,and %;, = v¥in — Yin 11, and A; , are the positive design constants;

0, , and 4; , are the estimates of 07, and v; ,, respectively.
Thus, the time derivative of V;,, becomes

O 1 37T B, 1 5T 4
Vi,n = SinSin — ninei,nez,n - Ai"'Yi,n'Yi,n

=Sin (Gi(f)ui(t) +0; i+ Ei Y Pin — ?/Zn - éi,n) - n%qunéi,n - ﬁln’ﬁn’?i,m 2
Designing the compensating signal ¢; ,, as
Ein=—Cin1— Cinlin (63)
Designing the adaptive laws éi,n and '.?i,n as
éi,n =11 (Sintin — MinOin) (64)

'i’i,n = Ai,n (Si,n¢i,n - Wi,n'?i,n) (65)
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Considering the control input sign G;(t) as unknown, the Nussbaum gain function is
applied to deal with the unknown control direction. Therefore, the actual control law u;(t)
of the system (1) is designed as

ui(t) = N(ri)Bi(t) (66)
where
2 A . d
Bi(t) = zin—1+ CinZin + ki, nSin n + & ntanh( 1n l'rl) ez?:nll)i,n + 'Yi]:n(Pi,n ~VYin (67)
Ki(t) = sinBi(t) (68)

where ¢; ,, ki n, Ai n, and 1, ,, are designed constants, respectively.
Noting (20), substituting (63)—(68) into (62), and considering the Lemma 5, we have,

- : 2 A T .
Vin < (Gi(OON (1) + D)&i = Sin-18in — CimSin — KipnSity + AinOi 100 + Min¥in Vi + 0.27858 (69)

mn =

3.2. Stability Analysis

Based on the above analysis, the main results can be summarized as follows, in
Theorem 1.

Theorem 1. For the uncertain nonlinear multi-agent systems (1) with unknown input saturation
and unknown control directions, under Assumptions 1 and 2, by designing the compensating signals
(29), (40), (50), and (63); the virtual control laws (30), (41), and (51); the actual control law (66)
with (67) and (68); and together with the adaptive laws (31), (32), (33), (42), (43), (52), (53), (64),
and (65), it can be ensured that all signals of the system are SGPFS, and the tracking error can
converge to a sufficiently small neighborhood of origin in finite time.

Proof. Consider the Lyapunov function candidate as

N n 1
V=L L,
N N (70)
:'Z Y zs,m+2 Z T zm m+z Z 2A 'Ylm')’zm'f'z‘zqflzaz;%ﬂ%]l
i=1lm=1 i=1 mzl i=1m=1 =1

From (34), (44), (54), and (69), the time derivative of V can be expressed as

. N n 2
V< - Z Z zmslf; Z Z sz51m+ Z Z Azm zm+ Z Z Uzm')/lm')’zm"i' Z Z al] ,],171]1')’1,],1
i=1m=1 i=1m=1 i=1m=1 i=1m=1 i=1jeJ; (71)
N
+ ¥ (Gi(H)N(xk;) + 1)x; + 0.27850nN
i=1
As a result of,
A 1or ~ 1
5;F,m6i,m = zeszezm + 29:‘;91*711 (72)
YimYim < _§'Yi,m')’i,m + 5 Yim Yim (73)
Zalj 1]1')’111')’111< Zalj > '71]1')’1]1+Za1] > 'Y]1')’]l (74)
j€T; JjE€T: jeJdi

Substituting (72)—(74) into (71), we have,
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. N =n 2 N -
VS Z Z klmS,I:n_ Z Z Clmszm Z Z 1)\1m6,Tm i,m Z Z 2771m')/1m')’1m
1:Z\}m:l i=1m=1 i=1m=1 i=1m=1 (75)
Sij1l ~T ~
-X X ﬂij]l'Yi,j,l’Yz‘,j,l +F + D
i=1jeJ;
where,
N
Z K;) + 1)k; (76)
33 AEA T g i1 0.27850nN 77
222 61m61m+222771m’71m71m+22az] 7]1')’]1_" n ( )
i=1m=1 i=1m=1 i=1jeJ;
According to Lemma 3, let x = slzlm/Z, 51-T,m§i,m/2ﬂi,m, '%Tm'?i,m/z[\i,m and

75]-,1%]-,1 /2¥;1, respectively; y = 1, z; = y;, zp = 1 — y;, and z3 = 1/y;, the following

results are held,

2 \M g2 Hi
() ot

Hi

2H1m
YimYim . '7T Yim ti
< 1,m ) S ,m b + (1 _ yi)l/lilf;ti

2Nim

71]171]1
2%,

By using Lemma 4, and substituting (78)—(81) yields

i AT Hi ~T ~ i ~T &~ Hi
i ST " N i 07 ,0im N i Vi Vim g Y Yij1Yijt
2 211 2Aim . g 2%, 1

m=1 m=1 jed;

~T ~

Yij1Yij1 i
7)r 1 _ i '1,}11.
21?1',1 + ( ]’ll)]’ll

+ F +51

where

N =n i
Z ) ()\imnim)( — Hi)pi
i=1m=1

¥ ¥

(i Nign) (1 — pi) i ™1+ Z Y i (611 ¥in) (1 — )i
m=1 i=1jeJ;

N n
Dl = Dl + ; Z (2sz)( .uz) z
>

Ci = min{2¢; y + ki 2", Ai X, imPNipms 0ij1¥in}

(78)

(79)

(80)

(81)

(82)

(83)

(84)

Considering Lemma 1, it is found that F; is bounded and |F;| < F; exists, where F is

a positive constant. Let D = F; + D1, C = min{Cy,--- ,Cn} and » = max{py, - -

and based on Lemma 4, we have,

V< -CVF4+D

/,uN}r

(85)
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Furthermore, it is implied from Lemma 2 that the function V(0) makes the trajectory
of the system enter V#(c) < D/(1 — 0)C in finite time, which further indicates that the
tracking error s;;,i = 1,--- , N, is bounded in finite time, that is,

N g2 i
il D K
23 = (aae) )
or, 1
D 21
[s1]] < ﬁ((l—g)(ﬁ) (87)
and the setting time is
1-p
1 - (D T
= e |00 - () )

where s; = [s;1,- - ,sn1]" and 0 < ¢ < 1, V(¢(0)) is the initial value of V(7).

According to (20), it can be deduced from z;; = s; 1 + ;1 that the consensus error z;
will be SGPFS, as long as ¢; 1 converges in finite time. The following results prove that ¢; ;
converges in finite time.

Consider the Lyapunov function candidate as

N n S
w=y )y % (89)
Considering (29), (40), (50), and (63), the time derivative W is given as

{ cia8H + iy, — win)Gin + LidinGin — Ciinin — cinl + (}/f,g - “i,z)@i,z +Gi2Gis

=
I
ng

+- gz m— 1€z m — Ci mgi m + (yngrl - “i,m)gi,m + Ci,mgi,m+1 +- = (:i,nflgi,n - Ci,ngl‘z,n} (90)
N n—1
- 1;1[ Z Ci mgz m + Z (%2 ai,l)gi,l Tt mEZ (yzm—l—l o ai/m)gi,m}
4 —wiq| <vipand [y? . —ai,| <y
i il S Vigand \Y;, g~ Xim| S Vi,

m=2,---,n—1,in finite time and the setting time is given as T;,, where v; ; and v; ,, are
the positive design constants. Then, we have

z

n

W< =YY cimlin +Z Z Vi i 1)

i=1m=1 i=1m=
Based on Lemma 3, we have,

2 a2

< et (92)
1

2 \" g2 v;

(z’”) < T4 (1- vy (93)

where 0 < v; < 1,®;,i=1,---,N, are positive constants to be designed.
Substituting (92) and (93) into (91), and using Lemma 4, we can find that
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N =n 2 2\ N4 N on 2 Vi
W<-) L <2C1,m_ q>'”>( 2> +L 5 +tL L (Zsz &"’)(1—01')01'1”"
i]\?l m=1 " i=1 i=1m=1 (94)
n
éim
<S-Xxil 3+H
=1 m=1
< —xW'+H
where
i 2
Xi = mm{Zcirm —Vi/ CIDZ-} (95)
N N =n 2 v
D;n Vim f=n
H= Z 2’ +; Z_; <2Ci’m_<1>i> (1—v;)v; v (96)
i=1 i=1m=1
x =min{xy, -, xn} 97)
v =max{vy,---,UN} (98)

Furthermore, it is implied from Lemma 2 that the compensating signal ¢;,
i=1,---,N,is bounded in finite time, that is,

1

N 2

il H v

2 0 99
25 < (a=aw) ©9)

1—a)x
or,
H \»

< fz() 100
Hél” = (1 _Ql)X ( )

and the setting time is given as

1 H \7©

T = =aaz | W00~ (=g ) 101
= imoax | O Tk ] (aon

where & = [¢1,--,&n1)7,0 < 01 < 1and 0 < v < 1; W(c(0)) is the initial value
of W(0).
According to (17), we have
zZ1 = ’Hel (102)

where H = L+ B, z; = [z211,-- ,2n1)", e1 = [e11,-- - ,ena]” with ej; = y; — y, for
i=1,---,N.
Considering (87) and (100), and noting z; = s + &1, we then obtain

D\ H \»
Izl < llsal + 1] < ﬁ((l_g)c) + ﬁ((l_m) (103)

Together with (102) and (103), we have

ler]] < V2 < b )21”+< H )21 (104)
e =
= /\min(H) (1 - Q)C (1 - Ql)X
where Apyin(H) expresses the minimum eigenvalue of H.
Thereby, we can find the output tracking error |y; — y,| satisfies
V2 ( D ) % ( H ) %
; — < + | —— , YVt > T, 105
il =5 |\a—ac) T\ aix - 0®

where T, = Ty + Tyo + Tia.
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Then, by adjusting the design parameters, for Vt > T, all of the signals in the closed-

loop system are SGPFS. The proof is completed.

The multi-agent system control block diagram is shown as follows in Figure 1.

Setp i,m Setp i,n
F- T T T T T T T T T T T T T T T T T E5 I
5 I . I
—_ _ _ 261 _ AT | i Z.8 |
a, Zimer = Cilm = HiaSie = Wi } | A B)=z.  +e.z +k s +5 @bty |
. . & s . | 6,=11, (3 Vin =410, ) - | ’ Y o ' 9 |
= in®Pin — €1 tanh(—") £ R B - j oy I
7 S k } | Fow = Mo (500 P0n =107 _ +O,Win +VinPin = Vi |
E T Y T S En I : Gin= G~ Ciabin :
I
y I I
I I
I I
I I
P I
5 Pl |
G =T, (500 = 4000 E w(O)=NBO, | |
P = N (50@i = i) | & (0=5,,80) !
I
Pl _____d_____C __l
7777777777777777777777 J
’_ _____________________ - _‘
™ 241 7 .d |
2 =67~ i —hiaSd GaWia + iz } Em = Xt + fom +7”m¢v.m
=710, ~ el tanh () w S =& O+ f+ Vo | '
I
. i=1. N
o=l —Cabn t Vi — a4 E, ‘ e
’ ’ T ” ’ ? } m=1--n
I
} [ |
P! [
P! | ] . . [
A I : a,= 77(61 1Zig t kl.l“‘ilﬂ’71 + [:H:l.lulv.l * [r};zl.lwr,l 0,=1, ([!SI.IWM 7/11.1‘9,.1) !
02 =Ty (5,202 ~ 4.0, l 4 _ ( ) !
. -t R . . . | 7= A (45000 -7
;7,‘2 =A,, (Ayd(p 2= Mia 7) [ | : 72#‘7, ay}'ll./,le,l +48, tanh(s,_ls,_, /‘9)7 b’y,{i) n S : e it - |
! | g d Vi = =¥, (“':.l(py.l + 5:./.171 .r.|) !
} | Sa=—cndn (Vi —a) +4é, :
|

Setp i,2

Setp i,1

Figure 1. Control block diagram of multi-agent systems.

Remark 3. Observing (105), we can decrease C;, Aim, Wim, and ;1 or increase 11y, Aj o, ¥i1,
and ®; to decrease the values of D and H; and we can also increase k; ,,, to increase the value of C.
Because the values of D and H are decreased and C is increased, the tracking error |y; — y,| can be
arbitrarily small. However, the selection of these design parameters may cause the control signal
to have a large amplitude at the beginning of the simulation. Therefore, when selecting the design
parameters, it is necessary to make appropriate tradeoffs between tracking control performance and
control signal.

4. Simulation Results

To illustrate the validity of the proposed control law, the nonlinear multi-agent sys-
tems considered in this paper are described in (106). The system consists of one leader
agent (Labeled L) and four follower agents (Labeled F;, F, F3, and F;), and the directed
communication topology graph is shown in Figure 2.

g = xi1 + fin(®i1) + vhein (Fi1)
ip = gi(Huf (1) + fin(®i2) + vL9i2(Fi2)
]/i - xi,l/ i= 1/2/3/

(106)

where ¢1(f) = 0.6 + 04sin(t), g(t) = 0.7 + 03sin(t), g3(t) = 0.8 4+ 0.2sin(t),
g4(t) = O.9—|—0.1sin(t), fi1 = 1.5511’1(9(11)6(73(%1), fi2 = X11COS(X12), fo1 = 28(77(21),
f22 = 0.5c08(x1) sin(x22), f31 = —1.5x31(7%3), f3p = x3; sin(x32), fa = 2.5x41 sin(x41),
fao = 0.5x41c08(xg2), @11 = [xllfo]T/ P12 = [x12/COS(x11)]T/ P21 = [Sin(x21)/x21]T/
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. T . .
¢n = [O,SIH(xn)C;)S(xzz)]T, @31 = [cos?(x31),0]", @32 = I[sin(x32), x31 Sln(x31)]T,
@41 = [xq1,5i0%(x41)] ", a2 = [0, %41 cos(x2)]", i1 = 7ip = [1.5,2)".

Figure 2. Communication topology graph of multi-agent systems.

The fuzzy logic system is applied to approximate the unknown nonlinear dynamics,
and the membership functions are given as follows:

_2)\2 x—1. 2
() = exp (U520, pga ) = exp (2521,

2 2
e (%) = exp (5 ) ps (%) = eXP<(X+21'5))/ pes(x) = eXP<(x+23)>

The initial states of the multi-agent systems (106) are set as x;; = 0.15, xp; = 0.3,
x31 = 0.6, x41 = 0.45, and x1p = x2p = x32 = x4p = 0. The initial values of the adaptive
laws are given as ¢;1(0) = ¢;2(0) = 0, x;(0) = 0, 8;1(0) = [0.01] 15,1, 8;2(0) = [0.01] 5,5,
9:1(0) = 9i,,1(0) = [0.01]5,4, §i2(0) = [0.01],,,, where i # j = 1,2,3,4. The desired
reference trajectory is given as y; = 0.5sin(t) + 0.5sin(2f), and the simulation time is set
ast=15s.

The other design parameters were chosen as ¢ = 0.02, { = 0.5, wjp = 2.5, 4; min = —5,
Ui max = 10, Hi = 0.9, S?l =0.2, 8?2 =01, Ci1 = 8.5, Cip = 10, kil =12, ki2 =15, )\il = 1.5,
/\1‘2 =2, i1 = 2, N2 = 3.5, 51‘]‘,1 =138, Hil =9, HiZ =11, Ail = 20, Ai2 = 25, ‘I’ril = 25,
wherei #j=1,2,3,4.

Based on the designed control law and adaptive laws, the simulation results are
shown in Figures 3-10. The curves of the multi-agent systems outputs x;; and the reference
trajectory y; are shown in Figure 3, and the tracking errors are given in Figure 4. As shown
in Figures 3 and 4, this paper showed that multi-agent systems can achieve a good tracking
performance under the designed control law, and the tracking errors of four follower agents
can converge to a small neighborhood of the origin in a finite time. Furthermore, observing
Figures 3 and 4, the multi-agent systems in this paper is subjected to unknown control
directions and unknown input saturation, but the finite-time consensus tracking control
problem can be solved by using designed control laws and adaptive laws. The curves of
the saturated control input are displayed in Figure 5. It is not difficult to see that these
control signals are within a limited range. In addition, this paper also presents the curves of
the adaptive laws ||0;1 ||, |9:11l, 110i2l, | 9:2]| and [|9i,11l, as shown in Figures 6-10. Similarly,
these signals are bounded. This also reflects the effectiveness of the control law designed in
this paper from another point of view.
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: The curves of tracking performance
.5 T T

Time(sec)

Figure 3. Trracking results of four follower agents.

The curves of tracking error
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Figure 4. Tracking errors of four follower agents.
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The curves of control input

3 4 5 6 7 8 9 10
Time(sec)

Figure 5. Control input uf (t).

The curves of norm of adaptive law [|6;,]|
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Figure 6. Adaptive laws norm ||0;;].
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o 10° The curves of norm of adaptive law ||§,]|
isl — [Aull [Fral| - eoveeeeees o]l =e=emes ull
1.6
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1.2

[l

T ime(sec)

Figure 7. Adaptive laws norm |[|§;1]|.

The curves of norm of adaptive law [|6,, ||
0.16 \ ‘ \

16:2 ] 122 I — 1B || === 1622
0141 ]
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Time(sec)

Figure 8. Adaptive laws norm ||9;,.
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X 10° The curves of norm of adaptive law ||,.]|
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Figure 9. Adaptive laws norm |[|§;3]|.

The curves of norm of adaptive law ||§i;.1||
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Figure 10. Adaptive laws norm || 1||-

5. Conclusions

To solve the finite-time tracking control problem of a class of nonlinear multi-agent
systems with unknown input saturation and unknown control directions, a command
filter-based adaptive fuzzy finite-time control law has been proposed. The fuzzy logic
systems have been applied to approximate each of the unknown nonlinear dynamics
in the analysis process. To handle the command filter approximation errors, classes of
compensating signals have been constructed in this paper, which effectively avoided the
repeated differentiation of nonlinear functions in the recursive design process. Furthermore,
considering the existence of unknown control directions and unknown input saturation,
the Nussbaum gain function method has been utilized. Then, the effectiveness of the
theoretical results is demonstrated through a numerical example. The results show that
a good tracking performance can be obtained, and the tracking errors can converge to
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a sufficiently small neighborhood of the origin in finite time. To make the presented
control law more effective, our future works will focus on the full state constraint problem
of pure-feedback multi-agent systems with unknown control directions, and a class of
observer-based control scheme should also be studied.
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Notations

In this paper, (*)T represents transposing the vector or matrix *; R represents the set of real
numbers; a; min and a; max represent the minimum value and the maximum value of variable 4,
respectively; diag{dy,- - ,d,} represents a diagonal matrix with dy, - - - ,d,, as diagonal elements;
|B| represents the absolute value of constant B; ||a| represents the module of vector a; C repre-
sents the estimation of C* and C = C* — C stands for the estimation error; min{by,---,b,} and
max{by,- - -, by } represent the minimum value and maximum value of by, - - - , by, respectively; and
Amin(A) represents the smallest eigenvalue of A.
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