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Abstract: This paper studies the synchronization control of nonlinear multiple time-delayed complex
spatiotemporal networks (MTDCSNSs) based on partial integro-differential equations. Firstly, dealing
with an MTDCSN with time-invariant delays, P-sD control is employed and the synchronization
criteria are obtained in terms of LMIs. Secondly, this control method is further used in an MTDCSN
with time-varying delays. An example illustrates the effectiveness of the proposed methods.

Keywords: complex spatiotemporal networks; synchronization; LMIs; partial integro-differential
equations

1. Introduction

As a typical collective behavior in nature, the synchronization of complex networks
has attracted a great deal of attention during the last few decades [1-3]. It has been widely
applied to engineering fields, such as secure communication [4,5], deception attacks [6-8],
the design of pseudorandom number generators [9], and image encryption [10].

In fact, many phenomena rely not only on time but also on space [11-13]. As a result,
many researchers have studied complex spatiotemporal networks (CSNs), owing to many
phenomena relating not only to time but also to space. Kanakov et al. studied the cluster
synchronization of the CSNs of oscillatory and excitable Luo—Rudy cells [14]. Kakmeni
and Baptista proposed synchronization and information transmission in CSNs under
a substrate Remoissenet-Peyrard potential [15]. Rybalova et al. investigated complete
synchronization under the condition of spatio-temporal chaos with the Henon map and
Lozi map [16]. Yang et al. studied the guaranteed cost boundary control of nonlinear CSNs
with a community structure [17] and the boundary control of CSNs modeled by partial
differential equations—ordinary differential Equations (PDE-ODEs) [18].

Owing to the extensive existence of time delays, it is important to research time-
delayed networks [19-22]. Yao et al. studied the passive stability and synchronization
of switching CSNs with time delays in terms of appropriate algebraic inequalities [23,24].
Zhou et al. proposed two methods—matrix invertibility and an adaptive law—for the
topology identification and finite-time topology identification of time-delayed complex
spatiotemporal networks (TDCSNs) [25,26]. Sheng et al. studied the exponential syn-
chronization of TDCSNs with Dirichlet boundary conditions and hybrid time delays via
impulsive control [27]. Lu et al. studied generalized sampled-data intermittent control for
the exponential synchronization of TDCSNs [28]. Yang et al. proposed the synchronization
of nonlinear complex spatio-temporal networks with multiple time-invariant delays and
multiple time-varying delays [29]. Zhang et al. proposed fuzzy time sampled-data control
and fuzzy time-space sampled-data control for the synchronization of T-S fuzzy TDCSNs
with additive time-varying delays [30].

Mathematics 2022, 10, 509. https:/ /doi.org/10.3390 /math10030509

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10030509
https://doi.org/10.3390/math10030509
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-3757-895X
https://doi.org/10.3390/math10030509
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10030509?type=check_update&version=2

Mathematics 2022, 10, 509

20f15

On the whole, most of the mentioned literature assumes that nodes are modeled by
partial differential equations, PDEs, or PDE-ODEs. Few studies consider models based
on partial integro-differential Equations (PIDEs). PIDEs have been applied to spread and
traveling waves [31], pricing models [32], biology [33], pattern formation [34], secure com-
munication [5], and medical science [35]. Many dynamical behaviors of PIDEs have been
studied [36-38]. However, there are still some technical difficulties in the synchronization
of multiple time-delayed TDCSNs based on PIDEs, such as communication among nodes
and controller design, which is the motivation for this paper.

Notations: I means an identity matrix with proper order; P < 0 is a negative definite
matrix, while P > 0 is positive definite; ‘+" is an ellipsis of transpose blocks in symmet-
ric matrices.

2. Problem Formulation
This paper studies a class of nonlinear MTDCSNs based on PIDEs:

wWillt) @182%—;'25”+@zay’§§'t>+Ayi<g,t—n<t>>+f<yi<c,t—rz<t>>>

ot
14 N
+B/O yi(z,t—T3()dz + ¢ Y Tyt — (1) + wi(Z, 1),
=1
ay;(0,t) 9y(Lt)
3% = 0, 97 =0, @)
yi(C ) = yAZ,t),(Ct) €[0,L] x [-7,0],

where ({,t) € [0,L] x [0,00). Here, y;({,t),u;({,t) € R" are the respective state and control

inputs, i € {1,2,--- ,N}. ©; € R"™" is the diffusion coefficient matrix. @, € R"*" is

the convection coefficient matrix. A € R"*" and B € R"*" are the connection matrices.

0 < T € R™" is the inner coupling matrix. The coupling strength c is a positive real

number. The coupling connection H = (h;j)nxn is defined as h;; > 0(i # j) if the agent j

connects to i and h;; = — g hij. f(+) is a nonlinear function that varies over time and space.
JF1

0<mn(t), n(t),Bt) wult) <7 1(t) < py, tat) < pz, 13(t) < ps, and G(t) < pa.
The isolated node is supposed to be:

2
2ol — 02550 0,28 s as(gt - (1) + f(s(6,t - (1)
+B /Oés(z,t—Tg,(t))dz,
0s(0,t)  _0s(L,t)
o = 0T =0 )
s(G,t) = So(g,t), (¢,t) € [0,L] x [-7,0].

We denote the synchronization error as €;({, t) A yi(g,t) —s({, t). The P-sD controller
is designed as

ui(g,t) = —Kpiei(g,t) — KDiaelég't), (3)

where Kp;, Kp; € R"™*" i€ {1,2,---,N}, need to be determined. The controller structure
in this paper is shown in Figure 1, where the notation “0/9(” represents a first-order spatial
differentiator. With (3), the error system of the MTDCSN (1) can be obtained as:
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+A€i(0,t —ni(t)) + Fei(l, t — (1))
N
+B /‘é €i(s, t —13(t))ds + ¢ Z hierj(g,t —14(t)), (4)
0 =
0¢;(0,t) . o¢;(L,t) B
9 = 0, 9 =0,

() = €1, (Gt eloL]x[-T,0],
where F(e;(Z,t — (1)) = fF(yi(G,t— n(t)) — F(5(t — (1)), €2(2) £ y2(g) —s°(Q).

u;(s,0) £(5,0)
> Process >
The P-sD [€
controller | aloc <
(3)

Figure 1. The structure of the P-sD controller (3).

Assumption 1. For any a, b, assume there exists a scalar x > 0 satisfying:

|[f(a) = f(b)] < xla —b]. ®)
Lemma 1. ([39]) For any square integral vector € with €(0) = 0and e(L) = 0,
L L
/0 el (2)e(z)dz < LG_z/o ¢l (2)e(z)dz. (6)

This paper aims to use the controller (3) to achieve the synchronization of the MTD-
CSN (1) with the isolated node (2).

3. Synchronization of the MTDCSN with Time-Invariant Delays
We firstly researched the MTDCSN (1) with time-invariant delays, whose error system

yields: )
di(ft) 9%€i({, 1) 9¢;(L, t) 9e(lt) o
ot = ®1 agz + @2 aé— - KDl BC Kpiel(gl t)
+A€i(C,t — T]) + P(Gi(C,t — Tz))
¢ N
—|—B/ Gi(S,t—T3)dS+C hijl"ej(g,t—u), (7)
0 =
0¢€; (0, t) . d¢;(L, t) .
7 = 0, T8 =0,

(0 t) = €N t), (1) €[0,L] x [-1,0].
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Theorem 1. Given the MTDCSN (1) with time-invariant delays, the MTDCSN (1) synchronizes
with the isolated node (2) under the control (3) if there are scalars a; > 0, Mp;, Mp; € R"*" and
symmetric positive definite matrices R;, S; € R"*" satisfying the following LMIs:

[ Y11 (IN®®2)R—MD (IN®A)R (CH@F)R
N *  —[(IN®©O71)R + %] 0 0
1= * * -S 0 <0 ®
Lk * * _S_
s =S R
nel| 0 ] <o ©)
(-5 R
Ta=1 L 2%z ® I, } <0 (10)

where W11 = —[Mp +*] +a ® I, + * @ BBT +-4S, & = diag{a1, a2, ,an}, P = diag{Py, P,
e /PN}/ Q é diﬂg{er QZ/ e /QN}/ MP é diug{MPl/MPZI. o /MPN}/ and MD é dlag
{Mp1, Mpy,- -, Mpn}. In this case, Kp; = ]\/IpiRl-_1 and Kp; = MDiRl-_l.
Proof. We choose the Lyapunov functional candidate as:
V(t) = Vi(t) + Va(t), (11)
where:
L. _
Vit = [T @ npe(c iz,
L gt _
va(t) = [ [ €"(2,p)Qe(t,p)dpdl
0 t—1
L gt _
[ €006l p)dpd: (12)
-
L gt _
[ €M@ Qe p)dpds
0 t*Tg

L ,t )
- /0 /t_T4 €' (g,p)Qe(g, p)dpdg,

in which e(Z, £) 2[eT (7, 1), €1 (Z, 1), , el (L, )]
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Taking the time derivative of V;(t):

L
t:2/

_2/ gtP(IN®®1)a a(é D4z
+2/ 1N®@2)a€g% D 4z
—2/ (¢, )Py aegt)dg
—2/ (¢, 1) PRpe(Z, )dC (13)
+2/ Py ® A)e(g,t—T1)dg
+2/ P(cH ®T)e(Z, t — m)dl

+2/ (¢, t)PF(e(Z, t — 1))d
+2/ (Z,)P(Iy © B) /g (2t — 13)dzdC.

By integrating by parts:

/ ®®1)a 8(52 t)d§

_ Lae@ ) 2e(Z,t)
- ./0 S Py @ o)) ++ <2

Using Assumption 1, for any «; > 0:

(14)

2/ (Z,)PF(e(C,t — 1))dC

<§al/0 el (L, ) PPe(E, )AL
N L

+za;1/0 FT(ei(Z,t — 1) F(i(L,t — 12))dC (15)
N L

<m/0 eI (L, t)PPei(g, 1)dg

N L
Yo [t - meal .
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Using Lemma 1, for any «; > 0:
2 /L eT(Z,t)P(Iy ® B) /fe(z, t — 13)dzd{
< Zal/ (¢, t)P;BBT Die;({, 1)d
N L g e
+ ZZ; a;l /0 /0 el (z,t — T3)dz/0 €i(z,t — 13)dzdl (16)
< Zal/ (¢, t)P;BBT Pe;({, 1)d
N L
+ L2772 2 lefl / el-T(C,t —13)€(0,t — 13)dC.
i=1 0
Taking the time derivative of V5 (t):
) =4 [ T(6.nQe(E. g
[ @ mee - )i
[ w)0e - w 17)
[ @ w)0ele - g
- / 0t —)Qe(,t — 1)dg.
Substituting (13)—(17) into the time derivative of V(t) yields:
. L
V)< [ nTeE i+ [ - mTe - i
(18)
[Nl - w)az,
where &(Z,t) 2 [€7(g, 1), 24E0) €T(g,t — 1),€T(g,t — 14)]7, and:
‘?11 p(IN®®2)—KDP p(IN®A) CP(H®F)
_— * —P[IN RO+ *} 0 0
1= * * -Q 0 (19)
* * * -Q
¥ 2 -Q+x* @ @), (20)
Y32 Q0+ 2%a'wl), (21)

in which

¥y, 2 —[PRp+ ]+ P(@a®1,)P + P(a ® BBT)P + 4Q.
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Pre- and post-multiplying (19) by diag{P~!,P~1,P~1,P~1},(20) by P~1, and (21) by
P~1, respectively, one has:

¥ Y10 (INn® A)P~! (cH®T)P!
g o | * —[(INn®O)P7!+4] 0 0
‘Y] — % _p_lQp_l 0 ’ (22)
* * —PilQ_Pfl
Y2 PIQP ' 4 P @ @ I,)P Y, (23)
¥, 2 _plop 4+ 12x 2P Y(a ' 1,)P Y, (24)
in which:
¥ 2 —[KpP 4 %]+a®l, +&®BBT 4P~ 1QP~!
‘?12 £ (In® @2)1571 — KDpfl.
Setting P, ! = &xw ' = Mp;, Kp;P, ' = Mp;, P, 'Q;P;! = S;, one has (22) < 0 if
and only if (8) < 0, (23) < '0if and only if (9 (9) < 0,and (24) < 0if and only if (10) < 0.
Since (8)—(10) hold V(t) < —xl|[é(-, t)]| < —x|le(-, t)|| for all non-zero €(, t), where « is

the minimal eigenvalue of —%¥, which ensures the synchronization of the MTDCSN (1) with
the isolated node (2). O

4. Synchronization of the MTDCSN with Time-Varying Delays

Theorem 2. Given the MTDCSN (1) with time-varying delays, the MTDCSN (1) synchronizes
with the isolated node (2) under the controller (3), if there are scalars a; > 0, matrices Mp;,
Mp; € R™", and symmetric positive definite matrices R;, S; € R"*" satisfying the following

LMIs:
E11 Eio (IN®A)R (CH@F)R
g a| * —[(IN®OR+H] 0 0
=1 = « X —(1-m)S 0 ] <0, (25)
* * * —(1—p4)S
= ol —(1=m)s R
Hy = [ . —}(_254 21, <0, (26)
oo —(I—ps)s R
== [ * L% w0, | S 0, 27)

where Bq; = —[Mp + %]+ & ® I, + & ® BBT 445, E15 £ (Iy ® )R — Mp, & = diag{ay, ao,

N /aN}r P ? diag{PLPZ/ e /PN}/ Q é diag{Q1/Q2/' o /QN}/ MP é diug{MPl/MPZI ttty
MPN}/ and Mp = diag{MDl,Mm, cee /MDN}v In this case, Kp; = Mpl'Rl-_l, Kpi = MDI'Rl-_l.
Proof. We choose the Lyapunov functional candidate as:

V(t) = Vi(t) + Vs(t), (28)
where:
v = [ [ @ oQeips
[ EnIQeE e )
[ Qe e ~

L ot
T -
Jr/0 /f—T4(t)€ (C,p)Qe(g, p)dpdC.
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Taking the time derivative of V3(t):
B = 4 [ @i

~(1-a() /0 eT(Z,t— (1) Qe( t — m(h)dd

(1= (0) [ @~ w06l - n(h)il

(= t5(0) [T - (1) Qe ~ vt

(=400 [ €@ B)Qe(Et — ()il
< 4 e 30

(A—m) [ @t -n®)QeE - n®)i

() [ @ n)Qe( - wl)dg
(1) [ @ B0)Qe(E - i)

L =
~(1= ) [T = (1) Qe(E t — ().

The latter part of this proof is similar to that of Theorem 1 and so is omitted. [J

Remark 1. It is obvious that Theorem 2 is suitable only for situations where there is no quickly
increasing time delay, since LMIs (25)-(27) imply yu1 < 1,uy < Lus < lLug < 1, ie,

() < Li(t) <1,15(t) <1, < 1.

Remark 2. Different from the synchronization for TDCSNs [23-30] modeled by PDEs, the MTD-

CSNs studied in this paper are modeled by PIDEs.

Remark 3. Different from the SPID control for the exponential stabilization of complex PIDE
networks with a single time delay [40], this paper deals with the synchronization of the MTDCSN
based on PIDEs with multiple time delays existing in the state, communication, nonlinear term,

and integral term.

5. Numerical Simulation

Example 1. Consider the MTDCSN (1) with random initial conditions and the following parameters:

10 1 0 22 —02
®1_[0 4}’62_[0 1.2}”4_{05 1

20
B—{O 2],L_l,c_O.Z,

n=1n=215=11H4=2,

(31)
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It is obvious that T = max{t, T, 73, Tu} = 2and x = 1. From Figure 2, it can be seen that
the MTDCSN (1) cannot achieve synchronization without control. According to Theorem 1, solving
LMIs (8)—(10) with Matlab, we can obtain: a1 = xp = a3 = ag = 11.8915, and

Rl | 10943 —0.0033) ., [ 10894 —0.0033
| —0.0033 08875 |”° " | —0.0033 0.8864 |
R3— | 10925 —0.0033 ] p [ 1.0909 —0.0033
~ | —0.0033 08871 |” | —0.0033 0.8867 | )
g [ 10943 00033 ], [ 1.0894 —0.0033
~ | —0.0033 08875 |77 | —0.0033 0.8864 |’
g3 [ 10925 000837, [ 1.0909 —0.0033
~ | —0.0033 08871 |77 | —0.0033 0.8867
Therefore, the control gains Kp; and Kp; are obtained as:
K, _ [ 167885 00621 | . [ 168639 0.0622 ]
PL™= 00621 207015 [P~ | 00622 207267 |’
Koo | 168164 00621 |, [ 168416 0.0622 ]
P37 00621 207108 |""P* T | 0.0622 207192 |’ )
Ko — [ 10000 —0.0004 ] . [ 1.0000 —0.0004 ]
P71 0.0003 1.2000 | P27 | 0.0003 1.2000 |’

Kps = { 00003 12000 |XP+= | 00003 1.2000

1.0000 —0.0004 ] [ 1.0000 —0.0004 ]

It is shown in Figure 3 that the MTDCSN (1) achieves synchronization with the isolated node (2)
under control with the gains (33). The controller is shown in Figure 4.

x10* %10*
10 04
-1
a5
&3
0
03 3

¢ 1(s) G 1(s)

x10°

¢ 1(s) ¢ i(s)
x10°

¢ 1(s) ¢ i(s)

05
¢ 1(s) ¢ i(s)

0.5

Figure 2. €;({, t) of the multiple time-delayed complex spatiotemporal network (MTDCSN) without
control in Example 1.
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5
¢ 1s) ¢ i(s)

0
¢ 1(s) ¢ 1(s)

5
1s) ¢ is)

5 0.5 5
0
¢ 1s) ¢ is)

Figure 3. €;({, t) of the MTDCSN with control in Example 1.

20
12 0
.28
05 p L
1
¢ (s) ¢ 1(s)

¢ i(s) ' 1(s)

0
¢ i(s) ' 1(s)

0.3 s
¢ i(s) ' 1(s)

Figure 4. The controller u;({, t) in Example 1.
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Example 2. We consider the MTDCSN (1) with random initial conditions and the same parameters
as those in Theorem 1, except:

Ty (t) = 2+ sin(0.257t), 1o (t) = 1 4 0.3cos(rtt + 71/4),

73(t) =2 —exp(—1/2), 14(t) = 2 + 0.8 arctan(t). (34)
We take max{t (t), (), 13(t), u(t)} < v = 3and x = 1. From (34), it is obvious that
1 = 0257, uy = 0.3, u3 = 0.5, ug = 0.8.
From Figure 5, it can be seen that the MTDCSN (1) cannot achieve synchronization without
control. According to Theorem 2, solving LMIs (25)—(27) with Matlab, we can obtain: a1 = ap =
a3 = g = 6.8606, and

RL_ | 09737  —0.0029 ] ., [ 09694 —0.0029
~ | —0.0029 07897 |’7° T | —0.0029 0.7887 |’
R3_ | 09721 —0.0029 ] o [ 09707 —0.0029
~ | —0.0029 07893 |’"7 T | —0.0029 0.7890 |’ 5)
g [ 09737  —0.0029 ] o, [ 09694 —0.0029
~ | —0.0029 07897 |’°° 7 | —0.0029 0.7887 |’
g3 [ 09721 —0.0029 ] o, [ 09707 —0.0029
~ | —0.0029 07893 |”°7 " | —0.0029 0.7890
Therefore, the control gains Kp; and Kp; are obtained as:
Ko _ [ 403444 01801 |, [ 403914 0.1813 ]
PL™ 1 01511 47.6124 |/ P27 | 01523 47.6637 |’
Kow — | 403605 01806 | . [ 403762 0.1810 ]
P37 01516 476307 |"7P* T | 01520 47.6478 | 6)
Ko — [ 10000 —0.0002 ] . [ 1.0000 —0.0002 ]
Pr=1 00000 1.2000 |""P%7 | 0.0000 1.2000 |’

Ko — [ 10000 —0.0002 ] [ 1.0000 —0.0002 ]
P37 100000 12000 |""P*7 [ 00000 12000 |

It is shown in Figure 6 that the MTDCSN (1) achieves synchronization with the isolated node (2)
under control with the gains (36). The controller is shown in Figure 7.
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«10° %107

" 1
1-1 1 g
-2

x10° | %108

21-1

2

%107 | %107

(s)
%10° %10°
0 -
"1 10 g -5
' -10
0
05 = = 0.5
10 10
¢ 1(s) ¢ 1(s)

¢ 1(s) ¢ is)

0l 04
1) 0
ey
3 2
0 ]
: : 10 e ; 10
10 1o
¢ 1(s) ¢ is)
0
f31-1
-2
0

¢ s)

05 3
¢ s)

Figure 6. ¢;({, t) of the MTDCSN with control in Example 2.
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References

0.5 5

¢ 1(s) ¢ i(s)

5
¢ 1(s) ¢ 1(s)

Figure 7. The controller u;({, ) in Example 2.

6. Conclusions

This paper aimed to study the synchronization of a class of nonlinear MTDCSNSs.
The model was established using coupled semi-linear parabolic PIDEs. P-sD control
was employed for the MTDCSN with time-invariant delays and was further used for the
MTDCSN with time-varying delays. The synchronization criteria were obtained in terms
of LMIs for time-invariant delays and time-varying delays, respectively. An example was
used to illustrate the effectiveness of the proposed methods. Compared with other methods,
this method not only considers multiple time-invariant and time-varying delays but also
deals with PIDE-based complex spatiotemporal networks. In future work, the pinning
synchronization of MTDCSNSs will be studied.
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