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Abstract: This article deals with the classes of approximate Minty- and Stampacchia-type vector
variational inequalities on Hadamard manifolds and a class of nonsmooth interval-valued vector
optimization problems. By using the Clarke subdifferentials, we define a new class of functions on
Hadamard manifolds, namely, the geodesic LU-approximately convex functions. Under geodesic
LU-approximate convexity hypothesis, we derive the relationship between the solutions of these
approximate vector variational inequalities and nonsmooth interval-valued vector optimization
problems. This paper extends and generalizes some existing results in the literature.
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1. Introduction

In traditional mathematical programming problems, the coefficients are usually always
considered as deterministic values. However, in many real-world optimization problems,
this assumption is not satisfied. Since the coefficients of a programming problem are either
subject to errors of measurements and estimators or vary with market fluctuations, it is
therefore always difficult to obtain exact data. In order to solve optimization problems,
three different approaches are employed, namely, the stochastic optimization problem,
deterministic optimization problem, and interval-valued optimization problem. In interval-
valued optimization, the coefficients of the objective and constraint functions are compact
intervals. For recent development and updated surveys of interval-valued optimization,
we refer to the refs. [1-9]. The assumption or specification of probabilistic distribution
(as in stochastic programming) or possible distribution (as in fuzzy programming) is not
required for interval programming. Antczak [10] derived optimality and duality conditions
for the nonsmooth interval-valued vector optimization problems.

Convexity is very restrictive notion for the solution of several real-world problems, for
instance, mathematical economics. Luc et al. [11] defined the class of e-convex functions in
order to generalize the notion of convexity. The class of approximately convex functions
was introduced by Ngai et al. [12] using e-convexity. Daniilidis and Georgiev [13] estab-
lished that a locally Lipschitz function is approximately convex if, and only if its Clarke’s
subdifferential is a submonotone operator. Ngai and Penot [12] derived several charac-
terizations for approximate convex functions in terms of the generalized subdifferential.
Amini-Harandi and Farajzadeh [14] extended and refined the results of Daniilidis and
Georgiev [13] from Banach spaces to locally convex spaces.

Giannessi [15,16] introduced the vector versions of Minty [17] and Stampacchia [18]
variational inequalities for finite dimensional Euclidean spaces. Since then, many re-
searchers studied vector variational inequalities and their generalizations arduously as an
efficient tool to find optimal solutions of vector optimization problems (see, for instance,
the refs. [19-24] and the references cited therein). Németh [25] defined the notion of vari-
ational inequalities on Hadamard manifolds. Barani [26] proposed the concept of strong
monotonicity for set-valued mappings and some notions of strong convexity for locally

Mathematics 2022, 10, 523. https:/ /doi.org/10.3390/math10030523

https:/ /www.mdpi.com/journal/mathematics


https://doi.org/10.3390/math10030523
https://doi.org/10.3390/math10030523
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-8209-3869
https://orcid.org/0000-0002-7115-693X
https://doi.org/10.3390/math10030523
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10030523?type=check_update&version=2

Mathematics 2022, 10, 523

20f15

Lipschitz functions on Hadamard manifolds. Chen and Huang [27] derived the relation-
ship between convex vector optimization problems and vector variational inequalities
using the Clarke subdifferential and proved certain existence theorems. Recently, Chen
and Fang [28] established the relationship between Minty and Stampacchia vector varia-
tional inequalities and nonsmooth vector optimization problems under pseudoconvexity
assumptions. Upadhyay and Mishra [29] studied the equivalence among approximate
vector variational inequalities and interval-valued vector optimization problems involving
approximate LU-pseudoconvex functions. For other ideas on this topic, the reader can
consult Ceng et al. [30].

Pareto optimal solutions or efficient solutions have been extensively used in vector
optimization problems. Due to the complexity of vector optimization problems, many
researchers have been studying several variants of efficient solutions in recent years (see,
for instance, the refs. [31-35] and the references cited therein). For the vector optimization
problem, Loridan [36] introduced the notion of e-efficient solutions. Mishra and Laha [37]
introduced the concept of approximate efficient solution for vector optimization problems
using approximately star-shaped functions. The characterization and applications of
approximate efficient solutions of vector optimization problems have been studied by
several authors (see, for instance, the refs. [33,36-38] and the references cited therein).

The paper is organized as follows: In Section 2, we provide a few definitions and
preliminaries. We consider approximate Stampacchia and Minty vector variational inequal-
ities in Section 3 and derive a relationship between the approximate efficient solutions of
nonsmooth interval-valued vector optimization problems on Hadamard manifolds using
LU-approximately convex functions. The results are summarized in Section 4.

2. Definition and Preliminaries

Let R? be the p-dimensional Euclidean space, Ri be the non-negative orthant of R”
and 0 be the origin of the non-negative orthant. Let int(R ) be the positive orthant of R?.
For y,z € RP?, the following notions for equality and inequalities will be used throughout
the sequel:

i z=y <= zj :yj,Vj: 1,...,p;
(i) z<y <= zj <Yj, Vi=1,...,p;
(il) z=y, <= z; <y, Vi=1...,p;
(iv) z<y, <= zj <y, Vi=1,...,p,j # 1, and z; < y; for some [.

Now, we recall the notions of interval analysis from Moore [39,40]. Let C = L, cY]
denote a closed interval, where c' and ¢/ denote the lower and upper bounds of C,
respectively. Let Z be the class of all closed intervals in R. For C = [cl, cY], D = [dF,dY] €
T, we have
(i) C+D={c+d:ccCanddecD}=][ct+dcH+dY;

(i) —C={-c:ceC}=[-c", —cl;

(i) CxD={cd:ceCandd € D} = [miny, maxy),

where mingy = min{cldt, ctdY, cUdl, cUd"} and max,y = max{ctdl,cld¥,cUdr, cUaly,
Additionally, we have

C—D=C+(-D)=[ct—d",cH—qdl,
th—{zxc:CEC}—{

[wct, act], « >0,

[acH, act], « <0,

where a € R. ¢ € R can be represented as the closed interval C. = [c, c].
Let C = [cF,cY], D = [d",dY] € Z. Then, we define
1. C=uD < cl<dlandc¥ < gy,
2. C=<uD <= C =y DandC # D, that is, one of the following is satisfied:

(a) cl < dland ¥ < dY¥; or
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(b) ck < dland ¥ < dY¥; or
() cl<dlandcY <ay.

Remark 1. The intervals C = [c',cY], D = [d%,dY] € T are comparable if and only if C <y D
or C LU D.

LetCy,...,Cy € I beclosed intervalsand C = (Cy,-.--, Cp) denotes an interval-valued
vector. For the interval-valued vectors C and D, such that C; and D; are comparable for
eachj=1,...,p, we have
1. CjLuDifandonlyiij =Lu Djforalljzl,...,p;
2. C<pyDifandonlyif C; <y Djforallj=1,...,p, j# land C; <y D; for some I.
The function ® : R" — Z is said to be an interval-valued function, where ®(z) =
[®L(z),®Y(z)] and ®F, dY : R" — R are real valued functions satisfying ®L(z) < ®Y(z),
forall z € R".

The following notions of Riemannian manifolds are from [26,28].

Let H be a connected manifold with finite dimension m. For z € H, T,H denotes
the tangent space of H at z and TH = U,cyT,H denotes the tangent bundle of H. H is
a Riemannian manifold endowed with a Riemannian metric (., .>p on the tangent space
T.H with an associated norm denoted by |||, Given a piecewise differentiable curve

Q :[a,b] = Hjoining Q(a) = p to Q(b) = g, the length of Q) is defined by

1(@) = [0l e

For any p,q € H, the Riemannian distance between p and g is defined by d(p, q) :=
infq L(Q)), is the infimum over all piecewise differentiable curve joining p and g. This
distance function d induces the original topology on H. On every Riemannian manifold,
there exists exactly one covariant derivation called a Levi-Civita connection denoted by V.
We also recall that a geodesic is a C* smooth path (2 whose tangent is parallel along the
path ), that is, ) satisfies the equation

It is known that a Levi—Civita connection V induces an isometry P:fl o Tau)H —
Toy(u,) H, the so-called parallel translation along Q) from Q(p1) to Q(p2). Any path Q)
joining p and g in H such that L(Q)) = d(p,q) is a geodesic, and it is called a minimal
geodesic. If H is complete, then any points in H can be joined by a minimal geodesic.

In the following, let us suppose that H is complete. The exponential map exp, : T,H —
H at z is defined by exp,v = Qy(1,z), for every v € T.H, where Q(.) = Qy(.,z) is the
geodesic starting at z with velocity v, that is, Q(0) = z and ()/(0) = v. It is easy to see that
expz(puv) = Qy(p, z), for each real number pi. We note that the map exp; is differentiable
on T H, for every z € H.

A simply connected complete Riemannian manifold with nonpositive sectional curva-
ture is called a Hadamard manifold. If H is a Hadamard manifold, then exp. : T,H — H
is a diffeomorphism for every p € H, and if z,y € H, then there exists a unique minimal
geodesic joining z and y.

Now, we recall the following notions of nonsmooth analysis from Barani [26] and
Hosseini and Pouryayevali [41].

Definition 1. A nonempty subset I' of H is said to be a geodesic convex set if for all z,y € T, the
geodesic joining z to y is contained in I
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Definition 2. Let function ® : H — |—o0, 0] be a proper function. The function ® is said to be
Lipschitz near j € H, if there exists a positive constant Ly, and 6; > 0, such that

[®(2) = D(y)| < Lyd(z,y), Vz,y € B(¥,02),

where B(i,6;) = {z € H : d(j,z) < d,}. Moreover, the function ® is locally Lipschitz on H, if it
is Lipschitz near i, for any §j € H.

From now onwards, letI' C H be an open geodesic convex subset of Hand ® : I' —+ R
be a locally Lipschitz function on I".

Definition 3. The Clarke generalized directional derivative ®°(z;v) of ® at z € T, in the direction
of a vector v € T, H, is defined as

Pogp~ ' ((¢(y) + pdg(z) (v) — Pog " (9(y))

P°(z;v) := limsup /
]/HZ V
1o

where (¢, U) is a chart at z. Indeed, ®°(z;v) = (Pop~1)°(p(z);dep(z)(v)).

Definition 4. The Clarke generalized subdifferential of ® at z € T, denoted by 0.P(z), is the
subset of T,H* defined by

0.D(z) :={ € T.H" : ®°(z;v) > (¢,v),Vv € T;H}.

Definition 5. (Lebourg Mean Value Theorem [26]) Let z,y € H and Q) : [0,1] — H be a smooth
path joining z and y. Let ® be a locally Lipschitz function on Q(u) for all u € [0, 1]. Then, there
exist 0 < po < land ¢ € 9.P(Q (o)), such that

D(y) — @(2) = (&, Q' (mo))-

Now, we consider the following notions of geodesic approximate convexity and
geodesic approximate monotonicity on Hadamard manifolds.

Let A : H — 2TH be a multi-valued map such that Az C T,H, for each z € H, and the
domain D(A) of A is defined by

D(A) = {z € H: A(z) # @}.

Definition 6. The function ® is said to be geodesic approximately convex at §j € T, if for any
« > 0, there exists 6 > 0, such that for each z,y € B(j,6) NI, we have

, Vu € [0,1].

®(Q)) < pDy) + (1 - W) ®(z) +ap(1 - )| |exp 'y

Definition 7. Let A : H — 2™ be a multi-valued map. Then A is said to be geodesic submonotone
at j € H, if for every « > 0, there exists 5 > 0, such that for every z,y € B(i,6) N D(A), and for
every § € A(z),n € A(y), one has

<P{)’Q§ -1, exp;l z> > —txHexp}T1 z||,

where () == exp, (nexp, ' z),p € [0,1].

For locally Lipschitz geodesic approximately convex functions, we have the following
characterization.
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Theorem 1. The function ® is geodesic approximately convex at §j € T if and only if for every
a > 0, there exists & > 0, such that for any z,y € B(y,0) N T and ¢ € 0.P(z), one has

O(y) — (z) = (& exp:ly) — af|expzy|. M

The following theorem establishes the relationship between a geodesic approximately
convex function and geodesic submonotonicity of its Clarke subdifferential on Hadamard
manifolds.

Theorem 2. The function ® is geodesic approximately convex at §j € T if and only if 9.P is
geodesic submonotone at j € T'.

Definition 8. A function ® : I' — T is said to be locally Lipschitz on I, if the real valued functions
&L and ®Y are locally Lipschitz on T.

Definition 9. An interval-valued function ® : I — T is geodesic LU-approximately convex at
i € T if the real-valued functions ® and ®Y are geodesic approximately convex at j € T.

Consider the following nonsmooth interval-valued vector optimization problem:

(NIVOP) min ®(z),
subject to z €T,

where ®(z) = (®1(z),...,Pu(z)) such that for each j € | := {1,...,m}, ®;(z) =
[CD]L(Z), CID;J(Z)] : I — T is a locally Lipschitz interval-valued function.

Definition 10. A point i € T is said to be an approximate efficient solution of (NIVOP):
(LUAES)q, if for each « > O sufficiently small, there does not exist 5 > 0 such that

®(z) <Ly (V) + ocHexpyflee, Vze B(y;0)NT, z #7;
(LUAES),, if for each & > 0 sufficiently small, there exists & > O such that
®(z) ALy ®(V) +a|\expglz\|e, Vz € B(i;0)NT;
(LUAES)3, if for each o > 0, there exists § > 0 such that
®(z) Ay ®() — vcHexpg_lee, Vz € B(i;0) NT,

wheree = (1,...,1).
m times

Remark 2. If H = R™, then exp; 'y = y — z. In this particular case, the notions of (LUAES);,
(LUAES); and (LUAES)s reduce to (ALUES)1, (ALUES), and (ALUES)s, respectively, as consid-
ered by Upadhyay and Mishra [29].

Now, we consider the following approximate Minty and Stampacchia vector varia-
tional inequalities which will be used in the sequel:

(AMVVI); To find 7 € I such that, for each « > 0 sufficiently small, there does not
exist 6 > 0 such that, for any C]-L € 8Cd>]-L (z) and tjju € 8C<I>]U(Z), j € ], one has

e,

(et exp9). ... ek exns)) = aenpis

(<(’,‘1u,expz_1g>,..., <§,%1I,expz_1y‘>) > txHexpz_ly‘ e, Vz€ B(;0)NT, z # i;
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(AMVVI); To find 7 € I' such that, for each sufficiently small & > 0, there exists 6 > 0
such that, for any C]-L € BCCIDJL (z) and §].u € BCQDJU (z), j € ], one has

((etrexpty), .. (Shexpz'y)) # alfexpsye
(et expz'a),.., (chiexp ') # allexpz?y

(AMVVI); To find 7 € I such that, for each a > 0, there exists 6 > 0 such that, for any
(;"]-L € BCCI>JL(Z) and Cju € 8C<I>]U(z),j € J, one has

e, Vz€ B(;6)NT, z £ §;

((etrexpz1g), .., (ehexp'7)) 2 —afexp: e
(el expsg), ., (el exp'y)) £ —alexpsy

(ASVVI); To find ¥ € T such that, for each sufficiently small « > 0, there exist
zel,z#7, gjL IS BCCD].L(]J) and g]l.l € BCCDJ-U(y'), j € J, such that

e, Vz€ B(1;6)NT, z # ij;

(<§1L,expyflz>, e <§,%1,expyflz>> £ acHexpy?lz
(<§1u,expyflz>, ey, <§%,expyflz>) ﬁ ocHexpyflz

(ASVVI); To find 7 € I such that, for each sufficiently small « > 0 and for allz € T,
g].L € aqujL (7) and g]'.l € aCCIJJU(];),j € J, one has

e,

€

(<§1L,expy_12>,...,<§,%1,expyflz>) & aHexpyflz e,
(<§1u,expyflz>, ..., <§%,expyflz>> % szexpyflz
(ASVVI); To find 7 € T such that, for each a > 0, there exists § > 0 such that, for all

z € B(;6) NT, ¢} € 0@} (y) and ¢} € 9@ (7), j € J, one has
(<C1L,expyflz>,...,<§,€1,expyflz>> e _"‘Hexl’fZ
(<€¥,€xnylz>,..., <§%,expyflz>) e —WHExpyflz

wheree = (1,...,1).
~—

N—

€

€,

e,

m times

Remark 3. If H = R™, then exp; 'y = y — z. In this particular case, the notions of (AMVVI);,
(AMVVI)y and (AMVVI)3 reduce to (AMVI)1, (AMVI1); and (AMV1)3, respectively, as considered
by Upadhyay and Mishra [29].

Remark 4. In H = R™, then exp; 'y = y — z. In this particular case, the notions of (ASVVI)y,
(ASVVI); and (ASVVI)3 reduce to (ASVI),, (ASVI), and (ASVI)s, respectively, as considered by
Upadhyay and Mishra [29].

3. Relationship among (NIVOP), (AMVVI) and (ASVVI)

In this section, we derive some equivalence relations between the nonsmooth interval-
valued vector optimization problem (NIVOP) and approximate vector variational inequali-
ties (AMVVI);, (AMVVI),, (AMV V)3, (ASVVI)1, (ASVVI); and (ASVVI); under geodesic
LU-approximate convexity.

Theorem 3. For each j € ], let ®; be geodesic LU-approximately convex at j € T. Then, the
following statements hold:
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(a)
(b)
(c)

If jis a (LUAES)y of the (NIVOP), then i is a solution of the (AMVVI)y;
If 7 is a (LUAES), of the (NIVOP), then i is a solution of the (AMVVI),;
If § is a solution of the (AMVV1)3, then ij is a (LUAES)3 of the (NIVOP).

Proof. (a) Assume that 7 is a (LUAES); of (NIVOP), but it is not a solution of (AMVVI);.

(b)

Then, for some sufficiently small & > 0, there exists 6 > 0, such that for any z €
B(7;6)NT, CL €9 QDL( ) and §].u € BCCDJU(Z),]' € J, one has

((ct. exzﬂz‘l}?),
(¢ expz 1), -

lexpz17lle,

8k exp1y)) >
> §llexp; e,

- (Ghrexpz ')

oim NIR

that is,
(ebexpz1y) — fllexpstyl = 0

(U, expz1y) — tllexps gl 20, Vi ], j#k,

and 2)
<C]I€/ expz_ly> -
(G expzy) —

Since each ®;, j € ] is geodesic LU-approximately convex at 7 € I, it follows that, for
any a > 0, there exists § > 0 such that, for every z € B(;6) NT, CL €0 CIDL( ) and
g’j’ju € BCQDJU( z),j €], we get

Sllexpz gl >0
llexp; || > 0, for some k € J.

L) — DL (z) > (¢F expr ') — allexpr 7],

3
U(7) — ®U(z) > (&, exps9) — allexps g, Vi € . ©

By setting & := min{J, ) }, from (2) and (3), it follows that for some sufficiently small
a > 0, there exists 4 > 0 such that, for each z € B(;6) N T, we obtain

_ o 1
®(2) — ®(§) <1u 5 lexp; '7lle,

and this contradicts that i7 is an (LUAES); of (NIVOP).

On the contrary, suppose that i does not solve (AMVVI),. Then, there exists suffi-
ciently small & > 0, such that for all § > 0, there exists z € B(7;6) N T, (;‘L €0 CIDL( )
and (’,’]U € E)CCD]-U( z), j € J, we have
(St expz'g), - (Chexps ') = §llexp; e, @
(& expz'g),. ., (G expz 1)) = §llexp; ' Tlle,
that is,
(&f expz'y) — Sllexpz gl = 0,
(€ exp'g) — Sllexp 'yl =0, Vi€ ], j #k,
and ®)

¢k expz‘l ) -

<§k ,expz y) —

5llexp; 7]l >0,

%|lexpz 1yl > 0, for some k € ].
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Since each ®;, j € ] is geodesic LU-approximately convex at j € T, it follows that, for
any « > 0, there exists § > 0 such that, for every z € B(;8) NT, CjL € BCCD]L(Z) and
(;‘ju € 8C<I>ju(z), j € ], one has

OL(7) — Dk (z) > (2 exp; 1) — wllexp: 9]l

. (6)
U () — @Y (z) > (¢, expiy) — allexpT g, Vi € .

By setting 6 := min{5 ) }, from (5) and (6), it follows that for some sufficiently small
a > 0,and for all § > 0, there exists z € B(7;5) NT, such that

_ e 1~
®(2) — (7) <Lu 5 llexpz'7lle,
which is in contradiction to the fact that the i is an (LUAES); of (NIVOP).

Suppose that 7 € I' is a solution of (AMVVI)3 but not a (LUAES)3; of (NIVOP); then,
for some « > 0 and for each 6 > 0, there exists z € B(f,6) NT, such that

_ 4 _
@(z) — @(7) <Lu —5 [lexpy 'zle,

that is,
®j(z) — @i(7) =L —§||€xP ZH, Vielj#k
. @)
Dy (z) — Dx(7) < ||expy z||, for some k € J.
From (7) it follows that
BL(z) ~ DL(7) < §llexpy 2], "

() ~ @Y (7) < §lexpyz], Vj € .

Since each @;, j € | is a geodesic approximately convex function at 7 € T, therefore
for any a > 0, there exists § > 0, such that for every z € B(, 5)NT, we have

@ (Qp)) < p®f(z) + (1 - p)@F(7) + 2]/‘(1_ i) llexpy 'zll,
(7

QH(Q(p)) < p@l(z) + (1 — )@ (7) + 5u(1 — p)llexpy 'z]l, Vu € [0,1],j € J,

that is,

5(1—p)llexpy 'z,

@}(0@)%@}(@9[@}() L)+ §( o
®U(7) + 51— p)lexpy 2], Vi€ .

where Q(u) = expy(;texpyflz) is a geodesic joining 7 to z. Define 77 : [0,1] — H as

n(s) = Q(su), Vse[0,1].

By Lebourg mean value theorem, there exists ;, [} € 0,u), §L € E)CCDL(U(I )) and
¢j' € 0.@!((If)), such that

q’f(ﬂ(ﬂ)) (@) = (&' (a)) = g, Y (a),
@y (10)

)= (&' (@) = p(gf, Y (a)), Vi€,

where a; = [ju < p and a;.‘ = l]’.“y < .
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From (9) and (10), we get
(€F Y (a))) < DF(z) — PF(F) + 51— )llexpy 2], a
<«:“ (@) < PU(z) — DY) + §(1— ) lexpy 2], Vi € J.
From (8) and (11), it follows that
(¢F Y (aj)) < a(1—5)llexpy 'z, 12
<C” ' (a7)) < a(l—5)llexpy 'z,
where CJL € aCCIDjL(Q(a]-)) and CJU € BCCDJU(Q(a;?)),j €J.
Choosing jig < min{ay,...,ay,a;,...,a,} we have
_ ai—po 1 _ .
expp(a) o) = (po — a))Y (a)) = ]Tjex;?g}ﬂj)y, Vi€, (13)
ar — o
-1 _ * Py ] -1 - .
exP e Qo) = (4o — 3)(a}) = 7 eXPond Vi €, (14)
-1 N / Y U0 UG [
epr(yO)Q(a]) = (‘1] o) (ho) = 0 EXP (o) Y vie], (15)
o —aj
-1 *\ __ * / _ ] -1 - .
epr(yO)Q(aj) = (a]- 10)QY (po) = o eXP 1)V vie], (16)
and
lexpy 2|l = llexpz 7]l = *|| P ) U1l (17)
From (12)—(14) we get
(e expat, o)) < alpo — a)) (1 &) lexpy 2],
(18)

(&t expyty Q) < alio—a7) (1= Bllexpy 2], vj € ).

Since each CIDJL and CI>]-U, j € ] are geodesic approximately convex at § € T, it follows

that BCQJjL and BCQJJU, j € ] is geodesic submonotone at §. Hence, for any a > 0, there

exists 6 > 0, such that for all z € B(i7,6) N T, we have

(Piaf — &7 exp) QHo)) = —allexppi,) Oko)
(PG = exple O(h0)) > —alexpgly Ou0)],

(19)

for all ¢F € 9.@F(Q(a;)) and ¢ € P Q(po)), &' € 0P (Qar)) and ¢ €

]
804 (Qpo)), j € J.
Therefore, from (17)—(19), we have
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aj L -1 X N B -1
<P’,¢0,Q( a] Qg ) yoﬂexpﬂ(aj)ﬂ(‘uo>> > %(Vo_a/)(l Z)HE'XPQ(I,[O)]/H
-1
aexpg, ) Qo).
P (Pl a2, Pl expgl Q) ) > - (o = a7) (1 = ) exwh 9|~
~1
o epr(a],f)Q(pto) ,
for all g]L € acq)]l’(ﬂ(l/‘o)) and éju € acq>}l(Q(VO))/ ISP
or equivalently,
L _ ~1 ; @ —a)(1=*H -1 a5l =
<ij “Pa,, Q(a])> > o = a) (1= 5)Jexn,, Hexpo Q(po) |, 20
<§]-”,—eXpa(1m) O ])> > 8 (no— ) (1= §)|expgl,, 7] — )| exppy(e) Qo) |
forallj € J.
In view of (17), Equation (20) reduces to
L -1 - Cln B
<€j’eXpQ<m> y> > —a(2 2)H o

(gt epa,, 7) > = lexpilyy ]

This contradicts the assumption that ¥ is a solution of (AMVVI)3. The proof is
complete. O

To illustrate the significance of Theorem 3, we consider the following interval-valued
vector optimization problem on a Hadamard manifold.

Example 1.
(P) min ®(z) = (P1(z), P2(2)),
subjectto z€ I' C H,

where &1, D, : T — I are interval-valued functions defined onT = {y : y = e¥, u € [—2,0]} and
H = {z € R: z > 0} is the Riemannian manifold with Riemannian metric (u,v) = g(z)uv with
g+ H — 10, o[ and sectional curvature k = 0. It is clear that the set T is a geodesic convex set.

The tangent plane at any point z € H, denoted by T, H, equals R. The Riemannian distance
functiond : H x H — R is given by

d(z,y) = Hexp;lyH = Zn;’.

The geodesic curve () : R — H starting from ()(0) = z and with a tangent unit vector
Q) = w € T, H of Q at the starting point z is given by

Qp) = expz(pw) = zelHH,
The inverse of an exponential map for any z,y € H is given by

expz_ly =zln (%)
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Consider the functions ®L, ®, & ®L : T — R are given by

5 1 1

z— 3 z> 5 2z —1 z> =

dl(z) = 4’ =2 and ®Y(z) = ’ =2
1<) {22—22, z<% 1() 222—2, z<%
2 1 2 1

z z, zZ> 5 z 2z, z> 5

ol (z) = * 5 ~ 1 and o8 (z) = + 7 -1
—z+3, z2<3 —z+7, z2<3

It is clear that the functions ®, and ®; are locally Lipschitz functions on I'. The subdifferentials of
oL, DY, dL and OY are given by

2, 2> 3 222, z>13
L u
0Pr(z) =< [—-1,4, z=31 and 9Py (z) =1 [} 1], z=1.
223222, z<} 4 -2, z<1i
223 + ZZ’ z> % 223 +222, 7> %
L u
0Py (z) =< -1, 3], z=1 and 0@y (2)=<([-13 =z=1.
_ZZ/ 7z < % _ZZI z < %
We can verify that the function ®4 is geodesic LU-approximately convex at j = %, as for each

& > 0, we can get 0 < §; < —LHvIrloe V31+15“ such that

Pf(z) — P{(7) = (Ef, expy 'z) — allexpy 'z, VEi € 9 PL (),
Pl (z) — @ (7) = (&F, expy'z) — allexpy'zll, VE]' € 9. (7).

Similarly, the function @, is geodesic LU-approximately convex at j = %, as for each o > 0
we can get &, € (0,1) such that

@5 (z) — P5(7) > (85, expy 'z) — allexpy 'z, Vi € 0.5 (7),

Y (z) — @5 (7) = (&5 expy'z) — allexpyzll, VS € 9.5 (7).

Moreover, ij = % is an (LUAES); of the problem (P). Since, for each sufficiently small & > 0,
there does not exist any 6 > 0, such that for all z € B(j,6) N T, we have

®(z) — @(7) Aru allexpy 'zlle.

Similarly, §j =  is an (LUAES); of the problem (P). Since, for each sufficiently small o > 0,
forall 6 > 0, there does not exist any z € B(,6) N T, such that

®(z) —P(7) <ru a||expglz||e.

Furthermore, j = % solves (AMVVI),. Since, for any sufficiently small & > 0, there does not
exist any & > 0, such that for all z € B(yj,) N T, we have

(1 exp=0), (&5 expz'9)) # allexpzgle,
(61 exp=0), (&5 expz ') # allexpzile,
for all CjL € aqujL(Z) and C]U € BCCIDJ.U(Z), j=12.
Similarly, j = % solves (AMVV1),. Since, for each 6 > 0 and sufficiently small a > 0, there
does not exist any z € B(i,6) NT, such that
(&1 exp:'9), (G5, exp; 7)) = allexp; T lle,
(G expz '), (65 expz 1)) = allexp; ' glle,
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for all @'JL € vaDjL(Z) and C]U € BCCD]U(Z), j=1,2.

Theorem 4. For each j € ], let ®; be geodesic LU-approximately convex at j € T. Then, the
following statements hold:

1. Ifforsomek € ], @ and @k’ are strictly geodesic approximately convex at j € I'and §j is a
solution for the (ASVVI),, then i is an (LUAES); of the (NIVOP);

2. Ifyisasolution the (ASVVI)y, then § is an (LUAES); of the (NIVOP);

3. Ifyisasolution of the (ASVVI)3, then i is an (LUAES)3 of the (NIVOP).

Proof. 1.  Let 7 be a solution of (ASVVI); and suppose, to the contrary, that it is not an
(LUAES);. There exist « > 0 and ¢ > 0, such that

®(z) — ®(7) <1u 5 llexpy'zlle, ¥z € BF;6) N, 2 # 7. 22)

Since each ®;, j € | is geodesic LU-approximately convex, then for any a > 0, there
exist &' > 0, such that

<§]-L,expyle> - %Hexpy-_le < (I)]-L(Z) - CI)]-L
® (23)

(@),
Ur-

u(y),

forall z € B(y,6')NT and QL € BCCI)].L(g), g]l.l € BCCD]-U(y'),]' € J,j # k and for some

k € J, L and ®Y are strictly geodesic LU-approximately convex functions. Then for
any a > 0, there exist 6" > 0, such that

(€, expy'z) — §llexpy 2] < DU (z) -

(CF expy'z) — §llexpy 2| < D (2) — @(D), 1)
(G expytz) — §llexpy 2| < @ (2) — DL (7).

for each z € B(,8"), {k € 9.k () and I € 0. (7).

Setting 6* = min{4,¢’, 6"}, from (22)—(24), it follows that
(¢} expy'z), ..., (Chexpy'2)) < allexpy'z]e, 25)
(g4, expyz), ..., (T, expy '2)) < allexpy 'ze,

for each z € B(¥,6*), z # i, which is a contradiction.

2. Letysolves (ASVVI),. Then, for any a > 0, there exist 5 > 0, such that

(¢} expy'z), ..., (Choexpy'z)) £ allexpy 'zlle, 26)

(@i expy ), ..., (Chexpy'z)) £ allexpy'zlle,

for each z € B(7,6), ¢ € 9@k (7) and € 0.2 (1), j € J.
Since each ®;, j € | is geodesic approximately convex at y, for any a > 0, there exist
0 > 0 such that

Dh(z) — @F(7) > (Gf,expy'z) — §llexpy 'z,

®U(z) — DU (7) > ({4, expy'2) — §llexpy 'zl

(27)

forallz € B(7;0) NT, éjL € BCCIDjL(y) and g].u € BCCIJJ.U(]]), jeT.

Setting 6 := {5, 5}, from (26) and (27), it follows that, for any sufficiently small & > 0,
there exists & > 0 such that

o _ .
®(z) - ®(7) ALu §|\€xpglzlle, vz € B(7,9).
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Hence, i/ is an (LUAES); of the (NIVOP).

3.  First, we will show that if § is a solution of (ASVVI)3;, then § solves (AMVVI)3.
Consequently, from Theorem 3, 7 is an (LUAES)3 of (NIVOP). On the contrary, assume
that 7 does not solve (AMVVI)3, then for all § > 0, there exists z € B(,6), CjL €

E)C@]L(z) and (;:ju € acq’ju(z), j € J, such that

(<§1,€xpz >/ <gmrexpz y>) > —szexp;ly"He,

(28)
(€ exp'g), - (Ghtexps ') > —allexp; ' glle.

Since each @}, j € ], is geodesic LU-approximate convex, then cp].L and CD].U are geodesic
approximate convex functions. Therefore, 9.®} and 9.®Y, j € | are geodesic sub-
monotone. For all z € B(y,9), §]»L € aCCDjL(z), (',‘]-u € BCCDJU(Z), §]-L € 8C<I>JL(37) and
g].u € BCCIDJ.U(]]), j € J, we have

(Pagh — ek exp'y) > —§llexpz 'yl

_1n - (29)
(Pyalf' — ¢t expzly) > —5lexpz 'yll.

From (28) and (29), we have

(Poalf exp'g) = Sllexp: 'yl
(Poalfl expz ') = §llexp gl Vi€ ], j#k
and
(Poali expz 'g) > Sllexp; 7l
(Poabi expz ') > §llexpzyll, for some k € J,
that is,
(P (Pa0)Gr, PLaexpz ') > §llexpz 'yl
(P o)l Plaexp. ') > Sllexp. 'gll, Vi€ ], j #k,
and (30)
(P (Py0)er, PLaexp=t) > §llexpz 'yl
<P{), (P&Q)gg, D aexps 1g) > &|lexp;lyl|, for some k € J.
From (30), it follows that

(et expyz),.... (Chexpyz)) < —§llexpy'z]le,
(et expylz), ... (O expytz)) < —%lexpy'zle,
which contradicts our assumption. This completes the proof. [

4. Conclusions

In this paper, we have considered the classes of approximate Minty and Stampacchia
type vector variational inequalities (AMVVI)1, (AMVVI),, (AMVVI)3, (ASVVI);, (ASVVI),
and (ASVVI)3. Under geodesic LU-approximate convexity assumptions, we have proved
the equivalence between the solutions of the considered approximate variational inequali-
ties (AMVVI);, (AMVVI),, (AMVVI)3, (ASVVI), (ASVVI),; and (ASVVI); and approximate
efficient solutions (LUAES);, (LUAES),, (LUAES)3 of nonsmooth interval-valued vector
optimization problem (NIVOP). The results of the paper extended and generalized some
earlier results of [19,29,37,42-44].
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