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1. Introduction

The study of magnetic trajectories has its origin in physics, where a magnetic field is
given by a divergence-free vector field. Magnetic curves in physics represent the trajectories
of charged particles moving on a Riemannian manifold under the influence of magnetic
forces. The Landau—-Hall problem refers to the study of the motion of charged particles
on a Riemannian surface in the presence of a constant and static magnetic field. Later on,
the problem was extended for higher dimensions. Since on a 3-dimensional Riemannian
manifold vector fields and differential 2-forms may be identified, a magnetic field can be
thought as a closed 2-form. Magnetic fields and their corresponding trajectories represent
an important field of study, since this topic is situated at the interplay of Riemannian
geometry and dynamical systems. Magnetic trajectories generalize geodesics (and for this
reason they are also known as magnetic geodesics); therefore, they are used as a tool for
better understanding of the geometry of ambient spaces. As a matter of fact, one of the
most beautiful and difficult problems in dynamical systems on manifolds is finding closed
trajectories. The existence of closed trajectories is closely related to topology and geometric
structures of the manifolds.

The structure of this paper is the following. Sections 2 and 3 give some basic aspects
on the geometry of (almost)cosymplectic manifolds, magnetic trajectories, and magnetic
Jacobi fields. Theorem 1, due to Perrone, is the result that inspired us to write this paper. In
Section 4, we study magnetic geodesics in a 3-dimensional Lie group G. For this purpose,
we distinguish two cases: G is unimodular and G is nonunimodular. Particular attention is
paid to the case when the almost contact metric structure is cosymplectic. In the unimodular
case, we write the expression of contact magnetic geodesics in Euclidean motion group Ej.
Moreover, we obtain magnetic Jacobi fields in Lie group G(Ag, Ag). In the nonunimodular
case, we study contact magnetic geodesics and the corresponding magnetic Jacobi fields
in Lie group G(«,0). We consider a multiplication low on semidirect product R x R?,
obtaining a nonunimodular Lie group, and we write the expression of contact magnetic
geodesics corresponding to the cosymplectic structure naturally defined on this group.

2. Homogeneous Almost Cosymplectic 3-Manifolds
Let M be a smooth manifold. On M, consider the following geometric objects:
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e a(1,1) tensor field ¢, such that qoz = —I + 1 ® ¢, where I is the identity,
e avector field ¢,

e al-formy,

satisfying the conditions:

=0, 1op=0, 7(¢) =1.

Consequently, the dimension of M is odd; let it be 2n + 1. Then, (M, ¢, ¢, ) is an almost
contact manifold. When a Riemannian metric g, compatible with the almost contact structure
defined above, is considered, manifold M is called an almost contact metric manifold. The
compatibility condition writes as

8(¢X, 9Y) = g(X,Y) —n(X)n(Y), ¥X, Y € X(M).

An almost contact metric structure on an orientable (2 + 1)-dimensional manifold M is
a reduction in the structure group of M to U(n) x 1. An almost contact metric manifold
(M, ¢,¢,1,8) is said to be homogeneous if there exists a connected Lie group G of isometries
acting transitively on M and leaving # invariant.

The fundamental 2-form ® on M is defined by:

D(X,Y) = g(X,Y), VX,Y € X(M).

An almost contact Riemannian manifold (M, ¢, ¢, 7, g) with dy = 0 and d® = 0 is an almost
cosymplectic manifold. The almost contact structure is called normal if Ny +2dy ® ¢ =0,
where N,, is the Nijenhius tensor defined by:

No(X,Y) = [9X, ¢Y] = ¢[9X, Y] = 9[X, Y] + ¢*[X, Y], VX,Y € X(M).

If an almost cosymplectic structure is normal, we obtain a cosymplectic manifold. The notion
of cosymplectic manifold was independently introduced by Blair (in his Ph.D. thesis [1])
and by Ogiue (in [2]) under the name cocomplex. The authors in [3] showed that the
cosymplectic structure is characterized among the almost contact metric structures, by the
parallelism of ¢, that is, V¢ = 0, where V is the Levi-Civita connection on M. It follows
that 77 and ¢ are also parallel.

Recall the following important result:

Theorem 1 ([4]). Let M be a simply connected homogeneous almost cosymplectic 3-manifold. Then
Mis
(1) either one of the product Riemannian symmetric spaces

S?(e) xR and  H*@) xR,

where S?(¢) and H?(¢) are the sphere of curvature ¢ > 0 and the hyperbolic plane of curvature
¢ < 0, respectively,
(2) or Mis a Lie group equipped with a left invariant almost cosymplectic structure.

Magnetic curves in S? x R and H? x R are investigated in [5,6]. See also [7]. The study
of magnetic Jacobi fields in 3-dimensional cosymplectic manifolds (in particular in S? x R
and H? x R) was developed in a very recent paper [8].

In this paper, we study magnetic curves and magnetic Jacobi fields in a Lie group of
dimension 3 endowed with a left invariant almost cosymplectic structure. All the necessary
tools to understand the ambient space (the case 2 of Theorem 1) are described in the same

paper [4].
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3. Magnetic Jacobi Fields

Magnetic curves represent an important topic in differential geometry not only because
the problem originates from physics (in 3-dimensional Euclidean ambient), but also because
a magnetic curve is a natural generalization of a geodesic. A magnetic field on M is defined
by a closed 2-form F on M. A curve ¢y : I — M is called a magnetic curve or a magnetic
geodesic if it is a solution of Lorentz equation

2y(5) =976,

D . . .
where 7 stands for the covariant derivative along 7, and ¢ is the Lorentz force corre-

sponding to the magnetic field F defined as g(¢-, -) = F. Since any magnetic geodesic has
constant speed, it is natural to work with arc-length parametrized magnetic curves; the
case when vy is known as a normal magnetic geodesic.

Magnetic geodesics are solutions of a variational problem, i.e., they are the critical
points of the Landau-Hall functional LH (on C®([a, b]))

b
where E(7y) = / % ¢(7'(s),v/(s))ds is the Dirichlet energy of y and A is the potential 1-form

a
generating the magnetic field F. A second variational formula for integral LH gives rise
to the concept of a magnetic Jacobi field. W is a magnetic Jacobi field along the magnetic
geodesic 1 if it satisfies the following second-order differential equation:

2
W~ RO W)= g W) = (Twp)i =0 @

Here, R denotes the Riemannian curvature tensor of M. See, e.g., [9,10].

To solve the magnetic Jacobi equation is a true challenge. The major difficulty is the
presence of the last term in (1). When the covariant derivative of the Lorentz force has a
particular concrete expression, we can think about solving Equation (1).

Let us indicate some particular situations.

e A first example of a magnetic Jacobi field is velocity vector field 7/ (s) of a magnetic
geodesic (s) (see, e.g., [11]).

e InaKéhler manifold (M, g, J), one considers (Kdhler) magnetic fields that are uniform,
meaning that Lorentz force ¢ = g/, g € R is parallel; thus, the last term in (1) vanishes
(see, e.g., [12,13]).

* In a Sasakian manifold (M, ¢, ¢, 7, g), covariant derivative V¢ can be expressed by
a concrete formula. More precisely, The Lorentz force is defined by ¢ = g¢ and
(Vx)Y = g(X,Y)E — (Y)X. The classification of nonuniform Jacobi magnetic fields
is given in [14,15].

e Ina cosymplectic manifold (M, ¢, ¢, 1, ), the magnetic field is again uniform. The
Lorentz force ¢ = g¢ is parallel; hence, the last term of the Equation (1) vanishes.
See [8].

In the case when the magnetic field is uniform, that is, the Lorentz force ¢ is parallel,

i.e., Vg = 0, we retrieve the equation of a magnetic Jacobi field given by Gouda in [10]

D? D
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In [8], the authors solved (2) in order to find all uniform magnetic fields in 3-dimensional
cosymplectic space forms. In the same paper [8], a characterization of magnetic Jacobi fields
in the product spaces S? x R and H? x R was also given. Equation (2) is still of interest
to study the magnetic Jacobi fields in three-dimensional Lie groups endowed with a left
invariant (almost) cosymplectic structure.

4. Magnetic Geodesics in a 3-Dimensional Lie Group

Let M = G be a Lie group of dimension 3. In fact, Lie group G is diffeomorphic to
M viamap 7w : G = M,a — axg, where xq is a certain fixed point of M. All geometric
structures can be moved from M to G via 7, (and 77*); hence, we consider M as the Lie
group G endowed with a left invariant almost cosymplectic structure (¢, &, 7, g). We have
h = ¢V, where V is the Levi-Civita connection of g and h := %Eg(p. We know from [4]
that i commutes with left invariant translations, and the eigenvectors of & are left invariant.
Indeed, if g = Ty,G (the Lie algebra of G) and ey, € g such that hy ey, = Aey,, it follows
that vector field ey = (Lg)+,x,€x,, Where x = axy, is left invariant and satisfies hiyey = Aey.
As a consequence, eigenvalues A and —A of & are constant.

Due to Milnor [16], Lie group G can be either unimodular or nonunimodular. A Lie
group G is called unimodular if its left invariant Haar measure is also right invariant. In
terms of Lie algebra g, Lie group G is unimodular if and only if linear transformation ady
is traceless for any X € g.

4.1. Unimodular Case

We can consider an orthonormal basis {e1,e; = ¢ej,e3 = &} of g given by a ¢ basis,
such that he; = Aeq, he, = —Aep, which satisfies

le1,e2] = Azes, [en,e3] = Aqer,  [e3,e1] = Ages,

where A1, Ay are constants. Since the structure is almost cosymplectic, we must have Az = 0.
Therefore, from now on, we denote G by G(A1, Ay). The Lie brackets are now given by

le1,e2] =0, [ex,e3] = Aqer, [es,e1] = Azen. 3)

The Levi-Civita connection on G(A1,Ay) is expressed by

A —A A—A
vfl €1 = O/ velez = - 12 2631 v@] €3 = 12 262/
A —A A —A
vfzel = - 12 263/ vé‘zez = 0/ v€263 = 12 261’ (4)
AM+A AM+A
v83el = 17262/ v6362 = - 12 Zel/ v3363 = 0.

Remark 1. ¢ is parallel if and only if A1 = As.

We can compute the eigenvalue A of h:

Al — A Ay — A
hey = ¢V, = ¢( 12 26’2)2%%

It follows A = @ and hence |[|h||* = M
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For later use, we give the expressions of Riemannian curvature R, Ricci tensor Ric,
and Ricci operator Q:

_ 2
_ _ohp,

_ 2
R(El, 62)6‘1 = %6

2, R(e,e2)er =

7

(M —A2)(A143A5)

A —A2)(A14+3A
R(ey, e3)e; = — =20 Mt8h) 0 Rig) eg)ey = MA2)MitSha) )

’ (5)
R(ey, e3)ey = M2l oy R(gy g3)ey = — Al Blutha),)

R(eq,e2)e3 =0, R(ey,e3)ea =0, R(ep,ez)e; =0,
. A2—A2 ) )
Ric(eje) = =52, Ric(e1,e2) =0, Ric(ey,e3) =0
(6)
- A2-A3 - , A—Ap)?
Ric(ey,e0) = —=5—2, Ric(ey,e3) =0, Ric(es, e3) = —%,
2 _ 2
AM—A3
2

A%—/\ge

) (A1 — /\2)28
2 7

. )

Qe = Qez = —

e1, Qez = —
Remark 2. The metric g is flat if and only if Ay = A,.
Remark 3. The basis {e1, ey, e3} diagonalizes the Ricci operator Q.

The covariant derivative of ¢ is given by

(VEl 47)31 = AZE/\l 83/ (v61 4’)32 = 0/ (qu))e?)
(Ve,@)e1 =0, (Vey@)er = 2522e3, (Voy)e = — 25220, ®)
(Vesp)er =0, (Ves@)e2 =0, (Veyp)ez = 0.

Proposition 1. G(A1, Ay) is cosymplectic if and only if Ay = Aj.
The previous Formula (8) can be summarized as
(Vx9)Y = g(hX,Y)E —n(Y)hX, )

for all X,Y tangent to M. See also [17].
Recall also the following fact due to Olszak [17].

Proposition 2. An almost contact Riemannian 3-manifold is cosymplectic if and only if & is parallel.
As a matter of fact, recall an interesting result obtained in [18].

Proposition 3. The almost cosymplectic unimodular Lie group G(A1, Ay) has vanishing charac-
teristic Jacobi operator £ = R(e, )¢ if and only if Ay = A,.

4.1.1. Contact Magnetic Geodesics in G(A1, A;)

We study arc-length parametrized curves 7 : I — G(A1, A7) in the almost cosymplectic
Lie group G(A1, A,), which satisfy the Lorentz equation

Vit =4q¢7, q€R\{0}.
First, we decompose 7y in basis {ej, €5, €3}, that is,

5 = Ther + Trer + Tzes,
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where Ty, T, and T3 are smooth functions on I. Second, we compute the acceleration of y
using (4)

Vit = (T — AT T3)er + (To + MTiTs)er + (Ts + (A2 — A1) Ti To)es.

Thus, the Lorentz equation can be written as the following ordinary differential equation
(ODE) system:
T, = MTT3—qT,

Té —/\1T1T3 + QT1, (10)
Tj= (Ay —A)TiTo.

Remark 4. The contact angle 6, which is the angle between the velocity vector (s) and the
characteristic vector &(y(s)), is not automatically constant. However, if Ay = A;, then contact
angle 0 is constant (see also [7]).

Remark 5. The first curvature of a normal contact magnetic curve in an almost cosymplectic
manifold is k1 = |q| sin 6. Hence, it is not always constant. A normal contact magnetic curve in a
cosymplectic manifold is a helix (see also [7]).

In the sequel, we study this system by distinguishing two cases:

Case Ul Ay = A := Ag. The unimodular Lie group G(Ag, Ag) is locally isometric
either to £, (when Ay # 0), or to the Euclidean space E3 (when Ag = 0).

One obtains that T; = cos#6; hence, le(s) + T22(s) = sin%26. Then, the first two
equations in (10) become

{ Ti(s) = —(q — Ag cos ) Ta(s),
Ty(s) = (9 — Agcos0)Ti(s).

Denote w := g — Ag cos 8. It follows that the solution of the system above is

{ T1(s) = c1 cos(ws) + ¢a sin(ws), an

Tr(s) = ¢ sin(ws) — ¢z cos(ws),
where c1, ¢y € R such that C% + C% = sin? 6.

Case U2 A1 # A, As we saw, the Lie group G(A1, A2) is not a cosymplectic manifold.
The possible situations are

e the Heisenberg group H® when the Perrone invariant p vanishes;
e the universal covering E(2) of the group motions of Euclidean 2-space, when p > 0;
e the group E(1,1) of rigid motions of Minkowski 2-space when p < 0.

The Perrone invariant is defined by

pi= ||Lehl| — 2l|hl2 = A1 — Aa) (\/A%M% “In —m).

In ODE System (10), multiply the first equation by A1T7, and the second by A, Ty; then,
add the two obtained equations to obtain

MTIT] + AMToTy = —(A — A2)qTh T

Using the third equation in (10), we get

(MTE 4+ A,T3) = —qT3.

N =
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Hence, the expression 3 (A1T? + A,TZ) + T3 is constant. Denote it by %(# + co).
Taking into account the arc-length condition, we immediately obtain

72— )\1;)&2

1 2
1

T A

(12)
]

[A1T32 _ogTy 4+ 22 5 M

+ C0:| .
T3 = cos 6 and can be obtained by integration from the third equation of System (10), which
can be written in the following form:

T3(s) =/ P(T5(s)), (13)

where P is a polynomial of degree four if A1 A, # 0, respectively of degree three if A;A; = 0.
The integration in (13) involves elliptic functions that are not easy to work with.

Remark 6. Milnor’s table shows that G(A1, A7) is represented by the Heisenberg group when
A1 = 0or Ay = 0 (but not both). The Heisenberg group can carry one almost contact structure
that leads to a Sasakian space form, and another almost contact structure that leads to an almost
cosymplectic manifold (see, e.g., [18] Example 5.3). Analogously, the space Sols admits both a left
invariant contact metric structure and a left invariant almost cosymplectic structure.

We already indicated that a magnetic curve in a cosymplectic 3-manifold is slant, that
is, its contact angle 6 is constant. Moreover, it is a helix, meaning that curvatures x; and #p
are also constant. Since Case U1 leads to a cosymplectic structure on G(Ag, Ag), we are in-
terested to obtain the situations when a magnetic curve in G(Aq, A2) (with A # Ay) is slant.
If this is the case, we must locally have T1 T, = 0. This leads to the following possibilities:
@ 7'(s) = *es;
(i) v/(s) = *sinbe; + cosbes and g = Ay cosb, 0 # 0, 71;
(iii) 7/(s) = % sinBep + cosBes and g = Ay cosb, 6 # 0, 7.

As a consequence, we can easily prove the following proposition.

Proposition 4. Let vy be a slant contact normal magnetic curve in the almost cosymplectic unimod-
ular Lie group G(Aq, Ap) (with Ay # Ap). Then

(i)  either «y is an integral curve of ¢ case when it is a geodesic,

(i) or 7y is a helix with curvatures k1 = |q| sin6 and xy = 1|Ay + Ay cos 26|,

(iii) or 7y is a helix with curvatures x, = |q| sin 6 and xy = 1|\ + Ay cos 26|

Remark 7. In the case (ii) of the previous proposition, curvature ko may be rewritten as

Ky = ‘qcos@ - @’ In Case (iii), we rewrite xy = ‘qc059+ Al;Az

. See the analogy
with the expression of the curvature iy obtained in [7].

Remark 8. The study in [19] is an interesting survey on slant curves in 3-dimensional almost
contact metric geometry where the slant curves in 3-dimensional solvable Lie groups equipped with
natural left invariant almost contact metric structure are studied as well. Slant magnetic curves in
almost cosymplectic space Solz are studied in [20]. Lie group Sols may be realized as the unimodular
Lie group with Ay = —Aq # 0 (see, for example, §3 in [21]).

We continue our investigation in the Lie group G(Ao, Ag) endowed with its cosymplec-
tic structure. In [7], we focused on cosymplectic manifolds M? x R, where M? is a complex
space form of complex dimension 1. In particular, we obtained important geometric
properties for normal contact magnetic curves in S? x R and H? x R (see also [5,6]).
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Example 1 (Contact magnetic geodesics in the Euclidean space E3). For Ag = O, the Lie
group G(0,0) is nothing but the Euclidean 3-space E3. If we denote the global coordinates by x,y
and z, the multiplication law is the standard one:

(x1,y1,21) * (x2,¥2,22) = (%1 + X2, 41 + 2,21 + 22)
and the left invariant vector fields (that appear, previously, in the general description) are

d 0 0
elza,ezzaandegza—z.

Thus, we find w = q and
F(s) = (c1cos(gs) + ¢ sin(gs), 1 sin(gs) — ¢z cos(gs), cos ),

with ¢ + ¢y = sin? 6.
Setting (0) = (0,0,0) and ¥(0) = (ug, v, cos8), such that u3 + v3 = sin’ 0, we immedi-
ately find

y(s) = (‘;0 sin(gs) — %(1 — cos(gs)), ?(1 — cos(qs)) + %sin(qs),scos 9).
See also [22].

4.1.2. Contact Magnetic Geodesics in the Euclidean Motion Group E,

This space is realized as R?, on which we denote the global coordinates by x,v, z and
set the multiplication

(x1,y1,21) * (x2,Y2,22) = (X1 + X2 CO8 21 — Y sinzy, Y1 + xp sinzq + Y coszq, 21 + 22).

Leta,b,c > 0 and define three left invariant vector fields

e —1 coszi+sinzi e —1 —sinziJrcoszi e —12
17 0x ay) b 0x ay)' > coz’

whose Lie brackets are given by

a
[61, 62] =0, [32/33] = Eel, [63,61] = &32‘

Hence, the Lie group Ej is the unimodular Lie group G(A1,A2) with Ay = & and A, = %
The dual basis is given by

1 = a(cos zdx + sinzdy), 7, = b(—sinzdx + coszdy), 1 = cdz.

The left invariant metric g is determined by the condition that {ej, ey, e3} is an orthonormal
basis with respect to it, and it can be expressed as

§=MOAM +mQm+ne1.

Defining ¢ = e3 and ¢ as before, i.e., pe; = €3, pea = —e1, pez = 0, we obtain a homoge-
neous almost contact structure which is almost cosymplectic. It can be easily check that
(Ea, ¢,¢,1,8) is cosymplectic if and only if b = a. In this case the metric g is flat and takes
an easier form

g = a?(dx? + dy?) + *dz2.

In order to obtain an explicit expression for contact normal magnetic geodesics y : [ — E,
v(s) = (x(s),y(s),z(s)) we need to express velocity vector 7 in terms of the basis {e1, e, €3}
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and then to use the obtained results in Case U1. For this end, we consider b = a; hence, E,
is obtained as G(Ag, Ag) with Ag = 1 # 0. Then we obtain

¥ =a(xcosz+ysinz)e; +a(—xsinz+ ycosz)ey + czes,

where we denoted X = ‘;—’S‘, y= ‘Zl—z and so on. Subsequently, component functions x, y and z
satisfy the following ordinary differential equation system:

xcosz+ysinz = 1(cjcos(ws)+ csin(ws)),
—xsinz+ycosz = 1(cysin(ws)— cscos(ws)), (14)
s 0
z — COCS ,

where ¢ 4 ¢2 = sin? and w = q — Ag cos 6.
ODE System (14) can be rewritten as

¥ = Heycos (ws+2(s)) +easin (ws +2(s))],
v = evsin (ws+2(s)) — cacos (ws +2(s))],
z = 047, z:=2z(0).

Taking into account that w + %% = g, we obtain

x = lcjcos(gs+z) + casin(gs +z0)],
y = Lleysin(gs +z9) — 2 cos(gs +20)], (15)
z = %S + 2p.

Setting initial conditions (0) = (0,0,0), ¥(0) = (u, vo, 1 cos @), with u3 + v3 = a% sin? 6,

we conclude with the explicit expression for the magnetic curve
y(s) = (’“;0 sin(gs) — %(1 — cos(gs)), %(1 — cos(gs)) + %Osin(qs),Aos cos 9).

See the analogy with the expression of magnetic geodesics in Euclidean space E.

4.1.3. Magnetic Jacobi Fields on G(Ag, Ag)

We have at least two advantages in considering Lie group G(Ag, Ag) (endowed with
its homogeneous almost cosymplectic structure defined before) as the background for this
study. The first is the parallelism of Lorentz force ¢ = g¢, since the space is cosymplectic.
The second is the flatness of the metric. Therefore, the Jacobi magnetic equation reduces a
lot. More precisely, if W(s) is a magnetic Jacobi field along the normal contact magnetic
geodesic 7(s), then it satisfies the following ODE:

D2W _DW

To find explicit solutions of this equation, we use basis {e1, e, e3}.

Let % = Aje; + Ajzep; + Azez, where A1, Ay, Az are smooth functions on I. Even if
velocity vector §(s) does not appear explicitly in the Equation (16), it is obtained from (11)
togeher with the condition for < of being slant. Equation (16) becomes

Al(s) = —wAs(s),
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where w = g — Ag cos 8, as before. The general solution of this system is
Aq(s) = ay cos(ws) + ap sin(ws), Ax(s) = ay sin(ws) — ap cos(ws), Az(s) = as,

where a4, a;, a3 are real constants.
To find magnetic Jacobi field W(s) = Wi (s)e; + Wa(s)ex + Wa(s)es, where Wy, Wy, W3
are smooth function on I, we integrate equation % = Aje1 + Azer + Azez. We have
W (s) — Agcos® Wa(s) = Aq(s),
W;(s) + Agcos @ Wy(s) = Aa(s),
W;(s) = As(s).

It is straightforward to show that the solution of this system is given by

Wi(s) = %(ul sin(ws) — ap cos(ws)) + {1 cos(Ags cos 0) + {2 sin(Ags cos 6),
Wa(s) = —% (a1 cos(ws) + ap sin(ws)) — {1 sin(Ags cos 0) + {p cos(Ags cos6),

Ws(s) = azs + (3,
where (1, (> and (3 are real constants.

Remark 9. In the special case when w = 1, equivalently to w = Aqcos 6, the above expres-
sions simplify. Moreover, functions sin(ws), cos(ws), sin(Ags cos 8) and cos(Ags cos 0) are no
longer independent.

Example 2. In the Euclidean case, we have Ay = 0; hence, w = q. Consequently, magnetic Jacobi
field W(s) can be expressed as

Wi(s) = (a1 sin(qs) — az cos(gs)) + (1,
Wa(s) = —¢ (a1 cos(qs) + az sin(gs)) + G2,
Wi(s) = ass + s,

where {1, and (3 are real constants. See also [8] (Theorem 3.1).

Remark 10. When magnetic geodesic vy in unimodular Lie group G(Ag, Ag) is not an integral curve
of the characteristic vector field, that is, if 7 is not collinear to &, magnetic Jacobi field W (s) may
be expressed in the basis {y, ¢y, {}. It is straightforward to compute coefficients of decomposition

W(s) = A(s)7 + B(s)g + C()E(7(s)). We find

sin?0 A(s) = (181 — c202) cos(qs) + (c1G2 + €201) sin(gs) + 21T
sin?6 B(s) = (c102 + c201) cos(gs) — (181 — c2ga) sin(gs) — @
C(s) = a3s+{3—cosfA(s),

where constants c1, ¢y, ¢3, a1,a2,a3, {1, (> and {3 are those obtained before. See also [8].

4.2. Nonunimodular Case

Let us now consider a (simply connected) three dimensional nonunimodular Lie
group G equipped with a left invariant almost cosymplectic structure. We briefly describe
a ¢ basis and emphasize the commutation relations in the corresponding Lie algebra g
following the construction given by Perrone [4].

A first remark is that ¢ belongs to kernel u = {X € g : tr adx = 0}, which is two-
dimensional and unimodular. Then, we consider an orthonormal basis {e;,e3 = ¢} of u.
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Hence, e; := —ge belongs to orthogonal complement u of u. Since ad,, preserves u, and
taking into account that 7 is closed and V¢ = 0, we obtain that

[81182] = ey, [61163] = ﬁEZI [62/ 63} = 0/ (17)

where a and f§ are constants with & # 0. We denote this Lie algebra by g(«, B). Explicit de-
scriptions of g(a, ) and of corresponding simply connected Lie group G(a, ) = expg(«, B)
are presented in [18].

The Levi-Civita connection on G(&, B) is given by

Velel = 0/ veleZ = _§e3/ Vfle:‘} = 562/
Ve,e1 = —aey — gea, Veeo =ae;,  Vee3 = gel, (18)
Ve:—ée Ve:ée Ve.e3 =0

e3t1 762, e3€2 261, e3€3 .

Remark 11. Characteristic vector field ¢ is parallel if and only if p = 0.

We give the expressions of operator /1, Riemannian curvature R, Ricci tensor Ric and
Ricci operator Q:

2 2
2 2
R(eq,ex)e1 = (ocz — %)ez + afBes, R(eq,e2)er = (zx2 — ’g—)el,
R(e1,e2)e3 = —apey, R(ey,e3)er = aPes + f e3, 20)
2
R(er, e3)ex = —afey, R(ey, e3)es = —L61,
2
R(ey,e3)er =0, R(ez,e3)er = *%83, R(ep, e3)e3 = 62,
. 2 ﬁz . .
Ric(ey,e1) = —(a* + 15), Ric(er,e) =0, Ric(eq,e3) =0, o
Ric(ep, ep) = %2 — a2, Ric(ep,e3) = —ap, Ric(es, e3) = —%2,
2 2 2
Qe = — (0(2 + %)el, Qep = (‘% — vcz)ez —aPes3, Qez = —afey — %63. (22)
Remark 12. Since o # 0, the metric g cannot be flat.
Remark 13. The basis {e1, ez, e3} diagonalizes Ricci tensor Q if and only if p = 0.
Lastly, the covariant derivatives of ¢ are computed as
(Vepler = —hes, (Veplea=0,  (Vergles = her, (23)
(Ve,p)er =0, (Ve,p)er = bes, (Veyples = —ber, Ve,p=0.

As a consequence, ¢ is parallel if and only if B = 0. Hence, we state:

Proposition 5. Almost cosymplectic nonunimodular Lie group G(«, B) is cosymplectic if and only

ifp=0.
In analogy with Proposition 3 we recall the following result obtained in [18].

Proposition 6. Almost cosymplectic nonunimodular Lie group G(w, B) has a vanishing character-
istic Jacobi operator if and only if p = 0.
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4.2.1. Contact Magnetic Geodesics in G(«a, )

We study arc-length parametrized curves y : I — G(«, §) in almost cosymplectic Lie
group G(w, B) that satisfies Lorentz equation

Vit =q¢7,  q€R\{0}.

In order to compute the acceleration of 7, we need to decompose its speed  in basis

{e1,e2,e3} as
v =Tie1 + Theo + Tze3, Ty, Tr, Tz € CZ(I).

Thus, we write
Vit = (T{ +aT5 + BTy Ts)er + (Tp — aTi To)es + (T3 — BT T2 )es.
Hence, the Lorentz equation leads to the following ODE system:
T{ + (aTp + Q)Tz + BT T3 =0,
Té —(aT, +q)T; =0, (24)
T; — BT, T, = 0.

Remark 14. The contact angle 8 is, as expected, not automatically constant. Nevertheless, when
B = 0, the third equation in (24) implies that T3 = cos 8 is constant. This reminds us that a contact
magnetic curve in a cosymplectic manifold is slant.

Let us study Case NU1: 8 = 0.

A special case is furnished by the integral curves of ¢, the case in which + is a geodesic.
Suppose now that sinf # 0. Since Ty (s)? + Tx(s)?> = sin? @ it follows that there exists
(locally) a function u, such that

Ti(s) =sinfcosu(s) and Ty(s) =sinfsinu(s).
Plugging these expressions in the first two equations of (24), we obtain

{ (u' —asin@sinu —q) sinu =0,

(4 —asin@sinu —q) cosu = 0.

A particular solution is # = 47 which can be obtained when and only when g = Fasin6.
In this situation ¥(s) = = sin fe, + cos fes.

Other constant solution (for u) may be obtained as u = ug := —arcsin S?ne ; in this
case, we need to have || <1.

In this situation ¥(s) = sin 6 cos uge; + sin 6 sin upep + cos Oes.
Suppose that u is not a constant function. The general solution of the ODE

u' = asinfsinu +q

isu(s) = 2arctan t(s), where

(i) ifa?sin?6 < g%, thent(s) = @tan(@ +cg) — %“9, where { = /1 — “2%?29;
(i) if g = easinb, then t(s) = —qSJriCO — ¢, where e = +1;

either —( coth(%gs + o),
(iii) if a?sin® 6 > g2, then t(s) = —%“9 +4 or Z,

or —Ctanh(ngS + co),

a?sin?f 1

where { = p
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. 1—1t(s)? : 2t(s)
Here CO c R HenCe, T1(5> — SInB m and Tz(S) = SII19 m

Almost cosymplectic nonunimodular Lie group G(«, B) is cosymplectic if and only
if B = 0. Since every contact magnetic curve in a cosymplectic manifold is slant, we are
interested to find when a magnetic curve in G(«, B) (with B # 0) is slant. The third equation
in (24) yields T1 T; = 0 (locally). Thus, we obtain the following possibilities:

M) () = +es;
(i) /(s) = *£sinbep + cosbe; and g = Fasind — Bcosb, 6 # 0, 7.

Compare with the unimodular case.

As a consequence, we can easily prove the following proposition.

Proposition 7. Let vy be a slant contact normal magnetic curve in the almost cosymplectic nonuni-
modular Lie group G(«, B) with p # 0. Then,

(i)  either y is an integral curve of the ¢ case when it is a geodesic;

(ii) or vy is a helix with curvatures k1 = |q|sin6 and k, = |gcos 6 + §|

Again, it is interesting to compare x, from (ii) with the expression of curvature xjy,
obtained in [7].

Example 3. Let G = R3(x,y,z), on which we consider the following multiplication law:
(x,y,2)* (x",y,2)) = (x + X,y + ey, z+7), a€cR\{0}.

In fact, G is semidirect product R x R2. The set of left invariant vector fields on G is
generated by
ad ax O d

o’ ¢ oy’ 9z

We can also identify G with the set of all matrices of the following form:

1 0 0 «x
X
Xu(x,y,2) := 8 60 (1) z , xy,z€R, a>0.
0O 0 01

In this interpretation, the set of left invariant vector fields is generated by the three follow-
ing matrices:

0 0 0 1 000 O 000 0
0 ae®™ 0 0 0 0 0 e 000 O
=10 0o ool 2 looo ol ®B=]0oo0 01
0 0 0 0 000 O 000 0

Under identification R3 > (x, y,z) <> Xa(x,y,2), we obtain the correspondence for the left
invariant vector fields and

With no danger of confusion, we denote by

o

E =

o O o o
S O R O
o O o o
o o O

o O o o
o O O O
o O O O
o o © O
o O o o
(= M)
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the generators for Lie algebra g.
It is easy to check that the commuting relations are

[El, Ez] = tXEz, [Ez, E3] = 0, [E3, El] = 0;

hence, G is a nonunimodular Lie group on that we can define, as usual, the cosymplectic
structure. Let us indicate that the left invariant metric is

g = dx? + e®¥dy? + dz°.

Consider now a normal contact magnetic geodesic v : I — G, y(s) = (x(s),y(s),z(s)).
Since velocity vector field ¥ was computed, we must solve the following ODE system in
order to obtain explicit parametrization. for 7y

x'(s) = Ty(s),
Y (s) = eI (s), (25)

The third coordinate z can be easily obtained as z(s) = z(0) + s cos 6.

Let us now obtain x(s) and y(s).

Then, we draw, in a series of figures, magnetic curve 7 (in R%) and its projection on
the hyperbolic plane. We need to indicate that this model is nothing but the product space
H?(—a?) x R. The hyperbolic metric on R?(x,y) is dx* + ¢2**dy?. We also consider the
upper-half plane model for the hyperbolic plane via transformation u = ay and v = e**.
Thus, for each projection curve, we draw two pictures, one (central) lying in R?(x, y) and
one (on the right) lying in the upper-half plane model of H?(—a?) with coordinates u and

v > 0. (s)2 (s)
. 1 —1(s . 2t(s
We haVe Tl (S) = Sln9 m al‘ld TZ(S) = Sll’19 Tt(s)z

Case (i) £(s) = g’cam(‘%gs +cg) — %’r‘e,where {=4/1- ”‘25;#

Set ¢ € (0, 1) such that cos ¢ = &;‘9 ; hence ¢ = sin . Then,

_cos(p+ ng',s +¢o)
cos(qzE +¢o)

t(s) =

and
g sin@sin(yp + g0s + 2cp)
cos ip cos(p + qs + 2cp)
Integrating, we obtain
x(s) = —% log (1 + cospcos(p + s +2cp)) +¢1, ¢1 € R. (26)

Since ( (s 4 2¢0)

. cos P + cos(P + qCs + 2cq

Tao(s) = —sinf 1+ cospcos( +qls +2cp)’

we find

el coty sin(y + qs + 2cp)
« 1+ cospcos(¢ + qgs + 2co)

y(s) = — +c, €R (27)

In Figure 1 we draw the magnetic curve in R? (left), its corresponding projection in R?
(center) and the projection on the hyperbolic plane H? (right).
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0.2.90.8.80

-3

-6 -4 -2 2 4 6

Figurel.a =2, =2,0=%,c0=0,c1 =0,c2 = 0.

Case (i) {(s) = —qS%CO -

Integrating, we obtain
1
x(s) = - log (2(gs + co)* +4e(gs +co) +4) +c1, c1 €R,

(s) = e*“1(gs +co +¢)
4 w[2(gs + c)? + 4e(gs + co) + 4]

4+, c€eR

In Figure 2 we draw the magnetic curve in R (left), its corresponding projection in R?

(center) and the projection on the hyperbolic plane H (right).

owot

0.0

3 15 10 05 "

fgg 02 01 [X

Figure2.a:2,£:1,q:\f3,9:%,Cozo,clzo,czzo.
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Case (iii) We need to distinguish three subcases. Before this, let us introduce ¢ > 0,
such that % = ¢ecoshp, ¢ = +1 and { = sinh .
asing _ _ esinh(%@+co+stp)
q sinh(ngs-&-co)

Subcase (iii)-1 t(s) = —( coth(%gs +co) —

Integrating, we obtain

x(s) = —% log (coshp cosh(ep 4+ qls +2co) —1) +c1, ¢ €R

(s) = et cothyp sinh (e 4 q{s 4 2cp)
P8 = b cosh ¢ cosh(ep + ggs + 2¢p) — 1

+c, c€eR

As before, in Figure 3 we draw the magnetic curve in R3 (left), its corresponding projection
in R? (center) and the projection on the hyperbolic plane H? (right).

-3.0 -25 =20 -1.5 -1.0 -05

Figure3. 0 =2,e=1,9=1,0=%,c0=0,c1 =0,c, = 0.

Subcase (iii)-2 t(s) = —@ + { (this leads to a constant solution for u)
It follows that T; # 0 and T, are constant; hence,
T

x(s) =Tys+cy, ]/(S) = r’[‘l elX(TlerCl) +c3, ¢, €R.

Figure 4 represents the magnetic curve in R3 (left) and its corresponding projection in R?
(center) and on the hyperbolic plane H? (right), respectively.

-05{
¥ -20t

-25

-3.0F

Figure4. 0« =2,e=1,0=1,0=%,c0=0,c1 =0,c0 = 0.
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asing _ ecosh(‘72£+co+etp)
q cosh(@+co)

Subcase (iii)-3 t(s) = —gtanh(%gs +co) —

Integrating, we obtain

x(s) = —% log (cosh g cosh(ey + qls +2c) +1) +¢1, ¢ €R

__e*icothy sinh (e 4 q{s 4 2cp)

R.
« cosh ¢ cosh(eyp + s + 2cq) + 1 +c, €

Figure 5 represents the magnetic curve in R3 (left) and its corresponding projection in R?
(center) and on the hyperbolic plane H? (right), respectively.

\ 04 -25 -20 -15

Figure5. 0 =2,e=1,0=1,0=%,c0 =0,c1 =0,c0 = 0.

Remark 15. The nonunimodular Lie group G(w,0) o G(a) can be also considered as the set of
all matrices of the following form:

e(1+a¢)x 0 yexf(x)
0 e’ zeX , x,y,z€R, a >0,
0 0 ex
-l ifx #£0
where f : R = R, f(x) = . " .
if x =0.

One can obtain a simply connected Lie group G(a) whose Lie algebra g(«) is

14+a)u 0 o
gla) = ( 0 u w) ‘ u,v,weR .
0 0 u
1+4a 0 O 0 01 0 0O
e1—< 0o 1 0>,e2—<0 0 o),e3_(0 0 1),
0 01 0 0 0 00

with the property

o

[e1,e2] =waea, [ez,e3) =0 and [e3,e1] = 0.

In fact, Lie group G(w) is simply connected Lie group exp g(a).
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Identify G(«) with R® with global coordinates (x,y,z) and set the following geometric objects:
o the metric: dx* + (ayo(x)dx + f(x)e"""dy)2 + dz?, where

o= { THE xR0
;o ifx=0;
e lformny =dz
e wvector field { = %.

Left invariant vector fields obtained from ey, ep and e3 are

_ 9 w9 e o 9
T Y ey T Fay '

The construction above is from [18] (see also [23,24]).

<
Q
N

4.2.2. Magnetic Jacobi Fields on G(«,0)

Contrary to the unimodular case, when the metric on G(Ag, Ag) is flat, for nonunimod-
ular group G(«,0), curvature R plays its role in the magnetic Jacobi equation. Therefore,
we must pay attention to term R(y, W), where 7 is a contact normal magnetic geodesic
on G(«,0), and W is the magnetic Jacobi field along 7. We use Equation (20) with g = 0.

So, if we take W = Wyeq + Whep + Waez and 7 = Tyeq + Trep + cos fes, we immedi-
ately find

R(9, W) = a®(TyWa — Ta W1 ) (Tiez — Toeq).

This can be rewritten as
R(, W) = o® det(7, W, )9,
where the “det” product of the three vectors is considered with respect to the orthonormal
basis {e1, 2, e3}. Thus, the magnetic Jacobi equation becomes
D*W
ds?

. . DW
— a?det(y, W, &)@y — 99— = 0. (28)

We compute % = Aqeq + Ajzep + Ases, where

Al = W] +aTaW,, Ay =W, —aToW;, Az =W} (29)

and B = (A] +aToAr)er + (A) — aThAs)es + Ales.

Equation (28) can be written as
Ai +aTrAr + IXsz(T1Wz — T2W1) + qu =0,
AL —aThAy — Ty (ThWa — TaW;) — gA; =0, (30)
AL =0.
In the following, we use (29) and (24) to obtain

W'+ (2aT, + q)W5 4+ a(2aT, + q) (T1 W, — T,W;) =0,

W) — (2aT> + q)W] — a2sin? 0W, — ag(TyW; + To,W,) = 0, (31)

Wj = 0.

Particular solution Wy = T, W, = T, and W3 = cos 0 corresponds to W = 7.

Remark 16. Expression ATy + AT is constant; this can be interpreted as a conservation law.
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ODE System (31) seems to be very complicated to be solved. Let us make some notations:
a = W1T1 + W2T2 and b= W2T1 — Wsz.
Compute

a = (A1 + qW2)T1 + (A2 — E]Wl)Tz = (AlTl + A2T2) + qb,
V= (Ay—qWi)Th — (A1 +gWo)Th = (A Ty — A1) —qa,

oo (32)
V' +qa’ — a?sin?0b = 0.

to obtain

This ODE system is a simplified version of System (31).
The first equation yields a’ = gb + ¢, where c is the constant involved in Remark 16.
Plugging a’ in the second equation of System (32), we obtain

b + (g% — a®sin? 0)b + ¢oq = 0.

2

The solution of this ODE depends on the sign of expression g> — a? sin? . This sign was

also used when we classified the normal contact magnetic geodesics in G(«).

Case (i) If a?sin?6 < g% let{ = W.

The equation becomes b” + q27?b + ¢oq = 0 with the general solution

b(s) = a1 Cos(qgs) to Sin(qgs) - qc%, 1,6 € R
We obtain
2 2
‘. (%) a“cps sin“ 0
a(S) = Z sm(qu) - Z Cos(qgs) — qu +¢3, g ER.
Case (ii) If a?sin? = 42, we obtain
coqs2
b(s) = — 5 + s+,
2.3 2
a(s) = _coq65 n clgs (o +qe)s + ca,
where ¢1, ¢, ¢c3 € R.
Case (iii) If a?sin?6 > g2, let { = ZTnZe 1
We find
b(s) = ¢ cosh(qZs) + 2 sinh(qgs) + q%
0 . ©Q a%cs sin? 6
a(s) = 7 sinh(q{s) + 7 cosh(q(s) + e +¢3,

where ¢1, ¢, ¢c3 € R.
We obtained a and b in all the three situations. Returning to coefficients Wy and Wj is
only one more step to do, that is, we need to take into account that

Wysin?0 = aT; — bT, and W,sin?0 = aT, + bTy,

where Ty (s) and T»(s) should be taken keeping in mind the sign of expression g2 — a* sin® 6.
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To finalize this section, we indicate that the third equation in (31) yielding W3 is an
affine function on s.

Remark 17. Since G(«,0) endowed with the cosymplectic structure is a cosymplectic space form
with constant g-sectional curvature c = —a? we invite the reader to read our paper in [8].

Remark 18. In [25], the author was interested in magnetic trajectories in Lie groups equipped with
bi-invariant Riemannian metric. We add some comments on this problem. Recall that (e.g., [26])
3-dimensional Lie groups with bi-invariant metrics are: SU(2) = S%, SO(3) = US? (both non-
abelian) and commutative groups S' x S! x S!, S! x S! x R, S! x R? and R3. In this regard,
three recent works studied magnetic trajectories: ref. [27] (3-dimensional Berger spheres, especially
SU(2) = SP), ref. [28] (unit tangent sphere bundles, in particular US?) and ref. [29] (3-dimensional
torus T3).

5. Conclusions

The study of magnetic fields and their corresponding trajectories on different Rieman-
nian manifolds plays an important role in differential geometry, physics, and dynamical
systems. With the origin in the classical problem (in a Euclidean 3-dimensional space),
when magnetic geodesics describe trajectories of charged particles moving under the influ-
ence of a magnetic field, the problem was extended to several ambient spaces, the magnetic
fields being defined by other geometrical structure compatible with the Riemannian metric
on the manifold. The easiest example is to consider a constant vector (which is Killing) in a
3-dimensional Euclidean space that canonically defines a magnetic field. The corresponding
magnetic geodesics are helices with that vector field as axis. Because helices are important
tools in the study of the geometry of 3-dimensional spaces, many geometers have studied
the geometric properties of magnetic geodesics in different ambient spaces. The study
of magnetic geodesics in arbitrary Riemannian manifolds has developed since the 1990s,
and some early works may be found in the literature. Several classifications of magnetic
geodesics in Riemannian manifolds were obtained. The aim is a better understanding of
the geometry of the underlying space. To conclude, we choose a few works from the huge
list of papers studying this topic: [27,30-36] (see also references therein). In this paper,
we investigated magnetic geodesics in a 3-dimensional Lie group endowed with a left
invariant almost cosymplectic structure that defined the magnetic field. Explicit expressions
of magnetic geodesics and the corresponding magnetic Jacobi fields were obtained.
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