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Abstract: The purpose of this study is to establish Liouville-type results for a three-dimensional
incompressible, unsteady flow described by the Eyring-Powell fluid equations. The fluid is studied
in a plane Q) while it moves along the z-axis. Therefore the main functions to analyze are given by
u(x,y,zt) and v(x,y,z,t), belonging to (. The results are obtained for globally bounded initial
data as well as their corresponding derivatives, and the variations in velocity along the z-axis belong
to the space L? and BMO. Under such conditions, Liouville-type results are obtained and extended
toLP,p > 2.

Keywords: Liouville-type results; Eyring—Powell fluid; three-dimensional flow; unsteady flow

1. Introduction

In many situations, the fluid principles typically considered to model substances
such as water, air or oil are supported by the Newtonian fluid concept. Nonetheless, in
certain applications, a non-Newtonian description is required to further characterize the
prescribed behavior. As an example, the mathematical modeling of muds and sludges
in mines can be described by non-Newtonian fluid approaches. In addition, there exist
other applications, such as biomedical flows or lubrication, where non-Newtonian fluids
constitute the baseline modeling. The particular rheological properties of non-Newtonian
flows lead, in some cases, to the categorization of such fluids through the use of dedicated
theories. This is the case of the so-called Eyring-Powell fluid. Numerous studies have been
conducted for this particular fluid under flowing conditions (see [1-10] for some dedicated
articles). More particularly, the Eyring—Powell fluid has been considered in this area in
some recent studies. In [11], the authors propose a computational procedure based on
a shooting method approach to obtain solutions in a three-dimensional Eyring—Powell
fluid over a stretching sheet. In [12], an Eyring-Powell fluid is considered to act over an
exponentially stretching surface where heat and mass transfer processes are modeled by
nanoparticles. Additional studies devoted to exploring solutions under analytical and
numerical exercises exist; nonetheless, little has been explored in relation to the regularity
of solutions of three-dimensional Eyring-Powell fluids.

In relation to Liouville-type results, it shall be noted that there exists an extensive
literature devoted to developing regularity criteria for Navier-Stokes equations and, more
particularly, devoted to Liouville-type results for the 3D stationary fluid described by
Navier-Stokes equations. As an example of this, refer to the Magnetohydrodynamics
(MHD) and Hall-MHD equations treated in [13-18]. On the contrary, some further literature
is required to explore the Liouville-type results for a 3D Eyring-Powell fluid, particularly
when flowing along the z-axis while stretching on a plane.
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Motivated by the described facts, the objective of the presented analysis is to establish
Liouville-type results for an Eyring—Powell fluid over a plane with stretching velocities
and flowing along the positive z-axis.

The fluid under analysis is considered to be incompressible and electrically conductive
in the presence of an applied magnetic field By. Consider the classical Cartesian coordinate
system such that the (), — plane corresponds to a fluid sheet and the flow invades the space
z > 0. The surface stretching velocities along the x— and y—directions are u,—q(x) = ax
and v,—o(y) = ay, respectively. Note that the idea is to study the fluid kinematics and
the associated Liouville results in the (), plane through the fluid motion along the z-axis;
therefore, the main functions to analyze are given by u(x, v, z,t) and v(x, y, z, ). The velocity
components, continuity principles and the governing equations of an Eyring-Powell fluid
along the spatial domain Q) = ), x [0, c0) are

Ju Jdv Jw
V =[u(x,y,zt),v(x,yzt)wxyzt)] and E + @ + 5 = 0, (1)

ou  du  du  du 1 % 1 (au)zazu UB%u )
022 Zﬁd%pf ’

ot 9x 9y 9z Bdipy ) 0z 2pd3ps\0z) 0z ps

The boundary conditions reflect the existence of stretching velocity fields in the plane
z = 0. In addition, it is assumed that the fluid is at rest for any dimensional variable at co.

= ax, v=ay, w=0 for Qp=2z=0,
— 0, v—0 as z— oo,
= 0, v=0, w=0if (x,y) = (—o00,—00),

= = =2 =

= 0 v=0 w=0 if (xy)—= (c0,00).
In addition, we use the following initial conditions:

u(x,y,2,0) =up(x,y,z) and v(x,y,z0)=70y(x,y,2), 4)

where u, v, w are the first, second and third components of the velocity, respectively, while
v is the kinematic viscosity (defined as the ratio of the dynamic viscosity u and the fluid
density ps). Note that f and d; are two fluid parameters and ¢ is related to the charge
distributions along the fluid.

Here, we assume that the shear stress is zero at z = 0 considering the case ‘3—;‘ = g—zz’ =0.
Additionally, u = v ~ 0 for t — co.

2. Preliminaries

In this section, we introduce some notation and collect some preliminary results
required to support the introduced analysis. Firstly, the usual Lebesgue space of real-
valued functions is L (Q), Q = Q x (0, c0) with the norm ||-||;,.

HfHLp = <£|f(x)|pdx> , 1<p<oo

ess sup,cq |f(x)], p=oce.

In addition, consider the Bounded Mean Oscillation (BMO) homogeneous space in
B, = {(x,y,z,t) € R¥x [0,00); (x> +y> +2z*)/2 < r, t < r} with the following norm
(see [19]).
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r>0
r(X rY

Now, the following lemma is supported by a result in reference [20].

Lemmal. Let1 < b < a < . Then,

1-t b
Ul e < ||”1||3Mﬂo||”1“£b-

The following lemma is required as well to support the analysis to come and is based
on the anisotropic inequality for Sobolev spaces.

Lemma 2. Let f,g,h € C¥(R3)

of ||+

o

_ a=1
[ £a | dxiyaz < g |2 H Il
Q

wherew >2,1<q,5 < 0o, % + % =1, and C is constant.
Now, consider the following definition of a cut-off function:

Definition 1. Let Bg{(x,t) € R¥ x [0,T);|x;| <r, t <r,0<r <R}, and let ¢ € C§°(R?)
be a cut-off function such that ¢ = 1in By and ¢ = 0 outside By. Consider, then, the following

function:
(X X2 X E
ORI RS2}
satisfying
C ke C
k < = g ¥R < =
[70r] o < eand | T | <7

3. Statements of Results

In this paper, we established the Liouville-type results for three-dimensional Erying—
Powell fluid flow equations and show that the solutions are bounded. This baseline idea
is inspired by the work of Zhouyn Li and Penchen Niu in [21]. They established the
Liouville-type theorems for the stationary Hall-MHD equations in R3. The results are stated
as follows:

Theorem 1. Consider the following bounds:
[[[uo(x,y,2)|Pdxdydz < coand [[[|og(x,y,z)|dxdydz < c.
0 o)

In addition, consider (3—’;, %;’) € L?((0,00), BMO).
Then, for R — oo, the solutions u(x,y,z,t) and v(x,y,z, t) are bounded under same norm as
g, vg on Q) x [0, 00].

Theorem 2. Consider the following bounds:
>’ ,
I[P

In addition, consider (a—” o Py a—v) € L?((0,00), BMO).

92 ‘00 ,y,

0z’ 0z’ 9z27 922
Then, as R — oo, the solutions u(x,y,z,t) and v(x,y,z,t) are bounded under same norm as
g, vo on Q) X [0, co].
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Theorem 3. Consider the following bounds
[[[1uo(x,y,z)|Pdxdydz < oo and [[[|vg(x,y,z)|Pdxdydz < oco.
Q Q

In addition, consider (3—12’, 3—;’) € L2((O, o), BMO).

Then, for R — oo, the solutions u(x,y,z,t) and v(x,y,t) are bounded on Q) x [0, 0], consid-
ering the LF, p > 2 norm.

Proof of Theorem 1. First, multiply expression (2) by (u ¢r). Afterwards, consider the
integration of the second term with respect to x, the integration of the third term with
respect to y and the fourth and onward terms with respect to z:

au 1 3 (PR av 2
/ S ugrdxdydzdt — / IR dxdydzdt E / gy dildxdydzdt )

Byr Byr\Br Byr\Br

Lo R e 1 / o 12 1 / PR 2
5 / 3y vu-dxdydzdt 5 52 Pru-dxdydzdt 5 3, U dxdydzdt
Bor\Br Bor\Bg Bor\Br
Y (VR | / u QL OPR 4zt — / . dxdydzdt
ﬁdlpf 0z 0z
BZR\BR BZR\BR
1 0B}

L — —2 [ u’prdxdydzdt.
Pf

Z,Bduo f By

where

ou
L= / <az) S ugrdxdydzdt,

By
Integrating I;, we obtain
L = —% (¢R)(a”) dxdydzdt
BzR\BR
1 ou'\ > dgr
= —3 (pR( ) dxdydzdt—g / u(az> R dxdydzd.
Bor\Bg Bar\Br

Now consider the third and fifth terms of (5)

1 aZ) 2 1 aw 2
-5 @¢Ru dxdydzdt — 5 / g@gu dxdydzdt
BZR\BR BZR\BR
_ 1 / oxi (a” + )dxdydzdt ! / ¢Ru2g—zdxdydzdt,
BZR\BR BZR\BR

where we have used expression (1). After integration on the right-hand side, we obtain

1

v 5 1 ow o,
5 @pru dxdydzdt 5 / gq)Ru dxdydzdt

Byr\Br Byr\BRr

_1 1 op
B 6<u3¢R)3(BzR\BR) 632131; ; Rdxddedt
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Asr >>1,itis possible to state that u3¢R = 0overd (BZR\B R). Then, the following holds:

f% g;quu2dxdydzdt 1 / <2 prudxdydzdt = é / 385’“ dxdydzdt.
Byr\Br BZR\BR Bor\Br
Utilizing the values of these integrals and I; in (5), we have
au 1 ¢R 3
/ S ugrdxdydzdt — - / PR S dxdydzat
Bar Byr\Br
1 op , 1 op
5 / 5y O dxdydzdt — 5 / Lo dxdydzat
Bar\Br Bor\Br
Y (PR D / a—(Pu—dxdydzdtf / ¢R( ) dxdydzdt
Byr\Br Byr\Br

1 1 1 o
35| 3 / 4>R( )dxdydzdt— ; / L ( 82) dxdydzdt

Bar\Br Bar\Br
B?
7% /u ¢rdxdydzdt,
Pf Bar

which implies that

/ uprdxdydzdt — * / 9 Sivdydzdt — v+ —— / ¢R< >dxdydzdt
I 6 dox ,Bdlpf
2R

Byr\Br

1 ou 1 ¢
— / ( ) dxdydzdt + ~ / 5 dxdydzdt
spip, | PR\az) Y ( ﬁdmf) !

Bor\Br

0z 3,2
rR\BR
1 / < > (Pd dydzdt+ / —vuzdxdydzdt
6ﬁd1pf 0z ) 0z
51 \BR BZR\BR
BZ
+1 / ajwuzdxdydzdt /u Prdxdydzdt.
2 0z Pf
Bar\Br Bar

Upon integration with regard to ¢, the following holds
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1 oB2
/ ¢R< > dxdydzdt + 20 / 12 grdxdydzdt
ﬁdlpf s of i

= ///|uo x,v,2)|? dxdydz+ = / u? (dexdyd dt+ Z / g—fu3dxdydzdt

BZR\BR BZR\BR
1 ou 1 0%¢
+— [ dxdydzdt + / dxdydzdt

6pd3 / (az> d 922
Pips Bor\Br 'B 101 2R \BR

! / u ( ) (dedydzdt —|— 5 / a—quﬁdxdydzdt
6/3d1pf 9z dy

\ R BZR\BR

1 2
+§ / 5, W dxdydzdt
Bor\Br

2 ¢ 2 1||9¢ 3
< - /Z) o 2) Pty + |52 e+ g | 5210 m
v+ id e L fou
Bdips | || 02% || 1 L2(Bar\Br) 68307 1192 || 13 (B )

1 ou 2

n o[ 2% H loll2 lu
6:Bd1pf L* Flloz L8(Bar\Br) Le g H (B Br)

0

+3|%. ||w||Lz||u||i4<BZR\BR>/

where we used Holder’s inequality, since

84>R

Iy

IN

H IPr

VRl L,

<199

L

H IPr

o
IVl and |5

<<
e~ R

L

after using the above inequalities and Lemma 1, we obtain

oB3

Ju
—0 |2,

1 2
(V " ﬁdlpf> oz

L2(ByR)
C C
— [ [ 1m0, ,2) Pesaydz + 120y + g 18133 e 0
Q

ou
oz

ou
9z

S (v ) )2 !
2k " ﬁdlpf Mo * gpamy

3

L2(Byg\BR) BMO

2
+ —||v u
6R’Bd3 || ||L LG(BZR\BR 2R H HLZH ||L4(BZR\BR)

C 2
+ﬁ||wHL2””||L4B(2R\BR)‘
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Since % € L?((0,00), BMO), then

1 ‘au aBg ) 0y C. .2
Ty < [ o, 2) Paxdydz + L ull
< ﬁdlpf> 2(By)  Pf L?(BaR) /. R "IL2(Bar\BR)
Sl + £ (v+ ! )|u||2 e = 2
C 1l Clor 2\ k|
6R " L3(B2r\BR) T 2R Bdipy L2(Bar\Br) 6ﬁd?pf 92 [ 12(B,p\ By)

u 3
0z LS(Byz\BR)

2R \PR

C

C 2
+m”””ﬂ ﬁHvHLzH”HL‘*(Bm\BR)

C 2
+ﬁ||w”L2H”||L4(BZR\BR)'

Taking R — oo, we obtain

oB} 1 k ‘au 2 )
ulls2 + dtg—//ux,,z dxdydz
2l ( s WW) . [ o2 Pty
< ///\uo(x,y,zﬂzdxdydz.
Q
As
BZ
V4 — 1 k ZO,anduzo,
Bdips  6Bdips of
therefore

alz
0z

g// |ug(x,y,2)|*dxdydz or |\u||%2 g// lug(x, v, z) [*dxdydz,
L2
Q Q

which implies that u is bounded.
Similarly, multiplying by (v¢r) in expression (3) and applying the same procedure, it
is concluded on the boundness of v as well. [

Proof of Theorem 2. By multiplying expression (2) by (— 3%‘4)12) and upon integration by
parts, the following holds:

2,
1 / 8(8 )4)Rdxdydzdt+ / a—ua—u%dxdydzdt—i-h

2 ot ot dz dz
BZR\BR BZR\BR
1 * [ 9%u ' ou %u
— vy / <) dxdydzdt + —— / ( ) ( ) dxdydzdt
( Bdips ) i 572 ) PR XY ﬁdlpf oz PR dxdy
2 2
‘TPB / < ag’j u qu( ) )dxdydzdt, ©)
f Bar\Br
where

2u
I = /a 5 Pr(V - Vu)dxdydzdt

Bor
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ou o

2 92 (V- Vu)prdxdydzdt

ou a(PR
/ 32 9z (V- Vu)dxdydzdt + /
BZK\BR BZR\BR

gzag’R(v Vu)dxdydzdt + / auav - Vu prdxdydzdt

Bar\Br BzR\BR
+ / V. aza§”¢Rdxdydzdt
Bar\Br

By applying integration by parts in the last term and using expression (1), we obtain

b= [ PRy uiaydsai+ [ 00 upardyasar
Box\Br Bar\Br
- / Vor - ( >dxdydzdt
BzR\BR

After the substitution of the obtained expression for I3 into (6), we obtain

2
1 / ;(5 ) prdxdydzdt + [ ou O a¢Rd xdydzdt

2 ot 9z
BZR\BR BZR\BR
+ / u 84’R (V - Vu)dxdydzdt
le'{\BR

ou v 1 du\?
/ 2 92 - Vugrdxdydzdt — 5 / Vg - V(Gz) dxdydzdt
Byr\Br Byr\Br

1 u\ >

Byr\Br
1 " ou 9%u
dxdydzdt
" 2pdp; /\ (3Z> ( >¢R e

2

B2 oB3
_75%% / ”aglRa dxdydzdt — 720 / ch(a ) dxdydzdt.
pf BQR\BR pf BZR\BR

After using Young’s inequality on the second term on the right-hand side and arranging

0B} ou\? 1 Pu\>
o / 4’R(az) dxdydzdt+<v+ 5 lef) / (aZZ) o dxdydzdt
Byr\BRr

Bar\Br

1 [ 9 [du ou ou dPR
< —— —
<3 / 8t( > ¢rdxdydzdt / 3 3% 92 dxdydzdt

Bar\Br Bar\Br
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- / ou aqu(V Vu)dxdydzdt + Iy

0z 0z
Bar\Br
—0—% / V¢R~V(gu) dxdydzdt + ——— ,Bd / <8u> ¢r dxdydzdt
Bar\Br 2R \BR
2.\ 4 B2
4/5; - / (g;) o dxdydzdt — % / ag;R N rxdydzdt, @)
1 fB R\BR BZR\BR

where

9z 0z
Bar\Br

Iy = / ou 9V - Vugrdxdydzdt

ou (du ou dv dv ou dv Jw
= / 8x<a) ¢rdxdydzdt + / g@a—chdxdydde— / ga—a—@gdxdydzdt.

Byr\Br Byr\Br Byr\Br

By applying Equation (1) to the third term on the right-hand side

ou [ Jdu ou 0v Ju
L=-— / 8x< > prdxdydzdt + / 5 5y oy Rdxdydzds.
BZR\BR BZR\BR

Introducing the obtained value of 14 in (7)

2 . 2 2
7By / IR (g”) dxdydzdt + | v+ dl / (a ) or dxdydzdt
of z Bdips
i) Bar\Br

2
<1 / a<a >¢Rdxdydzdt— / O O ODR 1 dy e

ot ot 0z 9z
BZR\BR BZR\BR

du dPr Jou (du
- / 3 9z (V- Vu)dxdydzdt — / 8x< > ¢rdxdydzdt
BZR\BR BZR\BR

du dv du
92 9y 9% — ¢rdxdydzdt

Bar\Br
2
41 / V¢R~V(au) dxdydzdt + —— / (a”> ¢ dxdydzdt
2 0z 4Bd3py
Byr\Br

Bor\Br
2,0\ % B2
; /5; / (g;) o dxdydzdt — % / ag;R g” dxdydzdt
1Pf 28 \BR / Bor\Br
Integrating the first term on the right-hand side with regard to ¢

oB3 ou\2 1 Pu\?
o / 4’R(az> dxdydzdt+<v+ 5 lef) / (aZZ) o dxdydzdt
Byr\BRr

Bar\Br
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84>R
dxdydz+§ / (a 2) PR dxdydzdt
Byr\BRr

_ / aial%dxdydzdt — / du ach (V- Vu)dxdydzdt + Is + I

ot dz 0z 9z 0z
BQR\BR BZR\BR
1 ou
/ Vor ( ) dxdydzdt + ——— / ( ) o dxdydzdt
4/3d1pf
BZR\BR Bor\Br
2.\ 4 B2
! / (a;‘) o dxdydzdt — 70 / PR 4 dydzdt, ®)
4,Bd1pf 0z Of dz 0z
Byr\Br Bor\Br
where
ou [ du
Is =— / 8x< ) prdxdydzdt,
Byr\Br
and 590
u oo ou
Is = / 5 5y oy Prdvdydadt.
Byr\Br
Using Lemma 2 on I5 and I, we obtain
—_llou|? auli 9u |2 19
Iz < Ki||= = ol PRIl =
92 || 4By \Br) I 9% N4 (B By 1 O s (myrmr) - 7 11 OV [l 12(Bye\ )
au || —|[ou|? 2u 3
|| +Ki 3 o Ix.2|| 22
Z |IL4(Bor\Br) Y 1IL4 (Byr \Br) 1 X7 114 (Byg \ BR) Y lL2(Bor\Br)
—|lou ou\2||* 9 [ou\?|> 1 ||9gg ||2
L <K% (%) 5 (5) x| 22
L2(B2r'\B) Lz(sz\BR) L?(B2r\BR) Y N2(Bar\Br)
oul|? ou 9 (ou\? P
< ¢|% () 2 w52
L2(Bog\Bg) L4(Bg \Br) L4(Bar\BR) Y L2 (Bag\Br)
From Holder’s inequality, Equation (8) becomes
032 e‘auz n n 1 ‘Bzuz
JR— V PR
o 92 || 12(Byg\ By) Bdrps ) 11022 || 12 (B, Br)
2
[l e I
L*(Byg\Bg) t L2(Bor\BR) Il 9% 1| L2(Byg \Br)
a2 O Nzl Gl
RI[12 .
9 || Ly B 1 952 sy PV Oy |l
3
au\?||” 9 [(ou\? OPr
+& (%) (%) Rl 25,05 | 22
9% ) || s a3 9% NO% L ) N 9y iz
u 1 oull*
||V|| 2 VRl o+ | —a—F €| ||52
BR[| 9z [| 4 0 B g 4pdips 92 {| 14 (B, \By)
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82

1 ‘ ‘ ou oPr
+— = - | I(V-Vu)|.
488507 11022 ||y ey 1197 lli2(Bye\ By | 07 1o £ (ax B
o5 | 99| | ou Il 2 5
of 1ol 02 [ 2y gy PR VR
(x, y’ dxdydz+ ’ PR u u
dz ot L2(Byr\BRr) 9z L?(Byr\BRr)
)
JEY u %9n
ox L*(Byg \BRr) 0x L4(Bar\Br) %y
2
(3?) w@) ], Il
L*(Byr\Bgr) L*(Byr\Bgr)
Ju 1 Ju ou|?
F21VIe 19l + (st € \ ou
E(Bax\Br) | 5z L*(Byr \BRr) g 4'3dlpf dz L2(Byr \BR) 9z [|pmo
1 ||d%u u? du AR
+oa | 52 =+ W 1V V) 2y
1Pf L2(Byr\BRr) BMO L2(Bog\BRr) L*(Bag \BR)
985 | %9 ou Il 2 5
o5 11102 i b 102 2By (P20
where we used Lemma 1, since
d 0
122 < 1verlies | 22| < 190l
OO y o0
d d C
122 < 190kl 1900l < ana | 88| < T
du 2%u 2
and (a 2) € L=((0,00), BMO). Therefore,
BZ 2 2
L—E—K7 ‘au —|—(U—Kg) o7u
Pf 0z L?(Byr\Bg) 022 L?(Byg \Bg)
2
dxdydz+CK4 ou a—bzl
R x| 1y ) | 96
% (2 ) 0 (Y’
R Jx dx \ d
L*(Bar \Bg) xAoX L*(Br\Br)
Cllou oB3 C||ou
R‘ 3z | o1V Vil o) + pr‘ 9z | 12 e

L*(Byr \BR)
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Taking R — oo, we obtain
UB(% ou||? Ru)? 02 ug(x
—0_¢e-K —K < -
(Pf € 7)‘8 2+(1/ 8) |, S ///’ dxdydz
< dxdydz
As
BZ
70 ¢ K| >0and (v—Kg) >0,
Pf
therefore
dxdydz and ’ 2 dxdydz

Considering Poincare’s inequality,

Kgllull 2 < ‘ dxdydz

which implies that u is bounded.

Similarly, by multiplying by (— %27‘214712) in (3) and repeating the same process, it is
possible to obtain the boundness of v. [

Proof of Theorem 3. Multiplying the expression (2) by (|u|p_2uch), with p > 2, and upon

integration
/ ?)—up Lprdxdydzdt — =y ! P aE;PR uPtdxdydzdt
BZR\BR BZR\BR
1 / dv 1 oPr
— [ Surgrdxdydzdt — [ SR ourdxdydzdt
BZR\BR BZR\BR
—; / a—u”chdxdydzdt 1 / OPR P dxdydzdt
BZR\BR BZR\BR
=—|v+ 1 (r—1) / uf~ 2( ) prdxdydzdt + / &ﬂ 19 —dxdydzdt
Bdipy 0z 0z
Bor\Br Bor\Br
1 1 IPr 1 Ju (r—-1 /
+2,Bd?pf 3 / s F dxdydzdt + 3 Pk dxdydzdt
BZR\BR BZR\BR

BZ
%% / uP prdxdydzdt,
Bor\BR

which implies that
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Ju 1 Jdv  Jdw
ur -1 _ - il 4
/ o5 uP ™ prdxdydzdt = / ( + e )u prdxdydzdt

Bz \Br Bar\Br %
- U—Bé / uP pr dxdydzdt
Bor\Br
1 ou'\>
- (v + ,3611Pf> (r—1) / ub=2 (az) Prdxdydzdt

Byr\Br

¢ uP~ 2( )dxdydzdt

L / a¢RuP+1dxdydzdt—<v+ ! ) / IR - 1a”dxdydzdt

_|_7
p+1 Bd1p 0z
BZR\BR f BZR\BR

i 1 / 9Pr ub= 1(8 ) dxddedt+* / &ﬂvupdxdydzdt
6Bd3ps oz 0z p Ay
Bor\Bg Bar\Br

—1—1 / %wupdxdydzdt.
p 0z
Bor\Br

From Equation (1), the following holds

B2
/ E;—1;u”_1</>Rdxdydzdt = —; / S—Zu”@gdxdydzdt - % / uPpr dxdydzdt
Bor\Br Bor\Br Bor\Br

1 _ofou 2
_<V+ﬁd1pf>(p_1) / up (82) prdxdydzdt

Byr\BRr

(P—l) ' B 1 Opr , 10U
+ et / oh ( )dxdydzdt ( ﬁlef) / DR 1 S dvdydzds

Bog\Br Bog\Bg

! PR 2P dxdydzdt + 1 / PR ——~wuPdxdydzdt
p+1 ox p

Byr\Br Byr\Br

1 8¢R P 1(814) / oPr
dxdydzdt 4+ — Pdxdydzdt.
+6ﬁd1pf / e 3 xdydz + yvu xdydz

BZR\BR

By integrating the first term on the right-hand side,

2

ou 1 oPr
—Zyp1 = pH1ZFR __0 P
/ T prdxdydzdt TEEY / ui dxdydzdt / uP ¢r dxdydzdt

Bar\Br Bar\Br Bar\Br

_<V+ﬁdipf> (p—1) / uf~ 2<8 ) ¢prdxdydzdt

Byr\Br
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(r—-1) ( )

+ qb dxdydzdt
6pdios /

2R \BR

1 PR i1 1 / IR p-19U
o / e wdydzat — v PR yp 1 S dxdydzdt
BZR\BR BZR\BR
! / PR - 1<a”> dxdydzdt + - / IR b dxdydzdt
" 6pdle; oz 3 P 9
Bor\Br Bor\Br
+ 1 / 9Pr ——wuPdxdydzdt.
Bor\Br
Considering the integration with regard to ¢, we have
; / / / luo(x, y,2) [P dxdydz — / a(_;ifur’dxdydzdt o (p1+ 5 / ur’“aai;dxdydzdt
Q BZR\BR BZR\BR
oB3 1 ) a
—— / uP g dxdydzdt — | v + (r—1) / uf~ chdxdydzdt
of Bdipy
BZR\BR BZR\BR
(r—1 / < )
+ ol dxdydzdt
6ﬁd1pf
28 \Br
o / e dxdydzde — v+ Ry 1S vyt
BQR\BR BZR\BR
L / PR - 1<a”> dxdydzdt + © / IR b ddydzdt
B R\BR BZR\BR
+ 1 / 9Pr ——wufdxdydzdt.
Bor\Br

Now, considering Holder’s inequality

oBj 1
s L AT (l’*‘¢a1”;f> (p = D)llu)50

(5]

L*(Byg \Bg)
1 )
< _E///Wo(x,y,z)\f?dxdydz—k H gth [u HLP(BZR\BR
0
oo 1
NEEE I T W i
6‘3(13 sz 2) az 15 (Bog\ Bp) P+1 12(p—1) BzR\BR)

H a(PR

8

LZ(BZR\BR)



Mathematics 2022, 10, 631 15 0f 17

opr u IPR
+6ﬁd3PfH H ”L2p Y <aZ) L8(Bar\BR) H HUHLZH ||L2p (B2r\BR)" ©)
Since
oy 0
H R < 1Ykl | 2R < Vg
Lo Y llre
9 o ¢
2] < 1elies 190rle < G oana | 05| <%
and using Lemma 1, expression (9) becomes
B8 (v | (= Dllul’ (8u>
of LP(Byr\Br) Bdips LM [\ oz L*(B2r\Br)

<—— // g (x,y,2)|Pdxdydz + ||u||Lp<BZR\BR)+p(p+1) T /O,

613d1Pf “Wza |52 LB I\ 9%/ llBmo
p+1 p
(P+1) 14l ) F R”wHLZ'”””LZP(BZR\BR>

—( W) [
(3]

Since g—”z‘ € L2((0,00), BMO) and considering R — oo,

aZ L?(Byg\Bg)

L c
L(Byg\BRr) PR

6R‘Bd || HLZp 1) ||U||L2'||uHi2p(BZR\BR)‘

0B . » 1 ou
pf||u|Lp+<p—1>< i )n sz | (2]

< _1// lug(x,y,z)|Pdxdydz < 7// lug(x,y,z)|Pdxdydz.
P PIG

1 . Gp-1) By
Kv+ﬁdlpf>(p Y™ epdp, ]Zoand T
Jou
(%)<

1
Julfy < [[[ oy, 2)Paxdyiz,
Q

therefore

||u||L2 (p—2)

// luo(x,y,z)|Pdxdydz

and

which implies that u is bounded. Similarly, multiplying by (|o|P~*v¢r) in the expression (3)
and repeating the same process, we find that v is bounded. [
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4. Conclusions

The postulated theorems, Theorems 1-3, have been shown based on the supporting
lemmas mentioned along with the proofs. Such theorems have allowed us to comment on
the regularity results for an Eyring-Powell fluid with stretching velocities in a plane (),
and flowing along the z-axis. The results have been provided for globally bounded initial
data as well as their corresponding derivatives and while the variations of velocity along
the z-axis belong to the space L2 and BMO. The regularity results have been given for the
general spaces L? and L?, p > 2.
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