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contact metric manifolds [4-6]. In next years, this concept was generalized and studied: in
paracontact geometry [7,8] and in pseudo-Riemannian geometry [9-14]. The Ricci solitons
(called quasi-Einstein) are also objects of interest for physicists (e.g., see [15,16]).

Academic Editor: Adara M. Blaga The object of investigation in our work is the geometry of almost paracontact almost
paracomplex Riemannian manifolds, which we briefly call Riemannian II-manifolds. The
induced almost product structure on the paracontact distribution of these manifolds is
traceless, and the restriction on the paracontact distribution of the almost paracontact
structure is an almost paracomplex structure. These manifolds are introduced in [17],
Publisher’s Note: MDPIstays neutral  where they are called almost paracontact Riemannian manifolds of type (1, 1). After that,
with regard to jurisdictional claimsin their investigation continues under the name “almost paracontact almost paracomplex
published maps and institutional affil- Riemannian manifolds” (e'g', see [18]19])

fations. A pseudo-Riemannian manifold (M, g) admits a Ricci soliton if its Ricci tensor p has
the following form [1]:

T
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in the considered geometry. We started the investigation of the so-called para-Ricci-like
solitons in [21,22], where their potentials were the Reeb vector field and a vector field,
which were pointwise collinear to the Reeb vector field, respectively. In the present work,
we continue with further generalizations of these notions by taking their potential to
be arbitrary.

The paper is structured as follows. In Section 1, we present introductory information
about the studied problem to the reader. In Section 2, we recall preliminary facts concerning
para-Sasaki-like Riemannian II-manifolds. Section 3 is devoted to the investigations of
para-Ricci-like solitons with an arbitrary potential. We prove assertions for the soliton’s
constants and a property of its potential, as well as the fact that the Ricci tensor of the
considered manifolds is a constant multiple of the vertical component of both metrics.
Moreover, the corresponding scalar curvatures of both considered metrics are equal and
constant. We find the values for the sectional curvatures of the special 2-planes with respect
to the considered structure for the case of dimension 3. Finally, in Section 4, we give an
example to illustrate the obtained results.

2. Para-Sasaki-like Riemannian IT-Manifolds

Let (M, ¢,¢,1,8) be a Riemannian IT-manifold, i.e., M is a (2n + 1)-dimensional
differentiable manifold, g is a Riemannian metric, ¢ is a (1,1)-tensor field, ¢ is a Reeb vector
field, and 7 is its dual 1-form. The structure (¢, ¢, 7) is an almost paracontact structure, and
the following conditions are valid:

$c=0, P=I1-yx% fop=0, y@)=1, )
trg =0,  gl¢x,py) = g(x,y) —n(x)n(y),

where [ is the identity transformation on TM [18,23]. The following properties are imme-
diately derived from these basic identities:

g(px,y) = g(x, 9y), 8(x,¢) =1n(x), ?
g(&,8) =1, 1(Vyl) =0,

where V denotes the Levi—Civita connection of g. Here and further, x, y, z, w stand for
arbitrary vector fields from X (M) or vectors in T.M at a fixed point of M.

The associated metric § of g on (M, ¢, &, 1, g), defined by §(x,y) = g(x, py) +n(x)y(y),
is an indefinite metric of the signature (n + 1, 1), and it is compatible with (M, ¢, ¢, 7, g) in
the same way as g.

In [24], the class of para-Sasaki-like Riemannian IT-manifolds is introduced and stud-
ied. This special subclass of the considered manifolds is determined by:

(Vap)y = —g(x,y)¢ —n(y)x +2n(x)n(y)¢
= —g(¢x, py)& — n(y)¢?x.

Moreover, in the same cited work, the following identities are proved to be valid for any
para-Sasaki-like (M, ¢, ¢, 1, 8):

Vil = ¢x, (V) (y) = g(x, ¢y),
R(x,y)& = —n(y)x +n(x)y, R(Ey)E = ¢y, €))
p(x,G) = —2nn(x), p(&, &) = —2n,

where R and p stand for the curvature tensor and the Ricci tensor, respectively.
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On an arbitrary Riqmannian IT-Manifolds (M, ¢,¢, 1, g), there exists a symmetric
(0,2)-tensor p*(y,z) = g"R(e;, y, z, pej) associated with p regarding ¢. In the case of para-
Sasaki-like (M, ¢, &, 7, ), the following property is valid [24]:

R(x,y,¢z,w) — R(x,y,z,¢w)
= —{8W,2z) = 2n(y)n(z)}8(x, pw) — {g(y, w) — 2n(y)n(w)}g(x, pz)
+{g(x,z) = 2n(x)n(2) }g(y, pw) + {g(x, w) — 21 (x)n(w) }g(y, pz).

Then, taking the trace of the latter equality for x = ¢; and w = ¢;, we ascertain that the
tensors p* and p are related as follows:

p*(v,z) = p(y, ¢z) + (2n — 1)g(y, $z). 4)

Proposition 1. Ona (2n + 1)-dimensional para-Sasaki-like manifold (M, ¢, ¢, 1, g), the following
properties of the Ricci operator Q are valid:

(V2Q)¢ = —Q¢x +2n px, )
(VeQ)y = —2Q¢y, (6)
n((VxQ)¢) =0,  5((VeQ)y) = 0. @)

Proof. Taking into account (3), then Q¢ = —2n¢ and V¢ = ¢x hold. By virtue of these,
we immediately obtain the covariant derivative in (5).

After that, we apply V; to the expression of R(x,y)¢ in (3), and using the form of V7
in (3), we obtain the following:

(V2R)(x,y)¢ = —R(x,y)pz + g(y, pz)x — g(x, $pz)y.

Taking the trace of the latter equality for z = ¢; and x = ej and using (4), we obtain the
equation below:

§7(VeR)(ej,y)E = Qpy + 2ngy.

By virtue of the following consequence of the second Bianchi identity:

§1(VeR) (& )e; = (V,Q)E — (VeQ)y

and using the symmetries of R and (5), we prove the truthfulness of (6).
As consequences of (5) and (6), we get (7). O

Let us recall from [21] thata (M, ¢, ¢, 77, ) is said to be para-Einstein-like with con-
stants (a, b, ¢) if p satisfies the following equation:

p=ag+bi+cn®m.

In the case when b = 0 or b = ¢ = 0, the manifold is called an #-Einstein manifold or
an Einstein manifold, respectively. If a, b, ¢ are functions on M, (M, ¢, ¢, 7,g) is called
almost para-Einstein-like, almost #-Einstein manifold, or an almost Einstein manifold in
the respective cases.

Let us recall the following;:

Proposition 2 ([22]). Let (M, ¢,&,14,8) bea (2n + 1)-dimensional para-Sasaki-like Riemannian
IT-manifold. If (M, ¢, ¢, 1, g) is almost para-Einstein-like with functions (a, b, c), then the scalar
curvatures T and T are constants,

T = const, T=-2n
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and (M, ¢, ¢, n,g) is n-Einstein with the following constants:

(a,b,c) = (%—I—l, 0, 2n—1-— %)

Let us remark that 7 and 7 stand for the scalar curvatures on (M, ¢, &, 77, §) regarding
g and g, respectively.

3. Para-Ricci-like Solitons with Arbitrary Potential on Para-Sasaki-like Manifolds

In [21], the notion of the para-Ricci-like soliton with the potential ¢ and the constants
(A, u,v) is introduced:

Definition 1 ([21]). A Riemannian I1-manifold (M, ¢, ¢, n, ) admits a para-Ricci-like soliton
with a potential vector field ¢ and constants (A, u,v) if its Ricci tensor p satisfies the following:

p=—3Leg—Ag—Ug— vy 1. ®)

In [22], similarly to the latter definition, the more general case is introduced. There,
the potential of the soliton is pointwise collinear with ¢.

Definition 2 ([22]). A Riemannian I1-manifold (M, ¢, ¢, n,g) admits a para-Ricci-like soliton
with potential vector field { = k ¢ and constants (A, y,v), where k is a differentiable function on
M if its Ricci tensor p satisfies the following:

p=—3L8g—Ag—ug— vy 1. ©)

Now, we generalize the latter notion even more and consider the case when the
potential is an arbitrary vector field, as follows.

Definition 3. A Riemannian I1-manifold (M, ¢, ¢, 1, ) admits a para-Ricci-like soliton with a
potential vector field v and constants (A, u,v) if its Ricci tensor p satisfies the following:

p=—3Log—Ag—ug—vn®u. (10)

If y =0or u =v =0, then (10) (similarly, (8) and (9) for the other potentials) defines
an 7-Ricci soliton or a Ricci soliton on (M, ¢, ¢, 17, g), respectively. For functions A, u, v
on M, the soliton is called almost para-Ricci-like soliton, almost #-Ricci soliton, or almost
Ricci soliton in the respective cases.

Theorem 1. Let (M, ¢, ¢, 1, ) bea (2n + 1)-dimensional para-Sasaki-like Riemannian I1-manifold,
and let it admit a para-Ricci-like soliton with an arbitrary potential vector field v and constants
(A, u,v). Then, the following identities are valid:

A+pu+v=2n, (11)
Vev = ¢o.

Proof. Taking into account (3) and (10), the covariant derivative of (L£,g) (v, z) with respect
to Vy has the following form:

(ViLog)(v,2) = —2(Vip) (v, 2) — 2u{g(px, py)1(2) + g(Px, ¢z)1(y)}
—2(p+v){g(x, py)n(z) + g(x, ¢z)n(y)}.

In [25], it is proved that for a metric connection V,

(VxLog) (v,2) = 8((LoV)(x,y),2) + §((LoV)(x,2),y).

(12)
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Using the symmetry of £,V, the latter formula can be read as follows:

28((LoV)(x,y),2) = (VeLag) (y,2) + (VyLeg) (2,%) — (VaLeg) (xy).  (13)

Applying (13) to (12), we get the following equation:

§((LoV)(x,y),2) = =(Vap) (v,2) = (Vyp) (2, %) + (V2p) (x,y)

(14)
— 2 8(9x, py)n(z) — 2(p +v)& (x, ¢y) 7 (2)-
Now, setting y = ¢ in (14) and using (5) and (6), we obtain the following:
(LoV)(x,8) =2Q¢x. (15)
Then, the covariant derivative of (15), by means of (3), has the following form:
(VoLoV) (5,) = ~(£29) (x,9y) +2(VyQ)x — 27 (x)Qy »
+4ng(x,y) +2(2n+1)n(x)y(y)s.
Now, we apply (16) to the following formula from [25]:
(LoR)(x,y)z = (V2LoV) (y,2) — (VyLoV) (%, 2) (17)

and bearing in mind the symmetry of £,V, we get the following consequence of (15)—(17):

S((LoR)(x,¥)8,2) = (Vxp)(¢y,2) — (Vgyp)(x,2) + (Vzp)(x, ¢y)
— (Vyp)(9x,2) + (V) (¥, 2) — (V2p) (¢, y) (18)
+21(x)p(y,z) —21(y)p(x,2).

Substituting y = z = ¢ in (18) and using (15), we obtain the equation below:
(LoR)(x,6)¢ = 0. (19)

On the other hand, by applying L, to the expression of R(x, §)¢ from (3) and using
(10), we get the following equation:

(LoR)(x,8)& = {(Loy) (x) +8(x, Lo8) — 27(LoE)n ()15 + 21 (Lol)P?x. (20)
When we compare (19) and (20), we obtain the following system of equations:
(Lon)(x) +8(x, L) =0, (L) =0. (21)

For a para-Sasaki-like manifold (M, ¢,¢,7,g), using (10) and p(x,{) = —2nn(x)
from (3), we have the equation below:

(£og)(x,6) = =2(A+p +v —2n)y(x). (22)
By plugging x = ¢ into the latter equality, we get the following:
(£08)(6,6) = =2(A+p+v —2n). (23)

From another point of view, for the Lie derivative of g(x, ¢) = r(x) with respect to v,
we have the following;:

(£08)(x,8) = (Lon)(x) — g(x, LoC), (24)
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which for x = ¢ induces the following equation:

(£08)(8,8) = —2(LoE). (25)
Therefore, comparing (23) and (25), we obtain:
N(Lol) =A+pu+v—2n,

which implies (11) by virtue of (21).

Substituting (11) in (22) gives that (£,9)(x,§) = 0. Therefore, we have
(Lon)(x) = g(x, L,C¢), while taking into account (24). Hence, bearing in mind (21), we
get the vanishing of £,¢, which together with V¢ = ¢ from (3) completes the proof. [

Proposition 3. Let (M, $,&,1,8) be a (2n + 1)-dimensional para-Sasaki-like Riemannian T1-
manifold. If (M, ¢, &, 1, g) admits a para-Ricci-like soliton with an arbitrary potential v, then p, T,
and T satisfy the following identities:

= const.

(]

(Lop)(x,8) =0, T=-2n,

Proof. By means of (17), we get the following equations:

S((LoR)(x, 1), 2) = g((LoV) (%, ¢y),2) — 8((LoV)($x,y),2)
+2(Vp)(dy,2) —2(Vyp) (¢x,2)
+211(x)p(y, z) — 2n(y)p(x, z).

Taking the trace of the latter equality for x = ¢; and z = ¢; and bearing in mind (14) and
dt = 2div p, we obtain the following:

878((LoV) (ei, py), ¢j) = —dt(¢p
878 ((LoV) (e y),ej) =

87g((LoR)(ei, )G, ej) = (Evp)(y, £). (26)
Therefore, the following equality is valid:
(Lop)(y,€) = dT(y) —2(t +2n)5(y). (27)
By substituting y = ¢, we get:
(Lop)(E,¢) = dT(§) —2(T + 2n). (28)

From another point of view, due to (19) and (26), we have (L,p)(&, &) = 0. Therefore,
(27) and (28) deduce the equations below:

(Lop)(x,6) = dE(¢?x),  dT(§) = 2(7+2n). (29)
The latter equalities together with (29) imply consecutively d7(¢) = 0 and
T =2n, T = const,
which prove the assertion. [

Theorem 2. Let (M, ¢,&,1,8) be a (2n + 1)-dimensional para-Einstein-like para-Sasaki-like
Riemannian I1-manifold. If it admits a para-Ricci-like soliton with an arbitrary potential v, then the
following identities are valid:

p=-2nnQm, T=T=—-2n. (30)
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Proof. The assertions in (30) follow from Theorem 1, Proposition 2, and Proposition 3. [

Let us recall that the sectional curvature k(«; p) of an arbitrary non-degenerate 2-plane
w, with a basis {x, y} regarding g in T, M, p € M, is determined by the following equation:

aip) — R(x,y,y,x)
Kaip) g(x,x)g(y,y) — [g(x,y)* 1)

For dim M = 3, we distinguish two special types of 2-planes « with respect to the structure:
a ¢-holomorphic section (v = ¢a) and a {-section ({ € a). Let us note that every ¢-
holomorphic section has a basis with the form {¢x, ¢?x}.

Theorem 3. Let (M, ¢,¢,1,8) be a 3-dimensional para-Sasaki-like Riemannian I1-manifold. If it
admits a para-Ricci-like soliton with an arbitrary potential v, then:

(i) The sectional curvatures of its ¢-holomorphic sections are equal to 1;
(i)  The sectional curvatures of its ¢-sections are equal to —1.

Proof. A well-known fact is that the curvature tensor of a 3-dimensional manifold has the
following form:

R(x,y,z,w) = gy, z)p(x,w) — g(x,2)p(y, w)
+p(y,2)8(x,w) — p(x,2)8(y, w) (32)
— {8, 2)8(x,w) — g(x,2)g(v,w) ).

By plugging ¥ = z = ¢ and taking into account (3), we have the equation below:

o= %{(T+2)g— (t+6)y®1n},

which means that (M, ¢, &, 7, ¢) is an y-Einstein manifold. Therefore, due to Theorem 2,
we have the following;:
0=-21Q%y, T=T=-2.

Substituting the latter two equalities in (32), we get the following equations:

R(x,y,z,w) = [8(y,2) —21(y)n(2)|g(x, w) —2g(y, 2)n(x)n(w)

* (33)
—[8(x,2) = 2n(x)n(2)]g(y, w) +2g(x,2)n(y)n(w).

Then, we calculate the sectional curvature of an arbitrary ¢-holomorphic section with
respect to a basis of {¢x, ¢?x}, using (1), (2), (31) and (33), and obtain:

k(px, p*x) = 1.
In a similar way, in the case of a -section with respect to a basis {x, ¢}, we get:
k(x,8) = —1.
O

4. Example

Let M be a set of points in R® with coordinates (x!,x2,x%). We equip M with a

Riemannian II-structure (¢, &, 7, g) as follows:
g(al,al) = g(az, 82) = cosh2x3, g(al,az) = sinh2x3,
8§(01,03) = g(d2,93) =0,  g(d3,03) =1,
o1 =02,  Pdp =091, =03,
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)
where 97, dy, 93 stand for 5517 3377 35

determined by the equations:

respectively. The triplet of vectors {ej, e, e3}

1 = cosh x39; — sinh x%9,, ey = —sinh x39; + cosh x°95, e3 = 03 (34)
forms an orthonormal ¢-basis for Tp/\/l, p € M. Therefore, we have the following equations:

gleiei) =1, g(el-,e]-) =0, 1,j€{1,2,3},i#],

(35)
Pe1 = ey, Per = ey, ¢ =e3.
Using (34), we obtain the commutators of e;, as follows:
leo,e1] = —e2,  [eo,ea] = —e1,  [er,e2] =0. (36)

In [19], it is proved that the solvable Lie group corresponding to the Lie algebra defined
by (36) and equipped with the Riemannian IT-structure (¢, &, 7, ) from (35) is a para-Sasaki-
like Riemannian II-manifold. Moreover, the basic components of V, Ri]'kl = R(e;, €j, €k, er),
and p;; = p(e;, ¢;) as well as the values of 7, T, and k;; = k(e;, ¢j) are obtained. Their nonzero
values are determined by the following equations and the symmetry properties of R:

Ve e2 = Ve,e1 = —es, Ve e3 = ey, Ve,e3 = ey; (37)
Ri221 = —Ri331 = —Ropzz = 1;
P33 = —2, T=T=-2, ki = —ki3 = —kp3 = 1. (38)

From the first equality of (38), we get that the Ricci tensor has the following form:
p=-21®4y, (39)

ie, (M,¢,¢,1,8) is a para-Einstein-like para-Sasaki-like Riemannian IT-manifold with
constants (a,b,c) = (0,0, —2). These results support Theorems 2 and 3.
Now, let us consider a vector field v determined by the following equations:

v = vle; + v%ep + ve3,

ol = —{c coshx® — ¢ sinh x3}x! + {3 cosh x> — ¢q sinh ¥} x% 4 sinh &3, 0)
v? = {cp cosh x® — ¢y sinh x3}x! — {1 cosh x® — ¢; sinh x3}x? + cosh x®,
0% =3,
where ¢y, ¢, c3 are arbitrary constants.
By virtue of (34), (35), (37), and (40), we obtain the following:
Ve v = —cie1+ (c2+c3)ex — v2es,
Ve, 0= (c2 4+ c3)e1 — c1ea — vles, (41)

Ve, 0 = v?ep + vles.

Using (41), we calculate the basic components (£,g) ij = (Lo g)(ei, ej) of the Lie derivative
L,g, and the nonzero ones are the following:

(Log)11 = (Log)p = —2¢1, (L£08)1p =2(c2 +c3).
Therefore, the tensor £,g has the following form:

Log=-2c18+2(cp+¢c3)§+2(c1 —ca —c3)1 1. (42)
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Substituting (39) and (42) in (10), we deduce that (M, ¢, &, 1, g) admits a para-Ricci-like
soliton with a potential v determined by (40) and the constants:

A=cq, u=—(c2+c3), v=—(cg—cx—c3—2).
The latter results are in accordance with Theorems 1-3.

Author Contributions: Conceptualization, H.M. and M.M.; methodology, H.M. and M.M.; software,
H.M. and M.M,; validation, H.M. and M.M.; formal analysis, H.M. and M.M.; investigation, H.M. and
M.M.; resources, HM. and M.M; data curation, H.M. and M.M.; writing—original draft preparation,
H.M. and M.M.; writing—review and editing, H.M. and M.M.; visualization, H.M. and M.M.;
supervision, HM. and M.M.; project administration, H.M. and M.M.; funding acquisition, H.M. and
M.M. All authors have read and agreed to the published version of the manuscript.

Funding: The research of H.M. is partially supported by the project MU21-FMI-008 of the Scientific
Research Fund, University of Plovdiv Paisii Hilendarski. The research of M.M. is partially supported
by projects MU21-FMI-008 and FP21-FMI-002 of the Scientific Research Fund, University of Plovdiv
Paisii Hilendarski.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: The data are contained within the article.

Conflicts of Interest: The funders had no role in the design of the study; in the collection, analyses,
or interpretation of data; in the writing of the manuscript, or in the decision to publish the results.
The authors declare no conflict of interest.

References

1.  Hamilton, R.S. Three-manifolds with positive Ricci curvature. J. Differ. Geom. 1982, 17, 255-306. [CrossRef]

2. Cao, H.-D. Recent progress on Ricci solitons. Adv. Lect. Math. 2009, 11, 1-38.

3. Sharma, R. Certain results on K-contact and (x, yt)-contact manifolds. J. Geom. 2008, 89, 138-147. [CrossRef]

4.  Gdlin, C,; Crasmareanu, M. From the Eisenhart problem to Ricci solitons f-Kenmotsu manifolds. Bull. Malays. Math. Sci. Soc.
2010, 33, 361-368.

5. Ingalahalli, G.; Bagewadi, C.S. Ricci solitons in a-Sasakian manifolds. Int. Sch. Res. Notices Geom. 2012, 2012, 421384. [CrossRef]

6. Nagaraja, H.G.; Premalatha, C.R. Ricci solitons in Kenmotsu manifolds. J. Math. Anal. 2012, 3, 18-24.

7.  Blaga, A.M. 5-Ricci solitons on para-Kenmotsu manifolds. Balkan J. Geom. Appl. 2015, 20, 1-13.

8. Prakasha, D.G.; Hadimani, B.S. 5-Ricci solitons on para-Sasakian manifolds. J. Geom. 2017, 108, 383-392. [CrossRef]

9.  Manev, M. Ricci-like solitons on almost contact B-metric manifolds. . Geom. Phys. 2020, 154, 103734. [CrossRef]

10. Manev, M. Ricci-like solitons with vertical potential on Sasaki-like almost contact B-metric manifolds. Results Math. 2020, 75, 136.
[CrossRef]

11.  Manev, M. Ricci-like solitons with arbitrary potential and gradient almost Ricci-like solitons on Sasaki-like almost contact B-metric
manifolds. arXiv 2020, arXiv:2003.11019.

12.  Bagewadi, C.S.; Ingalahalli, G. Ricci solitons in Lorentzian a-Sasakian manifolds. Acta Math. 2012, 28, 59-68.

13. Blaga, A.M.; Perktas, S.Y. Remarks on almost -Ricci solitons in (¢)-para Sasakian manifolds. Commun. Fac. Sci. Univ. Ank. Ser.
A1 Math. Stat. 2019, 68, 1621-1628. [CrossRef]

14. Brozos-Vazquez, M.; Calvaruso, G.; Garcia-Rio, E.; Gavino-Fernandez, S. Three-dimensional Lorentzian homogeneous Ricci
solitons. Israel J. Math. 2012, 188, 385-403. [CrossRef]

15. Friedan, D.H. Non linear models in 2 + ¢ dimensions. Ann. Phys. 1985, 163, 318-419. [CrossRef]

16. Chave, T.; Valent, G. On a class of compact and non-compact quasi-Einstein metrics and their renormalizability properties.
Nuclear Phys. B. 1996, 478, 758-778. [CrossRef]

17.  Manev, M.; Staikova, M. On almost paracontact Riemannian manifolds of type (1, 1). J. Geom. 2001, 72, 108-114. [CrossRef]

18. Manev, M,; Tavkova, V. On almost paracontact almost paracomplex Riemannian manifolds. Facta Univ. Ser. Math. Inform. 2018,
33, 637-657.

19. Manev, M.; Tavkova, V. Lie groups as 3-dimensional almost paracontact almost paracomplex Riemannian manifolds. J. Geom.
2019, 110, 43. [CrossRef]

20. Cho, ].T; Kimura, M. Ricci solitons and real hypersurfaces in a complex space form. Téhoku Math. ]. 2009, 61, 205-212. [CrossRef]

21. Manev, H.; Manev, M. Para-Ricci-like solitons on Riemannian manifolds with almost paracontact structure and almost paracom-

plex structure. Mathematics 2021, 9, 1704. [CrossRef]


http://doi.org/10.4310/jdg/1214436922
http://dx.doi.org/10.1007/s00022-008-2004-5
http://dx.doi.org/10.5402/2012/421384
http://dx.doi.org/10.1007/s00022-016-0345-z
http://dx.doi.org/10.1016/j.geomphys.2020.103734
http://dx.doi.org/10.1007/s00025-020-01267-4
http://dx.doi.org/10.31801/cfsuasmas.546595
http://dx.doi.org/10.1007/s11856-011-0124-3
http://dx.doi.org/10.1016/0003-4916(85)90384-7
http://dx.doi.org/10.1016/0550-3213(96)00341-0
http://dx.doi.org/10.1007/s00022-001-8572-2
http://dx.doi.org/10.1007/s00022-019-0499-6
http://dx.doi.org/10.2748/tmj/1245849443
http://dx.doi.org/10.3390/math9141704

Mathematics 2022, 10, 651 10 of 10

22.

23.
24.

25.

Manev, H. Para-Ricci-like solitons with vertical potential on para-Sasaki-like Riemannian II-manifolds. Symmetry 2021, 13, 2267.
[CrossRef]

Sato, I. On a structure similar to the almost contact structure. Tensor NS 1976, 30, 219-224.

Ivanov, S.; Manev, H.; Manev, M. Para-Sasaki-like Riemannian manifolds and new Einstein metrics. Rev. R. Acad. Cienc. Exactas
Fis. Nat. Ser. A Math. RACSAM 2021, 115, 112. [CrossRef]

Yano, K. Integral Formulas in Riemannian Geometry; Marcel Dekker: New York, NY, USA, 1970.


http://dx.doi.org/10.3390/sym13122267
http://dx.doi.org/10.1007/s13398-021-01053-z

	Introduction
	Para-Sasaki-like Riemannian -Manifolds
	Para-Ricci-Like Solitons with Arbitrary Potential on Para-Sasaki-Like Manifolds
	Example
	References

