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Abstract: This paper investigates the questions about the local dynamics in the neighborhood of the
equilibrium state for the spatially distributed delay logistic equation with diffusion. The critical cases
in the stability problem are singled out. The equations for their invariant manifolds that determine
the structure of the solutions in the equilibrium state neighborhood are constructed. The dominant
bulk of this paper is devoted to the consideration of the most interesting and important cases of either
the translation (advection) coefficient is large enough or the diffusion coefficient is small enough. Both
of this cases convert the original problem to a singularly perturbed one. It is shown that under these
conditions the critical cases are infinite-dimensional in the problems of the equilibrium state stability
for the singularly perturbed problems. This means that infinitely many roots of the characteristic
equations of the corresponding linearized boundary value problems tend to the imaginary axis as
the small parameter tends to zero. Thus, we are talking about infinite—-dimensional bifurcations.
Standard approaches to the study of the local dynamics based on the application of the invariant
integral manifolds methods and normal forms methods are not applicable. Therefore, special methods
of infinite—-dimensional normalization have been developed which allow one to construct special
nonlinear boundary value problems called quasinormal forms. Their nonlocal dynamics determine
the behavior of the initial boundary value problem solutions in the neighborhood of the equilibrium
state. The bifurcation features arising in the case of different boundary conditions are illustrated.

Keywords: nonlinear local dynamics; stability; asymptotic behavior; quasinormal form; bifurcations;
characteristic equation

MSC: 34K11

1. Introduction

We consider the spatially distributed delay logistic equation

ou %u Jou

with the periodic boundary conditions
u(t,x +2m) = u(t, x). )

The coefficient d > 0 is called the diffusion coefficient or the mobility coefficient when it
comes to a biological population. The coefficient > 0 is called the Malthusian coefficient
and T > 0 is the delay time. The presence of the translation operator bou/odx in the
boundary value problem (1), (2) differs from the logistic equation with diffusion. The
coefficient b in this operator can be considered positive. The function u(t, x) makes sense
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of the population density and therefore u(t, x) > 0. The translation operator is irrelevant
for the boundary value problem without delay
2
%u:d%—l—bg—z—i—r[l—u]u, u(t,x +2m) = u(t, x). ®)
It ‘disappears’ after the spatial variable replacement x — x + bt.

An equation of the (1) type arises in many applied problems of mathematical ecology
and mathematical biology (see, for example, [1-7]). The most complete research results are
presented in [8-10].

In this paper, we study the local dynamics of the boundary value problem (1), (2) in a
neighborhood of a positive equilibrium state, that is, the behavior of the (1), (2) solutions
with initial conditions from some sufficiently small neighborhood of the equilibrium state
ug = 1. We fix the space C|_1 g X W% 027] 33 the space of initial conditions. We pay special
attention to the study of cases when either the translation coefficient b is sufficiently large
or the diffusion coefficient is sufficiently small. It is in these cases that the boundary value
problem (1), (2) becomes singularly perturbed, which can lead to the appearance of new
interesting dynamic effects.

We recall the well-known (see, for example, [11,12]) results for the delay logistic equation

u=r[1—u(t—T)u. 4)

Under the condition T < 71/2, the equilibrium state 1y = 1 is asymptotically stable, and
it is unstable when rT > 71/2 and there is a stable cycle in (4). The asymptotic behavior
of this cycle under the condition 0 < rT — /2 < 1 is given in [13]. Questions about the
global stability of Equation (4) are studied in [11,12,14].

Under the condition rT >> 1, the asymptotic stability of the cycle is described in [15]. We
recall a well-known result of the Andronov-Hopf bifurcation in (4) under the conditions
rT ~ 7. We fix the values rg and Ty in (4) so that roTp = 7. Let

r=ro+er;, T=Top+elh ®)
where ¢ is a small positive parameter:
0<ex

Then in some sufficiently small and ¢ independent neighborhood of Equation (4) solution
1o there exists [16-18] a stable local invariant integral two-dimensional manifold M(¢e) on
which Equation (4) can be written in the form of a scalar complex ordinary differential equation

ag _
I = Foglel (6)

to within O(¢). Here, T = ¢t is a ‘slow’ time and

o = (1) (G enin (-0
- = —)\0[37t—2+i(7r+6)]<10(1+;:2))1, Ro < 0.

Equation (6) is called the normal form for (1), (2) in the neighborhood of uy. The solutions (6)
and (4) are related by the asymptotic equality

u=1+el? (ij(r) exp(iﬂ(ZTo)_lt) +E(1) exp(—iﬂ(ZTo)_lt)> +0(e). (@

Accordingly, the cycle in (6) corresponds to the stable cycle in (4) (as Ra > 0).
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Under the conditions (5) and for b = 0, the same manifold M(¢) is a stable invariant
manifold for the delay logistic equation with diffusion

2
%{ :dg%%—r[l—u(t—T,x)]u, u(t,x +2m) = u(t, x). 8)
Therefore, the equilibrium state of u is stable as rT < % and is unstable as rT > % for
this equation, and the same cycle as in Equation (4) exists. The cycle bifurcation for (4)
and (8) is of the Andronov-Hopf type [10,19]. There is only one pair of pure imaginary
roots, whereas other roots of the characteristic equations for the linearized on ug equations
have negative real parts as ¢ = 0.
We get back to the boundary value problem (1), (2) consideration. Its local dynamics
in the equilibrium state of u( neighborhood depend largely on the behavior of solutions of
the linearized on 1y boundary value problem

ov %v v B
N —dﬁerg—rv(t—T,x), v(t,x 4+ 27) = v(t, x). )
In turn, the behavior of Equation (9) solutions is related to the location of the roots of its
characteristic quasi-polynomial, which consists of the set of the equations

A = —dk? +ibk —rexp(—AT), k=0,41,42,.... (10)

In the case when the roots of (10) have negative real parts, all the solutions of (9)
tend to zero as t — oo and the equilibrium state of 1 is asymptotically stable in (1), (2).
However, if a root with a positive real part exists in (10), then (9) has a solution that grows
exponentially as f — co and the solution of ug in (1), (2) is unstable.The critical case in the
problem of ug stability takes place under the condition that (10) has no roots with positive
real part, but a root with zero real part exists.

In this paper, we focus our attention on the determination of the parameters for which
critical cases take place and on the study of the (1), (2) solutions in near-critical situations.

Below we show that the bifurcation phenomena are much more complicated and
diverse for the boundary value problem (1), (2) than those that take place for the boundary
value problem (8). In the case of singular perturbations when b > 1 or d < 1 some inter-
esting situations may arise when infinitely many roots of the characteristic Equation (10)
tend to the imaginary axis as the small parameter tends to zero. Thus, the critical case of
infinite dimension is realized in the problem of the solutions stability. Note that singular
perturbations in a nonlocal setting were studied, for example, in [20-22].

Special nonlinear equations that do not contain small parameters are constructed
as the main results. Their nonlocal dynamics determine the behavior of the boundary
value problem (1), (2) solutions in the neighborhood of the equilibrium state of 1. These
equations are classical normal forms on invariant manifolds in finite-dimensional critical
cases. There are no invariant manifolds in infinite-dimensional critical cases, but the formal
method of normal forms allows us to construct special boundary value problems of the
parabolic type, the so-called quasinormal forms, which play the role of normal forms.
Asymptotic formulas that couple the solutions of the initial problem and the solutions of
the quasinormal forms are given.

In the next section, the critical cases are defined on the basis of the characteristic
Equation (10) roots analysis, and the bifurcations when the parameter b is changed are
studied. Moreover, main attention is paid to the singularly perturbed case when b > 1.
The most interesting situations that arise at asymptotically small values of the diffusion
coefficient d are considered in Section 3. The infinite-dimensional bifurcations for the
Dirichlet boundary conditions with sufficiently large values of the delay coefficient are
considered in Section 4. Finally, the conclusions are formulated in Section 5.
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2. Determined by Translation Coefficient b Bifurcations

In this section, we first focus on the analysis of the characteristic Equation (10) roots,
and then we consider the bifurcation problem of constructiong a normal form. In the final
part, we investigate the dynamics of the boundary value problem (1), (2) for large values
of b.

2.1. Linear Analysis

We assume A = iw where w > 0 to construct the boundaries of the stability domain in
the space of parameters of Equation (10) for some k = ky. We obtain from (10) that

iw = —dk} + ibky — rexp(—iwT). (11)
This equation is equivalent to the system of two equations

rcoswT = —dk3, (12)
rsinwT = w — bky. (13)

2.1.1. Case of kg =0

From (10) we obtain the equation
A = —rexp(—iAT) (14)

which is a well-known characteristic equation for the classical delay logistic equation.
Therefore, we conclude that there is a root with a positive real part in (14) and hence in (10)

T
under the condition *T > —.
Below we assume that the inequality

rT <

N[

(15)

holds.

s
There is a pair of the complex conjugate roots A1, = +imt(2T) ! for rT = 0} and the
other roots of (14) have negative real parts.

2.1.2. Caseof kg =1
We state one simple proposition first.

Lemma 1. Let the inequalities
rir<§, 0<r<d (16)

hold. Then the roots of Equation (10) have negative real parts.

Indeed, it follows from (16) that Equations (12) and (13) are unsolvable.

We consider the case where k = 1 and r = 4. It then follows from (12) that the equality
wT = 71(2n + 1) holds for some integer 1, and from (13) we obtain that 77(2n +1)T~! = b.
Below, let Ty(r,b) (k = 0,1,2,...) stand for such a value of the parameter T that for
0 < T < Ti(r,b) the roots of (10) have negative real parts for the given k, and there is a
root on the imaginary axis as T = Ty(r,b). Thus, To(r,b) = To(r) = 7(2r)~!, and under
the condition r = d the equality Ty (d, b) = b~ holds.

Further, we consider the case where

d<r<dd.
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Under this condition and for all values of the parameters b and T, the roots of all of
Equation (10) have negative real parts as |k| > 1. From (12), (13) we conclude that

Ti(r,b) = ¢1 {b +Vr2— dz} 71, cosgp = —dr !, ¢ € (g,n‘).

We note that Ty(r,0) > To(r) and blim Ty (r,b) = 0, therefore there is such b = by that
— 00

T1(r,by) = To(r). In this case, each element of Equation (10) has pure imaginary roots as
k = 0and k = +1. For example, the equality T;(d,b) = wb~! = Ty(d) = 7r(2d) ! holds as
r = d. Thus, by = 2d, and T;(4d,b) = 7(2b)~! = 1(84) L asr = 4d, i.e., by = 4d.

2.1.3. Case of kg > 1

Let k > 1 and the inequality
r> dk?

holds. Acting in accordance with the previous scheme, we obtain that
) A 1/2\ 7! s, T
Tl(r,b)—gok<bk+<r —dk) ) , cos@p=—dkr, E<(Pk<n'

Let ko stand for the largest integer k > 0 for which the inequality dk3 < r holds.
We assume that

Tmin (1’, b) = mil’l(To(T’), Tl(i’, b), ey TkO (1’, b))

Lemma 2. Under the condition 0 < T < Tpin (7, b) the roots of the characteristic Equation (10)
have negative real parts, and Equation (10) has no roots with positive real part but the root on the
imaginary axis as T = Tmin(7, b).

It is important to note that the parameter T increment from Ty (7, b) to Tp(r) in the
boundary value problem (9) can lead to several alternations of stability and instability
of solutions.

The following statement is more interesting.

Lemma 3. Let the solutions of (9) be unstable for some value of the parameter b. Then stability
and instability of the (9) solutions alternate infinitely as b — oo.

Since (dk%)2 + (w — bko)? = r3, we obtain two values

wiz = bko & \/7% — (dR})?

for w. We note that w; > |w;|. Let T;", T,f, ... stand for the consecutive positive roots

(in relation to T) of the equation dk(z) = —rgcoswqT. In addition, let T, , T, , ... stand for
the consecutive positive roots of the equation dkj = —rcosw,T. We note that T, =
Tf’ + 27mw1_1, Tz_n+2 =T, + 27m)2_1 and Tfr < T, . Itis evident that the values T;_l

and T,, (n =1,2,...) only are the roots of the system of Equation (10) for w = w; and
w = wy, respectively. Let A(T) stand for such a root of (10) that turns into iw; and iw; for
T =T, ,orT =T,, respectively. Then, for k = ko we obtain from (10) that

n

rery = {(1 — 19T cos wT)? + r3T? sin? wT} w(w — bko)

=Ty,
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where w =wqas T = T2 and w = wy as T = T,,,. From (10), it now follows that

n+1’/
L(T) > 0, and for w, < 0 we obtain dM(T) > 0.
dT | T 4 dT T=T;,
dA(T)

If wy > 0 then < 0. From here we obtain the following statements:

T=T,,

1. 0T« Tfr then the roots of (10) have negative real parts as k = ko;

Ifw, <0and T > Tl+ then Equation (10) has a root with positive real part as k = ko;

3. Ifwp,>0and T < T < T, then Equation (10) has a root with positive real part as
k = ko;

4. Ifw,>0and Ty < T, then Equation (10) has a root with positive real part for all
T > Tfr as k = ko;

5. Ifwy>0andT, <T< T+ then the roots of (10) have negative real parts as k = k.
More generally, under the COIldlthI’lS T,, < T < T, the roots of (10) have negative
real parts as k = ko.

aTr

N

The resulting domain of instability (in the space of parameters) of the characteristic
Equation (10) is an union of the instability domains of each of the equations that make
up (10). Thus, a situation is possible when this domain consists of one or several (because
their number is finite) intervals.

2.2. Andronov—Hopf Bifurcation

Let for some T = Ty and k = kg (the case of k = 0 is studied in [19]) the characteristic
Equation (10) has one pure imaginary root A = iw, whereas all the other roots have negative
real parts (as k > 0). We assume w = w;  and let the equalities (5) hold. We consider the
behavior of the (8) solutions with initial conditions from some rather small (e-independent)
neighborhood of the equilibrium state N = 1. According to the general theory (see, for
example, [16-18]) in this neighborhood there is a local invariant two-dimensional stable
integral manifold on which (8) can be presented as a normal form

L —wgrpilfen (o= 17)

to within O(e). We put z = wt + kox to obtain explicit expressions for the coefficients a4
and B, and introduce the formal series

N=1+ %[C( )exp(iz) + &(t) exp(—iz)]+
+¢[u20(1)[62(v)| + 1z (1)E2(7) expl(2iz) + T (1)& () exp(—2i2) | +
%[Ll?)l( T) exp(iz)+31 (T) exp(—iz)+uss(t) exp(3iz) +1s3(T) exp(—3iz)| +... . (18)

Substituting (18) into (1) and collecting the coefficients at the equal powers of € we
obtain in the second step that

Uyy = 2ral cos wTy,

-1
Uy = —ro(ziw+4dk%—2ibko+r0exp(—2Tow)) exp(—iwTy).

From the solvability condition of the resulting equation with respect to 131 (and #31),
we arrive at a relation for the unknown value &(7), which has the form of (17) in which

i?’oa)T1(1 — 1070 eXp(*ino))_l,

a1
,Bl = —7’0(1 - VoTQ exp(—inQ))*l X
[t120(1 + exp(—iwTy)) + up (exp(iwTy) + exp(—2iwTy))].

X
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We note that the sign of the value R(a;) coincides with the sign of the expression w(w — b).

The stability of the equialibrium state of u( of the boundary value problem (1), (2)
for small values of ¢ is obviously determined by the sign of R(«1), and the existence and
stability of the cycle in (1), (2) are related to the existence of the cycle in (17), i.e., to the
signs of the values (a1) and R(B1).

2.3. Local Dynamics in the Case of Large Translation Coefficient

Here we assume that the parameter b is large enough:
b=¢1, 0<e<l. (19)

It then follows from equality (13) that the quantity w is of the order of ¢!, and the cor-
responding values of T at which the stability of the equilibrium state can change are of
the order of ¢. In this regard, it is natural to set T = €T} and change the time t = et; in (1).
Below, it is convenient to replace u with # — 1 in (1). Then the corresponding boundary
value problem with respect to u; = u — 1 after multiplying by ¢ of the left and right parts
can be written in the form

ou o%u u
E =& d@_rou(t]_T],x)(l'i_u) _._g/ (20)
u(ty, x +2m) = u(t, x). (21)

Formally assuming ¢ = 0, we arrive at a linear equation whose entire stability spectrum is
pure imaginary. Thus, the critical case of infinite dimension is realized in the problem of
the equilibrium state of (20), (21) stability. An algorithm for studying the dynamic prop-
erties of solutions in such situations is developed in [23,24]. We apply the corresponding
constructions for (20), (21). We introduce the formal expression

u= i Cn(T)expik(ty +x) +ev(t,y)+... =&(Ty) +ev(t,y) +...,

n=-—oo

y=th+x, T=c¢t.

Substituting this expression into (20), (21) and performing standard operations, we obtain
the boundary value problem with respect to &(7,y)

0 02
= dgs —nE(ry T+ 22)
(r,y+27) = E(ry). @)

Theorem 1. Let the boundary value problem (22), (23) have a bounded solution &o(T,y) as T — oo,
y € [0,27t|. Then the function
u(ty, x) = ¢(ety, t + x)

satisfies the boundary value problem (20), (21) to within O(e).

We note that the boundary value problem (22), (23) plays the role of a quasinormal
form for (20), (21) and does not contain time delay but contains a deviation of the spatial
variable.

Further, we consider the issue of the (22), (23) local dynamics in the equilibrium state
of ¢ = 0 neighborhood. The characteristic equation of the linearized at zero problem has
the form

A= —dk* —rgexp(—ikTy), k=0,%#1,42,.... (24)

In the case when the roots of this equation have negative real parts, the equilibrium
states of §op = 0in (22), (23) and of ug = 0in (20), (21) are asymptotically stable for small ¢,
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and the solutions from some ¢ independent neighborhood of these equilibrium states tend
to zero as t — oo. If (24) has a value of A with positive real part, then ¢y and ug are unstable,
and the problem of dynamic behavior in the equilibrium state neighborhood becomes
nonlocal. Below, we assume that for some integer ko > 0 and T; = Tjp, Equation (24) has
the pure imaginary root A = ic. All the other roots of (24) have negative real parts as
k # +ko.

We introduce another small parameter y, which characterizes the T; deviation from
Tyo: Ty = T1p + pT11, 0 < p < 1. In this case, a two—dimensional local invariant integral
stable manifold exists in a small neighborhood of zero in (20), (21) and in (22), (23), on
which the boundary value problem (22), (23) can be presented as a normal form

?
= aan + BolnlPy, s =p (25)

to within O ().
Repeating the constructions of the previous section, we introduce into consideration a
formal expression of the form (18):

& = 12 [n(s) expiz +7(s) exp(—iz)] +
1 11(5) PWao + 173 (s) War exp(212) + T2 (s) War exp(~2iz) | +
—|—y% [Wi31(s) exp iz+Wa1 (s) exp(—iz) +Waq (s) exp(3iz) +Wa1 (s) exp(—3iz) | +... (26)

where z = 07T + koy. We substitute (26) into (22), (23) and consecutively find that

Wy = —2cos(koTg), Wor = {21’(7 + 4k%d + 19 exp(—2ikt10)] - exp(—iTyoko),
Ny = —ikoTH (10’ + dk%),
Br = —ro[Wx(l+ eXp(—ikoTlo)) + Why (exp(iTloko) + eXp(—ZiTloko))].

We summarize what has been said.
Theorem 2. Let Equation (25) have the bounded solution 1(s) as s — oo. Then the function

fry) =
+

Y2[n(s) expl(iz) +7(s) exp(—iz)] +

M
i [|17(s) 1>Whg + 12 (s) Wy exp(2iz) + 72 (s)Way exp(—Ziz)}

satisfies the boundary value problem (22), (23) to within O(u>/?).

It remains to be noted that the stability of the zero equilibrium state in (22), (23) is
determined by the sign of the quantity R(«;), and the existence and stability of the nonzero
cycle in (25) and in (20), (21) are determined by the signs of the quantities R(a;) and R(B7).

We dwell on some of the conclusions. The presence of advection in the distributed
logistic equation with diffusion significantly complicates the dynamic properties of the
solutions. Bifurcation phenomena (which are based on the Andronov-Hopf bifurcation)
begin to occur at lower values of the delay coefficient. The possibility of stabilization
of the equilibrium state as delay increases is shown. In the problem of the stability of a
positive equilibrium state an infinite-dimensional critical case can be realized for sufficiently
large values of the advection (translation) coefficient. This critical case can occur even at
asymptotically small values of delay. It is shown that the corresponding bifurcations occur
at high frequencies and on asymptotically large modes. Thus, rapid oscillations arise both
with respect to the spatial variable and with respect to time. A special nonlinear parabolic
equation with the deviation of the spatial variable that does not contain large and small
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parameters is constructed. Its nonlocal dynamics determine the behavior of the initial
equation solutions in a small neighborhood of the equilibrium state.

3. Equations with Small Diffusion Coefficient

The dynamic features of equations with low diffusion are even more interesting and
varied. The assumption that the values of the diffusion coefficient are small is natural. In
mathematical ecology, it is the mobility coefficient divided by the length of the habitat,
which often has relatively large dimensions. In many problems of physics and mechanics,
the values of the diffusion coefficient are also quite small in normalized units.

Therefore, we consider the delay logistic equation with diffusion

ou  ,0%u ou
i ﬁ—l—ba—kr[l—u(t—T,x)]u (27)

with the periodic boundary conditions
u(t,x +2m) = u(t, x). (28)

We assume
I<exkl1 (29)

i.e., the diffusion coefficient is small enough. We investigate the dynamic properties of these
boundary value problem solutions in some small enough and € independent neighborhood
of the equilibrium state of ug = 1.

The structure of the solutions may differ significantly depending on the value of
the translation coefficient. Four cases are considered separately. In the first of them, the
coefficient b is of the same order as the diffusion coefficient, i.e., for some fixed value by > 0
we obtain

b = ¢%bo. (30)

This case is covered in Section 3.1. A much more complicated situation is considered next in
Section 3.2 when the parameter b is sufficiently small again but is greater that the diffusion
coefficient with respect to the ¢ order, i.e.,

b= Sb(). (31)

We note at once that under this condition, the biffurcations occur on the modes with
asymptotically large numbers.

Section 3.3 considers the case when the parameter b does not depend on e. The
peculiarity of this case is that bifurcations occur at high modes as well as in Section 3.2, but
the delay coefficient is asymptotically small in this case. Section 3.4 reveals the features of
the case when the condition

b>1 (32)

holds together with condition (29).
In each of these cases, the bifurcation values of the parameters are determined and
quasinormal forms are constructed to analyze the dynamics of solutions.

3.1. Quasinormal Forms Construction under Condition b = €%by
Let T = Ty + €2T;. The set of the equations

A= — 22+ ie?bk — rexp(—)\(TO + £2T1)), k=0,+1,+2,... (33)

plays the role of the characteristic equation for the linearized in 1y boundary value problem

v _ ,0%°v  , v 9 B
P e +e ba —ro(t—To— €Ty, x), o(t,x+2m) =ov(t, x). (34)
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We formulate several simple statements regarding the roots of (33). We omit their
simple but cumbersome proofs.

Lemma 4. Let the condition 0 < rTo < 5 hold. Then, for all sufficiently small e, the real parts of
the (33) roots are negative and separated from zero as e — 0.

Lemma 5. Let the condition rTy > 7 hold. Then, for all sufficiently small e, there exists a root
with positive real part separated from zero as e — 0.

Lemma 6. Let
Ty= 2%
rip 5
Then, there are no roots with positive real part separated from zero in (33) as € — 0, but there are
infinitely many roots A (e) (k = 0,21, %2,...), the real parts of which tend to zero for each k,
and the asymptotic representations

A(e) = dwo+ed+..., Af(e) = A (¢), (35)
A = [—kz + ibgk + iwy Ty exp(—iono)} (1 + iwy) 7t

take place as wy = 7.
We note that for 7Ty < 7 and for rTy > 7 the situation for (33) is the same as for the
characteristic equation
A = —rexp(—AT)) (36)

of the linearized Equation (4)
0= —rov(t —Tp).

Only one pair of (36) roots lies on the imaginary axis as rTp = 7, and for (33) infinitely
many (35) roots tend to the imaginary axis as ¢ — 0. Thus, the critical case is realized in the
problem of the stability of solutions of (34) of infinite dimension.
The solutions
vki(t, x,€) = exp(ikx + )tki(e)t)

of the boundary value problem (34) correspond to the roots Aki (¢). Therefore, the boundary
value problem (34) has the set of solutions

v(t, x,€) Z Crexp(ikx + Ak (e)t)
k=—o0
where (, are the arbitrary constants. This expression can be written as

o(t, x,€) Z &k (1) exp(ikx + iwgt) = &(T, x).

k=—o0

Here, T = &%t is a slow time, wy = 7%, & (1) = &rexp((Ayg + O(e))7) are the Fourier
coefficients of the function &(t, x).
Applying the methodology from [23], we find the solutions of (27), (28) in the form

u(t,x,e) =1+ ¢(&(t, x) exp(iwgt) 4 ¢) + 2uy(t, T, x) + us(t, T, %) + ... . (37)

The function ¢(7, x) is the unknown amplitude, u;(t, T, x) are 271 / wo-periodic with respect
to t and 27r—periodic with respect to x.
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We substitute the formal expression (37) into (27) and sequentially equate the coeffi-
cients at equal powers of ¢ in the resulting formal identity. We obtain the correct equality
for e!. Collecting the coefficients at e we obtain the equation

9z

ot &2 (1, x) exp (2iwpt) +

= —rup(t—T,7,x)—r

—

+ §Z(T,x) exp(—2iwpt } uy(t, T, x +2m) = uy(t, 7, x)
for up determining. From here

Uy = A& exp(2iwogt) + Az exp(—2iwot) (38)

where
A= —r(2iwy + rexp(—ZinT)f1

At the next step, we collect the coefficients at ¢ and obtain the equation for u3. From
the condition of its solvability in the indicated class of functions, we obtain the boundary
value problem for {(7, x) determining:

0 92 d )
af_ (1+1w0) Eye +b0£ — rwo Ty exp(—iwgTy)E ++0§\§|2,

&(t,x+2m) = &(T,x).

(39)

The formula
= A(1 4 iwg) Y (exp(iwgT) + exp(—2iwyT))

holds for the Lyapunov quantity ¢, and o < 0.
We state the basic result of this section.

Theorem 3. Let the conditions (29), (30), rTo = 5 hold and the boundary value problem (39) has
the bounded solution &(t,x) as T — oo, x € [0,27t]. Then, for T = &>t the function

u(t,x,e) = 1+ ¢(&(t, x) exp(iwpt) +cc) + &2 (A@2 exp(2iwpt) + R)
satisfies the boundary value problem (27), (28) to within O(e3).

Remark 1. It can be shown that if the boundary value problem (39) has a periodic with respect
to T solution and certain conditions of nonsingularity type hold, then the initial boundary value
problem has an almost periodic solution of the same stability with the asymptotic behavior indicated
in Theorem 3.

3.2. Construction of Quasinormal Forms under Condition b = eby

The results of this section are the most complicated and interesting. First, we dwell on
the linear analysis.

3.2.1. Linear Analysis

In this section, we fix arbitrarily the positive values by and r and write out the charac-
teristic Equation (33) in the form

A= —z% +ibyz — rexp(—AT) (40)

where z = ek, k = 0,£1,+2,.... Let A(z) stand for the root of this equation with the largest
real part. We recall that the equality RA(z) = —z%> — r holds as T = 0, therefore RA(z) < 0
forall z € (—oo,00). At the first step, we find the smallest positive value T of the parameter
T for which RA(z) <0 (z € (—o0,00)), and there exists zg > 0 that RA(zg) = 0. We show
below that zg is uniquely defined. We put w = IA(zp). Further, we write out the system of
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equations for the unknown quantities zg, w and Tj. Initially, from the condition A(zg) = iw
and from Equation (40) we obtain that

rcoswTy = —z%, rsinwTy = w — byzp. (41)
From the condition
§Rd/\(z) —0
dz _—

we arrive at the equality
w —byzg = —(boTo) "1220(1 + Tpz3)>. (42)
Taking this into consideration, we obtain from (42) that
12 = z§ + (boTp) ~2423(1 + Toz3)>. (43)
Then, from here we obtain the equation with respect to the quantity T:
T2[(7 — z8)0f — 42§| — 824To — 42 = 0.

Now, we find that the equality

To(zo) = 220 (2z3 + (4z8 (PP —z5)pR — 423)) ) V2 (44)

holds for the positive root Ty = Ty(zg) of the equation above. Finally, taking into ac-
count (42) and the first of the equalities (41), we obtain the equation to determine zy:

7 COS (T(zo) (bozo — (bOTo(zo))_12zo (1 + To(zo)zé)))z = —z%. (45)

After the roots of this equation have been found for those r and by for which they exist, we
obtain the desired value Ty = To(z). Figure 1 shows the graphs of the left and right sides
of Equation (45).

The main difference between the results of this and the previos sections is that Ty < 7
here, and the value zo = ¢k, at which the critical case is realized, is positive.

We consider a set of integers

ke =2z0e '+ ©@+m; m=0,+1,+2,...

where the quantity @ = @(¢) € [0,1) complements the expression zpe ! to an integer
value. We assume in (40) that z = zg + €(©® + m) and let A}};(¢) and A, (¢) = X;(s) stand
for those roots of (40), the real parts of which tend to zero as ¢ — 0. The following simple
statement holds.

Lemma 7. For A}, (e) the asymptotic equalities

A (€) = iw + €A1 (© + m) + Ay (@ + m)* + . ..

hold where
/\ml = iwl = /\/(Zo),
Ay = %)\”(zo) = [1 - %Tgw%(ibozo —z5— iw)} 1—=7rTy exp(—z'a;TO)]_l,

-1
wp = i(ZZQ + ibo) [1 + To(l'(d + Z% - iboZo)} , Swyp =0.
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v(t, x,¢€)

It is important to note that infinitely many roots of the characteristic Equation (40)
tend to imaginary axis as ¢ — 0. This gives grounds to say that the critical case under
consideration has an infinite dimension in the stability problem.

The root A}, (¢) corresponds to the solution vy, (t, x, €) of the linearized equation and

um(t, X, €) = exp (i(zosfl +0O+m)x+ A (s)t)
which means that the same equation has a set of solutions
o(t,x,e) = Y Cm exp(i(zoe_l +®+m)x+)x,t(s)t) (46)

m=—0o0

where ¢, are arbitrary complex constants. Let T = ¢2ty. Then (46) can be presented in
the form

= exp(i(zoe_l+®)x+i(a)+£w1®)t)- i Em(T) exp(im(x + ewrt))

m=—0oo

= exp (z’(zosf1 +0O)x +i(w+ £w1®)t)§(r,y), Yy = x + ewst. (47)
Here, we have the equality

Gm () = Emexp((Ama + O(€))7)

for the Fourier coefficients of the function (¢, y).
Further constructions are based on the representation (47).

3.2.2. Construction of Quasinormal Form

For fixed r and by and under the conditions (29), (31) we define w, wy, zg, and Ty. We
assume that
T =T+ €Ty

in (27), (28) and let E = E(t, x, ¢) stand for the function
E =exp (i(zosfl +0O)x +i(w+ s@wl)t).
We introduce into consideration the formal asymptotical series
u(t,x,e) = e(E&(T,y) + EC(T,y)) + up + Suz + ... . (48)

Here, (7,y) are the unknown complex amplitudes. The functions u; = u;(t,7,y) are
27w~ -periodic with respect to t and 27t—periodic with respect to . We search for solutions
of the nonlinear boundary value problem (27), (28) in the form of (48). For this purpose we
substitute (48) into (27) and equate the coefficients at the same powers ¢ in the resulting
formal identity. At the first step, we obtain the correct equality by collecting the coefficients
at the first power of ¢. Collecting the coefficients at €2 we obtain the equation for uy. We
search for u; in the form

1ty = 10| E(T,y) 2 + un (7, y)E2 + i & (t,y)E-.

Then, we immediately get that
Uy = 722%1’_1,

-1
uy = —rexp(—iwTp) {Ziw + 42% + ZibOZo} .



Mathematics 2022, 10, 775 14 of 32

21 b=0.5, r=0.5 27

b=0.5, r=1
T
0 : :
1 2 3 4 5 6 3 4 5 6
X X
-1
_2.
v 73 y
,4_
,5_
6
(@) (b)
* b=1, r=1 %
b=2,r=1
1_ n
3
o .
2 3 4 5 6
X
_1_
v
Y
-3
(d)
2 b=0.5, r=1.5
1 \j
0 : .
1 2 3 4 5 6
X
-1
-2
v -3
,4_
,5_
-6
(e)
Figure 1. Graph of the function y = —x?, graph of the function y = rcos(T(x)(bpx—

2
—(boTp(x)) "2x (1 + To(x)xz))) with parameter values: (a) b = 0.5, = 0.5, (b) b = 0.5,r = 1,
b=1,r=1,db=2,r=1,(e)b=05,r=15.
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At the next step, we obtain the equation for u3:

au3 282u3 8u3
9 2978 T8
ot Conr TGy T

= Ao(t,y)+ A (T, y)E4+cc+ Az(T,y)EZ +§—|—A3(T,y)E3 +cc,

y = x + 2wqt. The explicit form of the functions Ag3(7, x) is inessential, so we do not
write them out. We obtain the formula

1 AN 4
Ai(t,x) = —$+§)\ (20) ®+@ ¢+irwT exp(—iwTy)E

+ 0g[EP(1—rToexp(—iwTy))
for the function A1 (1, x) where
0 = —r[ugg + tip1 (exp(iwTy) + exp(—2iwTy))] (1 — rTy exp(—iwTy)) .
The satisfaction of the equality
A(t,y) =0

is the condition of the solution of the equation for u3 existence in the indicated class of
functions, i.e.,

B _ L P, 9%
5 = Mg A eg

+ <;/\”(zo)®2 +irwTy exp(—inO)> +0¢|¢% &ty +2m) =&(T,y). (49)

In order to formulate the basic result of this section, we introduce one more notation.
Let €,(®p) > 0 stand for the sequence that tend to zero as n — oo, and the equality

O(ex(0y)) = B
holds for all n.

Theorem 4. Let the conditions (29) and (31) be satisfied. Let © = @y, and let &(T,y) be the
bounded solution of the boundary value problem (49) as T — oo, y € [0,271]. Then for e = €,(®p)
the function

u(t,x,e) = e(E¢(t,y) +E&(Ty)) + (20| E(T,y)|* + un & (1, y) E?
ﬁ2152(‘F,y)E2), T =€, y = x + 2ewyt

satisfies the boundary value problem (27), (28) to within O(e3).

This statement means that in the considered infinite dimensional critical case, the local
dynamics of the initial boundary value problem (27), (28) for small ¢ is determined by the
nonlocal behavior of the quasinormal form (49) solutions.

We note that the dynamic properties of (49) may vary for different values of ®. This
means that an infinite alteration of straight and reverse bifurcations can occur in the initial
boundary value problem (27), (28) as e — 0.

3.3. Quasinormal Forms for Fixed Value b # 0 and for Sufficiently Small &

In this section, we first define the smallest positive value of the delay coefficient T
such that the zero equilibrium state in (27), (28) is asymptotically stable for T € (0, T),



Mathematics 2022, 10, 775

16 of 32

but unstable for T > T. At the next stage, in the critical case of T ~ T, we construct a
quasinormal form for the local dynamics study.
It is convenient to perform a change

x=y+bt (50)

in (27), (28). As a result, we obtain the boundary value problem with delay and deviation
of the spatial variable

ou  ,9%u
5 =€ a—yz—ru(t—T,y—bT)(l-i-u), (51)
u(t,y+2m) =y(ty). (52)
3.3.1. Linear Analysis
Here, we put
T = STO (53)

and show that there exists a value Ty such that for small € the zero equilibrium state
in (51), (52) is asymptotically stable under the condition 0 < T < €Ty, but unstable for
T > €Tp.

Under the condition (53), we consider the characteristic equation for the linearized
boundary value problem (51), (52):

A= —2% —rexp(—eTpA — ibTz) (54)
wherez = ¢k, k=0,£1,£2,.... For small ¢, it is natural to start the study with a simpler

equation (for Ty = 0)
A= —22 —rexp(—ibTyz). (55)

Let A(zp) = iw for some z = zp and RA(z) < 0forall z € (—oo,0). Then,

_Z(z) = rcos(bTpzg), w = rsin(bTpzp),
RAL(z0) = —2z0+ rbTysin(bTozg) = 0.

Hence we obtain that for s = bTyzg
w =rsins, coss=——, sins= ——.

Therefore, tans = — % Let 5y stand for the smallest positive root of this equation. Then
the equality

1
z0 = so(bTo)*l; Z0 = EVbTo sin s (56)
holds, which means
1/2
To=0b"" (Zso(r sinso)_1> , zo=(—rcos 50)1/2. (57)

Figure 2 shows the graphs of the functions w = z? and w = —r cos(bTpz). It is shown
that these graphs have tangency at z = zp, i.e., ®A(z9) = RA/(z9) = 0.
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Figure 2. The dotted line is the graph of the function w = z2, the solid line is the graph of the function
w = —rcos(bTyz),andzy is the point of contact.

At the next stage, we return to the consideration of the characteristic Equation (54).
We look for such a value of T(e) to within O(¢) for which the root A(z, €) of this equation
(with the largest real part) satisfies the conditions A(zg(¢),€) = iw(e), RA(z,€) < 0 (Vz)

and 8‘%% o =0.LetT(e) = To+¢eTy, w(e) = w +ewpr + ..., z0(€) = zo + €21. We
z=z¢(e
write out the values Ty, wgi, and z;1. For this purpose, we introduce the 2 x 2 matrix

B— ( bTorcossy — rzy ' sinsg  brsinsg )

1 — bTy(2z9) rsinsg —bz

We assume (Z;) = Bil(T(?w). Then Ty = a,, wy = raq cos sy, z; = (rasinsg)(2zg) L.

Let @ = ©(¢) complement the expression zpe ! + z; to an integer value. Under this
condition and for z = zp + €(z1 + ® + m), we consider the asymptotics of all those roots
Af(e) (m=0,£1,42,...) of Equation (54), whose real parts tend to zero as ¢ — 0.

We fix arbitrarily the value T5. Let

T=Ty+el1 + €2T2.
Lemma 8. The asymptotic equalities

A(e) = iw + eAyy + A + . ..

hold where
Ami = AN(z0)(z1 +O+m) = iwi(z1 + O +m),
Ap = —d0(21 +®+Wl)2+d1(21 +®+ﬂ”l)+d2,
1
dy = 1-— Erb2T§ exp(—ibTozg), RNdy >0,
di = i(bTh + Town), do = irexp(ibTpzo) (bTrzo + wTh).

The set of corresponding to the roots A}, (¢) solutions of the linearized at zero boundary
value problem (27), (28) we write out in the form

o(t, x,e) = i Cm exp [i((zo +ez1)e 14O+ m)x + A (s)t} =EZ(t,y) (58)

m=—0oo

where T = €%t,and y = x + ewrt, Em(T) = Emexp((Ama + O(e))T) are the Fourier coeffi-
cients of the function ¢(7,v).
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3.3.2. Nonlinear Analysis

In the case under consideration, the formal representation of the nonlinear boundary
value problem (27), (28) solutions is based on formula (58) for the linearized problem
solutions. Therefore, we introduce into consideration the asymptotic expression

u(t,x,e) = e(EE(t,y) + EE(T,y)) + €up + uz + ... (59)

to construct a quasinormal form.
As in Section 3.2.2, we obtain here

) -2
uy = ux|&(t,y)* +uné(t,y)E* +un¢ (t,y)E,
uz0(T,y) + usi(t,y)E +cc+ u32(r,y)E2 +cc+ u33(T,y)E3 + cc.

u3
Substituting (59) into (27) and performing standard operations, we obtain the equalities
Uy = —2 COS(bT()Z()) |C(T, y) |2,
-1
Uy = 7 [Ziw + 423 + rexp(—ZibTozo)} &(t,y)

first. At the next step, we get the equation for u3. Expressions for u3g, u3p, and uz3 are
simply defined, and the condition of solvability of the equation for u3; leads to the relations

2
3% = dogyg —i(2do + dy)(z1 + 6)3}5’; + (dz +d1(z1 +©) — dp(z1 + @)2)§+ SE|E, (60)
Sty +2m) =¢(Ty). (61)

For the value J the equality
d = —rupp(1 + exp(—ibTpzg)) — ruay (exp(—2ibTyzo) + exp(ibTpzo))
holds. The next statement follows from the above constructions.

Theorem 5. Let the parameters b # 0 and ©q be fixed, and the values zg and Ty are defined. Let
&(t,y) be the bounded for T — oo, y € [0, 27t] solution of the boundary value problem (60), (61) as
© = ©y. Then for e = €,(©y) the function

== _ =2 =2
u(t, x,6) = e(E(t,y) + EE(1,y)) + & (uml&(t,9) P + un@(0,y) B + 5 (1,y)E)
satisfies the boundary value problem (27), (28) to within O(e3) as T = €t, Y = x + ewt.

Due to the parabolicity condition fdy > 0, the boundary value problem (60), (61) is
the Ginzburg-Landau equation.

3.4. Quasinormal Form in the Case of Low Diffusion and Large Translation Coefficient

This case is simpler than the one discussed in the previous section.
Letb > 1,i.e., the parameter y = b~! satisfies the condition

o<kl
In this case, the threshold value of the parameter T is determined by the condition
T = euTy. (62)

This means that it is an order of magnitude less than in (53). Then, the characteristic
equation has the form
A= —2% — rexp|—euTyA — iTpz]. (63)
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The equation of first approximation
A= —2* —rexp[—iTyz]

defines the behavior of the roots (63) with higher precision (compared to (54)) near the
imaginary axis. The formulas (56) and (57) in which the parameter b should be replaced by 1
are correct. The resulting quasinormal form coincides with (60), (61) for b =1, Ty = z; = 0.

3.5. On Dynamics of Delay Logistic Equation with Small Diffusion and Classical Boundary
Conditions of General Form

We consider the problem of the local dynamics of the delay logistic equation with
small coefficients of diffusion and advection

u _ 2%

ou
9 _ 2, 0U 3
5~ €2 teba —rut=T,x)[1+u), x€l01] (64)

with the boundary conditions

Jou ou
= =mu| , == = Tou (65)
ox x=0 x=0 ox x=1 x=1
All coefficients in (64), (65) are real, r > 0, T > 0, and ¢ is a small positive parameter:
0<ex 1. (66)

The construction of the characteristic equation for the linearized at zero boundary
value problem

v ,0%v  , v
T @4—8 bﬁ—rv(t—l,x), (67)
v v
Ve = Mo ’ e = 720 (68)
9x | x=0 9%l x=1
is related to the eigenvalues of the stationary boundary value problem
d? d
Ev L e, ¢'0)=110(0), ¢'1)=12001). (69)

All eigenvalues y; (j = 0,1,...) of this boundary value problem are real and can be
arranged in descending order. The corresponding to y; eigenfunctions ¢;(x) are also real.
We note that they form a complete set in the corresponding space.

We consider the question of the roots of the quasipolynomial

A+rexp(—AT) = 82;4]- (70)
for each number j. Here are some standard statements.

Lemma9. Let 0 < r < Z. Then, for all sufficiently small ¢, the real parts of Equation (70) roots
are negative and separated from zero as e — 0.

Lemma 10. Let r > 7. Then, for all sufficiently small e, Equation (70) has a root with positive
and separated from zero real part as e — 0.

Lemma 11. Equation (70) has a pair of complex roots /\f(s) ()\; (¢e) = Xﬁ(s)) foreach j =
0,1,2,...and

. _ _ 7T
M) =in(@T) '+ A+, Ap=T 1(1—1§Vj)-
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All other roots of this equation have negative real parts and are separated from zero as e — 0.

Below we assume that the equality

r= s +e2n (71)
2
holds for an arbitrarily fixed value rq.
The linear boundary value problem (67), (68) has a set of solutions

v= (i)ch)j(X) exp((Aj + o(s))r)) exp (in(ZT)*lt) = (T, x)exp (in(ZT)*lt)
=

where c; are arbitrary, and the Fourier coefficients ¢;(7, x) of the function ¢ (7, x) have the
form ¢j(7,x) = cjexp((Aj1 +0(e))T).

Based on this representation of ‘critical” solutions of the linear problem (67), (68), we
look for the nonlinear boundary value problem (64), (65) solutions in the form

u= S(C(T,x) exp (in(ZT)*lt) +§) +eluy(t,T,%) + ... . (72)

Here and below, let cc stand for the expression that is a complex conjugate to the previous
term. The unknown function ¢(7, x) is sufficiently smooth and satisfies the boundary
conditions (65). The dependence on the argument t on the right-hand side of (72) is
4T—periodic.

We substitute expression (72) into (64) and collect the coefficients at the same powers
of &. We obtain the correct equality for the first degree of €. At the next step, we obtain the
equation

auz

- = —rup(t—T,x) — rexp(—i%)@z(r,x) exp(inT_lt) +cc

for uy. From this we find that
-1
Uy = uzogz exp (inTﬁlt), Uy = 1ir [inT*1 — r} . (73)

However, the boundary conditions (65) for the function uy, generally speaking, are
not satisfied. In order to satisfy these boundary conditions for the terms of ¢ order, we
look for the expression for €2 in (72) in the form

Uz = u3(t1 T, x) + w31 (t/ T/yl) + w32<t/ T/]/Z) (74)

where y; = xe~!, y» = (1 — x)e~!. All functions are 4T—periodic with respect to the

variable t, and each of the functions w3; and w3 is exponentially decreasing with respect
to its third argument: for some py > 0 and cg > 0 the evaluations

\wsj(t, T,y;)| < coexp(—poy;), (j=1,2) (75)
are satisfied. We substitute
u= s(C exp (irc(ZT)_lt) + @) + e2uy + €3 (uz + w31 + w3p) (76)
into (64), (65). Then, we obtain the relations

w3y
x=1 ayz

du
" ox

auz

% (77)

= U2
y2=0

x=0 ayl x=0 x=1
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for the degree ¢ in the boundary conditions (65). Taking into account equality (73) here,
we find that

8w31 . -1 |: 2 8@ —

—-— =uypexp(intT 't) |7 -2 == +cc, (78)
ayl y1=0 ( ) x=0 x=0 dx x=0

BZU32 . -1 |: 2 a(: _

—_-— =ugpexp(intT 't) 728 -2 = + cc. (79)
2 |y, ( ) x=1 x=19% [y

We take one more step. We write down the relation for the coefficients of €3 that is
obtained after substituting (74) into (64):

d d d
% + % + % +r(us(t—1,x) +wan(t —1,7,y1) + wsn(t —1,7,12))

= Biexp (in(ZT)_lt) +TC + Byexp (3in(2T)—1t) e (80)

Here the following notation is adopted:

B L 08 9% L ag : 2
Bi = —(1—in)s2 455 +bs +ing+r(1—unglel,
By = r(1+4i)uxnd.

It is natural to look for the functions appearing in (80) in the form

I3 = U131 exp (in(zT)*lt) + T+ uzz exp (3in(2T)*1t) +eT, (81)
W3 = W3, €Xp (Zin(ZT)_lt) +¢c, (82)
W3y = W3, EXP (Ziﬂ(ZT)_lt) +cc. (83)

Then, from the Equation (80) we arrive at the system of four equations

B; =0, (84)
[3in(zT)*1 + rexp(—3in(2T)*1)} Uz3 = B, (85)
[inrl + rexp(—inrl)}w@ TR T (j=1,2). (86)
3] ay]2 7 7
We conclude from (81) that
9 _ 1] 9¢ 2
9g 9g
= =mé| , 2| =7 (88)
9% |,—g x=0 X[y x=1
We obtain from (82) that
uss = C&° (89)
and
~1
C= [3m(2T)—1 +rexp(—3m(2T)—1)] (1 + 1) ug. (90)

From (83) and conditions (75), (78), (79) we obtain that

ws; = Cjexp(doy;),  (j=1,2), 91)
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)
cl__LQO[vlgzxo__zgxOagx_o], 92)
)
Cy = g {fn@z = x_lafx_l]. (93)

We denote by & one of (inT ! + rexp(—inT 1)) 12 roots, whose real part is negative.
We summarize with the following statement.

Theorem 6. Let the condition (71) be satisfied, and let &(T, x) be a bounded for T — oo, x € [0,1]
solution of the boundary value problem (87), (88). Let T = &°t, y; = xe ™1,y = (1 — x)e~ !, and
the function uy is defined in (73), the function us is defined in (81)—~(83) and in (90)—(93). Then,
the function (76) satisfies Equation (64) to within O(e*), and satisfies the boundary conditions (65)
to within O(3).

We make one remark. The algorithm presented here for constructing the asymptotics
of the boundary value problem (64), (65) solution can be continued indefinitely.

4. About Infinite-Dimensional Bifurcations in the Case of Large Delay and Dirichlet
Boundary Conditions

We note that the zero solution of the boundary value problem (1), (2) is unstable
for sufficiently large values of the delay parameter T. However, the relaxation cycle is
stable [15] in this case. Its asymptotic behavior is given in [15].

The local behavior of the (1), (2) solutions under other classical boundary conditions
is determined by the roots of its characteristic equation for the linearized at zero boundary
value problem. Some results for such cases are presented in [25].

4.1. Caseof b =0

First, we dwell on the simplest case of b = 0. We replace u by # — 1 and consider
Equation (1) with the Dirichlet boundary conditions

ou _ dazu

T ﬁ—ru(t—T,x)[leu}, u(t,0) =u(t,1) =0. (94)

Its characteristic equation coincides with (10) but the values of the integers k are only the
following: k =1,2,...:
A = —dm?k? — rexp(—AT).

We analyse its roots. The roots of this equation have negative real parts for T > 0 as
0 < r < d. Let the condition r = r( be satisfied where

ro = drm?.
The basic assumption of this section is that T > 1, i.e,,
e=T71, 0<exl (95)

The dynamics of the solutions of the delay equations under the condition T > 1 was
studied in [26,27].

It is convenient to make the substitution ¢ = Tt; in (94). Consequently, we obtain the
singularly perturbed boundary value problem:

u %u

9“2

ru(t—1,x)[1+u], u(t,0)=u(t,1)=0. (96)
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Here, we omit the index 1 for ¢, and the characteristic equation for the boundary value
problem (96), which is linearized on 1y = 1 takes the form

eA = —dm?k? —rexp(—A). (97)

We investigate the behavior of the boundary value problem (96) solutions in the zero
equilibrium neighborhood under the condition (95) as

r=rp+ 521’1 (98)

where 71 is arbitrarily fixed.
The next statement shows that the critical case of infinite dimension is realized in the
boundary value problem (96).

Lemma 12. Under the conditions (95), (98), the characteristic Equation (97) has no roots with positive
and separated from zero real part but has infinitely many roots A% (e) (/\,71 (e) = X:; (8)) m =0,
+1,£2, ... which tend to the imaginary axis for each m as e — 0, and the asymptotic equalities

M) = im2m+1) +edp +EAm + ...,
Ami = —id 'm(2m+1),
Ay = —d2m?2m+1)* +id 2n(2m+1) +1n
hold.
We note that the solutions of (94) are unstable for r > d7t? and for sufficiently large T.
The solution of the linearized equation
Om(t, x,€) = sin7wx - exp(Am(€)t)
oo
corresponds to the root A}, (¢). The set of the solutions v(t, x,¢) = ¥ &uom(t, x,€) can

m=—oo
be represented as
v(t,x,e) =sinmx - &(T,y).

Here T = ¢’t, y = (1 — e(drg) ~!)t, the function &(7,y) is 1-antiperiodic with respect to
y: ¢(t,y+1) = —¢(7,y). Its Fourier coefficients with respect to the variable y satisfy the
formula

Em(T) = Emexp((Apa +0(¢)) 7).

According to the technique from the previous sections, we seek the solutions of the
nonlinear boundary value problem (97) in the neighborhood of 1y = 0 in the form

u(t,x,e) = eZ sin 7rx - &(t,y) +eup(t,x,y) + S%u3(r,x,y) +.... (99)

For the sequential finding of the elements of the formal series (99), we substitute (99)
into (96) and perform standard actions.
First, we obtain the equation

aZ
dyuzz —drtuy = d?&(t,y) sin® Ty, up v = U2|y—q =0

for uy. It follows that

up(T,x,y) = dn(t,y)p(x),

p(x) = —%—i—%cosan—i—%cothnx—%(l—cothn)(sinhn:)*l.
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At the next step, we obtain the boundary value problem

o%u 0
8x3 dmu; = gf —ré
1 92
ZdZE)yg p(x )62 (: sin? 7tx, uzly_g = uzl,—; =0 (100)

for uz. For the existence of this boundary value problem solution, it is necessary and
sufficient that

d 0
a-é; <2d2) 1ay2 +71§+7€2 (; Hry+1)=-2(ty) (101)

1

where v = d [ p(x)sin? rxdx. We do not present an explicit formula for v due to its
0

inconvenience. We only note that ¢y < 0. Hence the statement follows.

Theorem 7. Let the conditions (95), (98) be satisfied and the boundary value problem (101) has the
bounded for T — oo,y € [0,2] solution &(t,y). Then for T = e2t, y = (1 — ed 1)t the function
u(t,x,e) = s%é‘(f,y) sin 7tx + e¢2(T,y) p(x)

satisfies the boundary value problem (96) to within O(e?).
Thus, the boundary value problem (101) is a quasinormal form for the boundary value

problem (96). In contrast to the previously presented quasinormal forms, its coefficients
here are real.

4.2. Case of b # 0
After the replacement (95) in the boundary value problem

ou 0%u
Fria) ba— ru(t—T,x)[1+u], u(t,0)=u(t1)=0

we obtain the following boundary value problem

ou 0%u ou
€5 = d@ + ba —ru(t—1,x)[1+u], u(t0)=u(t1l)=0. (102)

To obtain the characteristic equation, we first linearize this boundary value problem at
zero and then set u = v exp At. Then we obtain the equation

d*v do
d@ + bﬂ —(eA+rexp(—A))v=0 (103)

with the boundary conditions
v(0) =v(1) =0. (104)

v = exp(—Zx)W

in (103) we obtain the equation with the Dirichlet boundary conditions

After the replacement

d‘?ﬂ — {b2(4d)*1 +eA + rexp(—/\)}w =0, W(0)=W(1)=0.
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Hence, we conclude that
eA+rexp(—A) = —m2dk® —b*(4d)"t, k=1,2,.... (105)
Now we formulate an assertion about the roots of this equation.

Lemma 13. Under the condition 0 < r < dn> + b*(4d) ! and for sufficiently small ¢, the roots
of (105) have negative and separated from zero real parts as e — 0. If r > dr®> + b?(4d) ! then
Equation (105) has a root with a positive real part separated from zero as e — 0.

The critical case is realized for r = ry where
ro = dr® + b (4d) .

Under this condition and (98), infinitely many roots A% (¢) in (103) tend to the imaginary
axis as ¢ — 0, and the asymptotic equalities

M) = im(2m +1) + eyt + 2 App + ...
hold. Here m = 0,£1,+£2,...,

Amp = —m2(2m+1)2(2rg) ' —im(2m +1)(r5) "t + rirg L

The root A}, (¢) corresponds to the solution of the linearized equation

Um(t, x,€) = sin(7rx) -exp<—2bdx> exp(Am(e)t).

Repeating the scheme from Section 4.1, we consider the formal series

u(t,x,e) = e sin(7tx) exp(—zbdx) é(t,y) +eun(t,x,y) + e%ug(r, x,y)+...  (106)

where T = €%,y = (1 — ¢(drg) !)t. The function ¢(t,y) is 1-antiperiodic with respect to y:

S(ry+1) ==8(ry). (107)

The functions u; 3(7, x, i) are periodic with respect to x and y. We substitute (106) into (102).
Performing standard actions, we obtain the boundary value problem

9%uy Uy 2 . 2 b
dTXz + bg +rouz = 198 (Try) sm- 7tx - exp<_dx>’ (108)

uy(7,0,y) = up(7,1,y) =0 (109)

for uy. For simplicity, we assume that 4dry # b. It follows that the equation AA2 4+ DA +19=0
has simple roots A1 and Ap. From (108), (109) we obtain that

le(T, x/y) = 7062(T1y)P(x)

where
i b
P(x) = (expA;—expAy)! /K(x —5)sin? 77s - exp(—ds) ds,
0

K(x) = (A —A2) Yexp(Aix) — exp(Aax)).
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At the next step, we obtain the boundary value problem

82113 8u3 85 1 7282
W‘i‘bg—roug = {(1+ro)ar—2(d7’0) @—1’16—1—
%l . b
+ dp(x) Zay] sin nx-exp(—zdx>, Uzlyg = Uzl =0
to find u3.

The equality to zero of the integral with respect to x from 0 to 1 from the right-hand
side is the condition for the existence of a solution of this boundary value problem with
respect to u3. Hence, we conclude that the function (7, y) is a solution of the boundary
value problem

2
e = Ly 208 é

0
E(dro) Tyz +7’1§+’70§2@/ fry+1)=-¢(y)

1
where 79 = d [ p(x) sin? 7x dx. Theorem 7 holds for this boundary value problem.
0

4.3. Extending the Results to Other Boundary Conditions

As an example, we consider the boundary value problem

ou %u ou

with the boundary conditions
ou ou
— = 7u , = = YU (111)
ox x=0 x=0 dx x=1 x=1

Here all the coefficients are real. We agree to assume that the notation y; = oo corresponds
to the boundary condition u|,_, = 0, and the notation ¢, = oo corresponds to the condition
u|x=1 =0.

We note that the eigenvalues ; (j = 0,1, .. .) of the linear boundary value problem

%u Ju

with the boundary conditions (111) are real. They can be numbered in descending order
do > &1 > 6 > ..., and the eigenvalue Jy corresponds to the eigenfunction ¢(x), which is
positive on the interval (0,1).

Let r = ry + €21 in (110). We consider the equation

eA + (ro +erp) exp(—A) = do. (113)
Here are some simple statements.

Lemma 14. Let 0 < rg < |dg|. Then, for all sufficiently small e, Equation (113) roots have negative
real parts separated from zero as e — 0.

Lemma 15. Let ro > |0g|. Then, for all sufficiently small ¢, Equation (113) has a root with a
positive real part separated from zero as € — 0.

The behavior of the roots of (113) in the critical case is described by the following statement.
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Lemma 16. Let rg = |0g|. Then Equation (113) has no roots with positive and separated from
zero real parts as e — 0, but has infinitely many roots A5 (¢) (m =0,1,... , AT (e) = A, (s))
for which the following asymptotic equalities hold:

1°.Fordy > 0 (114)
M) = 2mm+edp + A+ ...,
A1 = 2nim<561, Amp = (—27‘[2m2 + 27tim) 5(;2 +nr ‘551 ‘
2°.Fordy < O (115)
Ah(e) = im(2m+1) +edy + A+ ...,
Ami = —im(2m+1)|6| 71,
1
Ay = (—2n2(2m+1)2—in(2m+1))50_2+1’1’50_1‘.

The construction of quasinormal forms in each of the cases (114) and (115) is based on
the formal asymptotic equality

u = e&(t,y) @o(x) + uz(T,x,y) + ... (116)

where T = &%,y = (1 + &by 1) t. The function &(7,y) is 1-periodic with respect to y in the
case of (114), and is 1-antiperiodic with respect to y in the case of (115). The functions u3
are 1-periodic with respect to y in the case of (114). The function u3 is 1-antiperiodic with
respect to y in the case of (115).

We introduce several notations before formulating the resulting statements. Let ¢ (x)
stand for the solution of the conjugate to Equation (112)

v 9v
d@ — bg = 50'0

for 6 = &y with the boundary conditions

v
ox

%
" ox

=(n+b)
x=0

=(12+Db)v
x=0 x=1 x=1
Let the normalization requirement

1

/q)o(x)lpo(x)dx =1

0

holds. We note that the satisfaction of the equality

1
[ pEpax =0
0

is the condition for the existence of the boundary value problem

do|
’ g o = T2¢

¢ 3¢ _ | _
Aoy +b3r 09 =p(x), 5| =mne¢

x=0

x=0 x=1

solution. Let K(p(x)) stand for this solution. An explicit formula for this expression is not
given here.
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1 1
We put g = [ ¢5(x)iho(x)ds, 002 = [ @3 (x)¢o(x)dx.
0 0

Theorem 8. Let the condition (114) be satisfied and let &(T,y) be the bounded solution of the
boundary value problem

2
gg <2‘52> ;ﬁ (60)~ gg + 110y 1C+ o, 117)
S(vy+1) =¢(ny) (118)

as T — 0o, y € [0,1]. Then the function

u(t, x,e) = e*&(1,y)po(x )4—:34I<<(aér (2(50> gyg rdy 15)900( )—001524’%(9())

satisfies the boundary value problem (110), (111) to within O(&>).

The dynamic properties of the boundary value problem (117), (118) are rather simple:
as T — oo, its solutions tend to one of the equilibrium states (o = 0 or {p = —14 ((50001)_1
or have an infinite limit.

The case of Jy < 0 is more interesting. Here, let fo(x) stand for the (unique) solution
of the boundary value problem

dazf+baf+5of— 5(%), o

of
ax2  ox dx d

=mf| = Taf
x=0 =1

x=0 x=1

Theorem 9. Let 5y < 0 and let the function &(tT,y) be the bounded solution of the boundary
value problem

0 0
£ - (250) ayg +dy 265—1—?15 146, ony - &2 g (119)
dny+1)=-8(ty) (120)

as T — oo, y € [0,2]. Then the function u(t,x,€) = e%é’(f,y)q)o(x) — &80 fo(x) satisfies the
boundary value problem (110), (111) to within O (E% )

The boundary value problem (112), (111) is self-adjoint (see, for example, [28]). The
situation can be much more complicated for not self-adjoint boundary value problems. We
briefly demonstrate it with one example.

We consider the question of local dynamics of the boundary value problem with
cubic nonlinearity

ou 0%u  du 9
8§_da 2+b ru(t—1,x)[1 +u?], (121)
u(t,x + 1) = —u(t, x). (122)

The characteristic equation for the boundary value problem linearized at zero has

the form
eA +rexp(—A) = —dk* 4 ibk (123)

where k takes all odd valuesk = 2m+1),m =0,+1,+2,....
For k = 1 we obtain the equation

eA +rexp(—A) = —d +ib. (124)

We formulate several simple statements.
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Lemma 17. Let 0 < r < d.Then, for sufficiently small e, the roots of Equations (124) and (123)
have negative real parts separated from zero as e — 0.

Lemma 18. Let r > d. Then, for sufficiently small e, Equations (124) and (123) have a root with
positive real part separated from zero as e — 0.

Lemma 19. Let
r=d+er. (125)

Then Equation (124) has no root with positive real part separated from zero as ¢ — 0, but has
infinitely many roots

AE(e) (A; (e) = Ai(e), m=0,+1,+2, .. )
whose real parts tend to zero as € — 0. For each m the asymptotic equalities

At (e) = i(be—l + O+ n(2m+ 1)) F At + A+ ...

hold where m = 0,+1,£2,.... @ = O(e) € [0,271) complements the expression be~! to an
integer multiple of 27t.

Am = —i(@+7m(2m+1)),
1

Ay = —=(@+7m(@2m+1))? +i(@+ w(2m+1)) +rd L.

NI

According to the above technique, we look for the asymptotics of the nonlinear
boundary value problem (121), (122) solutions in the form

u = E(C(T,y) sin 7tx - exp [i <b871 +0 - E@) t} +
+  &(t,y)sinmx - exp(—i(be_1 +0 —s@) t)) +
+ ezuz(t, T,%,Y) + s3u3(t, XY +... (126)

where T = £2t, y = (1 — &)t, and the functions u]-(t, T,x,y) are periodic with respect to ¢, x,
and y. We substitute (126) into (121) and perform standard actions to find the amplitude
¢(1,y). We obtain the boundary value problem

o8  19%¢ 9, . 1oz 3 51212
=it i@ +¢|- 30 vie| - Sacp, (127)
dry+1) = ~E(ry). (128)

This boundary value problem plays the role of a normal form for (121), (122). Thus,
the leading terms of the asymptotics of the solutions of (121), (122) with small enough
initial conditions with respect to the norm (in the space C_; g X W% 0 1]) are reconstructed

from its solutions with the help of the formula (126).

Remark 2. In Sections 4.1 and 4.2, the “critical’ values of the parameter r are determined by the
equality r = |Jg|. In this section, the role of the eigenvalue dy is played by the quantity 6y = —d + ib.
Here, the critical value of the parameter r is determined by the equality r = |Réy| = d. If in
Sections 4.1 and 4.2 the solutions of the initial boundary value problem (110), (111) are formed
according to the formula (116) at relatively low frequencies, then in this section the corresponding
frequencies are relatively large of the order of be 1.
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We note also that if we have the periodicity condition instead of antiperiodic boundary
conditions, then 6y = 0. Therefore, for each r > 0, the solutions of (110) are unstable for
small ¢.

5. Conclusions

The bifurcation problems for the delay logistic equation with diffusion and advection
are considered. The most important results relate to the cases of singular perturbations
when either the diffusion coefficient is small enough, the translation coefficient is large
enough, or the delay coefficient is large enough. A distinctive feature of these situations is
that the critical cases in the problem of the stability of the equilibrium state have infinite di-
mension. This leads to the fact that the constructed quasinormal forms (infinite-dimensional
analogs of classical normal forms) are the distributed equations with an infinite-dimensional
phase space.

For example, in a problem with a large translation coefficient, such equations are
the equations with diffusion and with deviation of the spatial variable. In the problems
with small diffusion or in problems with large delay, they are parabolic equations of the
Ginzburg-Landau type.

The algorithm for constructing the asymptotics of solutions developed is related to the
algorithm for the quasinormal form construction. It is possible to pose a question of finding
exact solutions of the initial boundary value problem that have the pointed asymptotics. If
the quasinormal form has a periodic with respect to T solution and certain conditions like
nondegeneracy type are satisfied, we can justify the result about the existence of an exact
almost periodic solution with the constructed asymptotics and answer the question of its
stability.

The threshold values T° of the delay coefficient at which the bifurcation phenomena
occur are found. In the case when the translation coefficient is b > 1, this threshold value
is of the order T = O(b™!), i.e., the bifurcations occur even at small values of the delay.

The cases of a small diffusion coefficient are considered. Table 1 illustrates the changes
of the T values depending on the coefficient b. We consider the diffusion coefficient is
equaltoe? (0 <e<1).

Table 1. The dependence of the value of T° on the parameter b.

No. The Change Order of the Value of b Order Magnitude T°
1 b~ e? T9 = X +O(E)
2 bre T0<Z
3 b ~ Const TO = O(e)
4 b>1 T < e

Thus, as the coefficient b increases, the values of T? decrease. Moreover, we can conclude
that the parameter b increase leads to a complication of the problem dynamic properties.

It is important to note that if b ~ &2, then bifurcations occur on small modes of the
order of 1. In other cases they occur on asymptotically large modes of the order of e 1.

There is the parameter ® in many quasinormal forms that infinitely many times runs
through all values from 0 to 1 as ¢ — 0. The sequences ¢, —+ 0 are eliminated on which the
coefficient ® does not change. An unlimited process of straight and reverse bifurcations
alternation can occur [29] as ¢ — 0.

In the infinite-dimensional critical case, the quasinormal form of parabolic type is
constructed for the Dirichlet boundary conditions in the case of a large delay.

Because the quasinormal forms are complex evolutionary equations of the Ginzburg-
Landau type, we can formulate a general conclusion that complex dynamic behavior is
typical for the infinite-dimensional bifurcation problems under consideration [30]. For
example, irregular dynamic processes and multistability phenomena can be observed.



Mathematics 2022, 10, 775 31 of 32

The solutions of quasinormal forms allow one to determine the leading terms of
asymptotic expansions of the initial boundary value problem solutions. Among them,
one can differ the situations when these expansions contain rapidly and slowly oscillating
components with respect to spatial and time variables.

The influence of various boundary conditions on the dynamic properties of the initial
problem is illustrated.
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