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Abstract: Random invariant manifolds are geometric objects useful for understanding dynamics near
the random fixed point under stochastic influences. Under the framework of a dynamical system, we
compared perturbed random non-autonomous partial differential equations with original stochastic
non-autonomous partial differential equations. Mainly, we derived some pathwise approximation
results of random invariant manifolds when the Gaussian white noise was replaced by colored noise,
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1. Introduction

Invariant manifolds play an important role in qualitative dynamical behaviors by
providing geometric structures (i.e., to understand or reduce stochastic dynamics) [1-4].
The existence and regularity properties of invariant manifolds for stochastic partial dif-
ferential equations with linear noise are reasonably understood. However, for general
stochastic partial differential equations, random invariant manifolds consist of samples
that are subsets of an infinite dimensional space. Thus, it is difficult to describe random
invariant manifolds, let alone the dynamics of them. Many authors have attempted to
describe and approximate such invariant manifolds.

If the Brownian motion has the form W(t,w) = w(t), then for each § € R, define
Go: Q3 = Rby

Go(w) = Zw(d),

we have

o (01w) = 3 ((t+8) — (),

where 6; is the Wiener shift. G, (6;w) can be viewed as an approximation of white noise. It
was proved in [5,6] thatas § — 0,

Ws(t,w) = /O ' Go(0s0)ds

converges to W(t, w) uniformly on any finite time interval, almost surely. In [6-8], the
authors used the same approximation to study random invariant manifolds and invariant
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foliations of autonomous systems. In [9,10], the authors considered stochastic evolution-
ary equations driven by an integrated Ornstein—Uhlenbeck process by another Wong—
Zakai-type approximation of random invariant stable manifolds. Blomker and Wang [11],
Sun et al. [4] have also derived some meaningful results from approximating such in-
variant manifolds. The purpose of the present paper is to extend the result in [9] to a
nonautonomous case. In other words, we approximated the invariant manifolds for a class
of nonautonomous stochastic partial differential equations via the integrated Ornstein—
Uhlenbeck process, which is colored (or correlated) noise. Similar results can be obtained if
we replace the integrated Ornstein—-Uhlenbeck process by a stationary stochastic process
Qo (9[(4) ) .

Wong and Zakai’ [12,13] conducted the study of approximating a Wiener process by
its piecewise linear counterpart. For many subjects, concerning the asymptotic behavior of
stochastic differential equations, their results are of great importance. Their theorems have
discovered the “correction term” in the limit equation.

The classical Wong-Zakai approximation [12,13] states that when piecewise linear
approximations approach the Brownian motion, the corresponding ordinary integrals con-
verge to the stochastic integral in Stratonovich sense. Moreover, the solution of a stochastic
differential equation (SDE) with Gaussian white noise is approximated by differential equa-
tions with smooth noises, in the Stratonovich sense. In an infinite dimensional case, the
situation becomes more complicated. For stochastic partial differential equations (PDEs),
with space-time white noise, the authors in [14] derived a general Wong—Zakai correction
term instead of the 6-Stratonovich correction term. The pathwise convergence between a
family of random PDEs and the original stochastic PDE was finally derived. The result
of [14] has been generalized to the generalized KPZ equations, where one has the It0’s isom-
etry property for the solution, see [15]. A weak convergence result was derived by Tessitore
and Zabczyk [16] for Wong—Zakai approximations for a stochastic PDE of multiplicative
noise. Moreover, the Wong-Zakai approximation for stochastic evolutionary equations has
also been considered by other authors—references [17-19] are included among the earliest
investigations. Important contributions are also due to [20-22]. These authors mainly
considered the case of one space variable for stochastic evolution equations. For stochastic
differential equations driven by semi-martingales, an approximation theorem can be found
in [23], where the authors use a sequence of processes with piecewise monotonic sample
functions to approximate semi-martingales. When the state space is a domain in R?, the
boundary conditions are indispensable. We refer to [24-27] for more interesting work.

In this paper, we focus on a Wong—Zakai type approximation of a random invari-
ant manifold for random dynamical systems. The systems are generated by stochastic
evolutionary equations, which are driven by the integrated Ornstein—Uhlenbeck process.

Consider the following non-autonomous stochastic PDE in a separable Hilbert space
H with norm | - |.

du(t)
dt
where g is an element in H. Precise definitions of A(t), B(t), and F will be provided in the
next section.
We approximate the system above by the following system:

= A(t)u(t) + F(t,u(t)) + gB(t), (1)

du®(t)
dt

®*¢ is an integrated Ornstein—Uhlenbeck process whose definition will be provided in the
following section. We first show that, as ¢ tends 0, the solution u can be approximated by
u®. Then we prove the Wong—Zakai type approximation of the random invariant manifold.
The paper is organized as follows. After we recall some basic concepts for random
dynamical systems in Section 2, we will show that hyperbolic equilibrium /solutions of
perturbation random PDEs converge to that of the original stochastic PDEs, presented in
Section 3.1. The existence theorem for stable manifold is presented in Section 3.2. Then,

= A(t)uf(t) + F(t,u’(t)) + gd*(t), . ()
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we derive some approximation results for random invariant manifolds for colored noise in
Section 4.

2. Random Dynamical Systems

In this section, we first introduce some basic notations, assumptions, and concepts on
stochastic evolutionary equations and random dynamical systems.

2.1. Stochastic Evolutionary Equations with Additive Noise
Consider the non-autonomous stochastic PDE in H,

du(t)
dt
Here, B(t) is a standard scalar Brownian motion. Denote the domain of the oper-
ator A(t) by D(A(t)). Under the following hypotheses, system (3) has a unique mild
solution [28].

= A(t)u(t) + F(t,u(t)) + gB(t). (3)

Hypothesis 1 (H1). The linear operators A(t) : D(A(t)) — H generates a two-parameter family
of a strongly continuous semigroup T(t, T) on H, which satisfies

aTgt'T) — ABT(, 1) @)
TUD — _1(,9a0) ©)

and there exists a continuous projection P;t on H, such that, for any x € H,

IT(t,T) P x| < Ke*=Dx|, t<T,

(6)
IT(t,T)P; x| < KeP=D|x|, t>1,

where Py =1 — P, a > 0 > Band K is positive. Denote Hy = Py H and H} = P H. Then,
H = H{ ® Hy. We will call Hy the stable subspace and H the unstable subspace, respectively.

Hypothesis 2 (H2). The nonlinear term F is Lipschitz continuous on the second variable, i.e., for
any x1,xp € H,
|F(t,x1) — F(t,x2)| < L|x1 — x|,

with the Lipschitz constant L > 0.

Hypothesis 3 (H3). The family of operators A(t) is uniformly bounded in the operator norm:
|A(t)] < Cforallt € R.

2.2. Random Cocycle
Let (Q), F,P, {6 }+cr) be an ergodic metric dynamical system (briefly MDS 6).

Remark 1. A family of mappings ¢ : RxR x Qx H — H, (t,T,w,x) — ¢(t,T,w, x) is called
a random cocycle on H over an MDS 8 if for all 5,t € R,T € R, and w € Q, the following
statements are satisfied:
1. ¢(,7..):RxQxH—=His(B(R)®F®B(H), B(H))—measurable;
2. ¢(0,7,w,.) is the identity on H;
3. et w,.) =09ets 01w ¢(s,T,w,.)).

A random cocycle ¢ is said to be continuous in H if the mapping ¢(0,7,w.): H — H
is continuous for each t € R, 7 € R, and w € Q. Then ¢ together with the MDS 0 form a
non-autonomous random dynamical system.
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2.3. A Random Equation Approximating a Stochastic Equation

Let B; be a two-sided Brownian motion with trajectories in the space Cy(RR, R) of real
continuous functions defined on R, taking zero value at t = 0. This set is equipped with
the compact open topology. A set () is called {6; } ;cg-invariant if 6;Q2 = Q) for t € R. We
will consider, instead of the whole Cy(R, R), a {6;};cgr-invariant subset Q) C Cy(R, R) of
[P-measure one and the trace g-algebra F of B(Cp(RR, R)) with respect to Q).

The driving system 6 = (6, t € R) on Q is defined by the shifts

(Orw)(s) == w(t+s) —w(t), we. (7)

The mapping (t, w) — 6w is continuous, thus measurable. The probability measure
is ergodic and 6-invariant, i.e.,

forall A € F.
We consider a Langevin equation

{dzf— = -1zt + %dBtlﬁ >0 (8)

z¢(0) = %fﬂwe%st.

For simplicity, from now on, we will assume ¢ to be discrete, say, ¢ = %, n € NT.
So, ¢ — 0 actually means n — oo. A solution of this equation is called an Ornstein—
Uhlenbeck process.

Define

We recall a result from [19]:

Lemma 1. Let By be a scalar standard Brownian motion. Then,® — By uniformly in [0, T] almost
surely for every finite T > 0, as e — 0.

Moreover, we have the following results:

Lemma 2. Let B(t) be a standard Brownian motion on R?. Then we have (I) There exists a
{6; : t € R}-invariant set Q) of full measure, such that the sample paths w(t) of B(t) satisfies

£ o 01
z (w) = / esdB(s) = —/ fesa)(s)ds, w € Q,

o oo €
is well-defined. Moreover,

25 (Orw) = — /O 1eg(%w(s) ds = w(t) — /O 1egw(t—b—s) ds

—o0 € —o0 €

is the unique stationary solution of (8)
(111)

e t
lim [2(0:0)] =0 and lim 1/ z8(Bsw)ds = 0.
totoo |t t—too t Jo

(1V) For any fixed v > 0,

t
lim su /ew_s) ®%(s) — B(s)|ds = 0,
Jm, Sup -y |D°(s) — B(s)|
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and for any n > 0,
li -t / (t,5)P;"gd(Bs — ®f = 0.
811&0215 e | s) P gd( @5) (w)|

(V) Similarly, for any fixed v > 0,

0
lim  sup / ¢~ 7(=9)| ¢ (s) — B(s)|ds = 0,
E*}0+7T§t§0 t

and for any n > 0,

t
lim sup e / T(t,5)P; gd(Bs — %) (w)| = 0.
e—0+ —co<t<0 —00
Proof. For the proof of part (I) to (III), see [1]. Since the proof of (IV) applies to (V), we only
prove (IV). Denote
sup e | [ T(t, )P gd (B, — B9)(w)|
0<t<o0
by I;. By integration by parts for s, Equations (5) and (6), the trajectory property of B(t)
and ®f in (III), and the property of the two-parameter operator T(t,s), we can derive that

t

[ T(05) P (B, — @) (w) = B g(Br — ) — [ T, 9)P A()g(B — @) (w)ds.

J o0

Thus,

L < sup e "|P}g||Bi — @f| + sup f’”/ | T(t,5)P;" A(s)gl|(Bs — @) (w)]ds
te[0,00) te[0,00) !

< sup e "|Pfg||B; — ®f| + sup 6_’#/ e 7| A(s)g]|(Bs — @F) (w)|ds.
te[0,00) te[0,00) !

©)

Denote the two terms of the last inequality above by I;; and Ij,, respectively. It is
easy to see that I;; — 0 as e — 0. As to 15, by the trajectory property of B; and &5 (I) and
(III), it is not difficult to derive that: for VZ, there exists T, such that e % |By — @f| < & if
t > T. By Lemma 1, for every finite T, there exists a ¢y > 0 such that |B; — ®§| < € for
e<egtel0,T].

If t > T, then, with the aid of (H3),

e [T A8l (B — ) () ds

as

< C|glge =)t /OO e”2ds
Jt

2 go—(n—a)t
< Clg|ee '
o

If t < T, with the aid of (H3), we have
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6””/ e "] A(s)g| (Bs — ) (w) |ds
t
T
= e_”t/ e | As)gl|(Bs — ) (w)|ds
t
+ e_”t/ e 0| A(s)gl|(Bs — ) (w)|ds
T
T o0 as
< e_(”_"‘)tC\g|§/ e‘”‘sds+6_(’7_“)tC|g|§/ e 2ds.
t T
Hence,
Clgle  2C|gl¢
1, < CI8IE  2CIslE
% o
which means that I1; -+ 0ase — 0. O
We consider the following process
du(t .
”dt( ) A () + Bt (1)) + gd°(8) (10)

to approximate the original system (3).

Equation (10) is a Wong—Zakai type approximation [12,13,16] for Equation (3). We
will consider the dynamical behavior of (3) by random invariant manifold [1-3,29,30].
Random invariant manifolds are geometric objects useful for understanding dynamical
behavior near the random fixed point under stochastic influences. In detail, under some
gap conditions, we will show that the random invariant manifold of (10) converges to that
of (3) as ¢ tends to 0.

3. Existence of Invariant Manifold

In order to model a non-autonomous system defined on Hilbert space H, we need
the two-parameter flow setup (for example, see [31]) to define the dynamical system and
invariant set.

p(tu,w)p(u,s,w)x = ¢(t,s,w)x,

where ¢ depends measurably on its variables.

Remark 2. A collection of nonempty closed sets M = {M(s, w) },eq, in a complete separable
metric space (H,dp), is called a random set if for any x € H

inf dy(x,
w = ye]%/II}s,w) H(x y)

is a random variable.
Remark 3. A random set M(s, w) is called positive invariant set of ¢, if, for all s < t,
¢(t,s,w)M(s,w) C M(t,w).
If an invariant set M (T, w) can be represented by a graph of a (Lipschitz) mapping
hW¥(t,.,w): Hf — HE

such that
M (t,w) ={(7,¢,h (t,¢,w))[¢ € H } (11)

and
M+(T/w) = {(h+(T/ 6/“’)/71 C)|§ € H{f}, (12)
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then M~ (t,w) is called a (Lipschitz) stable manifold and M™ (7, w) is called a (Lipschitz)
unstable manifold. Here, Hy is the stable subspace and Hy is the unstable subspace.

3.1. Existence Theorem for Hyperbolic Equilibrium of Cocycle

Here, we briefly introduce a sufficient condition to ensure the existence of hyper-
bolic equilibriums for Equations (3) and (10). For details, we refer to Section 2.4 in [3].
First, suppose the nonlinear term is Lipschitz continuous with the Lipschitz constant L
and KL(ﬁ + ﬁ) < 1. By contraction mapping arguments, the fixed point defines a

measurable mapping u* (7, T, w) as below,
T T
u (7,7, w) = / T(t,8)P; F(s,u*(s,T,w))ds +/ T(t,s)P F(s,u*(s,T,w))ds
T T
+/ nugggw@m@+/'nn@mgw@xm.

Then, similar to Proposition 2.4.2 of [3], it can be checked that the above u* (7, T, w)
is the desired unique hyperbolic equilibrium. u*(t, T, w) is the hyperbolic solution with
initial value u*(7, T, w).

For each positive 7, with < a, define Banach space

C,;r = {¢ :[1,00) — H | ¢ is continuous and t:[up)e*”(t*ﬂkp(tﬂ < oo}
T,00

with norm

90)le; = sup e Dlg(p)]

te[t,0)
and

C, ={¢:(—o0,7] = H | ¢ is continuous and t (sup ]e_W(t_T)|4>(t)| < oo}
e(—oo,T

with norm

9()le; = sup e M p()].

te(—oo,T]

Denote C;; = C,; N C,]+ and define the norm as
90)le, = 190)le: +190)]es-

Taking the above arguments, we give the following result on the hyperbolic equilib-
rium.

Theorem 1. Let u*(t), u**(t) be the hyperbolic solutions of (3) and (10), respectively. As-
sume that the exponential dichotomy parameters K, &, 8 and the Lipschitz constant L satisfy
the gap condition

1
n—p a-—y
and there exists a positive constant C, such that, sup, |A(t)g
solutions of (10) converge to that of (3); that is, lim,_,o.+ |u**(-

KL( ) <1,

| < C. Then the hyperbolic
) —u*()lc, =0, 1ie,

lim [ sup e Tu*(t) —u*(t)|+ sup e |utc(t) —ut(t)|] =0.

=0+ te[t,400) te(—oo,T]
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Proof. By the expression of the mapping for the fix point u*(7, T, w), we obtain that,

()~ (O] < | [ TP [F(s,u(5,m,)) — Fls,u (5,7, s
L[ T8 PTG 05,7, ) — Flo, (5, 7,0) s
1 [ 109 gd(B(s) — @) (@)
L[ TP gd(Bs) — @(5)) @)

Denote the sum of the first two terms on the right side by I. By the Hypothesis 1(H1),
we can derive that

I</ B=)p=|F(s, u*%(s, T,w)) — F(s,u*(s, T, w))|ds

+/ —2(s=O) pF|F(s, u™ (s, T,w)) — F(s,u™ (s, T, w))|ds

</ e PE=DKL|u™ (s, T, w) — u*(s, T, w)|ds
+/ e COKLu*e (s, T, w) — u* (s, T,w)|ds
t

Thus, we can obtain that

11— KL(L + 1‘8)][|u*’e(s, T,w) —u*(s, T,OJ)|C]+ + |u™ (s, T, w) — u*(s, T,w)|c1;]

<| [ TCs)Pgd(B(s) — () (@)le, + | [ TC.5)Pr gd(Bls) ~ () (w)le,
Then by (IV), (V) of Lemma 2, this result follows. This completes the proof. [

Remark 4. Here, we use the spectral gap condition KL(1- R 5) < 1, the same as [2], which
is sufficient to ensure the existence of the hyperbolic statzonar}/ solution and the invariant manifold
by the contraction mapping arqument. We should note that this strategy has been utilized by
others. For example, in [29], a different gap condition (3.4) was formulated to ensure the strict
contraction of a mapping, of which the unique fixed point was the stationary solution. We also
present a rough interpretation of the form of the gap condition here. It is easy to deduce from the gap
condition that the larger L signifies a larger gap between exponents a and B, i.e., « — B. While a
large Lipschitz constant means a big fluctuation of the nonlinear function F, the large gap « —
implies hyperbolicity of the linear operator A. Therefore, in some sense, the gap condition actually
requires that the fluctuations of nonlinear function not destroy the hyperbolicity of the linear term
A. We should note that this condition cannot always be satisfied. However, quite a large class
of equations satisfy this condition locally. If the condition is satisfied locally, then the stationary
solution and invariant manifolds exist locally.

3.2. Existence Theorem for Invariant Manifold

Denote the solutions of Equations (3) and (10) by ¢(t, w, up) and ¢*(t, w, ufy) with the
initial data ¢(0, w, ug) = (Py uo, Py up) and ¢¢(0, w, u§) = (Py uf, Py u§), respectively.

Let

M~ (@) = {uo € H | (-, w,u0) € C; }; M (w) = {ul € H | ¢°(-,w,u) € G }.

Now we formulate the existence theorem of stable manifolds for the random sys-
tems (3) and (10). In fact, by the method of the standard Banach fixed point argument, we
have the following result [2]:
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Lemma 3 (Random stable manifold). Suppose the gap condition
1,1
=B a—7

is satisfied by the parameters K, a, B, and the Lipschitz constant L in Hypotheses 1(H1) and 2(H2).
Then the stochastic systems of (3) and random systems (10) possess random stable manifolds.
Moreover, the random stable manifolds for (3) are represented by

M~ (t,w) ={(&,h™(r,8,w))|¢ € Hr },

where h™ (7,&,w) : Hf — Hi is Lipschitz continuous mapping, as below,

KL( ) <1

T

W Ew) = |

o

T
Nnmﬁnm@ﬁ+/TW@g@w@y
The random stable manifolds for (10) are represented by

M (t,w) = {(&h"(7,¢,w))|¢ € Hy },

where h*~ (t,¢,w) : Hf — Hi is Lipschitz continuous mapping as below,

T

n(wgw) = [

e

T
Tﬁﬁﬂ?F@u%ﬂﬂs+/)Tﬁﬁﬂ?gﬂﬁ

Proof. The first part of this lemma is by the method of the standard Banach fixed point
argument, as [2]. As for the second part, for (10), we have the graph of the random manifold
as follows,

T

n (g w) = [

o

T
T(t,5)P; F(s, ue(s))ds+/ T(t,s)P; gd®~.

For (3), by random transformation v(t) = u(t) — u*(t), v(t) satisfies a random PDE,
as below,
do(t)
dt

Then, similar to [2], we can find the graph of random manifold for v(t) given by

= A(t)o(t) + F(t,u(t)) — F(t,u*(t)).

h (1,6 w) = /T T(t,s)P; [F(s,v(s) +u*(s)) — F(s, u*(s))]ds.

[e9)

By the fact that v(t) = u(t) — u*(t) and following expression for hyperbolic solutions
of (3),

t t
u*(t, 7, w) :/ T(t,s)PS_F(s,u*(s,T,aJ))ds+/ T(t,s)P; F(s,u*(s,7,w))ds

+/_too T(t,s)Ps*gdB(s)(w)—l—/o:T(t,s)PjgdB(s)(w),

we have the graph of random manifold for u given by

T

o gw) = |

[e°]

TﬁﬁﬂfP@Jdﬂﬁs+/qTﬁﬁﬂ?yB@)
]

4. Approximation of Invariant Manifold

In this section, we will consider a type of Wong—Zakai approximation of invariant
manifolds for (3), i.e., the Gaussian white noise is approached by color noises.
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We formulate the main result of this paper:

Theorem 2. Assume that the assumptions (H1-H3) and the gap condition in Theorem 1
hold. Then the invariant manifolds of (10) converge to that of (3); that is,

Tim (1 (5,8,0) ~ (0.6, =0
Proof. By Theorem 3, we have,
e (1,8 w) = [:T(T,S)P;’F(s,us(s))ds—l—/:T(T,S)Pjgdq)g,
h=(1,& w) :L:T(T,S)PSJFF(S,L[(S))dS-l-/.:T(T,S)P:gdB(S).
Thus, we obtain that
(7,8, w) = h™ (1,6, w)|
< |/.:T(T,S)PS+[F(S,MS(S)) — F(s,u(s))]ds|
| [T 5) P gl (s) — aB(s)
< /:OKLe"‘(T_S)\uS(s) — u(s)|ds
+ / " KL (™9 | A(s)g| |9 (s) — B(s)|ds.
The solution u¢(t) on the manifold M%~ (T, w) is as follows,
ut(t) =T(t,7) §+/tT (t,5)P; F(s,u(s) ds~|—/Tt T(t,s)P, gd®d(s)
+/ T(t,s)P; F(s,u(s ds—i—/ (t,5)P; gd®E.
Similarly, on the manifold M~ (7, w), u(t) is as follows,
u(t) =T(t 1) §+/tT (t,8)P; F(s,u(s)) ds+/tT (t,5)P; gdB(s)
+/ (t,s)P;"F(s,u(s ds+/ (t,s)P;"¢dB(s).
Thus,
uf(t) —u(t) = /: T(t,s)P; [F(s,u®(s)) — F(s,u(s))]ds
—i—/XiT(t,s)Pj[P(s, u®(s)) — F(s,u(s))]ds
+/tT (t,5) Py g[d®*(s) — dB(s)]

+/ (t,5) P g[dd* (s) — dB(s)].
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We have
() =) < KL=+ ) 1) —uCl
+ osup e (7)) / T(t,5) P g[dd*(s) — dB(s)]
te[t,00) T
+/tT(t,s)Ps+g[dq>£(s) —dB(s)]|.
Thus,

() —u()lcp < C sup e TI/ (£, 5) Py g[dD*(s) — dB(s)]

te[t,00)
+ / (t,5)P:F g[dd(s) — dB(s)]].
Then, by (IV), (V) of Lemma 2, we can deduce that,

W~ (7,8, w) —h™ (7,6, w)| = o(1).
This completes the proof. [

5. Conclusions

The Wong-Zakai approximation for the solution of stochastic differential equations
has been studied by many authors since 1965. However, most differential equations that
are investigated are autonomous. Moreover, to the best of our knowledge, few researchers
have investigated the approximation of Gaussian white noise via the Ornstein-Uhlenbeck
process, which is more suitable for calculating and programming. In view of this, we
approximated a stochastic nonautonomous dynamical system by random nonautonomous
dynamical systems driven by the integrated Ornstein-Uhlenbeck process. First, in Theorem
1, we obtained the convergence of the hyperbolic solutions of (10) to that of (3) in a suitable
space. Then, by the method of the standard Banach fixed point argument, we prove in
Lemma 3 the existence of the random stable manifolds for systems (10) and (3) and present
the mapping for the graph of the random manifolds, respectively. Finally, we derive
the main result of this paper in Theorem 2, i.e., the approximation of the random stable
manifolds of (10) to that of (3).
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