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Abstract: In the current work, we introduce a special family of the function family of analytic and
m-fold symmetric bi-univalent functions and obtain estimates of the Taylor-Maclaurin coefficients
|d 41| and |dpy, 11| for functions in the special family. For § a real number, Fekete-Szegt functional
|domi1 — 6d2, 41| for functions in the special family is also estimated. We indicate several cases of the
defined family and connections to existing results are also discussed.
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1. Introduction

Let A be the set of functions s that are holomorphicin ® = {¢ € C : [g| < 1},
normalized by s(0) = s’(0) — 1 = 0 having the form:

s(¢) =¢+ ) dic. 1)
k=2

Let S stand for the subfamily of A which are univalent in ©. The image of © under
every function s € S contains a disc of radius 1/4 is known as one-quarter theorem of
Koebe [1]. According to this, every function s € S has an inverse g = s~!, satisfying
s1(s(g)) =g, ¢c€Dand s(s Hw)) = w, |w| < ro(s), ro(s) > 1/4 and is in fact given by:

g(w) = s Hw) = w — dow? + (2d3 — d3)w® — (5d5 — 5dods + dy)w* + - - - 2)

If a function s and its inverse s~ ! are both univalent in ©, then a member s of A is
called bi-univalent in ®. We symbolize by ¢ the family of bi-univalent functions in ®

. . . . . 1
given by (1). Some functions in the family ¢ are given by ﬁ,— log(1—¢) and % log (%) .
However, the Koebe function does not belong to the set o. Other functions € & such as

— € and -

2 -2
Lewin [2] examined the family o and proved that |d;| < 1.51 for elements of the
family ¢. Later, Brannan and Clunie [3] claimed that |da| < /2 for s € ¢. Subsequently,
Tan [4] obtained some initial coefficient estimates of functions in the class ¢. Brannan and
Taha, in [5], proposed bi-convex and bi-starlike functions which are similar to well-known
subfamilies of S. The research trend in the last decade was the study of subfamilies of
0. Generally, interest was shown in obtaining the initial coefficient bounds for the special
subfamilies of o. In 2010, Srivastava et al. [6] introduced two interesting subclasses of
the function class ¢ and found bounds for |d;| and |d3| of functions belonging to these
subclasses. In 2011, Frasin and Aouf [7] studied two new subclasses of the function class o

are not members of o.
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and obtained bounds for |d| and |d3| of functions belonging to these subclasses. Deniz [8],
in 2013, introduced four subclasses of the class ¢ and investigated bounds for |d| and |d3|
of functions belonging to these four subclasses. Tang et al. [9] in 2013 determined the
coefficient estimates for new subclasses of Ma—Minda bi-univalent functions. Frasin [10]
in 2014 examined two more new subclasses of o. The recent research trend is the study
of functions in ¢ linked with certain polynomials such as Lucas polynomials, Legendrae
polynomials, Fibonacci polynomials, Chebyshev polynomials, Horadam polynomials and
Gegenbauer polynomials. Interesting results related to initial coefficient estimates and the
Fekete-Szegd functional problem |d3 — 6d3| for some special subclasses of o associated
with any of the above mentioned polynomials appeared to be like the ones in [11-14].
Letm € N:= {1,2,3,...}. If a rotation of the domain € about the origin with an angle
27 maps € on itself, then € is known as m-fold symmetric. A holomorphic function s in ®

is called m-fold symmetric if s (e% g) = e%s(g). For each function f € S, s(¢) = ¥/ f(¢™)
is univalent and maps ® into a region with m-fold symmetry. We symbolize the family of
m-fold symmetric univalent functions in ® by S;,. Clearly, $; = S. A function s € S),; has
a series expansion given by:

s() =¢+ Y dur1g™T (meN;geD). 3)
k=1

A natural extension of S;; was explored by Srivastava et al. [15] and they introduced
the family ¢;, of m-fold symmetric bi-univalent functions. The series expansion for g = s~!
obtained by them is as below:

g(w) = s 1 (W) =w— dm+1a)m+1 +[(m+ 1)d3n+l _ d2m+1]w2m+l 4)
m—+1)(3m+2
- [( )é )d;+1 — (B3m +2)dy1domi1 + d3m+1] s S

m 1/m m 1/m
Some functions in the family ¢y, are (1E—gm) , [% log(%fgm )] and [—log(1 —

m 1/111 W 1/Wl ezwmil 1/m ewmil m A . .
¢V and ( 5w N\ o and (7 are respective inverse functions.

The momentum on the investigation of the family ¢;,, was gained in recent years, which
is due to two papers [16,17] of Srivastava et al. and it has led to a large number of papers
on the subfamilies of 0;;,. Note that 0y = ¢. In 2018, Srivastava et al. [18] addressed initial
coefficient estimations of the Taylor-Maclaurin series of functions in a new subfamily of
0y, Sakar and Tasar [19] introduced new subfamilies of 0;; and obtained initial coefficient
bounds for functions belonging to these families, coefficient bounds for new subclasses
of analytic and m-fold symmetric bi-univalent functions were determined in [20], and
a comprehensive subclass of 73, using the subordination principle was examined in [21].
Interesting results related to the initial coefficient estimates and Fekete-Szego functional
problem |dp;, 11 — (501%1 +1| for certain subfamilies of ¢, appeared like the ones in [22-24].

Inspired substantially by the works of Ma and Minda [25] and Tang et al. [26], we
define a special subfamily My, (4, v, 1, ¢) (0 <v <1, u >0, y € C*=C — {0}) of m-fold
symmetric bi-univalent functions.

Definition 1. A function s € oy, is said to be in the class Mg, (u,v,1,¢) (0 <v <1, u >

0, 7 €CY),if
1(cs'(c) + ug*" (¢)
[1 * 77( (1-v)g+wvs(g) a 1” <ol

and

15 () )] <o)

where ¢, w €D, g(w) = s (w) is as stated in (4).
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We observe that the certain choice of v and y leads the class My, (1, v, 7, ¢) to the
following few subfamilies:
). Y%, (v, 1, 9) = My, (0,v,17,9) (0 <v <1, n € C" is the family of s € oy, of the

form (1) satisfying:
1 ¢s'le) )]
[1 T <(1 “vetw )] 709

o (a e )] e

where ¢, w € D, g(w) = s71(w) is as stated in (4).

and

(i) %, (w1, ¢) = My, (1,0,17,9) (1 > 0, y € C*) is the family of s € 0, of the
form (1) satisfying:

[1 + ;(S’(g) + pgs” (¢) — 1)] =< ¢(¢),

and
[1 + ;(g’(w) + pwg” (w) — 1)] < ¢(c),

where ¢, w € D, g(w) = s (w) is as stated in (4).

(iil) S, (1, @) = My, (1, 1,1, 9)(p > 0, n € C*) is the family of s € 0, of the

form (1) satisfying:
() i) )] o0

ey () (o) )] <o

where ¢, w € D, g(w) = s~ (w) is as stated in (4).

and

Remark 1. We note that 4, (1,1, ¢) = S, (0,4, 9) and 4, (0,1, ¢) = (0,1, ¢).

In Section 2, we find bounds on |d,, 11| and |dpy,+1| in the Taylor-Maclaurin’s expan-
sion and Fekete-Szeg6 [27] functional problem for functions in the class My, (1, v, 77, ¢). We
also indicate interesting cases of the main results. In Section 3, we obtain bounds on |d,, 1|
and |dyy, 41| in the Taylor-Maclaurin’s expansion and Fekete-Szeg6 functional problem
for functions in the class 205, (1, v,7). In Section 4, we determine bounds on |d,, 1| and
|d2pm+1] in the Taylor—-Maclaurin’s expansion and Fekete-Szego functional problem for
functions in the class X7 (u, v, 1), respectively. We also indicate interesting cases of the
main results. Relevant connections to the existing results are also mentioned.

2. Coefficient Bounds for Function Family 9%, (4, v, 1, @)

We denote by & the family of holomorphic functions of the form: p(¢) =1+ pi1g +
pac? + p3gd + - - with R(Z(g)) > 0 (¢ € D). In view of the study of Pommerenke [28],
the m-fold symmetric function p in the family & is of the form: p(g) = 1+ pu¢ + pamg®™ +
p3mc™ + - - - . In the sequel, it is assumed that ¢(¢) is a holomorphic function, having
a positive real part in ® satisfying ¢(0) = 1, ¢/(0) > 0 and ¢(D) is symmetric with
respect to the real axis. Such a function has an infinite series expansion of the form:
@(g) = 1+ Big + Bag? + B3g® + - (B; > 0). Let h(g) and p(w) be two holomorphic
functions in ® with (0) = p(0) = 0 and max{|h(¢)|; |p(w)|} < 1. We suppose that



Mathematics 2022, 10, 1165

4 of 14

H(g) = hmc™ + thgzm + h3mg3m + -+ and p(w) = ppw™ + Pmezm + p3mw3m +---. We
also know that:

[hm| < 1;[hom| <1 - |hm‘2; [pm| <1 |pom| <1— |pm|2- ®)
By simple calculations, we obtain:
9(b(c)) =1+ Bitmg" + (Bihaw + Balt)6*" + ..(|¢| < 1) ©)

and
p(p(w)) =14+ B1pmw™ + (B1pam + szzm)me + .. (lw| <1). (7)

Theorem 1. Let p > 0,0 < v < land n € C*. If a function s in A belongs to the class
9‘no'm (P‘/ v, 77/ go) , then.’

B1+/2B
(1] < 7181 /2By , ®
VIO +1)(N = v) = 20(L —v))y B} = 2(L — v)2B,| +2(L — v)2By
|domy1] < )
|7|B ) 2(L—v)?
NJ ;B1 < [T(m+1)(N—v)
LI (LH o (L—v)? ) 2B}
N—v 2 [7]B1(N—v) ) [((m+1)(N—v)—2v(L—v))yB2—2(L—v)2B;|+2(L—v)2B;

2(L—v)?

P12 TNy

and for 6 a real number:

1|B
N—v

-

Slm4+1-26 <] W
5712 B3 |m—+-1-24] .
|((m+1)(va)721/](L7v))173%72(L71/)282\ Flm A1 =26[ >,

’d2m+l - 5d72r1+1| S {

where
L= (m+1)(um +1), a1

N = (2m+1)2um+1). (12)

and

[ ‘((m+1)(Nv)Zv(Lv))ryB%Z(Lv)sz ‘ )

B n(N —v)B?

Proof. Let the function s given by (1) be in the family 9., (i, v,1, ¢). Then there are
holomorphic functions ) : ® — D and p : © — D with h(0) = p(0) = 0 satisfying:

1 (¢s'(c) + uc*s" (g) B
1+’7( (1—v)g+wvs(g) _1> = ¢(h(g)), (14)

and

1 (wg'(w) + pw’s" (w) )
14— -1 = , 15
o (L res P(p() (15
where ¢, w €D, g(w) = s~ Hw).

Taylor-Maclaurin series expansions of the left hand side of Equations (14) and (15) are,
respectively:

1+ ;{«m # D) ="+ (@ D) =

— ((m+1)(pm+1) —u)vdfnﬂ}gzm—i- - }
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and
1+ ;{—((m 1) (e + 1) — V)0 + [(2 4+ 1) g +1) — v)
(1), 1 = dapia) — ((m+1)(pm +1) = v)vdl, g [ 4 |
Comparing the coefficients in (6) and (16), (7) and (17), we get:
(L—v)dy11 = nBihw,
(N = v)doyy1 — V(L —v)d2,q = 7[Bihow + Boh?,],

— (L —=v)dys1 = nB1pm,

and
[(N —v)((m+ 1)d$n+1 —dyyq1) —v(L — V)d%n_,_l] = n[Bipam + BZP%J ’

where L is given by (11) and N is as in (12).
From (18) and (20), we get:
hy = —Pm

and
2L —v)’dy, q = 7°Bi (hy, + piy)

Using (23) in the addition of (19) and (21), we obtain:
[((m+1)(N —v) —2v(L —v))yB} — 2(L — v)*Ba]d? 1 = 7* B3 (ham + pom)-
By using (5) and (18) in (24) for the coefficients hy,, and py,,, we obtain:
[1((m + 1) (N = v) = 20(L = v)) B} —2(L — v)?By| + 2(L = v)?By]dyusa < 2B},

which achieves the desired estimate (8).
Subtracting (21) from (19), we get:

B (hoy — m—+1
o1 = L 12((13"_ Ur)’zm) +( 5 >d72n+1'

In view of (18), (22), (26) and applying inequalities (5), it follows that:

1B, +(m+1 (L—v)? )

< —
|d2m+1|— N — v 2 |17|B1(N—1/)

217*B3
|(m+1)(N—=v) —2v(L—v))yB? — 2(L —v)?B;| + 2(L — v)2B;’

which implies the assertion (9).
It follows from (24) and (26) that:

B 1 1
dopi1 — 65, 1 = % [(T((S) + N_V)hzm + (T(5) - N_V)PZm}

where
7B} (m +1—5)
((m+1)(N—v)—2v(L—v))yB?—2(L —v)?B,’

T(6) =
In view of (5), we conclude that:

‘U‘Bl 0 < T 1
|dom 1 —5d%1+1| < {NV 0 < |T0)| l<
BT ()] ITO) = x5

(17)

(18)

(19)
(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)
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which implies the assertion (10) with | as in (13). This completes the proof. [

We note that, for specializing the parameters, as mentioned in special cases (i)-(iii) of
Definition 1, we deduce the following new results.

Corollary 1. Let0 < v < landn € C*. Ifafunction s in A belongs to the family 4., (v, 1, @), then:

‘dm+1| <
[7|B1v/2B;
\/|((m +1)2m+1—v) =2v(m+1—v))yB? —2(m+1—v)2By| +2(m+1—v)2B,
|d2m+1‘ <
|n|B ) 2(m+1-v)?
T i B1 < @iy
B (LH __ (m41-v)? ) 27*B}
2m+1—v 2 [7]B1(2m+1-v) ) |((m+1)(2m+1—v)—2v(m+1—v))yBZ—2(m+1—v)2B;|+2(m+1—v)2B;
B > 2(m+1-v)?
7Pl = ylm+1)2m+1—v)’
and for 6 a real number:
B
e s Flm+1-20 < Jy
|domi1 — O3y q| < 17| B [m+1-26| Slm+1—26) > T
|((m+1)(2m+1—v)—2v(m+1—v))yB?)—2(m+1—v)2B,)|” = J

where
(m+1)2m+1—v)—2v(m+1—v))yB2 —2(m+1—v)?B,
n(@2m—+1-v)B? ‘

]1—‘

Remark 2. For y = 1 and v = 0 in Corollary 1, we get Theorems 1 and 2 of Tang et al. [26].
Further, for m = 1 the case of one-fold symmetric functions, we obtain a result of Peng et al. [29]
(which is recalled as Corollary 1 by Tang et al. in [26]) and Corollary 4 of Tang et al. [26].

Corollary 2. Let y > and n € C*. If a function s € A belongs to the family 5, (1,1, ¢), then
|7|B1v/2B,

|dm+1| < ’
V/1(m +1)NyB? — 2128, +21.2B
|17 B1 . B 212
; Bi < g
domsn] < 4 1 ) Nyl (1)
2m+1 By | (LH _ I ) 2”83 By > _ 22
N 2 N[y[By ) [((m+1)NyB2—2L2By[+2L2B; ’ -1 = Nly[(m+1)’

and for & a real number

1)NyB?—2L2B
81 1 —26] < ‘“’”* )NZBg 2
oy i1 — 842 1| < ;
|21 mil < [n|?B3|m+1-26] m+ 126 > ((m+1)NyB}—212B,
|(m+1)NyBZ—2L2B,| ’ = Ny B} !

where L is as in (11) and N is as in (12).

Remark 3. For y = 1 and p = 0 in Corollary 2, we get Theorems 1 and 2 of Tang et al. [26].
Further, for m = 1 the case of a one-fold symmetric function, we obtain a result of Peng et al. [29]
(which is recalled as Corollary 1 by Tang et al. in [26]) and Corollary 4 of Tang et al. [26].
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Corollary 3. Let y > 0and y € C*. If the function s in A belongs to the family %, (u, 1, @), then:

|7|B1v/2B4

|d7rZ+1| < y > 2 ’
\1(0m+ 1)Na — 2L5)7 B} — 213B, | + 2138

|d2m+l| <
l171B1 . 2L3
N; B < e,
By (me1 L3 2B} g, > 213
No 2 BNy | [(m+1)Ny—2Lp)yB2—212B,[+213B, * 1 = Ty[(m+1)Ny’

and for 6 a real number:

‘771\‘131 . |m + 1 _ 2§| < ’ ((m-f‘l)Nz—sz)zﬂB%—zL%Bz
’ N,B
dopiq —0d2 | < 7 7N2B{
|dam+1 mi1] < |17]B3 m~+1—26| lm 1 28] > ((m+1)Np—2Ly)B2—213B,
|((m+1)Ny—2Lp)nB;—2L3B,| * - N2 B2 ’
where
Ly = m(pm + p+1), (28)
and
Ny =2m(2um+pu+1). (29)

Remark 4. For 3 = 1 in Corollary 3, we get Theorems 3 and 4 of Tang et al. [26]. Further,
for m = 1 we obtain Corollary 12 of Tang et al. [26].

3. Coefficient Bounds for Function Family 23¢, (u,v, 1)

Ifp(c) = Gfﬁz)g (0 < ¢ <1),in the Definition 1, then we get M, (1, v, 1, (%fé:)g) =

25, (1,v,1), the subclass of functions s € oy, satisfying the conditions

i) <5

arg [ >

and

el (T <%

where ¢, w € D, g(w) = s~!(w) is as stated in (4).

We observe that the certain choice of v and u leads the class 205, (1, v,7) to the
following few subfamilies:

() oy, (v,n) =25 (0,v,7) 0<v<1,0< o<1, 5 €C*is the family of s € 0y, of
the form (1) satisfying:

afg{”i(u—fi%‘lm%'

and

1 wg'(w) on
s (e ) <5
where g, w € D, g(w) = s~ 1(w) is as stated in (4).

(i) B3, (u,1) = We, (1,0,7) (0< 0 <1, u >0, 5 € C*)is the family of s € 0y, of the
form (1) satisfying:

arg {1 + 117(5/((;) +ngs"(g) — 1)} ’ < %
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and .
mg@+n(ymo+uwy%w—1ﬂy<2,

where ¢, w € D, g(w) = s~ (w) is as stated in (4).
(iii) €5, (4w, 17) = We,, (1, 1,7)(0 < ¢ <1, u >0, 5 € C*) is the family of s € 7y, of the

form (1) satisfying:
w1 ((58) 0o ) )l < 5

and . )
1/ (wg wg"(w)\ on
afg{lw(( ) () )] <5
~1(w) is as stated in (4).

where ¢, w € D, g(w) =

Remark 5. We note that <y, (1,17) = 6y, (0,1) and <5, (0,17) = %3, (0,7).

If we take ¢(¢) = Gfgyz ) ® in Theorem 1, we get:

Corollary 4. Let y > 0,0 <v <1,0 < ¢ < landn € C*. Ifa function s in A belongs to the

class 205, (u,v,n) , then

| < 2|y|e ,
Vol((m+1)(N —v) —=2v(L —v))yy — (L —v)?[ + (L —v)?

|domy1] <
(L—v)?

Q
7€ < Im+)(N—v)
1/)2

{ .
2 17\@ _ (L-v)? 242>
+ (’““ IWIQ(N—V)>Q\((erl)(NfV)fZV(LfV))rl T @2 ¢ 2 [ D(N=v)”

and for 6 a real number:

2
d Sd2 1< I\lln—'?/ ;im4+1-=26] < Jp
[danrr = Oy | < 2[[*elm-+1-26| m+1—26] > ]
(i) (N—v)—2v(L—0))— (L7 7 ™ 2 J2,

where Lisasin (11), N is as in (12) and
‘ ((m+1)(N—-v) —2v(L—v))y — (L —v)?

J= 2N =)

We note that for specializing the parameters, as mentioned in special cases (i)-(iii) of
the class Qﬁgm (u,v,1), we deduce the following new results.

Corollary 5. Let 0 < v < 1,0 < ¢ < 1and 5 € C*. Ifa function s in A belongs to the class
oy (v, 1), then:

2|yle
dpaa| < ,
] Vol(m+1)2m+1—v)—2v(m+1—v))p—(m+1—v)2[+ (m+1—v)2
|dom1] <
2|y . +1-v)?
pITES e X ’ 292< |17|(m(<n:1)(2n11/3r17v)
2[yle (m+1-v) 217%¢
ZnHl—v T (m +1- |17|g(2m+1—V)) el 1) 2 T—0) 2 1—0))y— (e v (e 12
(m+1—v)?

Q= T+ 1) 2Zm+1—v)’
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and for ¢ any real number:

2
, i § 2mL’_71|Q_V S m4+1—-26] < J3
|domi1 — dy 44| < 2y 2ol m+1-24] S m+1—26] > ]
[((m+1)(2m+1—v)—2v(m+1—v))y—(m+1-v)?| * =

where
(m+1)2m+1-v)—2v(m+1—-v))y— (m+1-v)?
n@2m+1-v)

]32‘

Remark 6. (i) For 5 = 1and v = 0 in Corollary 5, we get Corollary 2 of Tang et al. [26]; (ii) For
n = v = 1in Corollary 4, bound on |d,, 1| reduce to the bound given in [30]. Further, for m = 1
we obtain a result of [31]; (iii) For n = v = 1 in Corollary 5, the result shown on |dy,,11| is better
than the bound given in [30], in terms of ranges of ¢ as well as the bounds.

Corollary 6. Let p > 0,0 < o < 1land n € C*. If a function s in A belongs to the class
B (1)), then

] < 2lrle
T Vol(m+ )Ny — 2]+ L2
2|y]e . 12
N QS Nlyl(mT1)
[ d2ms1] < 3 21y 1o 12 2% ¢? 12
N~ Tt (’” + NM\Q) Q) Ny~ € 2 Nyl(mT1)”

and for & a real number:

2

g 52 < {ZI’QQ j i +1— 2] < (bt l

2m+1 7 Cm1l = 3 25y 20|m+1-25| ((m+1)Ny—L
Tl Im+1-26] > ‘7 ,

where L is as in (11) and N is as in (12).
Remark 7. Fornp = 1and u = 0 in Corollary 6, we get Corollary 2 of Tang et al. [26].

Corollary 7. Let y > 0,0 < o < 1land y € C*. If a function s in A belongs to the class
Co (111, 9), then:

i 2l7le
| m+1| =
Vel ((m+ )Ny —2Ly)y — 13+ 13

2[nle . 12
N, POS DN,
‘d2m+1| < 2‘,7‘@ 1_ L2 2772Q2 L2
T |'7|QN2 o|((m+1)N,—2L,)y—L3|+13 = |7]|(m+1)N2

and for 6 a real number:

_ _72
2yl m+1—26] < ‘((WH)N;NZZLZ)H 3
domi1 — 02, 4] <
A BT 1 26] > [N 2L 13
[((m+1)Ny—2L5)7-L3] - N, ’

where Ly is as in (28) and N, is as in (29).
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4. Coefficient Bounds for Function Family X7 (u,v,7)

If (¢) = % (0 < T < 1) in the Definition 1, then we obtain My, (1, v, 1,

(l+(172r)g”’

T—cm ) = X7 (u,v,1), asubclass of functions s € 0y, satisfying the conditions:

i)

and

m{Hl(wg'(w)ww%"(w) )]s
T\ (I-vjw+vg(w)
where ¢, w € D, g(w) = s~ (w) is as stated in (4).

We observe that the certain values of v and y lead the class X7, (1, v, 77) to the following
few subfamilies:

W) 25, (v,n) = X5,00,v,7) (0<v <1,0 <t <1, 5 € C¥),is the family of functions s
€ oy, of the form (1) satisfying:

”[“i(a—fi(?vs@fl)]”'

e (e e R

and

where ¢, w € D, g(w) = s~ (w) is as stated in (4).
(i) &, (w,1m) = X5, (1,0,7) 0 < T <1, u >0, y € C*)is the class of functions s € 0y,
of the form (1) satisfying;:

9“1[1 + ,17(3’(9) +ngs" (g) — 1)] > 1,

and
9%[1 + ;(g’(w) + pwg’ (w) — 1)] > T,

where ¢, w € D, g(w) = s~ (w) is as stated in (4).
(iii) 54‘},}1(;{,17) = %gm(y, 1,7) (0<t<1 >0, n € C),is the family of functions
s € oy, of the form (1) satisfying:

o3 (5 (e )

s () (oegad’) )l

Remark 8. We note that 7; (1,17) = Z; (0,11) and 95 (0,17) = &5 (0,7).

and

If we take ¢(¢) = % in Theorem 1, we get:

Corollary 8. Let y > 0,0 <v <1,0 <t < landn € C*. Ifa function s in A belongs to the

class X5 (u,v,1), then:

< 2ly|(1 - ) ,
= VI DN =) = 2Ly —0) — (L= vP|+ L)

|domy1| <
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2(1-1) || (L—v)?

N=v 2 $(1=7) < g
20-1)ly| (L-v) 2yl (1-1)
v+ (1 - i) |<<m+1>(N7v>fzv<Li7v>>(1fr>n7<L7v>2\+2<L7v>2

. (L)
F1=T) 2 )

and for 6 a real number:
2yld-7) s lm+1—-26| < Jy

dyis =03y < N 2ly2(1—7)2|m+1-24]
N ) -2l A-ng— 7] ¢ M+ 1-20 = ]y,

where Lisas in (11) and N is as in (12) and

((m+1)(N=v) = 2v(L—v))y(1-7) = (L—v)*|

]4_‘ TN -1 1)

We note that for specializing # and v, as mentioned in special cases (i)(iii) of the class
x5 (u,v,1), we deduce the following new results.

Corollary 9. Let 0 < v < 1,0 < 1 < land y € C*. If a function s in A belongs to the class
Dy, (v, 1), then:

|d +1|< 2|’7|(1_T)
T m+ D 2m+1—v)—2v(m+1—v))p(1—1) — (m+1—v)2[+ (m+1—v)2
|d2m+l‘ <
2(1—1)| . m+1—v)2
|2(m|<+ ?_z)l (m+1-v)? o <<’7(T>"(H)(2m)+”)
2ly|(1-1 m+1—v 2|n|(1—-71
TNV + (m +1- \q\(lfr)(2m+17v)) [(m+1)(2m+1—v)=2v(m+1—v)y(1—1)— (m+1—v)2)|+(m+1—v)?

. +1-v)?
1= 2 it -

and for 6 a real number:

2 1—

d R | < 2‘31&17? ;m+1-26 < Js

| dom1 — Oddy 4] < 4y (=) |mt1-26] 126 >
oD =) 20 (=) (=0 —(mi=vyy] o Im+1 =201 = J5,

where

(m+1)2m+1—v)—2v(m+1-v))yp(l—1) — (m+1—v)?
n2m+1-v)(1-1) '

]52’

Remark 9. = 1 and v = 0 in Corollary 4, we get Corollary 2 of Tang et al. (i) Forn =v =1
in Corollary 9, bound on |d,, 1| reduce to the bound given in [30]. Further, for m = 1 we obtain
a result of [31]; (ii) For n = v = 1 in Corollary 9, the result proved on |dyy,+1| is better than the
bound given in [30], in terms of ranges of T as well as the bounds .

Corollary 10. Let y > 0,0 < v < 1and 5 € C*. If a function s in A belongs to the class
&g (1,1), then:

| < .
= Vm+1)y(1 —7)N — 2]+ L2’
|dom41] < {2(1_1\?',7' (1=7) < pem
m1l <9 210-7) % 22012 . 7
v+ (m+ 1= ) et (-0 2 e
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and for 6 a real number:

2ly|(1-7) . (m+1)7(1—T)N—1L2
P IN e i Im+1—20] < | LR
2kl = CBmA 1l = 2)pP(1—1)?|m+1-29| 124 > |(tn+Dg(-0IN-1?
(g -on=rz  |m+1-26| ’ T I—T)N /

where L is as in (11) and N is as in (12).
# = 0and # = 1in Corollary 10, we obtain Corollary 11.

Corollary 11. Let 0 < T < 1. If a function s in A belongs to the class &; (0,1), then:

dyya] < 2(1—1)
TS D )1 -1) - (m )]+ (m+ 1))
dams1] < S F(1-7) < pracw
-+ 2(1— 2(1-1)? 2
z(m+T1) + (1 - (17;3753%1)) \(2m+1)(17T()7(‘12+1)|+(m+l)" (1-1)= 4\;7\(14%*1)1\1/

and for & a real number

2(1-7) m+1—26| < m4+1)(2m+1)(1-1)—(m41)?
|d2m-+1 _‘Sd%wl\ < { +12(1 )2 m+1— 2(5|| | 1 ‘2(5 > $+1T))gm+1)(1fr)f(m+1)2
[((m+1)2m+1)(1—7)—(m+1)2| / |m +1- | = ‘ (1-1)(2m+1)

Corollary 11 would lead us to the following result, when m = 1.
Corollary 12. Let 0 < T < 1. Ifa function s in A belongs to the class &7 (0,1), then:

V2(1-1)
V241 =31

2(1—
s < (1-7) for $<t<1
- %(2—31’) for 0<t <1,

|da| <

and for & a real number:

2(1—
I W i

2(1-71)%1-6
DL 1 - 6] > sqts11 - 3.

Remark 10. (i) The bounds of |dy| and |d3| stated in Corollary 12 were obtained in Corollary 3
by Tang et al. [26]; (ii) Taking & = 0 in Corollary 12, we have |dz — d3| < %(1 — 7), provided
|1 —37| > 0.

Corollary 13. Let uy > 0,0 < 7 < land y € C*. If a function s in A belongs to the class
Fg (1,1), then:

; 21— )
| m+1‘ = 2 27
VI((m+1)Ny —2Ly) (1 — 1) — L3| + L3
2(1-7)]1 . 3
N (=0 < pwion
2lyl(1-7) _ 3 22 (1)
domirl = § T + (’” +1 77(12T)N2) (DN —2L) -y~ 31+13

L2
P (1=7) 2 prmtnN
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and for 6 a real number:

_ 72
2 2l S m+1—20] < ‘((m+1)N;N22(le)r7T()l v)-13
— <
B2ni1 =0nial S 0 imeras a1 28] > | (N 2L 13
(o )Ny —2L ) (=) -13] = N1 1) /

where Ly is as in (28) and N> is as in (29).

5. Conclusions

In this study, we have introduced a special family 9, (1, v, 17, ¢) of m-fold symmetric
bi-univalent functions in the disc {¢ € C : [g| < 1} and studied coefficient problems associ-
ated with the defined family. For functions belonging to this family, we have determined
the upper bounds for |d,, 11| and |dyy,41|. The Fekete-Szego functional problem for func-
tions in this family is also considered. Various cases of the special family M, (1, v, 1, ¢)
are discussed. Our results generalize many results of Tang et al. [26].

A special family examined in this paper could inspire further research related to
some aspects such as a special family of bi-univalent functions using a Hohlov operator
associated with Legendrae polynomial [32], a special family using an integro-differential op-
erator [33], meromorphic univalent function family [34], a special family using g-derivative
operator [35], and so on.
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