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Abstract: In this study, a numerical investigation of photonic quasi-periodic Generalized Fibonacci
(GF) (m, n) sequences is carried out in the visible spectrum. The transfer matrix method is employed
to study the behavior of wave propagation through the photonic structures. Firstly and to highlight
the importance of the GF structure, its transmittance spectrum is compared to those of periodic and
ordinary Fibonacci structures. It is shown that the GF structure permits one to obtain multi-photonic
band gaps (PBGs) separated by several resonance modes. The variation in the parameter m of the GF
(m, 1) structure allows for the tuning of the number, the position and the width of these bands. By
changing the parameter m, the wavelengths (650, 850, 1300, and 1550 nm) of the plastic and glass
optical fibers can be allowed or forbidden to transmit through the structure according to the value
of this parameter. In contrast, the variation in the parameter n for GF (1, n) hides all PBGs and only
permits the appearance of several Kiessig fringes. The proposed structures can find application as
tunable multi-band-stop filters for optical fiber wavelengths.

Keywords: generalized Fibonacci sequences; photonic; transfer matrix method; band-stop filters;
optical communication; photonic band gap

MSC: 37M10

1. Introduction

An ordinary periodic photonic structure can be designed by iterating a finite unit
cell several times, and each cell is composed of two or more different layers of materials.
However, a random structure follows no particular rule, and the distribution of layers is
chaotic. Quasi-periodic structures present another category of structures, and they are
neither periodic nor random but a sequence that is located between these two sequences [1].
These quasi-periodic structures are made up of two or more different layers with differ-
ent materials, and they follow a well-determined mathematical distribution [2,3]. Their
impressive property in transmission spectra permits the continuity of the existing central
forbidden gaps (PBGs) in periodic photonic structures with strong resonance modes to be
broken. These modes localize light very effectively [2–7]. The most well-studied and well-
known quasi-periodic sequences are the Fibonacci sequence (FS) [3,5,8–10], the Thue–Morse
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sequence (TMS) [3,4,11] and the Cantor sequence (CS) [3,12,13]. These quasi-periodic struc-
tures find application in several optical, infrared, and microwave fields. They are proposed
as structures that allow light to be slowed down and localized [3,4,14], which paves the
way toward the realization of optical microprocessors [15], optical connectors [16], optical
memories [17,18], and quantum computers [19,20]. In addition, these quasi-periodic struc-
tures [3,21,22] are used as filters [5,6,8,23,24] and high omnidirectional reflectors [25–31]
in optical communication devices. These filters permit undesirable frequencies or noises
to be discarded. In addition, omnidirectional reflectors are used to construct micro-cavity
lasers and photonic quantum computers (as a substrate of the antennas to improve their
directivity [32]) and to improve the gain for THz photoconductive antennas [33]. The local-
ization of light makes it possible to enhance the interaction between the photon and matter,
which then makes it possible to slow down the group velocity of light [3]. This property
paves the way toward the construction of optical memories [34,35] and photonic quantum
computers [36]. Optical memories will then use photons instead of electrons in ordinary
memory. In addition, optical memories will then have a huge capacity to store information.
To develop a photonic quantum computer, recently, Ben Bartlett et al. [36] experimented
with a new device composed of a photonic cavity, waveguides, an optical fiber storage
ring, and optical switches. This device permits the development of a quantum information
processor, where optical qubits have very long coherence times, are maintainable at room
temperature, and are optimal for quantum communication. In addition to all of the above
applications, the resonance modes provided by quasi-periodic photonic structures make it
possible to design new sensors, for example, for biomedical sensing [37], for water quality
control [38], and for humidity sensing [39]. In addition to solid materials permitting the
control of light, liquid materials can take the same role. For example, Lio, G.E. et al. [40]
proposed an optical beam steering device operating at a wavelength of 1550 nm and based
on a high index material such as molybdenum disulfide (MoS2), where the direction of
light is actively controlled by means of a liquid crystal. This dynamic beam steering for
light detection and ranging (LIDAR) applications can be achieved by controlling the am-
plitude, losses, and deflection of light with elements of an optical array [40]. In addition,
Shaltout, A.M. et al. [41] proposed ultrathin optical cavities with embedded photonic
metasurfaces, which permit high spatial resolution color filtering and spectral imaging to
be obtained. These optical cavities find application in compact integrated optical systems
on a chip, such as high-resolution spatial light modulators, VCSELs, bio-sensors, and
imaging spectroscopy systems. Furthermore, Giuseppe, E.L. et al. [42] proposed plasmonic
metal–insulator nanocavities that can be exploited as tunable color filters, photonics, optical
sensors, and physical security agents. The resonant wavelengths of these nanocavities
have extraordinary transmission with zero reflection for different incident polarizations.
In the field of frequency-selective filters, previous studies can be presented. For example,
S. Tibuleac et al. [43] used dielectric waveguide gratings and, by embedding the gratings
in layered antireflection structures, proposed a frequency-selective structure based on
guided-mode resonance effects. The proposed filters were built and tested in the 4–20 GHz
frequency range. Tsitsas et al. [44] investigated periodic grating waveguides by using a
rigorous integral equation method, which combined semi-analytical techniques and the
Method of Moments with entire domain basis functions. In their work [44], they provided a
showcase for the effect of the incident field’s and grating’s characteristics on the diffraction
process, as well as the grating structure’s efficient operation as a narrow-band reflection
filter. In addition, Norton et al. [45] used the rigorous coupled-wave analysis method to
provide physical insights into the factors contributing to filter bandwidth. Moreover, by the
means of rigorous semi-analytical integral equation, Tsitsas [46] proposed a methodology
that is characterized by high numerical stability and controllable accuracy. His obtained
solution helped to investigate the operation of a metasurface as a narrow-band reflection
frequency filter [46]. In this simulation work, we are not limited to the filtering of visible
color, but we study the configuration of Fibonacci and Generalized Fibonacci structures
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that allow the construction of high- and low-pass filters for the wavelengths (650, 850, 1300
and 1550 nm) of plastic and glass optical fibers.

2. Method and Problem Formulation
2.1. Transfer Matrix Method

In this numerical simulation, the transfer matrix method (TMM) is exercised to study
optical wave propagation through periodic and quasi-periodic (Fibonacci and Generalized
Fibonacci) photonic crystals. The transmittance T and the reflectance R of the wave are
studied in this paper. Based on the TMM method, the amplitude of the input electric
field E+

0 , the reflected one E−0 , and the output (transmitted) one E+
m+1 after m layers are

correlated using the following Equation [5]:[
E+

0
E−0

]
= ∏m

j=1

Cj

tj

[
E+

m+1
E−m+1

]
(1)

Here, Cj is the complex transfer matrix, and tj is the transmittance Fresnel coefficient.
The wave has two polarization modes (transverse electric (TE) and transverse magnetic

(TM)).
For both polarization modes, the matrix Cj is expressed as follows [5]:

Cj =

(
exp

(
iϕj−1

)
rjexp

(
−iϕj−1

)
rjexp

(
iϕj−1

)
exp

(
−iϕj−1

) )
(2)

Here, ϕj−1 represents the phase shift of the wave between the jth/(j − 1)th layers (or
boundaries) [5]:

ϕj−1 =
2π

λ
n̂j−1dj−1 cos θj−1 (3)

In Equations (1) and (2), tj and rj represent the transmittance and reflectance Fresnel
coefficients, respectively.

For TM (P-mode) polarization mode and TE (S-mode) mode, the Fresnel coefficients
are expressed as follows [5]:

rjp =
n̂j−1 cos θj − n̂j cos θj−1

n̂j−1 cos θj + n̂j cos θj−1
(4)

tjp =
2n̂j−1 cos θj−1

n̂j−1 cos θj + n̂j cos θj−1
(5)

rjs =
n̂j−1 cos θj−1 − n̂j cos θj

n̂j−1 cos θj−1 + n̂j cos θj
(6)

tjs =
2n̂j−1 cos θj−1

n̂j−1 cos θj−1 + n̂j cos θj
(7)

Here, n̂j and θj represent the complex refractive index of the materials and the complex
refractive angle of the wave, respectively.

For both polarizations, the transmittance energies T are simplified as [5]

tjs =
2n̂j−1 cos θj−1

n̂j−1 cos θj−1 + n̂j cos θj
(8)

Trp = Re
(

n̂m+1 cos θm+1

n̂0 cos θ0

)∣∣tp
∣∣2 (9)
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2.2. Fibonacci and Generalized Fibonacci Quasi-Crystals Models

The Fibonacci multi-layer structure [7,13,27] can be built up using two different ma-
terial layers, H and L. Here, the symbols H and L represent layers with a high (nH) and
low (nL) refractive index, respectively. The geometric thicknesses of the H and L layers are
dH and dL, respectively. The first two sequences of the Fibonacci model start with S0 = H
and S1 = L; then, using the substitution rule L→LH and H→L, we can determine the next
generations. The resulting 1D Fibonacci structure is quasi-periodic. For example, the sixth
iteration has the form S6 = LHLLHLHLLHLLH.

The interest in GF (m, n) quasi-periodic structures has increased since it appears that
the physical properties of the Fibonacci sequence may not be genetic in some fundamental
respects [1,2]. In addition, the Generalized Fibonacci (GF) (m, n) sequence [4,5,23] consists
of two different layers (H and L). The starter sequences are S0 = H and S1 = L, and, after
that, the recursion relation of the GF (m, n) sequence is expressed as Sl+1 = Sm

l Sn
l−1 for

l ≥ 1. Here, the parameters m and n represent the power (the successive repetition) of the
sequence. For example, when m = 2 and n = 1, the recursive sequences will be S2 = LLH,
S3 = LLHLLHL, S4 = LLHLLHLLLHLLHLLLH, etc. [4]. In addition, when m = 1 and n = 2,
we obtain S2 = LHH, S3 =LHHLL, S4 = LHHLLLHHLHH, etc. The geometric photonic
structure of this latest sequence (S4 = LHHLLLHHLHH) is illustrated as an example in
Figure 1.
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Figure 1. Schematic representation showing the geometry of the 4th generation of Generalized
Fibonacci photonic GF (1, 2) structure.

3. Results and Discussion

In this work, we simulate the optical behavior of periodic, Fibonacci, and Generalized
Fibonacci photonic structures. The materials that constitute the layers of the photonic
structures are silicon dioxide (SiO2, nL = 1.45) and titanium dioxide (TiO2, nH = 2.3).
These materials are chosen in view of their availability and low price in the global market
compared to other semiconductor materials. In addition, the range of the refractive index
between these two materials makes it possible to obtain broad PBGs. The thicknesses dL,H
of the H and L layers satisfy the Bragg condition, nLdL = nHdH = λ0/4, where λ0 = 1 µm
represents the reference wavelength. For the proposed photonic structures, the optical
transmittance properties are investigated in the visible frequency spectrum and for normal
wave incidence. Figure 2 shows the transmittance spectra as a function of the frequency
f 0 (THz) for the periodic, Fibonacci, and GF photonic structures. First, we fix the number
of layers of the periodic structure to 34, and this number is chosen so that the PBG is
clear and wide. To compare the transmittance spectra of the three photonic structures, the
geometric thicknesses and the number of layers are nearly the same. For this, the number
of layers (P) of the Fibonacci and the GF structures is chosen to be 34 and 31, respectively.
Here, the iteration number of the Fibonacci and GF sequences is chosen to be 8 and 3,
respectively. In addition, for the GF sequence, the parameters m and n are chosen to be 5
and 1, respectively. Here, the parameters m and n are chosen in such a way that the number
of layers of all structures (periodic, Fibonacci and GF) is approximate. For the periodic
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structure, Figure 2 shows the presence of one large photonic band gap (PBG) centered at
the reference frequency (f 0 = 299.22 THz). The Fibonacci structure presents two symmetric
PBGs at about f 0, and they are in juxtaposition with that of the periodic structure. The GF
(5, 1) structure has three pseudo-PBGs: one centered at f 0 and the other two symmetrical
at about this frequency. Therefore, it is clear here that the Fibonacci structure permits two
resonance peaks (two propagation modes) and two PBGs located inside and outside the
PBG of the periodic structure to be obtained, respectively. This physical phenomenon is
due to the chaotic dispersion (quasi-periodicity) of the layers of the Fibonacci structure. In
addition, the GF sequence permits this disorder of layers to be amplified, which allows the
presence of three pseudo-PBGs. The locations of these three bands appear as a merging
of the periodic and the Fibonacci bands. Therefore, the GF structure permits the area
of the PBGs to be enlarged and the number of the resonance peaks to be increased. This
physical phenomenon is due to the parameters m and n of the GF (Sl+1 = Sm

l Sn
l−1) sequence.

The variation in these parameters permits the redundancy of the periodic subsequences
(Sm

l and Sn
l−1), which allows the perturbation of wave propagation through the structure.

Mathematics 2022, 10, x FOR PEER REVIEW 5 of 11 
 

 

the reference frequency (f0 = 299.22 THz). The Fibonacci structure presents two symmetric 
PBGs at about f0, and they are in juxtaposition with that of the periodic structure. The GF 
(5, 1) structure has three pseudo-PBGs: one centered at f0 and the other two symmetrical 
at about this frequency. Therefore, it is clear here that the Fibonacci structure permits two 
resonance peaks (two propagation modes) and two PBGs located inside and outside the 
PBG of the periodic structure to be obtained, respectively. This physical phenomenon is 
due to the chaotic dispersion (quasi-periodicity) of the layers of the Fibonacci structure. 
In addition, the GF sequence permits this disorder of layers to be amplified, which allows 
the presence of three pseudo-PBGs. The locations of these three bands appear as a merging 
of the periodic and the Fibonacci bands. Therefore, the GF structure permits the area of 
the PBGs to be enlarged and the number of the resonance peaks to be increased. This 
physical phenomenon is due to the parameters m and n of the GF (𝑆 = 𝑆 𝑆 ) se-
quence. The variation in these parameters permits the redundancy of the periodic subse-
quences (𝑆  𝑎𝑛𝑑 𝑆 ), which allows the perturbation of wave propagation through the 
structure. 

 
Figure 2. Transmittance spectra versus the frequency f (THz) for (a) periodic (34 layers, d = 4.78 µm), 
(b) Fibonacci (8th iteration, 34 layers, d = 5.03 µm), and (c) GF (5, 1) (3rd iteration, 31 layers, d = 5.02 
µm). 

Later and for the GF (m, n) sequence, the effect of varying the parameters m and n on 
the transmittance behavior is studied. We try to achieve tunable multi-band-stop filters 
using this structure. Figure 3a–d show the effect of varying the parameter m from 5 to 20. 
Here, the parameter n and the iteration number are fixed at 1 and 3, respectively. Figure 
3a–d display the presence of consecutive PBGs separated with several resonance modes. 
Therefore, it is clear from this figure that the GF (m, 1) structure forms a selective band-
stop filter. In addition, we can notice that the number, the position, and the width of these 
PBGs depend on the parameter m of the GF (m, 1) structure. 

Figure 4 shows the relationship between the number of PBGs and the parameter m. 
It is clear that this dependence is linear, and the regression fit of this graph is NPBGs = 0.5 
+ 0.52 × m, where the parameter NPBGs represent the number of PBGs. The pattern of data 

150 200 250 300 350 400 450 500
0

20

40

60

80

100

 

 

Tr
an

sm
itt

an
ce

 (%
)

frequency (THz)

 (a) Periodic
 (b) Fibonacci
 (c) GF(5,1)

Figure 2. Transmittance spectra versus the frequency f (THz) for (a) periodic (34 layers, d = 4.78 µm),
(b) Fibonacci (8th iteration, 34 layers, d = 5.03 µm), and (c) GF (5, 1) (3rd iteration, 31 layers,
d = 5.02 µm).

Later and for the GF (m, n) sequence, the effect of varying the parameters m and
n on the transmittance behavior is studied. We try to achieve tunable multi-band-stop
filters using this structure. Figure 3a–d show the effect of varying the parameter m from
5 to 20. Here, the parameter n and the iteration number are fixed at 1 and 3, respectively.
Figure 3a–d display the presence of consecutive PBGs separated with several resonance
modes. Therefore, it is clear from this figure that the GF (m, 1) structure forms a selective
band-stop filter. In addition, we can notice that the number, the position, and the width of
these PBGs depend on the parameter m of the GF (m, 1) structure.
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Figure 3. Transmittance spectra versus frequency for 1D GF sequence (3rd iteration) and for (a) GF (5,
1), (b) GF (10, 1), (c) GF (15, 1), and (d) GF (20, 1).

Figure 4 shows the relationship between the number of PBGs and the parameter m. It
is clear that this dependence is linear, and the regression fit of this graph is NPBGs = 0.5
+ 0.52 × m, where the parameter NPBGs represent the number of PBGs. The pattern of
data and the trend line in Figure 4 are indicative of the type of correlation between the two
variables (NPBGs and m). Therefore, it is clear that the correlation is positive and strong. In
addition, the Pearson correlation factor represents a statistic parameter showing the degree
of relation between these two variables. In fact, the Pearson factor measures the nature and
the strength between any two variables of the quantitative type. Using the data in Figure 4
and statistical software, we found that the Pearson factor between the parameter m and the
number of NPBGs is equal to 0.997, so this correlation is positive and strong. Therefore, by
adjusting the parameter m of the GF (m, 1) structure, we can tune the number, the position,
and the width of these PBGs.
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Figure 4. Number of PBGs as a function of the parameter m for 1D GF (m, 1) sequence (3rd iteration).

The optical communication wavelengths used by the different types of optical fibers
(plastic and glass optical fibers) are 650, 850, 1300, and 1550 nm, which correspond to the
frequencies 461, 352.69, 230.46, and 193.37 THz, respectively. Table 1 shows the percentages
of transmittance for these optical communication wavelengths with different GF (m, 1)
photonic structures. The green cells represent the maximum percentage of transmittance for
a given wavelength. For instance, the 650 nm wavelength fully passes (T = 100%) through
the GF (5, 1) structure, and the 1550 nm wavelength is reflected by the same structure.
The GF (10, 1) structure is suitable to allow the 1300 nm wavelength of the multi-mode
graded-index fiber to pass through. At the same time, the last wavelength is forbidden
from transmitting by the GF (20, 1) structure. Table 1 demonstrates the possibility of using
these tunable GF multi-band-stop filters in optical communication applications.

Table 1. Transmittance (%) for optical fiber wavelengths using the 3rd iteration of GF (m, 1) structures.

Optical Fiber Wavelengths

Structures 650 nm 850 nm 1300 nm 1550 nm
GF (5, 1) 100 92.0 93 6
GF (10, 1) 70 87.0 100 75
F (15, 1) 96 96.0 64 90
GF (20, 1) 26 77.8 0 55

Figure 5a–d show the effect of the parameter n of the GF (1, n) structure on the
transmittance spectra. This figure only displays the presence of the Kiessig fringes, and no
PBG appears. This physical phenomenon is due to the distribution of layers; for example,
for the GF (1, 5) structure, the distribution of layers is LHHHHHLLLLL. This structure
works as though it is made by concentrating two successive thick H/L layers. Thus,
there is no chaotic distribution of the H and L layers, which decreases the amount of
reflection between the different layer interfaces. Therefore, the role of the transfer matrix
is approximately negligible in the transmittance computation, and only the propagation
matrix, through the same kind of layers, has a great effect on this computation.
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Figure 5. Transmittance spectra versus frequency for 1D GF sequence (3rd iteration) and for (a) GF (1,
5), (b) GF (1, 10), (c) GF (1, 15), and (d) GF (1, 20).

4. Conclusions

The numerical investigation of the Generalized Fibonacci (GF) (m, n) structures in this
study permits us to conclude that only the parameter m permits the number, the position,
and the width of several successive PBGs to be determined. The correlation between
the parameter m and the number of PBGs is positive and strong (the Pearson correlation
factor is 0.997). These phenomena permit us to consider the GF (m, 1) structure as tunable
multi-band-stop filters for the optical telecommunication wavelengths of 650, 850, 1300
and 1550 nm. In fact, by varying the parameter m, we can allow the transmission of a given
optical fiber wavelength and forbid others. In contrast, the variation in the parameter n
for the GF (1, n) structures permits only several Kiessig fringes to be obtained, without
noticing any PBGs, and this physical phenomenon is due to the distribution of two material
layers when only two successive blocks of H and L layers are found.
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