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Abstract: This paper presents results from a study about problem solving related to the concept
of the greatest common divisor with secondary school students. The perspective of the analysis is
the meaningful learning of the constructivist theory. The main objectives are to assess the students’
competence in the resolution of such problems and analyze if the difficulties in the acquisition of this
competence are influenced by the kinds of magnitudes or the context of the problem. The results
suggest that some contexts generate more difficulties to perform the use of the greatest common
divisor. Moreover, some erroneous patterns have been detected. On one hand, students tend to
relate and confuse the concepts of greatest common divisor and lowest common multiple. On the
other hand, they have a predisposition to simplify problems, performing only the operation to
obtain the greatest common divisor, and without thinking that additional arithmetic operations can
be performed.

Keywords: greatest common divisor; word problems; secondary school education; context; erroneous
patterns; learning difficulties
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1. Introduction

As Godino, Batanero, and Font pointed out in [1], “all theories about teaching-learning
mathematics agree on the need to identify students’ errors in the learning process, deter-
mine its causes and organize the teaching process taking into account that information”. A
high level of error is related to difficulties for students when faced with a learning activity.
Thus, the identification of errors could lead to finding difficulties and their causes. Provid-
ing (teaching) solutions to reduce such difficulties is the main purpose of the research in
didactics of mathematics.

This work studies the difficulties that secondary education students face when solving
arithmetic word problems, particularly those related to the greatest common divisor (g.c.d.)
concept, and reveals that these difficulties often appear associated with the contexts in
which such problems are proposed.

The study is based on Ausubel’s meaningful learning [2] from the constructivist theory,
making it clear that the lack of such learning entails difficulties such as those observed
here, which stem from experiences of mechanical learning. To improve the teaching–learning
process, some teaching actions are recommended to overcome difficulties found.

The research methodology consists of a preliminary percentage analysis and a qualita-
tive study, which determine the degree of difficulty the students face and the influence that
the context or the quantities used have over errors that appear when problem solving.

2. Theoretical Framework

The two most relevant theoretical models on learning mathematics are the conductist
model and the constructivist model [3]. The conductist model theorizes that the student
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learns only and exclusively what the teacher explains in class, while the constructivist
model centers around the idea that the learning of mathematics is constructed by the pupils
themselves. In relation to the latter, Castro points out in [4] that “learning is achieved by
incorporating the characteristics of the concepts learned in their mental structures, creating
a new structure that fits these properties, as if returning to equilibrium, but incorporating
the new properties and concepts.” The constructivist model finds its epistemological roots
in the theories inspired by Piaget, which include the following principles: all knowledge
is constructed; and there are cognitive structures that are activated in the processes of
knowledge construction.

Obviously, it would be preposterous to think that mathematics learning is built on noth-
ing by the subjects themselves or without help from anyone. Concerning this, Ausubel [2]
(p. 2), in his theory of meaningful learning, points out that “the most important factor influ-
encing learning is what the student already knows,” what, in [5], Rayas calls prior knowledge
and defines as “the conceptions students have acquired about different knowledge, not
only those constructed from experiences external to systematic teaching, but also those
created in the educational processes.” Likewise, Godino, Batanero, and Font [1] (p. 13)
point out the crucial role of the teacher in the organization, direction, and promotion of their
students’ personal learning construction, in addition to the relevance of their cooperation
and social interaction.

To promote the process of building knowledge and activate cognitive structures on the
part of the teacher, various authors propose to organize the activities in a sequential way,
following a series of phases. For example, in [6], Pantano establishes four phases in their
constructive development of the teaching–learning process: initiation and introduction;
development and restructuring; deepening and application; and evaluation.

Meaningful learning can be considered the construction of new knowledge, based
on reflection and restructuring of previous knowledge, which both allow the possibility
to expand upon learned information and apply it in problem solving, as well as transfer
its application to other contexts or different problem situations. In [2], Ausubel calls
meaningful such type of learning, to distinguish it from rote or mechanical learning,
based on acquisition of knowledge by pure memorization, without the need for any kind of
reflection or relationship with prior knowledge and without consideration of (or application
to) problem situations different from the known ones, where they can appear. The main
characteristics or indicators of meaningful learning and an experience of its measurement
can be seen in [7].

The immediate consequence of non-meaningful learning is the appearance of difficul-
ties, errors, and, in the worst case, blockages [8]. The appearance of errors is also possible
in a constructivist learning model. However, this does not suppose any contradiction,
but simply that the construction of knowledge has failed in some respect and learning is
not entirely meaningful. It is therefore a matter of detecting these failures in construction,
which are the causes of difficulties, errors, and, sometimes, blockages, and organizing
teaching actions for their correction.

In [9], Carrillo distinguishes three types of difficulties in learning mathematics based
on their potential causes: the very nature (complexity) of the math; the personnel, methods
and resources used for their teaching; and problems of the student himself (cognitive factors,
beliefs, attitudes, etc.). Godino, Batanero, and Font establish a different classification in [1]
(pp. 74–77), which corresponds to a large extent with the one in [9], but instead with six
types: caused by lack of competence on previous content; caused by the content itself;
caused by the sequence of proposed activities; caused by the organization of the center;
caused by the psychological development of the pupil; and caused by student motivation.

In the field of didactics of mathematics, there is related research that shows some
difficulties in learning and understanding divisibility, which include difficulties associated
with the concept of g.c.d. Thus, several studies have verified that the understanding of
divisibility is a subject fraught with difficulties at different educational stages. In [10],
Zazkis and Campbell, in a study with student teachers on the main elements of divisibility,
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observed the low capacity of students in this area, as well as a great predisposition to use
purely procedural reasoning, typical of mechanical learning, even in the cases in which
they evidenced an adequate understanding of the concepts. Recent studies confirm this
lack of comprehension in other educational stages. In addition, Ordoñez [11] studied
the understanding of primary school students concerning the concepts of multiple and
divisor, and Vallejo [12] reviewed the difficulties of first year high school students in
concepts related to divisibility, proposing a course of action that can help to overcome these
difficulties. Regarding divisibility, and more specifically in the study of the concept of
g.c.d., Noblet [13] demonstrated that students of different educational levels have problems
assimilating the concept of g.c.d., specifically in problem solving and posing. Along the
same lines, Gutiérrez-Gutiérrez, Gómez, and Rico [14] accredited that even student teachers
lack mathematical knowledge in the properties of g.c.d. Specifically, in [15], Martínez,
González-Calero, and Sotos showed that student teachers present difficulties in this topic,
confusing the concepts of g.c.d. and l.c.m. In addition, elementary school students also
have a marked erroneous pattern when performing a subtraction of the quantities present
in the statement instead of calculating g.c.d. [16].

In this sense, the existing studies on this subject suggest that the origin of these
difficulties is based on the fact that knowledge about these concepts is usually supported
by unintuitive rules for students (see, for example, [17]), as teaching practices currently
focus on learning calculations rather than the structure, representation, and properties of
calculations’ numbers (see [18,19]).

3. Objectives

Although different papers review the mathematical competence in divisibility in
different educational stages, this work aims to study more specifically the different types
of word problems linked to the concept g.c.d., and detect different erroneous resolution
patterns and their causes.

Specifically, this work sets the following objectives:

(O1) Study competence in solving verbal problems in different situations of divisibility
involving the concept of g.c.d.

(O2) Analyze whether some contexts present greater difficulties than others do.
(O3) Find different erroneous resolution patterns and inquire about their origin.

4. Methodology

This research was developed in two stages: a (percentage) preliminary analysis and
a posterior qualitative study, with a test group composed of students who all passed the
divisibility content of high school education. In the preliminary stage, an “ex post facto”
type investigation was used to establish cause-and-effect relationships for an observed
effect whose cause lies in the past. This preliminary examination also serves to identify
some erroneous patterns and to study them more deeply in the second part of the analysis.
Then, to complete the research, a qualitative study was carried out. For this qualitative
study, while considering the school complex and/or educational culture, the use of a
naturalistic strategy was chosen in order to establish an interpretive approach (see [20]).

Seventy-one (71) students participated in the preliminary phase. In this phase, the
participants had to solve a written test composed of 9 word problems with each of their
resolutions requiring the calculation of the g.c.d. of the two quantities present in the
statement. Specifically, the instrument used in the percentage analysis combines two
elements:

(1) Problems with solutions obtained directly through the calculation of the g.c.d. or the
g.c.d. and a division operation.

(2) Problems in five different contexts: length, area, volume, discrete sets, and decontex-
tualized numbers.
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The problems were obtained from a combination of these elements. In addition to
these problems used in the written test, 5 control problems were added to prevent students
from discovering the g.c.d. pattern and solving all the problems in the same way without
deep reflection on the statements.

The statements of the problems used in the written test are presented in Table 1. A
key has been created to identify each type of problem. The key breaks down each specific
problem statement:

• GCDDQ problem: problem whose data refer to discrete sets and in which the g.c.d.
must be obtained for its resolution, and division must be performed.

• GCDDL problem: problem whose data refer to continuous sets measuring length
(meters) and in which the g.c.d. must be obtained for its resolution and division must
be performed.

• GCDDC problem: problem whose data refer to continuous sets measuring volume
(liters) and in which the g.c.d. must be obtained for its resolution and division must
be performed.

• GCDDA problem: problem whose data refer to area and in which the g.c.d. must be
obtained for its resolution and division must be performed.

• GCDQ problem: problem whose data refer to discrete sets and in which only the g.c.d.
must be obtained for its resolution.

• GCDL problem: problem whose data refer to continuous sets measuring length (me-
ters) and in which only the g.c.d. must be obtained for its resolution.

• GCDC problem: problem whose data refer to continuous sets measuring capacity
(liters) and in which only the g.c.d. must be obtained for its resolution.

• GCDA problem: problem whose data refer to areas and in which only the g.c.d. must
be obtained for its resolution.

• GCDD problem: problem whose data refer to discrete decontextualized quantities and
in which only the g.c.d. should be obtained for its resolution.

Table 1. Word problems from the written test.

Key Operation Context Statement

GCDDQ GCD + div DISCRETE SETS
Carla has 36 strawberry candies and 60 chocolate candies. She wants to

separate them in identical boxes with the largest number of candies without
mixing flavors. How many boxes does she need?

GCDDL GCD + div LENGTH
For one of the camp tests, a scout group needs to prepare equal length ribbons
as long as possible from two strings, one of 15 cm and another of 24 cm, how

many ribbons can they get without leftover strings?

GCDDC GCD + div VOLUME Calculate how many containers of maximum volume are needed to be able to
measure exactly a 12-L and a 40-L container.

GCDDA GCD + div AREA A carpenter wants to cut a wooden board that measures 18 cm long and 75 cm
wide, into squares as large as possible. How many squares does he get?

GCDQ GCD DISCRETE SETS
Carla has 18 strawberry candies and 30 chocolate candies. If Carla wants to

put them in boxes with the same number of chocolates without mixing flavors,
how many candies can you put maximum in each box?

GCDL GCD LENGTH
A group of scouts needs to prepare ties for the camp trial. If you have two

strings, one 18 cm and the other 24 cm, what is the largest possible size that
you can cut the ties from both strings, so that they are all identical?

GCDC GCD VOLUME Calculate the maximum volume that a container must have in order to
measure exactly the contents of two containers of 12 and 40 L.

GCDA GCD AREA A carpenter wants to cut a wooden board that measures 18 cm long and 75 cm
wide, into squares as large as possible. What is the squares?

GCDD GCD Decontextualized Find the largest number that can exactly divide both 54 and 30.
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To carry out the written test, students were given a time of 50 min to solve the problems.
Different versions were made of the written test in order to avoid all students receiving the
same one; the only factor changed was the order of the given problems.

The analysis of the students’ results in the percentage analysis served to identify
erroneous performance patterns or trends when solving the problems and thus to facilitate
the selection of participants in a subsequent qualitative study, testing the origin of these
trends or patterns.

The subsequent qualitative analysis consisted of a case study of the participants
who had shown interesting behaviors from a didactic point of view when completing the
written tests. Specifically, pairs of students who performed similarly on the written test
were selected and recorded solving the same or similar word problems.

5. Preliminary Analysis

Table 2 shows the percentage of correct resolutions of the participants for each of the
problems studied. A resolution is considered correct when it is evident that the student
has tried to calculate the g.c.d., either algorithmically or by another procedure, such as the
direct comparison of divisors.

Table 2. Percentage of correct resolutions for each problem.

Type of Problem Total Correct

GCDDQ 43.7%
GCDDL 40.8%
GCDDC 35.2%
GCDDA 26.8%
GCDQ 67.6%
GCDL 69.0%
GCDC 56.3%
GCDA 31.0%
GCDD 70.4%

All 19.7%

The data reveals a low efficiency in the students’ problem solving, as only 14 students
of the 71 performed all the problems well and, on average, only 19.7% of the group has an
adequate knowledge of the analyzed content.

Taking into account the efficacy with the type of problem, significant differences
emerge. The problems that measured area presented greater difficulties (around 30% of
correct answers), while those of discrete lengths and quantities were more easily tackled
(between 40 and 70% of correct answers). This difficulty was later the object of the qualita-
tive study, to discover why these contexts are particularly difficult and the students fail to
see the involvement of the divisors of the two numbers in their answer.

Table 3 shows a classification of incorrect resolutions. The main difficulties of the
students are noted, broken down by type of problem. Among the incorrect answers, four
different categories have been considered: g.c.d., l.c.m., Others, and Blank. The g.c.d. and
l.c.m. have been individually evaluated, as they are considered of special relevance as they
appeared as two repetitive patterns among the students’ answers in the sample.

The g.c.d. category refers to those resolutions in which the g.c.d. is performed only
when another subsequent operation is necessary (for example, division). This incorrect
pattern only applies to GCDDQ, GCDDL, GCDDC, and GCDDA contexts.

The l.c.m. category corresponds to students who confused the calculation of the g.c.d.
and l.c.m. and, therefore, solved the problem by relating the quantities present in the
statement using the l.c.m. instead of the g.c.d.

The Others category includes those resolutions made incompletely or erroneously,
which did not show any of the trends defined in the two previous categories.
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Finally, the Blank category includes erroneous actions in which the problem has not
been addressed.

Table 3. Classification of incorrect student resolutions by type of problem.

Type of Problem Total Incorrect l.c.m. g.c.d. Others Blank

GCDDQ 56.3% 19.7% 21.1% 11.3% 4.2%
GCDDL 59.2% 15.5% 31.0% 9.9% 2.8%
GCDDC 64.8% 22.5% 32.4% 8.5% 1.4%
GCDDA 73.2% 21.1% 21.1% 11.3% 19.7%
GCDQ 32.4% 12.7% - 19.7% 0.0%
GCDL 31.0% 9.9% - 21.1% 0.0%
GCDC 43.7% 15.5% - 18.3% 9.9%
GCDA 69.0% 19.7% - 14.1% 35.2%
GCDD 29.6% 8.5% - 21.1% 0.0%

Average 51.0% 16.1% 26.4% 15.0% 8.1%

As shown in Table 3, a considerable portion (16.1%) of the students tended to apply
l.c.m. instead of g.c.d. methods, especially when the g.c.d. needs an additional operation
(about 20% of the cases). In Figure 1, an example of this type of action is presented in the
GCDDL problem: “For one of the camp tests, a scout group needs to prepare equal length
ribbons as long as possible from two strings, one of 15 cm and another of 24 cm, how many
ribbons can they get without leftover strings?” This difficulty was later a subject of the
qualitative study, to investigate its causes.
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Figure 1. Example of answer calculating l.c.m. for GCDDL problem.

The results in Table 3 also allow us to check that the students often (on an average
of 26.4% of cases) do not notice the need of performing another operation in addition to
the calculation of the g.c.d. An example of this type of action in the GCDDQ problem is
shown in Figure 2: “Carla has 36 strawberry candies and 60 chocolate candies. She wants to
separate them in identical boxes with the largest number of candies without mixing flavors.
How many boxes does she need?” When setting out the task the teacher made it clear that
identical means same number of candies.
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Figure 2. Example of answer with direct calculation g.c.d. for problem GCDDQ.

Although a great variety of different answers were given (e.g., performing the sub-
traction of the two quantities in the statement, taking the average, indicating the unit as an
answer, etc.), none of them clearly suggests an observable pattern. However, most of the
problem solving seems to have a common predisposition towards immediate execution,
that is, to perform an arithmetic operation without notably reflecting on the statement. In
Figure 3, an example of this type of action is presented.
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Figure 3. Example of answer with subtraction predisposition for GCDL problem.

Finally, although in Tables 2 and 3 the procedure for calculating the g.c.d. is not
specifically distinguished, it can be observed that the problem solving procedure chosen
by the students is majorly algorithmic (94.6%). This suggests that the introduction of
algorithmic calculus in secondary school implies the cancellation of other types of more
intuitive procedures, with a greater sense, the direct comparison of divisors.

6. Qualitative Analysis: Case Study

The precedent percentage analysis presents three areas of didactic interest. Firstly,
they allow us to realize that certain contexts in the statements provoke greater difficulties
in resolution. Secondly, they point out that there is a strong predisposition to use the
l.c.m. instead of the g.c.d. Finally, they reveal that students present a great predisposition
to perform only the calculation of the g.c.d., even if the problem requires an additional
operation. In view of this, the qualitative analysis of these cases was carried out to record
the resolution process made by pairs of students who had shown similar behaviors in the
cases considered.
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6.1. Case of Context: Areas

For this case study, we interviewed two students, who we will call Student C and
Student X, both presenting problems in solving area problems in the written test.

Thus, they were asked to solve another problem equivalent to GCDA together. The
problem solving was carried out on the blackboard in a classroom, with only the aforemen-
tioned students and the researcher. The problem posed was the following:

“You want to parcel out a field, 36 m long and 45 m wide, in square plots as large as
possible, how long will these plots measure?”

Students proceed to read the problem and then:

Student C: Buff, this problem is like the one the other day, buff, I don’t know . . .
(referring to the similar problem they did in the written test)

Student X: Okay, but let’s see what you ask for . . .

Student C: I don’t know how to do it, ask what the plots will be like

Student X: Let’s see . . .

The interviewer noticed that the students did not know how to solve the problem, as
expected, as a result of their performances in the previous written test. Thus, he tried to
guide the students to see if they understand the problem.

Interviewer: Why do you find this problem difficult?

Student C: It is asking what the plots measure.

Interviewer: Ok, can you describe the problem in your own words?

Student C: We have a piece of land and . . .

Student X: We want to divide it into large squares

Interviewer: Ok, what is the data?

Student C: The land is 36 and 45 m (write the data on the board)

Interviewer: Are the data of the same type?

Student X: Uh . . . yeah . . . it’s meters.

Interviewer: What is required?

Student C: Ehh . . . what the plots measure.

Interviewer: Is the unknown the same type as the data?

Student C: Well, ask for the area, I think . . .

Student X: Good or the side of the plot.

Student C: Yes, now.

Interviewer: Is it the same type?

Student C: It will be meters too.

From their answers, it can be inferred that the students did not correctly interpret the
statement of the problem. In response to this, the interviewer advocated clarifying to see if
they also had difficulty studying the conception of a plan.

Interviewer: Draw the terrain (Student X draws a square on the board).

Interviewer: Now put in a possible plot (Student X draws a small square in the upper
right corner of the plot of land).

Interviewer: What is required?

Student C: This . . . (pointing to the small square).

Interviewer: So what is asked is the side of the plot, right?



Mathematics 2022, 10, 1325 9 of 14

Student C: Oh sure, okay.

Interviewer: So, can you explain in your words what you have to do?

Student C: Yes, we have to calculate the side of the plots, knowing that the total land is
that (indicating the drawing).

Although it seemed that they had already understood the statement, the interviewer
continued the interview to see if there were also difficulties in analyzing the problem:

Interviewer: How are the data and the unknown related?

Student C: Everything is meters.

Student X: The plots are smaller.

Interviewer: So is there a concept that relates the data and the unknown?

Student C: What operation could we do?

Analogously, although it seemed that they had understood the problem, they had a
hard time finding the divisor ideas behind the data.

Interviewer: Do you think that the g.c.d. of the two quantities could be the solution?

Student C: Ehh . . . no.

Interviewer: Why?

Student C: Well, the 18 m are here and the others are below (indicating the vertical and
horizontal lines of the drawing of the terrain on the board).

Interviewer: And that, what does it mean?

Student C: Well, there cannot be common divisors.

Interviewer: Why do you think they have no common divisors?

Student C: They are not the same, they are in different places . . .

From Student C’s interventions, it can be deduced that, as the data belong to different
directions within the same geometric figure, the g.c.d. cannot be applied. Although they
seemed to understand that the g.c.d. relates the divisors of two numbers, in this case, it
did not seem possible. Finally, the researcher inquired if the problem had been associated
with length.

Interviewer: So if it were 2 strings . . .

Student C: So yeah

Interviewer: And you, what do you think?—referring to Student X-

Student X: The same, if it were two strings we could do the g.c.d.

Consequently, it can be inferred that students do not associate the g.c.d. with geomet-
rical data, but they do in other contexts. They (erroneously) assume that the g.c.d. only
applies when dealing with independent things: two strings, two discrete sets, etc.

6.2. Case of l.c.m.

For the study of this case, a couple of students, which we will call Student G and
Student L, who had similar resolutions in the written test, were interviewed.

Analogously to the previous case, they were asked to solve in pairs and on the
blackboard another problem equivalent to GCDDQ, in this case. The problem posed was
the following:

“Marc has 18 stickers for soccer players and 30 for basketball players. If you want to put
them in envelopes with the same number of stickers without mixing the soccer players
with the basketball players and getting the greatest number of players per envelope, how
many envelopes do you have to prepare?”
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Once read, they tried to analyze it:

Student G: Let’s see, fifteen . . . And of the others, twenty-four.

Student L: Same envelopes.

Student G: And they ask us how many envelopes.

Student L: Yes.

Student G: As we distribute the cards, we draw . . . it seems to me that the
greatest common divisor, but . . .

Student L: Uh . . . okay.

Student G’s verbalizations indicated that he considers that, to distribute the chocolates,
they should find a divisor. Therefore, they proposed to use the g.c.d., with which Student L
agrees.

The couple proceeded to calculate the g.c.d. by means of factorial decomposition,
obtaining the number 6 as a result.

Student L: Get 6 stickers.

Student G: But you ask us the number of envelopes, right?

Student L: Ah . . . and then what?

Student G: Buff, then it will be the l.c.m.

Student L: It could be

Student G decided to calculate the l.c.m. of the statement data. Student G’s interven-
tions indicate that the students based their approaches on choosing to relate the statement
data by means of some known concept (in this case l.c.m.), which seems to indicate a
random search by trial and error of the number sought.

After calculating the l.c.m., the couple stated that 90 envelopes are needed. None of
the students evaluated the result in the context of the problem and did not show doubts
about the validity of the solution. Therefore, the interviewer advocated investigating the
retrospective view of the problem.

Interviewer: Do you think the result is in line with what was requested?

Student L: Yes, that’s 90 envelopes.

Interviewer: If you read the statement again, knowing the resulting envelopes, is
it possible?

Student G: Let’s see if we have 18 for soccer and 30 for basketball and we put them in
90 envelopes . . . oh! . . . It can’t be.

Student L: They have to be less envelopes, of course.

Student G: Buff . . . well I don’t know

The verbalizations of the students point out they realized that the result is illogical,
what confirms that the review of the results is a useful tool in the detection of errors.

6.3. Case of g.c.d.

For the study of this case, a couple of students, who we will call Student M and Student
S, who had similar resolutions in the written test, were interviewed.

In the same way as in the precedent cases, they were asked to solve another problem
equivalent to GCDDQ on the blackboard. The problem posed was the following:

“Marc has 18 stickers for soccer players and 30 for basketball players. If you want to put
them in envelopes with the same number of stickers without mixing the soccer players
with the basketball players and that there is the greatest number of players per envelope,
how many envelopes do you have to prepare? “
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Once read, they tried to analyze it:

Student M: I put the data, okay?

Student S: Ok.

Student M puts on the board F = 18, B = 30 and envelopes?

Student S: That’s it, there is no more data.

Student M: We have to find out the envelopes . . .

Student S: So we have to divide, find the greatest common divisor, right?

Student M: Well, but . . . yes, okay.

The verbalizations made by Student S indicate he considers that distributing the cards
is related to the division. Therefore, he proposed to use the g.c.d., with which Student M,
although hesitant, finally agrees.

The couple proceeded to calculate the g.c.d. by means of factorial decomposition,
obtaining the number 6 as a result.

Student S: Get 6 envelopes.

Student M: Good.

Thus, the couple stated that 6 envelopes were needed. Again, none of the students
evaluated whether it would be envelopes or stickers and they did not show doubts about
the validity of the solution.

For this reason, the interviewer advocated asking directly how they know that it is
about envelopes and not stickers:

Interviewer: Just one question, is the result envelopes or stickers?

Student S: They ask us for the envelopes.

Student M: Of course . . . you have to distribute in envelopes, therefore divide. It is a
divisor, . . . the g.c.d. are the envelopes.

The students’ interventions indicate that they based their statements on the fact that, if
the statement implies the g.c.d., this is the only calculation to be performed, and no further
operations are needed.

7. Discussion

In line with previous works (see [21] and the references therein), the results of this
research corroborate a certain lack of competence at this educational level regarding di-
visibility, and show that the type of magnitudes used in the statement influence these
difficulties, revealing they originate from a scarce understanding and relation of the quanti-
ties present in the problems (and of the mathematics in general) with the measures and
units to which they refer in real life, which is typical of a low meaningful learning.

In relation to the first objective of this work (O1) on the competence in solving verbal
problems that involve the concept of g.c.d., the results presented indicate serious difficulties
in the group of students analyzed. These results confirm that, according to other previous
studies [13–16,22–25], learning of these concepts is not meaningful. In line with this
research, the study presented here suggests that the difficulties encountered could be due
to methodological causes. Specifically, it occurs in a non-meaningful instruction based
more on the learning of routine procedures than on solving problem situations.

Regarding the second objective (O2), related to the analysis of the context, it has
been shown that those statements with contexts in which the measures and units that are
handled are areas present greater difficulties, probably due to the scarce mathematical
approach to geometric elements of the real life. The most successful contexts are those in
which quantities are part of a discrete set, whose relationships between quantities and real
life are easier for them to assimilate. These types of difficulties in secondary education
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students, caused by the inability to relate mathematics to the context, also appear in other
types of mathematical problems [26].

Furthermore, with respect to the third objective of this work (O3), two erroneous
resolution patterns have been detected that, although different, have a certain relationship
due to a tendency to simplify the problem. In this sense, on the one hand, a confusion has
been observed between the g.c.d. and l.c.m. in these students, due to a strong predisposition
to solve problems with a single operation. The interventions of the students show that,
although at some point, arguments arise about the idea of divisor, they immediately discard
them if they must be completed with another operation; and, basing their approaches on
the use of a single operation, they decide on the use of another type of operation, entering a
trial-and-error process for troubleshooting. This issue, together with the fact that students
resort to procedures typical of mechanical learning, such as algorithmic ones for calculating
the g.c.d. and the l.c.m. (see [27,28]), demonstrates that, at no point in the resolution
process, no solid reflection arises on the ideas of multiple and divisor (typical of meaningful
learning), leading students to make wrong statements. Students also make a very common
mistake when solving the problem and not checking if the result they have obtained is
feasible. This error was also previously observed in other types of arithmetic problems,
such as [26], where it was shown that students give answers with inconsistent results,
without paying attention to them.

On the other hand, some students intuit the need to calculate the g.c.d. However, due
to a strong predisposition to simplify the problem, they present the g.c.d. as its solution,
without questioning the validity of the result or whether some type of additional operation
is needed. This fact can be highly influenced by the habits in solving arithmetic problems,
which can drag from their stage in primary school, in which the problems lead to the
application of the identified (unique) operation, in order to immediately obtain the solution
of the problem (see, for example, [29,30]).

In addition, this type of action indicates a little control of the students over the
concept of g.c.d., since they do not have a clear idea about which unit it should refer to.
It may be influenced by the fact that these students mainly use algorithmic resolutions.
This suggests that, once the algorithmic calculation of these elements is introduced in
secondary education, students stop using graphic resolutions, which are more didactic,
as they facilitate the understanding of these situations. This becomes a very important
obstacle to be taken into account.

Concerning the didactical implications, these findings point to the need to increase
the quality and variety of verbal problems, considering multiple variables (for example,
different contexts, type of measures or units, number of operations, etc.) in the teaching
process, in order to connect mathematics with real life and that they can build a meaningful
learning of the subject in question. In the same way, it is important to reinforce the
verification of the results, either through the final check or through the use of other more
intuitive g.c.d. calculation procedures, which allow a better analysis of the problems and
make it easier for students to notice their errors by themselves, and rectify or expand their
analysis.

Regarding the limitations of this study, as the influence of the type of magnitude had
not been analyzed until now, it would be convenient to carry out more work on the subject.
In particular, it would be beneficial to analyze samples of different sizes and levels. In
addition, as a possible line of future research, qualitative studies could be carried out to
explore the mental representations of the subjects, depending on the type of magnitudes, to
improve the understanding of these types of difficulties and to provide (teaching) solutions
to reduce them.
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