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Abstract: The assumption of the Convergence–Confinement Method (CCM) is the analysis of the
interaction behavior of the support and ground of a deep circular tunnel under an isotropic stress
field. Aiming to improve this method, this paper proposes a discussion on the influence of the
overburden depth and stress anisotropy. To consider the influence of the overburden effect, the
ground reaction in different depths due to tunnel advancing excavation is investigated. Under
anisotropic stress conditions, the analytical solutions of the stress/displacement in the plastic and
elastic regions of this ground reaction can also be suitable for theoretical analysis in a consistent
manner. The key factor in this study is the use of confinement loss, which can not only describe the
simulation of tunnel advancing effects but also become a superimposed value of the incremental
procedure. In addition, the calculation spreadsheets can be used to estimate and implement the
theoretical analytical solutions into executable computational solutions. To check the validity of the
analytical solution, finite element analysis is used to examine the distribution of stress/displacement
around the tunnel, especially the distribution along the overburden pressure line in the circular
tunnel cross-section. Comparing the analytical solution calculated by the incremental procedure with
the result of the numerical analysis shows a consistent trend.

Keywords: overburden depth; anisotropic stress; Convergence–Confinement Method; tunnel
analysis; finite element analysis; confinement loss
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1. Introduction

The Convergence–Confinement Method (CCM) is a theoretically based and compu-
tational tool that can be applied to support design for underground excavations [1,2].
The method consists of three different curves: the Confinement Loss Curve (CLC), the
Support Confining Curve (SCC), and the Ground Reaction Curve (GRC) [3,4]. The use
of this theoretical approach is based on three important assumptions: (1) The problem is
axisymmetric and solved in plane strain, (2) the cross-section of a deep tunnel is circular,
(3) the initial stress state is isotropic and constant with overburden depth [5]. As the work-
ing face of the tunnel excavation advances, the surrounding rock stress of the tunnel is
released; therefore, GRC is a ground reaction exhibited by an increase in radial displacement
and a decrease in radial stress, which plays an important role in determining when to install
supports and the stiffness of supports effect. The concept of the GRC was postulated as a
major design component behind the New Austrian Tunneling Method (NATM) [6]. With
continuous research and further improvement of practical application in tunnel support
design, this analysis method has gradually become a useful and preliminary tool for the
rational support design of tunnels [2,7]. Many studies have been developing this method
and trying to explore possible mathematical models or empirical representations of GRC
under different behavioral assumptions [8–15]. The assumptions of the above GRC studies
are only applicable to tunnels excavated under an isotropic stress state [16–20].
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The second most important curve for this method is the Support Confining Curve
(SCC). The main point of this curve description is to prevent the continuous generation
of displacement of the tunnel surrounding the ground by applying an increase in the
support pressure at the intrados of the tunnel [21]. In addition, due to the timely installa-
tion of the support, the internal support pressure can withstand the radial convergence
of the surrounding ground and reach an equilibrium state. Many studies on the SCC
involve limitations of nonlinearity, time dependence, progressive hardening, and transient
conditions of supports [22,23]. Under this assumption of various behaviors, several stud-
ies on the interaction solution of SCC and GRC in the final equilibrium state have been
realized [24,25].

The third essential component of the method is the so-called longitudinal displacement
profile (LDP) [12] or the confinement loss curve (CLC) [3,4]. The original purpose of the
concept of confinement loss was to collect the convergence measurement data of the tunnel
and find out the confinement loss curve by regression analysis, thereby simulating the effect
of advancing excavation of the tunnel [1,2]. Many different views have been published
regarding the definition and assumptions of confinement loss. For example, in implicit
analysis, the confinement loss is assumed to be a coefficient that can simulate the plastic
behavior due to tunnel excavation [26,27]. It has also been suggested that this coefficient is
used to apply a portion of the restraint removal force, thereby simulating the excavation
effect on the working face of the tunnel, and its value is between 0 and 1 [1,2,28,29].
The principle states that during advancing excavation at the face, the confinement loss
increases, leading to a simultaneous decrease in radial stresses around the tunnel. In the
explicit analysis, the confinement loss is considered as a key factor, an increment of the
numerical analysis, which describes the important relationship between the release of
support pressure at intrados of the tunnel and the effect of advancing excavation on the
tunnel working face [3,4]. There are also studies with different assumptions regarding the
effect of confinement losses around tunnels and the effect of constitutive models using
finite difference procedures on improving the accuracy of the CCM analysis [30,31].

In the analysis of CCM that is usually employed in the preliminary design of tunnel
support, based on the results of this series of studies, general engineers generally accept
and use the assumption that deep circular tunnels are excavated under isotropic stress
fields [32]. However, in reality, the in situ stress field is anisotropic and the stress ratio
(ratio of horizontal stress to vertical stress) is not equal to 1. Therefore, a way to assume the
in situ stress is a fundamental problem, and it is also an uncertainty in the simulation of the
interaction between excavation and support of tunnel surrounding ground. The problems
encountered in the case of the anisotropic stress field still need further theoretical research
and practical verification. Up to now, there have still been many studies involving the
interaction behavior between ground and support of tunnel excavation in an anisotropic
stress field [33–39]. In addition, for the assumption of the initial stress state around the deep
tunnel, whether it isotropic or anisotropic, the stress value around the tunnel will be the
same from the center of the tunnel to infinity. This shows that there is no difference in the
stress around the tunnel, and the stress value is the same everywhere in the vault, side wall,
and invert of the tunnel. In other words, the initial stress of the tunnel surrounding rock has
nothing to do with the overburden depth. However, the influencing factor of overburden
depth plays an important role in the analysis of ground behavior in tunneling. Based on
related studies on the initial isotropic stress state as a function of overburden depth, these
studies suggest improvements regarding the ground reaction of CCM in circular tunnel
excavations [40,41].

In the initial stage of the development of CCM theory, Panet (1995) [1] postulated
the important hypothesis, that is, confinement loss. This influencing factor becomes an
analytical concept of the link between the longitudinal profile and the cross-section of the
tunnel. This concept can be used in numerical simulation to convert the effect of tunnel
advancing excavation into the simulation of radial stress release of the observed section, so
as to develop the connection results of two 2D sections into a simulated mechanical behavior
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of ground reaction caused by 3D tunnel excavation. Since then, many different theories
concerning the implicit or explicit analysis have been proposed regarding the definition
and assumptions of confinement loss [42,43]. Recently, many researchers proposed a new
formula for calculating the longitudinal displacement profile or the confinement loss curve,
which considers the effect of different constitutive models on the plastic radius [23,30,31].
In addition, regarding the discussion of the influencing parameters of the confinement loss,
the effect of advancing excavation of the tunnel was studied by using the finite difference
method to improve the correctness of the theoretical analysis of CCM [29,30]. A particular
concept proposed by Panet [1,2] and Humbert et al. [29] is that confinement loss is a
function of the longitudinal displacement profile. This mathematical scalar is not only used
to apply a part of the constraint removal force around the tunnel in the cross-section, but
also to simulate the effect of advancing excavation of the tunnel working face.

To further study the influence of the third term in the above assumptions, the initial
anisotropic stress varies with the influence of the overburden depth. Therefore, this study
specifically proposes assumptions about three different boundary conditions, which are
independent of each other, to consider the influence of overburden depth on different initial
anisotropic stresses of the far field. From a theoretical point of view, rigorous steps are
taken to derive the analytical solution of the ground reaction induced by the advancing
excavation of a circular tunnel under an anisotropic stress state, and the incremental
procedure developed in this study is used to realize the computational solution of this
analytical solution. The incremental procedure named Explicit Analysis Method (EAM)
proposed in this paper includes two key points, using the value of the confinement loss as
the incremental value of the incremental step and calculating the stress/displacement of
the ground reaction under different initial stress states. This step-by-step approach can be a
technique for visually interpreting the distribution of ground reaction in tunnel excavation.
Another research focus of this paper is that the validity and usability of the incremental
procedure developed for the analytical solution can be verified by employing numerical
analysis, especially finite element analysis.

The purpose of this study is to fully and comprehensively discuss the influence
of overburden depth and stress anisotropy on the ground reaction in the Convergence–
Confinement Method, compare and verify the numerical analysis between EAM and FEM,
and illustrate the stress/displacement distribution along the overburden pressure line to
show the important influence of these two factors.

2. Coordinate Transformation and Description of Near and Far Stress Fields
2.1. Coordinate Transformation for Describing the Effect of Overburden Depth

The theory of the Convergence Confinement Method (CCM) is to assume that the
initial stress is isotropic around the deep tunnel without considering the influence of the
overburden depth; that is, the stress value around the tunnel is the same from the center
of the tunnel to infinity. In other words, this means that the stress around the tunnel
is the same on the roof, side wall, invert of the tunnel, and/or elsewhere. However, in
practice, the stresses around the tunnel present different values with the depth of the
overburden layer. Figure 1 shows the assumption of pressure around a circular tunnel in
an isotropic/anisotropic stress field. On the left side of the figure, an assumption condition
is proposed that the stress is constant with depth and isotropic (Ko = 1.0) in which the
stress does not change with depth. On the right-hand side, the real situation of overburden
pressure depends on the variation of depth in the initial anisotropic stress fields (Ko 6= 1.0).
It shows that the pressure changes depending on the depth.
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Figure 1. Schematic diagram of overburden pressure for initial isotropic/anisotropic stress around a
circular tunnel.

Therefore, it can be observed that the stress distribution around the circular tunnel
is significantly different and is indeed affected by the overburden depth. Thus, the initial
vertical stress σv and horizontal stress σh can be obtained as

σv = γ(y), (1)

σh = Koσv, (2)

where σv and σh are the vertical and horizontal stresses, γ is a ground unit weight, Ko is the
lateral stress ratio, and y represents the vertical coordinate value on the x-y two-dimensional
plane, which is also the distance below the ground surface. As shown in Figure 2, through
the conversion of the Cartesian coordinate system (x, y) to the polar coordinate system
(r, θ), a new representation of the vertical stress at a certain position around the circular
tunnel can be realized. Then, it can be expressed as the following:{

σv(r,θ)
σh(r,θ)

}
=

[
cos θ − sin θ
sin θ cos θ

]{
σv
σh

}
, (3)

or can be represented by

σv(r,θ) = γ(y) = γ(h + R− r cos θ), (4)

where σv(r,θ) and σh(r,θ) are the overburden pressure and the lateral pressure at a distance r
from the geometric center of the tunnel, h is the distance from the crown of the tunnel to
the surface of the ground, θ is the clockwise rotation angle, and R is the tunnel excavation
radius. Under normal circumstances, it is often expressed as the stress at the intrados of the
tunnel (r = R); then, the stress in the above formula can be rewritten as

σv(r=R,θ) = σv(R,θ) = γ(h + R− R cos θ) = γ[h + R(1− cos θ)], (5)

where σv(R,θ) is the vertical stress at the intrados of the tunnel after a coordinate transforma-
tion. The change in this stress value depends on its polar coordinate (R, θ) position, such
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as the crown (0◦), side wall (90◦), invert (180◦) of the tunnel, etc. Therefore, according to
considerations from different angles, this study adopts a dimensionless method called a
normalization procedure to express all stresses/displacements divided by this value.
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2.2. Changes in Stress Gradient around the Tunnel

The variation of stresses/displacements in surrounding media due to the advancing
excavation of the tunnel can be represented by the ground reaction curve (GRC). Therefore,
this study proposes that the stress change around the tunnel can be interpreted by a concept
of stress gradient that can completely describe the variation between the far-field stress
and the near-field stress around the tunnel. In numerical analysis, the concept of increment
is usually used, and the change in stress gradient can be expressed by the increment or
decrement of stress. Therefore, in this study, the value of confinement loss is applied as
the stress increment to simulate the stress change caused by tunnel excavation. This is
an important procedure of calculation in the analysis of the Convergence Confinement
Method [3,4]. The change in stress can be shown as follows.

(1) Initial in situ stresses in the far field (r → ∞): Before the tunnel is excavated, the
stratum stress is in a state of static overburden stress. Therefore, the initial anisotropic
stress in the formation can be shown in Figure 3, and its stress equation can be
expressed as

σi
r =

σv

2
[(1 + Ko) + (1− Ko) cos 2θ], (6)

σi
θ =

σv

2
[(1 + Ko)− (1− Ko) cos 2θ], (7)

where σi
θ and σi

r are the initial tangential stress and the initial radial stress, respectively.
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Figure 3. Schematic diagram of the stress change around a circular tunnel from the near-field to the
far-field stress.

(2) Final stresses or the boundary stresses at the intrados of the tunnel in the near field
(R≤ r < ∞): After the tunnel excavation is completed, the stress around the tunnel will
change. This final stress can be obtained by Kirsch’s solution, and its stress equation
can be expressed as

σ
f
R =

σv

2

[
(1 + Ko)

(
1− R2

r2

)
+ (1− Ko)

(
1− 4

R2

r2 + 3
R4

r4

)
cos 2θ

]
, (8)

σ
f
θ =

σv

2

[
(1 + Ko)

(
1 +

R2

r2

)
− (1− Ko)

(
1 + 3

R4

r4

)
cos 2θ

]
, (9)

where σ
f
θ and σ

f
r are the final tangential stress and the final radial tress around the

tunnel proximity, respectively.

The stress field around the tunnel changes due to the advancing excavation of the
tunnel. The stress gradient can be regarded as the difference between the near and far fields.
Thus, the difference in the associated stresses can be expressed as

σr = σ
f
r − σi

r =
σv
2

[
(1 + Ko)

(
1− R2

r2

)
+ (1− Ko)

(
1− 4 R2

r2 + 3 R4

r4

)
cos 2θ

]
− σv

2 [(1 + Ko) + (1− Ko) cos 2θ]
, (10)

σθ = σ
f
θ − σi

θ = σv
2

[
(1 + Ko)

(
1 + R2

r2

)
− (1− Ko)

(
1 + 3 R4

r4

)
cos 2θ

]
− σv

2 [(1 + Ko)− (1− Ko) cos 2θ]
. (11)

As mentioned above, the value of the confinement loss can be used as the increment
of stress to simulate the stress change caused by tunnel advancing excavation, and the
relevant increment of stress can be expressed as
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∆σr = λσr =
−λσv

2

[
(1 + Ko)

R2

r2 + (1− Ko)

(
4

R2

r2 − 3
R4

r4

)
cos 2θ

]
, (12)

∆σθ = λσθ =
λσv

2

[
(1 + Ko)

R2

r2 − 3(1− Ko)
R4

r4 cos 2θ

]
. (13)

Therefore, the change in the stress field caused by the advancing excavation of the
tunnel can be expressed as follows:

σr = σi
r + ∆σr, (14)

σθ = σi
θ + ∆σθ . (15)

The radial stress can be obtained by substituting Equations (6) and (12) into
Equation (14), and the tangential stress can be obtained by substituting Equations (7) and (13)
into Equation (15). Thus, the new equations can be obtained as

σr =
σv

2
[(1 + Ko) + (1− Ko) cos 2θ]− λσv

2

[
(1 + Ko)

R2

r2 + (1− Ko)

(
4

R2

r2 − 3
R4

r4

)
cos 2θ

]
, (16)

σθ =
σv

2
[(1 + Ko)− (1− Ko) cos 2θ] +

λσv

2

[
(1 + Ko)

R2

r2 − 3(1− Ko)
R4

r4 cos 2θ

]
. (17)

Alternatively, the above equations can be normalized by the radial stress at intrados
of the tunnel σ(R, θ), and substituted by k1 = 1 + Ko and k2 = (1− Ko) cos 2θ, thus

σr

σv(R,θ)
=

σv

2σv(R,θ)

[
k1

(
1− λ

R2

r2

)
+ k2

(
1− λ

(
4

R2

r2 − 3
R4

r4

))]
, (18)

σθ

σv(R,θ)
=

σv

2σv(R,θ)

[
k1

(
1 + λ

R2

r2

)
− k2

(
1 + 3λ

R4

r4

)]
. (19)

To meet the requirements of the boundary conditions in the analysis of CCM, the
above equations can be proved by the following explanation: (1) When the tunnel is not
excavated yet (λ = 0), the stresses around the tunnel are the initial stresses regarding the
effect of overburden depth, and (2) after the tunnel is completely excavated (λ = 1), the
stresses around the tunnel in the final state are the same as those proposed by Kirsch.

3. Derivation of Stress/Displacement in the Elastic and Plastic Regions
3.1. Plastic Radius and Stresses in the Plastic Region

According to the research results of Panet (1995) [1] and Lee (2018) [26], the surround-
ing stresses after a disturbance of the tunnel excavation are a function of confinement loss
at the elastic limit (λe), plastic radius (Rp), polar coordinates (r, θ), vertical stress (σv) and
parameters of the rock mass that depend on the failure criterion used. Therefore, the radial
and tangential stresses in the plastic region can be obtained as

σr =
σv

Kp − 1

{
[(k1 − k2)λe − k2]

(
r

Rp

)Kp−1
− σc

σv

}
, (20)

σθ =
σv

Kp − 1

{
[(k1 − k2)λe − k2]Kp

(
r

Rp

)Kp−1
− σc

σv

}
, (21)

or by the representation of normalization form; then,

σr

σv(R,θ)
=

σv

(Kp − 1)σv(R,θ)

{
[(k1 − k2)λe − k2]

(
r

Rp

)Kp−1
− σc

σv

}
, (22)
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σθ

σv(R,θ)
=

σv

(Kp − 1)σv(R,θ)

{
[(k1 − k2)λe − k2]Kp

(
r

Rp

)Kp−1
− σc

σv

}
, (23)

where Kp is the coefficient of passive lateral pressure, and σc is the uniaxial compression
strength (UCS) of the intact rock and can be obtained as

σc = 2c
√

Kp, (24)

Kp = tan2
(

45◦ +
ϕ

2

)
, (25)

where ϕ and c are the internal friction angle and cohesion, respectively. Moreover, the
plastic radius (Rp) and the confinement loss at the elastic limit (λe) can be obtained as

Rp

R
=

[
(k1 − k2)λe − k2

1
2
[
(Kp + 1)k1 + (Kp − 3)k2

]
λe − 1

2 (Kp − 1)(k1 + k2)λ− k2

] 1
Kp−1

, (26)

λe =

(
Kp − 1)k1 + (Kp + 1)k2 + 4 σc

σv

(Kp + 1)k1 + (Kp − 3)k2
, (27)

where Rp is the plastic radius that is a function of the confinement loss at the elastic limit
(λe), meanwhile it is also a function of the vertical stress (σv) and the strength parameters
of the ground (ϕ and c). In the CCM analysis, it can be determined that when the stress
of the surrounding rock meets the failure criterion, the continuously increasing value of
confinement loss will expand the plastic radius, which will lead to a gradual decrease in
the radial stress and tangential stress in the plastic zone.

3.2. Derivation of Displacements in the Elastic and Plastic Regions

Regarding the stress change in the surrounding rock caused by tunnel excavation and
the corresponding strain under the plane strain condition, according to the relationship
of constitutive law, the radial strain εe

r and tangential strains εe
θ in the elasticity can be

expressed as follows: {
εe

θ

εe
r

}
=

1
2G

[
1− ν −ν
−ν 1− ν

]{
∆σθ

∆σr

}
, (28)

where G is the shear modulus and ν is the Poisson’s ratio of the ground. The increment of
stresses ∆σθ and ∆σr can be obtained in Equations (12) and (13) with λ = λe and r = R, and
can be obtained as

∆σr=R =
−λeσv

2
(k1 + k2), (29)

∆σθ =
λeσv

2
(k1 − 3k2). (30)

Based on the assumption of small strain, the relationship between strain and displace-
ment in the compatibility equation can be expressed as

εr =
dur

dr
. (31)

According to the assumption of axisymmetric, the effect of tangential strain could be
neglected. Then, combining the relationship between Equation (28) of constitutive law and
compatibility Equation (31), the following expression can be obtained as

2G
dur

dr
= (1− ν)∆σr − ν∆σθ . (32)

The radial displacement in the elastic region can be obtained by integrating the above
equation, which can be expressed in normalized form as follows:
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2G
σv(R,θ)

ur

R
=

λσv

2σv(R,θ)

(
R
r

){
k1 + k2

[
4(1− v)−

(
R
r

)2
]}

. (33)

In addition, the total tangential and radial strains, εθ and εr, can be decomposed into
elastic and plastic parts as

εr = εe
r + ε

p
r , (34)

εθ = εe
θ + ε

p
θ , (35)

where the subscripts p and e represent the plastic and elastic parts, respectively. Regarding
the plastic flow rule needed to determine the displacement field in the plastic region, the
plastic strain must conform to the normality rule; this paper adopts the non-associated flow
rule and assumes the volume plastic strain, which can be obtained as follows:

ε
p
r + Kψε

p
θ = 0, (36)

where Kψ = tan2(45◦ + ψ/2) and ψ is the dilation angle of the ground. Combining
Equations (28), (34) and (36) leads to the differential equation

dur

dr
+ Kψ

ur

r
= f (r), (37)

where
f (r) = εe

r + Kψεe
θ . (38)

To substitute the equation of constitutive law (28) into the above equation, then

f (r) =
1

2G
[(Kψ − νKψ − ν)∆σθ + (1− ν− νKψ)∆σr]. (39)

According to the boundary conditions of the radial displacement in the plastic region,
the differential Equation (37) can be obtained with engineering mathematics methods
for homogeneous and particular solutions. Then, the closed-form analytical solution of
the radial displacement in the plastic region can be obtained, which is expressed in the
normalized form as follows:

2G
σv(R,θ)

ur

R
= λe

(
σv

σv(R,θ)

)( r
R

)[
C1 + C2

(
r

Rp

)Kp−1
+ C3

(
Rp

r

)Kψ+1
]

, (40)

where

C1 = − 1− 2ν

Kp − 1

[
(Kp + 1)k1 + (Kp − 3)k2

2

]
, (41)

C2 =
1 + KψKp − ν(Kp + 1)(Kψ + 1)

(Kp − 1)(Kψ + Kp)

[
(k1 − k2)−

k2

λe

]
, (42)

C3 =
(1− 2ν)

Kp − 1

[
(Kp + 1)k1 + (Kp − 3)k2

2

]
−

1 + KψKp − ν(Kp + 1)(Kψ + 1)
(Kp − 1)(Kψ + Kp)

[
(k1 − k2)−

k2

λe

]
+

[
k1 + k2(3− 4ν)

2

]
(43)

For the coefficients C1, C2, and C3 to meet the consistency conditions, these coefficients
must satisfy the requirements of the following equation during the calculation process:

C1 + C2 + C3 =
k1 + k2(3− 4ν)

2
. (44)

According to the closed-form analytical solution obtained, the radial displacements in
the plastic and elastic regions can be summarized as follows:

(1) In the plastic region (R 5 r 5 Rp), the radial displacement is obtained as
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2G
σv(R,θ)

ur=R
R

= λe

(
σv

σv(R,θ)

)[
C1 + C2

(
R
Rp

)Kp−1
+ C3

(
Rp

R

)Kψ+1
]

. (45)

(2) The radial displacement at the elastic-plastic interface (r = Rp):

2G
σv(R,θ)

ur=Rp

R
=

λeσv

2σv(R,θ)
[k1 + (3− 4ν)k2]

(
Rp

R

)
. (46)

(3) In the elastic region (Rp 5 r), the radial displacement becomes

2G
σv(R,θ)

ur

R
=

λeσv

2σv(R,θ)

(
Rp

R

)(
Rp

r

){
k1 + k2

[
4(1− v)−

(
Rp

r

)2
]}

. (47)

Finally, the above displacements can be suggested using the function ur = f (r, θ, λ)
instead of the function f (x, y, z).

4. Numerical Analysis Process and Calculation Steps
4.1. Incremental Procedure for Explicit Analysis Method

The incremental procedure with the explicit algorithm used to realize the calculation
in this paper is called the Explicit Analysis Method (EAM), which not only implements
analytical solutions and converts them into executable calculations, but also directly calcu-
lates using a simple calculation spreadsheet as shown in Figure 4. The EAM can process
the incremental steps of confinement loss to simulate the effect of advancing excavation of
the tunnel, calculate the stress/displacement of each calculation step, and draw the stress
path at the intrados of the tunnel, the ground reaction curve, and the stress/displacement
distribution on the cross-section of the tunnel as shown in Figure 5.
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The calculation steps of the Explicit Analysis Method (EAM) are described as follows:

(1) Input the following data: physical properties and mechanical parameters of materials,
geometric parameters of the analysis range, unsupported distance, and initial in
situ stress.

(2) Select a value of confinement loss λz at a certain distance z from the tunnel face
to simulate the effect of advancing excavation due to the unsupported distance of
the tunnel.

(3) Subdivide the confinement loss λz into n segments, so the incremental step ∆λ can be
expressed as

∆λ =
1
n
(1− λz). (48)

(4) Calculate the value of each incremental step λ as

λi+1 = λz
λi+1 = λi + i∆λ

i = 0
i = 1 ∼ (n− 1)

}
. (49)

(5) Superimpose each incremental step and reach the final value λn = λi+1
(6) Use Equation (27) to calculate the confinement loss at the elastic limit λz.
(7) If λi+1 < λe, it indicates that the stress state is in the elastic region. At this point, the radial

and tangential stress/displacement can be calculated using Equations (18), (19) and (33),
respectively.

(8) Else, if λi+1 ≥ λe, it indicates that that the stress state is in the plastic region. Thus,
the plastic radius Rp can be calculated using Equation (26). Thereafter, the developed
program automatically calculates the radial and tangential stresses and the radial
displacements according to Equations (22), (23) and (40), respectively.

(9) The program records the calculated data and presents them in the following stress/
displacement distribution format: (σr/σv(R,θ), r/R), (σθ/σv(R,θ), r/R), and
(2Gur/Rσ(R,θ), r/R).

(10) When i < n − 1, iterate step (4) through step (10).
(11) When i = n − 1, the process is stopped. Record the data from each step.
(12) The program will systematically draw the stress/displacement distribution of the

tunnel section as shown in Figure 5.

4.2. Numerical Analysis of Finite Element Method

To verify the validity of the results obtained by the Explicit Analysis Method (EAM)
proposed in this paper, this study attempts to use the Finite Element Method (FEM) to
compare the results of theoretical analysis and numerical calculation. The numerical
simulation and analysis of this research adopt the 2D finite element program developed
in the laboratory, and its main calculation content and steps include three main parts:
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(1) pre-processing program; (2) main calculation program; (3) post-processing program.
The calculation steps and contents are as follows:

(1) Pre-processing program: prepare calculation data, including calculation range, au-
tomatically generated 2D excavation and support meshes, calculation matrix opti-
mization, re-node numbering, input parameters according to the selected composition
mode, and define each module group, boundary conditions and the use of the initial
stress method, the number of iterative operations, and the allowable accuracy.

(2) Main calculation program: read data and related calculations, including the parame-
ters of each group of elements, the total domain coordinate value of each node, the
parameters of the constitutive law of each module, the degree of freedom of each
node, the state of force, the number of repeated operations, and the allowable accuracy
value, etc.

(3) Post-processing programs: visual interface processing and drawing output, including
the iso-value of the displacement distribution map, and total displacement, the iso-
value of the stress distribution map of principal stress and deviatoric stress, the
distribution map of stress field and displacement field, etc.

To consider the influence of the overburden depth on the initial stress, Figure 6a shows
the assumptions of three different boundary conditions, including Case I (the area above
the spring line, 0◦ < θ < 90◦), Case II (the spring line position, θ = 90◦), and Case III (the
area below the spring line, 90◦ < θ < 180◦). As for the assumptions on geometric size and
boundary condition, this study adopts a distance of 20 times the excavation radius of the
upper, lower, and right half of the tunnel center, and the bottom and both sides of the mesh
are respectively supported by rollers as the boundary limit of the analysis. The category
of meshes in finite element analysis includes three groups of elements (mass elements for
excavation, ground, and lining), 352 elements (328 six-node triangular elements T6 and
24 eight-node quadrilateral elements Q8), and 777 total nodes as shown in Figure 6b. The
input data of the calculation is shown in Table 1.
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Table 1. Input data required for calculation.

Parameter Value

Depth of tunnel crown, h (m) 94.8
In situ stress ratio, Ko 0.8, 1.0, 1.2

Unit weight, γ (MPa/m) 0.027
Tunnel excavation radius, R (m) 5.2

Poisson’s ratio, ν 0.25
Elastic modulus, E (MPa) 3000.0

Internal friction angle, ϕ (◦) 30.0
Cohesion, c (MPa) 0.1

Dilation angle, ψ (◦) 30.0

The results of the finite element analysis include the distribution of stress/displacement
in the surrounding rock of the tunnel. For example, Figure 7a shows the initial isotropic
stress distribution (Ko = 1.0) around the tunnel before it has been excavated. Figure 7b
depicts the state of the final stress distribution around the excavation of the tunnel, where
it can be observed that the radial stress is zero, while the tangential stress increases at
the intrados of the tunnel (in the near field). The principal stress rotates around the prox-
imal region of the tunnel, while the initial isotropic stress remains constant in the far
field. Figure 7c describes the distribution of the total displacement moving toward the
center of the tunnel. Figure 8 shows the simulation results after tunnel excavation under
the initial isotropic stress condition, including the iso-value distribution of major princi-
pal stress, minor principal stress, and total displacement. In addition, Figures 9 and 10
show the iso-value contour plots of the simulated results around the excavation of the
tunnel under the initial anisotropic stress condition (Ko = 0.8 and 1.2) in the finite element
analysis, respectively.
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under the initial isotropic stress condition (Ko = 1.0) in finite element analysis. (a) Major Principal
stress (MPa), (b) Minor Principal stress (MPa), and (c) total displacement (m).
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Figure 9. Iso-value contour plots of the final stress/displacement distribution around the tunnel
under the initial anisotropic stress condition (Ko = 0.8) in finite element analysis. (a) Major Principal
stress (MPa), (b) Minor Principal stress (MPa), and (c) total displacement (m).
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5. Comparison of Results Obtained by EAM and FEM

The distribution of stresses/displacements on the cross-section of a circular tunnel
excavated in an initial anisotropic stress state (Ko = 0.8 and 1.2) is investigated by the
comparison of results obtained by the Explicit Analysis Method (EAM) and the Finite
Element Method (FEM). As mentioned above, the assumptions of three different boundary
conditions are proposed to consider the influence of the overburden depth on the initial
stress. To verify the change in surrounding stress caused by tunnel excavation, for example,
in Case II (the spring line position, θ = 90◦, a distance r along the horizontal line ch, and the
initial stress that equals to γ (h + R)), five stress states can be used to describe it as follows:

(1) When the location is far from the tunnel (λ = 0 and r → ∞ ), the stresses satisfy
the initial anisotropic stress condition (such as the stresses along the ch line in
Figures 11 and 12);

(2) When the stresses are in the elastic region (0 < λ < λe, Rp < r < ∞), as the value of the
confinement loss increases, the radial stress gradually decreases (Figure 11a), while
the tangential stress (Figure 11b) and the radial displacement (Figure 11c) increase
gradually. In addition, it can be observed that both stresses are distributed along the
horizontal axis r/R and separated in a symmetrical shape (Figure 11d);

(3) When it occurs on the interface between elastic and plastic regions (λ = λe, and
r = Rp = 2.49R), the stress state shows that the radial stress begins to change the curva-

ture (Figure 12a), and the tangential stress reaches the maximum value (Figure 12b,d);
(4) When the stresses are in the plastic region (λe < λ < 1, R < r < Rp), as the value of the

confinement loss continues to increase, both the radial stress and the tangential stress
decrease sharply (Figure 12d);

(5) When it is located at the intrados of the tunnel (λ = 1.0, r = R) as the tangential stress is
just equal to the uniaxial compressive strength (UCS) of the ground, the radial stress
is completely released to zero (Figure 12d).
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Figure 12. Ground reaction around the tunnel obtained by EAM and FEM with the different incre-
mental values λ in an elastoplastic media, and the distribution of (a) radial stress, (b) tangential stress,
(c) radial displacement, and (d) tangential and radial stresses with λ = 1.0 (Case II and Ko = 0.8).
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In this case (Case II), the comparison of the results obtained by EAM and FEM shows
that Figure 13a,b represent the tangential and radial stress distributions of elastic media
and elastoplastic media under isotropic stress conditions, respectively. In addition, the
same results obtained under the anisotropic stress condition (Ko = 0.8 and 1.2) in the
elastic media and the elastoplastic media are shown in Figure 13. It can be observed that
the stress/displacement distribution along the tunnel spring line is not affected by the
overburden depth, whether under isotropic (Ko = 1.0) or anisotropic (Ko = 0.8 and 1.2)
stress conditions. This analysis result is consistent with that obtained after the original
assumption of the CCM. However, this is not the case for Case I and Case III, which are
affected by the overburden depth.
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Figure 13. Comparison of the ground reaction around a circular tunnel in Case II (θ = 90◦) between
the EAM and FEM with λ = 1.0, the distribution of tangential and radial stresses for (a) Ko = 1.0 in
the elastic media, (b) Ko = 1.0 in the elastoplastic media, (c) Ko = 0.8 in the elastic media, (d) Ko = 0.8
in the elastoplastic media, (e) Ko = 1.2 in the elastic media, and (f) Ko = 1.2 in the elastoplastic media.

Under the anisotropic stress condition (Ko = 0.8), the study of Case I (the area above
the spring line, 0◦ < θ < 90◦) supposes that the observation is along the ground surface line
while a distance r is along the vertical line af and the initial stress equals zero, σo = r · y = 0.
Figures 14 and 15, respectively, show the analysis results in the elastic region and in the
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elastoplastic region. From each figure, it can be observed that the stress/displacement
distribution around the tunnel is especially concentrated along the overburden pressure
line, and two stresses separate symmetrically along this line (dotted line in the Figures).
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Figure 14. Ground reaction around the tunnel obtained by EAM and FEM with the different incre-
mental values of λ in an elastic media, and the distribution of (a) radial stress, (b) tangential stress,
(c) radial displacement, and (d) tangential and radial stresses with λ = 1.0 (Case I, θ = 0◦, along the
ground surface line and Ko = 0.8).
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Figure 15. Ground reaction around the tunnel obtained by EAM and FEM with the different incre-
mental values λ in an elastoplastic media, and the distribution of (a) radial stress, (b) tangential stress,
(c) radial displacement, and (d) tangential and radial stresses with λ = 1.0 (Case I, θ = 0◦, along the
ground surface line and Ko = 0.8).
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In addition, in Case III (the area below the spring line, 90◦ < θ < 180◦), it supposes that a
distance r is along the vertical line ej and the initial stress equals 2γ (h + R). Figures 16 and 17
show the analysis results in the elastic region and in the elastoplastic region, respectively.
As for the expression of stress anisotropy and the influence of overburden depth, it can be
determined from (d) in Figures 14–17 that the overburden pressure line can be represented
by the distribution diagram of the radial stress line. In other words, the influence of two
factors, overburden depth and stress anisotropy, can be described by using the tunnel radial
stress distribution map.
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Figure 16. Ground reaction around the tunnel obtained by EAM and FEM with the different incre-
mental values λ in an elastic media, and the distribution of (a) radial stress, (b) tangential stress,
(c) radial displacement, and (d) tangential and radial stresses with λ = 1.0 (Case III, θ = 180◦, along
the deep line and Ko = 0.8).

From the crown of the tunnel to the ground surface (line af ), the height of the tunnel
itself (2R), and from the invert of the tunnel to the deepest part (line ej), if these three
distances are measured, that is, the distance from the ground surface to the depth of 20R.
For this consideration, Figure 18a,b show the radial stress and the tangential stress in the
elastic media, respectively. These stresses in the elastoplastic media are represented in
Figure 18c,d. The comparison results of the EAM analysis proposed in this study with the
FEM numerical analysis (shown in Figure 18) can not only present the distribution curve of
the overburden pressure, but also describe the variation of the surrounding area caused by
the tunnel advancing excavation. As shown in Figure 18d, the plastic radius values around
the tunnel are the same under the isotropic stress condition; however, under the anisotropic
stress condition, the plastic radius values are different. In addition, Figure 19a,b represent
the radial displacement distribution in the elastic and elastoplastic media, respectively.

For the effects of stress under the isotropic and the anisotropic conditions,
Figures 20 and 21 show the study of stress distribution of Case I and III. One can ob-
serve that the overburden pressure line can be represented by the distribution diagram of
the radial stress line, and the degree of change in the stress distribution is Ko = 1.2 first,
then 1.0, and finally 0.8.
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Figure 17. Ground reaction around the tunnel obtained by EAM and FEM with the different incre-
mental values λ in an elastoplastic media, and the distribution of (a) radial stress, (b) tangential stress,
(c) radial displacement, and (d) tangential and radial stresses with λ = 1.0 (Case III, θ = 180◦, along
the deep line and Ko = 0.8).
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Figure 18. Ground reaction around the tunnel obtained by EAM and FEM in Case I (θ = 0°) and Case 
III (θ = 180°) with λ = 1.0 and Ko = 0.8, and the distribution of (a) radial stress in the elastic media, 
(b) tangential stress in the elastic media, (c) radial stress in the elastoplastic media, and (d) tangential 
stress in the elastoplastic media. 

  

Figure 18. Ground reaction around the tunnel obtained by EAM and FEM in Case I (θ = 0◦) and Case
III (θ = 180◦) with λ = 1.0 and Ko = 0.8, and the distribution of (a) radial stress in the elastic media,
(b) tangential stress in the elastic media, (c) radial stress in the elastoplastic media, and (d) tangential
stress in the elastoplastic media.
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Figure 19. Ground reaction around the tunnel obtained by EAM and FEM in Case I (θ = 0°) and Case 
III (θ = 180°) with λ = 1.0 and Ko = 0.8, and the distribution of radial displacements (a) in the elastic 
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Figure 19. Ground reaction around the tunnel obtained by EAM and FEM in Case I (θ = 0◦) and Case
III (θ = 180◦) with λ = 1.0 and Ko = 0.8, and the distribution of radial displacements (a) in the elastic
media, and (b) in the elastoplastic media.
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Figure 20. Ground reaction around the tunnel obtained by EAM and FEM in Case I (θ = 0°) with λ 
= 1.0, and the distribution of tangential and radial stresses for (a) Ko = 1.0 in the elastic media, (b) Ko 
= 1.0 in the elastoplastic media, (c) Ko = 0.8 in the elastic media, (d) Ko = 0.8 in the elastoplastic media, 
(e) Ko = 1.2 in the elastic media, and (f) Ko = 1.2 in the elastoplastic media. 

  

Figure 20. Ground reaction around the tunnel obtained by EAM and FEM in Case I (θ = 0◦) with
λ = 1.0, and the distribution of tangential and radial stresses for (a) Ko = 1.0 in the elastic media,
(b) Ko = 1.0 in the elastoplastic media, (c) Ko = 0.8 in the elastic media, (d) Ko = 0.8 in the elastoplastic
media, (e) Ko = 1.2 in the elastic media, and (f) Ko = 1.2 in the elastoplastic media.
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Figure 21. Ground reaction around the tunnel obtained by EAM and FEM in Case I (θ = 180°) with 
λ = 1.0, and the distribution of tangential and radial stresses for (a) Ko = 1.0 in the elastic media, (b) 
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6. Discussion 
There are several affected and unknown variables waiting to be explored for the ef-

fect of overburden depth and stress anisotropy on the ground reaction around a circular 
tunnel. That is, the changes such as tangential stress, radial displacement, and plastic ra-
dius are considered in the elastic or elastoplastic media. 

Firstly, the variation and distribution of tangential stress at the intrados of the tunnel 
in the elastic media are shown in Figure 22a. As shown in the figure, the tangential stress 
distribution diagram under the condition of stress isotropy (Ko = 1.0) presents a circular 
state, while the distribution diagram under the condition of stress anisotropy (Ko ≠ 1.0) 
presents an upright ellipse (Ko < 1.0); for a horizontal ellipse, Ko > 1.0. In other words, 
concerning the tangential stress concentration and its increase, Ko > 1.0 means that the 

Figure 21. Ground reaction around the tunnel obtained by EAM and FEM in Case I (θ = 180◦) with
λ = 1.0, and the distribution of tangential and radial stresses for (a) Ko = 1.0 in the elastic media,
(b) Ko = 1.0 in the elastoplastic media, (c) Ko = 0.8 in the elastic media, (d) Ko = 0.8 in the elastoplastic
media, (e) Ko = 1.2 in the elastic media, and (f) Ko = 1.2 in the elastoplastic media.

6. Discussion

There are several affected and unknown variables waiting to be explored for the effect
of overburden depth and stress anisotropy on the ground reaction around a circular tunnel.
That is, the changes such as tangential stress, radial displacement, and plastic radius are
considered in the elastic or elastoplastic media.

Firstly, the variation and distribution of tangential stress at the intrados of the tunnel
in the elastic media are shown in Figure 22a. As shown in the figure, the tangential stress
distribution diagram under the condition of stress isotropy (Ko = 1.0) presents a circular
state, while the distribution diagram under the condition of stress anisotropy (Ko 6= 1.0)
presents an upright ellipse (Ko < 1.0); for a horizontal ellipse, Ko > 1.0. In other words,
concerning the tangential stress concentration and its increase, Ko > 1.0 means that the
stress concentration will occur at the crown of the tunnel, while Ko < 1.0 will occur at the
spring line.
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Figure 22. Ground reaction around the tunnel in the elastic media simulated by the EAM with λ = 1.0,
and the distribution of (a) tangential stress and (b) radial displacement.

Secondly, the distribution range of the plastic zone is shown in Figure 23a. Under the
condition of stress isotropy (Ko = 1.0), one can observe that the plastic radius increases with
the increase in the overburden depth. It can be seen from this that the overburden depth
has a significant effect on the distribution of the surrounding plastic zone caused by tunnel
excavation. The plastic radius ratio (Rp/R) from large to small is the crown (2.444), the
spring line (2.505), and the invert (2.564). The analysis results of stress anisotropy (Ko 6= 1.0)
also show that the plastic radius ratio at the invert of the tunnel is larger than that at the
crown, indicating the importance of the influence of the overburden depth.
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Finally, regarding the distribution changes in the radial displacement at the intrados
of the tunnel, Figures 22b and 23b show the analysis results of the radial displacement in
the elastic and elastoplastic media, respectively. The results obtained by elastic analysis
show that the larger radial displacement with Ko < 1.0 occurs at the crown and invert
of the tunnel, while Ko > 1.0 occurs at the spring line. The same situation occurs in the
elastoplastic analysis results, as shown in Figure 23b. In addition, it can also be determined
that the radial displacement increases gradually with the depth. The values of radial
displacement at the invert of the tunnel are always larger than those at the crown, again
showing a significant influence of the overburden depth.

7. Conclusions

Through the theoretical analysis (CCM) concerning the behavior of the tunnel exca-
vation, the derivation of the mechanical partial differential equation, the establishment
and practice of the incremental calculation (EAM), and the comparison of the numerical
analysis (FEM), the following conclusions can be drawn:

(1) The theoretical analysis and numerical calculation of the ground reaction caused by
the advancing excavation of a circular tunnel under anisotropic stress conditions
influenced by the overburden depth is investigated in this paper.

(2) It can be determined that the distribution of stress/displacement induced by tunnel
advancing excavation is not affected by the overburden depth along the tunnel spring
line in Case II, whether under isotropic or anisotropic stress conditions. In addition, it
is not the case in Cases I and III, which are affected by the overburden depth.

(3) The influence of these two factors, overburden depth and stress anisotropy, can be
described by using the distribution map of the tunnel radial stress.

(4) The comparison results of the EAM analysis proposed in this study with the FEM
numerical analysis can not only present the distribution curve of the overburden
pressure but also describe the variation of the surrounding area caused by the tunnel
advancing excavation.

(5) Due to the influence of overburden depth, the tangential stress, radial displace-
ment, and plastic zone range of the tunnel invert are much larger than those of
the tunnel crown, which cannot be considered and simulated by traditional CCM
theoretical analysis.

(6) Three assumptions of different boundary conditions that the initial anisotropic stress
varies with the influence of the overburden depth are put forward to improve the
defects that cannot be considered in the analysis of the traditional CCM.

(7) The analytical closed-form solution interpreted by the incremental procedure was
derived for considering the effect of advancing excavation of a circular tunnel in an
elastoplastic media.

(8) To use the confinement loss as an incremental step, simulation of the effect of advanc-
ing excavation of a circular tunnel is proposed and achieved by using the incremental
procedure of the EAM to realize the calculation.

(9) The results obtained by the closed-form solution explained by the incremental proce-
dure show a very consistent trend with the results of the finite element analysis.

(10) The EAM proposed in this study can deal with the influence of overburden depth
and stress anisotropy, not only as a useful tool for deep tunnel support design, but
also as a method which may be applied to shallow tunnel behavior in the next stage
of research.
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