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Abstract: Theoretical research has numerous challenges, particularly about modeling structures, un-
like experimental analysis, which explores the mechanical behavior of complex structures. Therefore,
this study suggests a new model for functionally graded shell structures called “Tri-coated FGM”
using a spatial variation of material properties to investigate the free vibration response incorporating
the porosities and microstructure-dependent effects. Two types of tri-coated FG shells are investigated,
hardcore and softcore FG shells, and five distribution patterns are proposed. A novel modified field
of displacement is proposed by reducing the number of variables from five to four by considering
the shear deformation effect. The shell is rested on a viscoelastic Winkler/Pasternak foundation. An
analytical solution based on the Galerkin approach is developed to solve the equations of motion
derived by applying the principle of Hamilton. The proposed solution is addressed to study different
boundary conditions. The current study conducts an extensive parametric analysis to investigate
the influence of several factors, including coated FG nanoshell types and distribution patterns, gra-
dient material distribution, porosities, length scale parameter (nonlocal), material scale parameter
(gradient), nanoshell geometry, and elastic foundation variation on the fundamental frequencies. The
provided results show the accuracy of the developed technique using different boundary conditions.

Keywords: coated nanoshells; vibrational behavior; modified four variable HSDT; porosity viscoelastic
foundation; nonlocal strain gradient theory

MSC: 74H45

1. Introduction

Composite materials are widely merged in various engineering fields, such as aerospace,
automobiles, civil engineering, ships, etc., mainly due to their exceptional properties, includ-
ing light weight, high strength, high modulus, excellent resistance to fatigue, corrosion, etc.
However, composites are more easily damaged and delaminated under excessive inter-
laminar stresses and also are unable to bear high temperatures. As a class of composite
materials, functionally graded materials (FGMs) overcome the limitations of traditional
composites by comprising two or more different materials with continuity variation from
surface to surface. The first FGM was developed by a Japanese scientist in 1984 [1]. The
conventional FGMs are formed from metal and ceramic, and the material properties of FGMs
are a mixture of the good thermal resistance of ceramics and the high strength and superior
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fracture toughness of metals [2]. Since 1984, many researchers have studied the mechanical
properties of FGM structures, but most publications considered the material properties
in unidirectional FGMs to vary across one direction, from the top to bottom surface [3–6].
Nevertheless, advanced structures in daily life usually are exposed to external loads in more
than one direction. To fulfill this demand, it is necessary to develop multi-directional FGMs
whose material properties change in different directions, such as the thickness direction and
in-plane direction.

Recently, multi-directional FGMs have gained huge attention from the research commu-
nity, especially regarding their mechanical behavior under vibratory increment. Lu et al. [7]
presented a semi-analytical three-directional elasticity study to investigate the deflection and
stress responses of multi-directional FGM plates. Nemat-alla [8] developed two-directional
FGMs that can reduce the stresses in machine elements under thermal load. Rad [9] es-
tablished a semi-analytical solution for static analysis of a two-directional FGM circular
plate subjected to Winkler–Pasternak elastic foundation bearing transverse and shear loads.
Additionally, a semi-analytical solution was proposed by Rad and Alibeligloo [10] to explore
the static responses of two-directional FGM circular plates subjected to an elastic foundation.
Nazari et al. [11] presented a numerical solution using the first-order shear deformation
theory (FSDT) for a geometrically nonlinear dynamic analysis of rectangular plates made of
FGM and excited by a moving load. Khakpour et al. [12] determined the natural frequency
of functionally graded porous beams. A simply supported boundary condition was pro-
vided on elastic substrate in a thermal environment using the third-order shear deformation
theory. Tornabene et al. [13] solved the problem of free vibration in sandwich shell structures
of FGMs based on developing a numerical model by varying the thickness. Shariyat and
Jafari [14] utilized finite element commercial software to study the low-velocity impact of
two-directional FGM circular plates under radial preloads. Adineh and Kadkhodayan [15]
investigated the deflection and stress responses of a three-directional FGM subjected to an
elastic foundation with different boundary conditions. Esmaeilzadeh and Kadkhodayan [16]
conducted a dynamic analysis of a two-directional FGM porous plate bearing a moving
load. A semi-analytical solution was established by Alipour et al. [17]. The effect of different
boundary conditions, material properties and foundations on the frequency responses of the
plate was studied. The free vibration of an axially graded beam was investigated by Mikola
et al. [18] using the higher order Haar wavelet method (HOHWM) for solutions of both the
governing differential equation and the approximation by varying properties of the bending
stiffness and the distributed mass per unit length. Using the same technique, Majak et al. [19]
studied the vibration behavior of nanobeams for different boundary conditions. Yas and
Moloudi [20] presented a semi-analytical solution to explore the free vibration behaviors of
multi-directional FGM annular plates with piezo-electric layers. Lieu et al. [21] investigated
static bending and dynamic responses of two-directional FGMs by using the isogeomet-
ric finite element method. The buckling and dynamic responses of two-directional FGM
circular plates bearing hydrostatic in-plane force were assessed by Lal and Ahlawat [22].
Sorrenti et al. [23] provided a review of Haar wavelet methods and developed HOHWM to
study the behavior of multilayered composite beams under static and buckling loads. The
study employed the refined zigzag theory (RZT) to formulate the corresponding governing
differential equations. Majak et al. [24] conducted a study focused on developing accurate
and cost-effective function approximation techniques for modeling FGM using HOHWM to
expand different grading functions such as exponential and power law into Haar wavelet
series. Niknam et al. [25] presented the model of architected multi-directional FGM cellu-
lar materials. Based on polyhedral finite elements, Nguyen-Ngoc et al. [26] established a
three-dimensional numerical model to explore the static bending and free vibration of multi-
directional FGM shells. Asgari and Akhlaghi [27] investigated the free vibration behaviors
of two-directional FGM hollow cylinder shells. Zafarmand et al. [28] presented the dynamic
responses of two-directional FGM cylindrical shells by using the three-dimensional graded
finite element method.
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In the literature, researchers have developed several homogenization models to de-
scribe the gradation of materials, including the power law model (P-FGM) [29], expo-
nential law model (E-FGM) [30], Sigmoid law model (S-FGM) [31], Tornabene Viola law
model [32], trigonometric model [33], Pan exponential law model [34], and cosine trigono-
metric model [35]. Among these models, the power law is the most commonly cited and
accepted in the scientific literature.

In this paper, a new functionally graded model called coated FGM is proposed to fur-
ther enrich the scientific literature. This model allows for the grading of material properties
in all directions, from all surfaces to the core. The provided method can facilitate theoretical
studies with greater flexibility for analysis, such as the modeling of gas and wind turbine
blades, as presented in Ref. [36]. The free vibration response of coated FG plates/shells
incorporating the porosities and microstructure-dependent effects is investigated in this
analysis based on a developed Galerkin approach. The proposed solution is limited only
to uniform thicknesses and opposite boundary conditions (e.g., SSSS, CCCC, CCSS). The
current study is structured as follows: Section 2 provides a detailed explanation of the
geometrical modeling and material distribution of the coated functionally graded shells.
Section 3 presents the fundamental equations governing the displacements, stress–strain
relationship, and equations of motion. Section 4 describes the analytical solution approach
based on Galerkin’s method. Section 5 includes the numerical findings and discussions.
Finally, Section 6 summarizes the most important outcomes of the study.

2. Material Distribution Functions

The dimensions of a rectangular functionally graded shell are presented in Figure 1.
The shell is made of aluminum (metal) and alumina (ceramic). Based on the rule of mixture,
the effective mechanical properties, such as Young’s modulus E, Poisson’s ratio υ, and
density ρ can be presented as [29]:

P(x, y, z) = Pm + (Pc − Pm)V(x, y, z) (1)

where V(x, y, z) represents the spatial variation in the volume fraction of the ceramic phase.
Pm and Pc represent the mechanical properties of the metal and ceramic, respectively. In
the current analysis, two types of ceramic/metal distribution are presented, hardcore (HC)
and softcore (SC) FGMs, and the power law functions in three directions are used to define
the spatial distribution of materials. Each FGM type has five schemes, FG-A, FG-B, FG-C,
FG-D and FG-E, as shown in Figure 2.
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2.1. Hardcore Coated Functionally Graded Shell (HC)

The volume fraction of the Hardcore shell is provided in the following equation:
V(z) =

[(
|2z|

h

)p
− 1
]
+ Λz

V(x) =
[(
|2x−a|

a

)k
− 1
]
+ Λx

V(y) =
[(
|2y−b|

b

)e
− 1
]
+ Λy

(2)

p, k and e are the power law indexes. The functionally graded material distribution for
various power exponents is shown in Figure 3. For the HC-coated functionally graded
shell, the total volume fraction can be given as:

V(x, y, z) = V(x)V(y)V(z) (3)
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2.2. Softcore Coated Functionally Graded Shell (SC)

The volume fraction of the Softcore shell is provided in the following equation:
V(z) =

[(
|2z|

h

)p
− 1
]
−Λz

V(x) =
[(
|2x−a|

a

)k
− 1
]
−Λx

V(y) =
[(
|2y−b|

b

)e
− 1
]
−Λy

(4)
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Additionally, the total volume fraction can be given as:

V(x, y, z) = 1−V(x)V(y)V(z) (5)

Λx, Λy and Λz are porosity functions in the x, y and z directions, respectively. Four types of
porosity distributions are suggested:

• Even distribution of porosity (Porosity I)

Λx = Λy = Λz = ζ/2 (6)

Here, ζ defines the porosity coefficient, where 0 ≤ ζ ≤ 0.2

• Uneven distribution of porosity (Porosity II)
Λz =

ζ
2

[
1− 2|z|

h

]
Λx = ζ

2

[
1− |2x−a|

a

]
Λy = ζ

2

[
1− |2y−b|

b

] (7)

• Nonlinear (1) distribution of porosity (Porosity III)
Λz =

ζ
2

[
1−

(
1 + |2z−1|

h

)p]
Λx = ζ

2

[
1−

(
|2x−a|

a

)k
]

Λy = ζ
2

[
1−

(
|2y−b|

b

)e] (8)

• Nonlinear (2) distribution of porosity (Porosity IV)
Λz =

ζ
2

[(
1 + |2z−1|

h

)p]
Λx = ζ

2

[(
|2x−a|

a

)k
]

Λy = ζ
2

[(
|2y−b|

b

)e] (9)

3. Basic Equations
3.1. Generalized Shear Deformation Shell Theory

In the literature, several shell theories were introduced, such as the classical plate
theory (CPT), the first-order shear deformation theory (TSDT), and the higher-order shear
deformation theory (HSDT). The first-order shear deformation theory was proposed to
replace the classical plate theory, in which the effect of transverse shear strain is neglected.
Thereafter, to ensure zero shear at the top and bottom surface of the proposed shell, the
higher-order shear deformation theory was generated. The displacement field based on the
generalized HSDT can be given in the following formulation [37]:

u(x, y, z, t) =
(

1 + z
Rx

)
u0 − z ∂w0

∂x + f (z)ψx

v(x, y, z, t) =
(

1 + z
Ry

)
v0 − z ∂w0

∂y + f (z)ψy

w(x, y, z, t) = w0

(10)

in which u, v and w are the displacements in the directions x, y and z, respectively. ψx and
ψy are the rotations. The shape function for the shear distribution can be given as:

f (z) = hsinh
( z

h

)
− 3z3

2h2 (11)

where g(z) = f ′(z).
For special cases, when the shell has uniform thickness and the opposite boundary

conditions must be the same (e.g., SSSS, CCCC, CCSS), the rotations ψx and ψy take the
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same values (ψx = ψy = ψ). Therefore, the field of displacement can be presented in the
following formulation:

u(x, y, z, t) =
(

1 + z
Rx

)
u0 − z ∂w0

∂x − f (z) ∂ψ
∂x

v(x, y, z, t) =
(

1 + z
Ry

)
v0 − z ∂w0

∂y − f (z) ∂ψ
∂y

w(x, y, z, t) = w0

(12)

where the total number of displacement field unknowns is reduced from five to four
unknowns. Based on the assumed modified displacement field described by Equation (12),
the strains at any generic point through the domain of the nanoshell can be expressed in
the following formulation:

εxx
εyy
γxy
γyz
γxz

 =


u0,x + w0/Rx −w0,xx ψ,xx 0 0
v0,y + w0/Ry −w0,yy ψ,yy 0 0

v0,x + u0,y −2w0,xy −2ψ,xy 0 0
0 0 0 φ,y − ψ,y 0
0 0 0 φ,x − ψ,x 0




1
z

f (z)
f ′(z)
f ′′ (z)

 (13)

Taking into account the action of the strain gradient stress and nonlocal elastic stress,
the constitutive equation of the nanoshell can be portrayed as [38]:

σij = σ
(0)
ij −

dσ
(1)
ij

dx
(14)

The stress σ
(0)
ij and the higher-order stress σ

(1)
ij are dependent on the strain εkl and the

first-order strain gradient εkl,x, and they can be written as

σ
(0)
ij =

∫ L

0
Cijklα0

(
x, x′, e0a

)
εkl
(

x′
)
dx′ (15)

σ
(1)
ij = l2

∫ L

0
Cijklα1

(
x, x′, e1a

)
εkl,x

(
x′
)
dx′ (16)

Cijkl are elastic constants, l represents the material length scale parameter, which describes
the field of the strain gradient stress. The nonlocal parameters, which describe the field
of the nonlocal elastic stress, are e0a and e1a, and α0(x, x′, e0a) and α1(x, x′, e1a) are the
nonlocal kernel functions [39]. The constitutive relation is given as:[

1− (e1a)2∇2
][

1− (e0a)2∇2
]
σij = Cijkl

[
1− (e1a)2∇2

]
εkl − Cijkl l2

[
1− (e0a)2∇2

]
∇2εkl (17)

∇2 = ∂2

∂x2 +
∂2

∂y2 describes the Laplacian operator. The nonlocal strain gradient constitutive
relations, given in Equation (12) by assuming that e = e0 = e1, can be presented as:[

1− µ∇2
]
σij = Cijkl

[
1− λ∇2

]
εkl (18)

where µ = (ea)2 and λ = l2.
The nonlocal strain gradient constitutive stress–strain relations are governed by [40,41]:


σxx − µ∇2σxx
σyy − µ∇2σyy
τyz − µ∇2τyz
τxz − µ∇2τxz
τxy − µ∇2τxy

 =


Q11 Q12 0 0 0
Q12 Q22 0 0 0

0 0 Q44 0 0
0 0 0 Q55 0
0 0 0 0 Q66




εxx − λ∇2εxx
εyy − λ∇2εyy
γyz − λ∇2γyz
γxz − λ∇2γxz
γxy − λ∇2γxy

 (19)
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where
Q11 = Q22 = E(x,y,z)

1−υ2

Q12 = υQ11

Q44 = Q55 = Q66 = E(x,y,z)
2(1+υ)

(20)

Here, ∇2 describes the Laplacian operator
(
∇2 = ∂2

∂x2 +
∂2

∂y2

)
, µ = (ea)2 and λ = l2.

Here, ea captures the nonlocal effects, while l captures the strain gradient effects.

3.2. Equations of Motion

To obtain the governing equations, the principle of Hamilton is applied, which can be
written as:

δ
∫ t1

t2

δ(U + F− T)dt = 0 (21)

The variation in the strain energy δU of the coated FG nanoshell is given as:

δU =
∫
V

[
σxxδεxx + σyyδεyy + τxyγxy + τyzγyz + τxzγxz

]
dV (22)

The variation in the kinetic energy δU of the coated FG shell at any moment is ex-
pressed as:

δT =
1
2

∫ L

0

∫
A

ρ
( .
uδ

.
u +

.
vδ

.
v +

.
wδ

.
w
)
dAdx (23)

The Viscoelastic/Winkler/Pasternak foundation is defined as an infinite set of springs,
dashpots and viscous elements connected in parallel:

δF = Fspring + Fshear + Fdamping = Kww(x, y) + Ks

(
∂2w(x, y)

∂x2 +
∂2w(x, y)

∂y2

)
+ Cd

∂w(x, y)
∂t

(24)

where Kw, Ks and Cd are spring, shear and damping parameters of the foundation,
respectively.

Inserting Equations (22)–(24) into Equation (21), the equations of motion of the coated
FG nanoshells can be obtained as follows:(
1− λ∇2)[A11

∂2u0
∂x2 + A66

∂2u0
∂y2 + (A12 + A66)

∂2v0
∂x∂y +

(
A11
Rx

+ A12
Ry

)
∂w0
∂x − B11

∂3w0
∂x3

−(B12 + 2B66)
∂3w0
∂x∂y2 − C11

∂3ψ

∂x3 − (C12 + 2C66)
∂3ψ

∂x∂y2

]
=
(
1− µ∇2)[(I0 + 2 I1

Rx
+ I3

R2
y

)
∂2u0
∂t2 −

(
I1 +

I2
Rx

)
∂3w0
∂x∂t2 −

(
I3 +

I4
Rx

)
∂2ψ

∂t2

] (25)

(
1− λ∇2)[(A12 + A66)

∂2u0
∂x∂y + A22

∂2v0
∂y2 + A66

∂2v0
∂x2 − (B12 + 2B66)

∂3w0
∂x2∂y − B22

∂3w0
∂y3

+
(

A12
Rx

+ A22
Ry

)
∂w0
∂x − (C12 + 2C66)

∂3ψ

∂x2∂y − C22
∂3ψ

∂y3

]
=
(
1− µ∇2)[(I0 + 2 I1

Ry
+ I2

R2
y

)
∂2v0
∂t2 −

(
I1 +

I2
Ry

)
∂3w0
∂y∂t2 −

(
I3 +

I4
Ry

)
∂2ψ

∂t2

] (26)

(
1− λ∇2)[B11

∂3u0
∂x3 + (B12 + 2B66)

∂3u0
∂x∂y2 −

(
A11
Rx

+ A12
Ry

)
∂u0
∂x + (B12 + 2B66)

∂3v0
∂x2∂y + B22

∂3v0
∂y3

−
(

A12
Rx

+ A22
Ry

)
∂v0
∂y +

(
2B11
Rx

+ 2B12
Ry

)
∂2w0
∂x2 − D11

∂4w0
∂x4 − (2D12 + 4D66)

∂4w0
∂x2∂y2 − D22

∂4w0
∂y4

+
(

2B12
Rx

+ 2B22
Ry

)
∂2w0
∂y2 −

(
A11
R2

x
+ 2 A12

Rx Ry
+ A22

R2
y

)
w0 − E11

∂4ψ

∂x4 − 2(E12 + 2E66)
∂4ψ

∂x2∂y2

−E22
∂4ψ

∂y4 +
(

C11
Rx

+ C12
Ry

)
∂2ψ

∂x2 +
(

C12
Rx

+ C22
Ry

)
∂2ψ

∂y2

]
=
(
1− µ∇2)[I0

∂2w0
∂t2

+
(

I1 +
I2
Rx

)
∂3u0
∂x∂t2 +

(
I1 +

I2
Ry

)
∂3v0
∂y∂t2 − I2

(
∂4w0

∂x2∂t2 +
∂4w0

∂y2∂t2

)
+ I4

(
∂3ψ

∂x∂t2 +
∂3ψ

∂y∂t2

)]
(27)
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(
1− λ∇2)


C11

∂3u
∂x3 + (C12 + 2C66)

∂3u
∂x∂y2 + (C12 + 2C66)

∂3v
∂x2∂y + C22

∂3v
∂y3 − E11

∂4w0
∂x4

−2(E12 + 2E66)
∂4w0

∂x2∂y2 − E22
∂4w0
∂x4 − F11

∂4ψ

∂x4 − 2(F12 + 2F66)
∂4ψ

∂x2∂y2

−F22
∂4ψ

∂y4 + J44
∂2ψ

∂y2 + J55
∂2ψ

∂x2 +
(

C11
Rx

+ C12
Ry

)
∂2w
∂x2 +

(
C12
Rx

+ C22
Ry

)
∂2w
∂y2


=
(
1− µ∇2)[(I3 +

I4
Rx

)(
∂3u0
∂x∂t2 +

∂3v0
∂y∂t2

)
− I4

(
∂4w0

∂x2∂t2 +
∂4w0

∂y2∂t2

)
− I5

(
∂4ψ

∂x2∂t2 +
∂4ψ

∂y2∂t2

)] (28)

The coefficients of the stiffness can be expressed as:{
Aij, Bij, Dij, Cij, Fij, Hij

}
=
∫

Qij

{
1, z, z2, f (z), z f (z), f (z)2

}
dxdydz, (i, j = 1, 2, 6)

Jii =
∫

Qii( f ′(z))2dxdydz, (i = 4, 5)
(29)

and
{I0, I1, I2, I3, I4, I5} = ρ(x, y, z)

{
1, z, z2, f (z), z f (z), (Φ(z))2

}
dxdydz (30)

4. Analytical Solution

By considering the four unknowns of displacements and examining various boundary
conditions, the Galerkin approach is employed. Galerkin expressions of displacements can
be provided as [42–44]:

u0 = ∑∞
m=1 ∑∞

n=1 Umn. ∂Xm(x)
∂x Yn(y)eiωt

v0 = ∑∞
m=1 ∑∞

n=1 Vmn.Xm(x) ∂Yn(y)
∂y eiωt

{w0, ψ} = ∑∞
m=1 ∑∞

n=1{Wmn, Ψmn,}Xm(x)Yn(y)eiωt

(31)

The arbitrary parameters are defined as Umn, Vmn, Wmn, Ψmn and Φmn. m and n are
mode numbers, and ω represents the natural frequency. The functions Xm(x) and Yn(y)
that satisfy the simply supported and/or clamped boundary conditions are represented in
Table 1 and Figure 4.

Table 1. The admissible functions Xm(x) and Yn(y) for different boundary conditions [35].

Boundary Conditions The Functions Xm and Yn

At x = 0,a At y = 0,b Xm(x) Yn(y)

SSSS Xm(0) = X′′m(0) = 0
Xm(a) = X′′m(a) = 0

Yn(0) = Y′′n (0) = 0
Yn(b) = Y′′n (b) = 0 sin(αx) sin(βy)

CCCC Xm(0) = X′m(0) = 0
Xm(a) = X′′m(a) = 0

Yn(0) = Y′′n (0) = 0
Yn(b) = Y′′n (b) = 0 sin2(αx) sin2(βy)

CCSS Xm(0) = X′m(0) = 0
Xm(a) = X′′m(a) = 0

Yn(0) = Y′n(0) = 0
Yn(b) = Y′′n (b) = 0 sin(αx)[cos(αx)− 1] sin(βy)[cos(βy)− 1]

where α = mπ/a, β = nπ/b.
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Inserting Equation (31) into Equations (25)–(28), one obtains

[K]−ω2
mn [M] = 0 (32)
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[K] and [M] are the rigidity matrix and mass matrix represented in Appendix A.

5. Results and Discussion

A rectangular FG nanoshell of thickness, length and width h × a × b, made of a
mixture of aluminum and alumina (Al/Al2O3) with the following material properties:

Aluminum Al : Em = 70 GPa, ρm = 2707 Kg/m3 υm = 0.3
Alumina Al2O3 : Ec = 380 GPa, ρc = 3800 Kg/m3 υc = 0.3

The dimensionless values of frequency and various foundation parameters are given as:

ω = 102ωh
√

ρc

Ec
(33)

Kw =
kwa2

D
, Ks =

ks

D
, Cd = cd(hDρc)

−1 (34)

where D = Ech3

12(1−v2)
.

Table 2 presents a comparative analysis aimed at validating the accuracy of the current
approach for computing the dimensionless frequencies ω̃ of simply supported square
Al/Al2O3 FG plates and doubly curved shells using the proposed specific solution. The
results demonstrate that the difference between the proposed method and the previously
published data is minimal, indicating that the proposed model is precise and effective for
analyzing the mechanical behavior of FG shells.

Table 2. Comparison of natural frequency parameter
(
ω̃ = ωh

√
ρc/Ec

)
for simply supported

Al/Al2O3 functionally graded shells (b = a = 10h).

a/Rx b/Ry p Present Ref. [45]
Error.
(%) Ref. [37]

Error.
(%) Ref. [46]

Error.
(%) Ref. [47]

Error.
(%)

0.5 0.5

0 0.0753 0.0779 0.08 0.0751 0.08 0.0762 0.08 0.0761 1.05
0.5 0.0653 0.0676 0.07 0.0657 0.07 0.0664 0.07 0.0662 1.36
1 0.0595 0.0617 0.06 0.0601 0.06 0.0607 0.06 0.0605 1.65
4 0.0496 0.0519 0.05 0.0503 0.05 0.0509 0.05 0.0506 1.98
10 0.0459 0.0482 0.05 0.0464 0.05 0.0471 0.05 0.0467 1.71

0.5 0

0 0.0622 0.0648 0.06 0.0622 0.06 0.0629 0.06 0.0628 0.96
0.5 0.0533 0.0553 0.06 0.0535 0.05 0.0540 0.05 0.0538 0.93
1 0.0482 0.0501 0.05 0.0485 0.05 0.0490 0.05 0.0488 1.23
4 0.0410 0.0430 0.04 0.0413 0.04 0.0419 0.04 0.0416 1.44
10 0.0387 0.0408 0.04 0.0390 0.04 0.0395 0.04 0.0392 1.28

0.5 −0.5

0 0.0563 0.0597 0.06 0.0563 0.06 0.0580 0.06 0.0577 2.43
0.5 0.0478 0.0506 0.05 0.0479 0.05 0.0493 0.05 0.0490 2.45
1 0.0431 0.0456 0.05 0.0432 0.04 0.0445 0.04 0.0442 2.49
4 0.0371 0.0396 0.04 0.0372 0.04 0.0385 0.04 0.0381 2.62
10 0.0354 0.0380 0.04 0.0355 0.04 0.0368 0.04 0.0364 2.75

Error =
∣∣(ŵPresent − ŵRe f

)
/ ŵRe f

∣∣× 100%.

Table 3 examines the impact of the variation in the inhomogeneity parameters p, k,
and e on the dimensionless frequency ω of coated FG spherical shells (Rx/a = Ry/b = 5).
Various schemes and types of FG coated shells are investigated. The vibrational behavior
of the same structures is analyzed in Table 4 by changing the radius of curvature.
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Table 3. Dimensionless frequency ω of coated FGM shells versus exponents p. k and e(
SSSS, Rx/a = Ry/b = 5, b = a = 10h, µ = λ = Ct = Kw = Ks = 0

)
.

p k e
Hardcore Softcore

FG-A FG-B FG-C FG-D FG-E FG-A FG-B FG-C FG-D FG-E

2

2
2 4.0055 4.9170 4.3295 4.7239 5.4687 5.8258 5.2103 5.6590 5.3289 4.5795
5 4.1749 5.2103 4.3295 4.7239 5.4687 5.7460 4.9170 5.6590 5.3289 4.5795
10 4.2468 5.3316 4.3295 4.7239 5.4687 5.7074 4.7697 5.6590 5.3289 4.5795

5
2 4.1749 5.2103 4.5382 4.7239 5.8052 5.7460 4.9170 5.5106 5.3289 3.9571
5 4.3661 5.5287 4.5382 4.7239 5.8052 5.6359 4.4867 5.5106 5.3289 3.9571
10 4.4465 5.6590 4.5382 4.7239 5.8052 5.5812 4.2608 5.5106 5.3289 3.9571

10
2 4.2468 5.3316 4.6252 4.7239 5.9414 5.7074 4.7697 5.4334 5.3289 3.6077
5 4.4465 5.6590 4.6252 4.7239 5.9414 5.5812 4.2608 5.4334 5.3289 3.6077
10 4.5300 5.7923 4.6252 4.7239 5.9414 5.5173 3.9864 5.4334 5.3289 3.6077

5

2
2 4.3796 4.9170 4.8036 5.3009 5.4687 5.6187 5.2103 5.3107 4.6802 4.5795
5 4.6032 5.2103 4.8036 5.3009 5.4687 5.4723 4.9170 5.3107 4.6802 4.5795
10 4.6969 5.3316 4.8036 5.3009 5.4687 5.4009 4.7697 5.3107 4.6802 4.5795

5
2 4.6032 5.2103 5.0692 5.3009 5.8052 5.4723 4.9170 5.0308 4.6802 3.9571
5 4.8506 5.5287 5.0692 5.3009 5.8052 5.2675 4.4867 5.0308 4.6802 3.9571
10 4.9532 5.6590 5.0692 5.3009 5.8052 5.1645 4.2608 5.0308 4.6802 3.9571

10
2 4.6969 5.3316 5.1783 5.3009 5.9414 5.4009 4.7697 4.8832 4.6802 3.6077
5 4.9532 5.6590 5.1783 5.3009 5.9414 5.1645 4.2608 4.8832 4.6802 3.6077
10 5.0590 5.7923 5.1783 5.3009 5.9414 5.0434 3.9864 4.8832 4.6802 3.6077

10

2
2 4.5963 4.9170 5.0737 5.6245 5.4687 5.4711 5.2103 5.0548 4.1843 4.5795
5 4.8489 5.2103 5.0737 5.6245 5.4687 5.2745 4.9170 5.0548 4.1843 4.5795
10 4.9542 5.3316 5.0737 5.6245 5.4687 5.1778 4.7697 5.0548 4.1843 4.5795

5
2 4.8489 5.2103 5.3690 5.6245 5.8052 5.2745 4.9170 4.6694 4.1843 3.9571
5 5.1261 5.5287 5.3690 5.6245 5.8052 4.9957 4.4867 4.6694 4.1843 3.9571
10 5.2403 5.6590 5.3690 5.6245 5.8052 4.8542 4.2608 4.6694 4.1843 3.9571

10
2 4.9542 5.3316 5.4895 5.6245 5.9414 5.1778 4.7697 4.4647 4.1843 3.6077
5 5.2403 5.6590 5.4895 5.6245 5.9414 4.8542 4.2608 4.4647 4.1843 3.6077
10 5.3577 5.7923 5.4895 5.6245 5.9414 4.6870 3.9864 4.4647 4.1843 3.6077

Table 4. Dimensionless frequency ω of coated FGM shells with various geometries
(SSSS, b = a = 10h, µ = λ = Ct = Kw = Ks = 0).

Rx
a . Ry

b
p.k.e

Hardcore Softcore

FG-A FG-B FG-C FG-D FG-E FG-A FG-B FG-C FG-D FG-E

5. 5
2 4.0055 4.9170 4.3295 4.7239 5.4687 5.8258 5.2103 5.6590 5.3289 4.5795
5 4.8506 5.5287 5.0692 5.3009 5.8052 5.2675 4.4867 5.0308 4.6802 3.9571
10 5.3577 5.7923 5.4895 5.6245 5.9414 4.6870 3.9864 4.4647 4.1843 3.6077

5. -5
2 3.7255 4.6385 4.0137 4.3656 5.1589 5.5258 4.9151 5.3862 5.1039 4.3201
5 4.5271 5.2155 4.7281 4.9411 5.4762 5.0135 4.2326 4.8028 4.4887 3.7331
10 5.0209 5.4641 5.1436 5.2692 5.6047 4.4643 3.7608 4.2620 4.0067 3.4036

5. inf
2 3.8048 4.7190 4.1029 4.4665 5.2485 5.6136 5.0005 5.4666 5.1716 4.3951
5 4.6192 5.3061 4.8251 5.0434 5.5714 5.0884 4.3061 4.8706 4.5466 3.7979
10 5.1173 5.5590 5.2426 5.3708 5.7021 4.5301 3.8260 4.3223 4.0601 3.4627

The influence of porosity types on the vibration response of coated FG spherical shells
with simply supported ends is illustrated in Table 5. The porosity coefficient is taken as 0.1,
0.2. It is seen that the porosities have a significant influence on the response.
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Table 5. Dimensionless frequency ω of porous coated FGM shells(
p = k = e = 2, SSSS, Rx/a = Ry/b = 5, b = a = 10h, µ = λ = Ct = Kw = Ks = 0

)
.

Type of Porosity ξ
Hardcore Softcore

FG-A FG-B FG-C FG-D FG-E FG-A FG-B FG-C FG-D FG-E

I
0.1 3.8451 4.7723 4.1594 4.5901 5.3592 5.7250 5.0323 5.5359 5.1857 4.4096
0.2 3.6982 4.5961 4.0124 4.4722 5.2499 5.5962 4.8241 5.3896 5.0288 4.2263

II
0.1 3.9311 4.8628 4.2688 4.6916 5.4132 5.7919 5.1247 5.6201 5.2854 4.4961
0.2 3.8589 4.7675 4.2079 4.6587 5.3563 5.7542 5.0323 5.5775 5.2373 4.4096

III
0.1 3.9207 4.8310 4.2407 4.6703 5.3944 5.7762 5.0947 5.6011 5.2637 4.4676
0.2 3.8215 4.7039 4.1521 4.6150 5.3174 5.7187 4.9666 5.5361 5.1907 4.3501

IV
0.1 3.9446 4.8990 4.2469 4.6451 5.4346 5.7808 5.1539 5.5989 5.2524 4.5242
0.2 3.8825 4.8486 4.1826 4.5842 5.4049 5.7315 5.0947 5.5349 5.1738 4.4676

Dimensionless frequency ω of simply supported coated FG nanoshells influenced by
the nonlocal and length-scale parameters is tabulated in Table 6 by considering various
distribution patterns. From this table, the stiffness of the nanoshell is affected by the length-
scale and the nonlocal parameters, where the augmentation of the nonlocal parameter µ
leads to a diminishing in the frequencies because of the reduction in the rigidity of the
nanoshell. The inverse impact is detected by the increase in the length-scale parameter
where the rigidity augments. For the hardcore shell, the highest and lowest natural fre-
quencies are obtained for FG-E and FG-A, respectively. However, the inverse observation
is noticed for the softcore arrangement.

Table 6. Dimensionless frequency ω of coated FGM nanoshells versus nonlocal and length-scale
parameters

(
SSSS, p = 2 Rx/a = Ry/b = 5, b = a = 10h, Ct = Kw = Ks = 0

)
.

µ λ
Hardcore Softcore

FG-A FG-B FG-C FG-D FG-E FG-A FG-B FG-C FG-D FG-E

0

0 4.0055 4.9170 4.3295 4.7239 5.4687 5.8258 5.2103 5.6590 5.3289 4.5795
0.5 4.2163 5.1720 4.5582 4.9744 5.7524 6.1262 5.4805 5.9496 5.6006 4.8169
1 4.4105 5.4084 4.7686 5.2044 6.0155 6.4054 5.7311 6.2202 5.8543 5.0370

1.5 4.5915 5.6300 4.9645 5.4184 6.2620 6.6677 5.9659 6.4748 6.0935 5.2434
2 4.7620 5.8395 5.1488 5.6195 6.4951 6.9161 6.1880 6.7160 6.3207 5.4384

0.5

0 3.8217 4.6912 4.1308 4.5070 5.2176 5.5582 4.9710 5.3991 5.0842 4.3693
0.5 4.0228 4.9345 4.3490 4.7460 5.4882 5.8448 5.2288 5.6763 5.3434 4.5958
1 4.2081 5.1600 4.5497 4.9654 5.7392 6.1112 5.4679 5.9345 5.5854 4.8058

1.5 4.3808 5.3714 4.7366 5.1696 5.9744 6.3614 5.6919 6.1773 5.8137 5.0026
2 4.5434 5.5713 4.9124 5.3614 6.1967 6.5983 5.9037 6.4075 6.0304 5.1887

1

0 3.6612 4.4940 3.9572 4.3175 4.9981 5.3244 4.7620 5.1720 4.8704 4.1856
0.5 3.8538 4.7270 4.1662 4.5464 5.2574 5.5989 5.0089 5.4376 5.1187 4.4026
1 4.0312 4.9430 4.3584 4.7566 5.4977 5.8541 5.2379 5.6849 5.3505 4.6037

1.5 4.1967 5.1455 4.5375 4.9522 5.7230 6.0938 5.4525 5.9175 5.5691 4.7923
2 4.3524 5.3370 4.7058 5.1359 5.9360 6.3207 5.6554 6.1379 5.7767 4.9705

1.5

0 3.5194 4.3198 3.8038 4.1501 4.8043 5.1179 4.5773 4.9714 4.6816 4.0234
0.5 3.7045 4.5437 4.0047 4.3701 5.0535 5.3817 4.8147 5.2267 4.9202 4.2319
1 3.8750 4.7514 4.1895 4.5722 5.2845 5.6270 5.0347 5.4644 5.1430 4.4253

1.5 4.0340 4.9460 4.3615 4.7601 5.5010 5.8574 5.2410 5.6879 5.3531 4.6065
2 4.1837 5.1300 4.5234 4.9367 5.7057 6.0755 5.4360 5.8998 5.5527 4.7778

2

0 3.3929 4.1644 3.6671 4.0008 4.6314 4.9337 4.4126 4.7925 4.5132 3.8787
0.5 3.5714 4.3803 3.8607 4.2129 4.8716 5.1880 4.6414 5.0386 4.7431 4.0797
1 3.7357 4.5804 4.0388 4.4077 5.0943 5.4244 4.8536 5.2677 4.9579 4.2661

1.5 3.8890 4.7680 4.2047 4.5888 5.3030 5.6465 5.0524 5.4832 5.1605 4.4408
2 4.0333 4.9453 4.3607 4.7591 5.5003 5.8568 5.2403 5.6874 5.3528 4.6059
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In Table 7, the dimensionless frequency ω of coated FG shells versus the aspect ratio
is tabulated for various boundary conditions. It is worth mentioning that the highest
frequencies are obtained for the fully clamped shells, whereas the lowest frequencies are
for the simply supported ones.

Table 7. Dimensionless frequency ω of coated FGM shells versus the aspect ratio(
Rx/a = Ry/b = 5, a = 10h, µ = λ = Ct = Kw = Ks = 0

)
.

BCs. b/a
Hardcore Softcore

FG-A FG-B FG-C FG-D FG-E FG-A FG-B FG-C FG-D FG-E

SSSS

0.5 9.1619 11.2542 9.8934 10.7837 12.5161 13.2973 11.9250 12.8725 11.9495 10.4823
1 4.0055 4.9170 4.3295 4.7239 5.4687 5.8258 5.2103 5.6590 5.3289 4.5795
2 2.5101 3.0935 2.7117 2.9573 3.4410 3.6743 3.2782 3.5761 3.3879 2.8809
3 2.1746 2.6964 2.3463 2.5557 2.9994 3.2109 2.8575 3.1304 2.9765 2.5111

CCCC

0.5 17.1757 20.5725 18.6212 20.3661 22.8825 23.9064 21.8004 22.8049 20.2667 19.1594
1 7.1130 8.6916 7.6910 8.3931 9.6678 10.2469 9.2105 9.9013 9.1508 8.0944
2 4.9556 6.0692 5.3577 5.8464 6.7512 7.1709 6.4317 6.9435 6.4631 5.6520
3 4.6526 5.7008 5.0296 5.4878 6.3415 6.7371 6.0414 6.5243 6.0743 5.3089

CSCS

0.5 16.1992 19.6201 17.5320 19.1469 21.8226 22.9562 20.7909 22.0272 19.9015 18.2729
1 6.8300 8.3911 7.3782 8.0451 9.3334 9.9241 8.8920 9.6157 8.9589 7.8147
2 4.5431 5.5965 4.9068 5.3495 6.2253 6.6350 5.9308 6.4431 6.0494 5.2118
3 4.1493 5.1173 4.4806 4.8840 5.6924 6.0707 5.4230 5.8980 5.5450 4.7655

In order to examine the vibrational behavior of the tri-coated FG shells resting on a
Winkler/Pasternak viscoelastic foundation, a parametric study is performed by varying
the various foundation parameters such as the Winkler foundation parameter Kw, the
Pasternak foundation parameters Ks and the damping coefficient Cd. Table 8 illustrates the
influence of the mentioned parameters on dimensional frequencies.

Table 8. Dimensionless frequency ω of coated FGM shells versus elastic foundation parameters(
SSSS, p = 2Rx/a = Ry/b = 5, b = a = 10h, µ = λ = 0

)
.

Cd Kw Ks
Hardcore Softcore

FG-A FG-B FG-C FG-D FG-E FG-A FG-B FG-C FG-D FG-E

0

0
0 4.0055 4.9170 4.3295 4.7239 5.4687 5.8258 5.2103 5.6590 5.3289 4.5795
50 8.4668 8.7744 8.4604 8.4517 8.8876 9.0797 8.8333 9.1046 9.1277 8.7104

100 11.2829 11.3923 11.1533 10.9789 11.3163 11.4424 11.3530 11.5649 11.7561 11.4345

50
0 4.6565 5.4340 4.9090 5.2242 5.9060 6.2333 5.6835 6.0974 5.8277 5.1512
50 8.7934 9.0742 8.7710 8.7411 9.1630 9.3463 9.1204 9.3833 9.4275 9.0240

100 11.5299 11.6247 11.3906 11.2031 11.5338 11.6551 11.5777 11.7855 11.9903 11.6751

100
0 5.2270 5.9059 5.4270 5.6806 6.3130 6.6158 6.1203 6.5064 6.2871 5.6655
50 9.1082 9.3643 9.0710 9.0212 9.4305 9.6056 9.3987 9.6540 9.7180 9.3271

100 11.7717 11.8525 11.6231 11.4230 11.7474 11.8639 11.7982 12.0021 12.2199 11.9107

10

0
2 3.5457 4.5879 3.9515 4.4283 5.216 5.5949 4.9239 5.3966 5.0016 4.1943
5 8.2596 8.5946 8.2736 8.2903 8.7345 8.9334 8.6676 8.9440 8.9409 8.5146
10 11.1290 11.255 11.0120 10.8550 11.1970 11.3270 11.2250 11.4390 11.6120 11.2860

50
2 4.2675 5.1382 4.5792 4.9586 5.6728 6.0181 5.4222 5.8548 5.5301 4.8121
5 8.5941 8.9004 8.5910 8.5852 9.0146 9.2043 8.9600 9.2276 9.2468 8.8351
10 11.3790 11.4900 11.2530 11.0820 11.4160 11.5420 11.4520 11.6620 11.8490 11.5300

100
2 4.8837 5.6350 5.1306 5.4373 6.0954 6.4135 5.8785 6.2796 6.0123 5.3591
5 8.9160 9.1961 8.8971 8.8703 9.2864 9.4675 9.2432 9.5028 9.5429 9.1445
10 11.6240 11.7200 11.488 11.3040 11.6320 11.7530 11.6750 11.8810 12.0810 11.7690
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Table 8. Cont.

Cd Kw Ks
Hardcore Softcore

FG-A FG-B FG-C FG-D FG-E FG-A FG-B FG-C FG-D FG-E

20

0
2 1.467 3.4153 2.4944 3.3904 4.3707 4.8364 3.9415 4.5186 3.8558 2.7294
5 7.6038 8.0309 7.6858 7.7860 8.2580 8.4795 8.1504 8.4440 8.3552 7.8975
10 10.652 10.8310 10.5790 10.4760 10.8290 10.9730 10.8310 11.0530 11.1680 10.8290

50
2 2.7916 4.1253 3.4026 4.0586 4.9069 5.3203 4.5489 5.0571 4.5205 3.6076
5 7.966 8.3574 8.0266 8.0993 8.5539 8.7645 8.4607 8.7439 8.6819 8.2423
10 10.913 11.075 10.829 10.71 11.0570 11.194 11.066 11.284 11.4150 11.0830

100
2 3.6652 4.7298 4.1149 4.6315 5.3900 5.7638 5.0843 5.5435 5.0993 4.3105
5 8.3124 8.6717 8.3534 8.4009 8.8398 9.0405 8.7601 9.0339 8.9967 8.5731

10 11.169 11.3140 11.0730 10.9400 11.279 11.4120 11.2970 11.5100 11.6560 11.3310

To understand more the impact of various material and geometrical parameters on
the frequencies of uni-, bi- and tri-coated FG shells using the proposed specific solution,
Figures 5–16 are plotted. Dimensionless frequencies of various schemes of FG shell in the
function of material distribution indexes p, k and e are shown in Figure 5. The inhomo-
geneity indexes are varied from 0 to 10. In the case of the hardcore FG structure, and for
all FG schemes, the augmentation in the indexes p, k and e leads to an improvement in
the shell stiffness, and, therefore, an increment in the dimensionless frequencies. For the
softcore FG structure, the inverse action of the inhomogeneity indexes p, k and e on the
shell stifnes is obtained, where the dimensionless frequencies are reduced by the increase
in the inhomogeneity indexes. The case of p = k = e = 0 means that the shell is fully
metal for the hardcore structure and fully ceramic for the softcore structure. To further
clarify, the action of exponents p and k on the dimensionless frequency of simply supported
hardcore/softcore FG-C coated shells is presented in Figure 6.

The impact of the geometric parameter “b/a” on the dimensionless frequencies of
various types of the coated shell with simply supported boundary conditions is examined
in Figure 7. Regardless of the FG coated shell types and schemes, it is seen that the increase
in the parameter “b/a” makes the FG shell softer, and this leads to a reduction in the
dimensionless frequencies.
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Figure 5. Effect of the exponents p, k and e on the dimensionless frequencies of various types of
coated shell

(
SSSS, b = a = 10h, Rx/a = 5, Ry/b = 5

)
.
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)
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Figure 7. Effect of the aspect ratio on the dimensionless frequencies of various types of coated shell(
SSSS, p = k = e = 2, a = 10h, Rx/a = 5, Ry/b = 5

)
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Figure 8. Effect of the radius of curvature on the dimensionless frequencies of FG-A coated shell
(SSSS, p = k = e = 2, b = a = 10h).
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Figure 9. Effect of porosity coefficient on the dimensionless frequencies of FG-A coated shell(
SSSS, p = k = e = 2, b = a = 10h, Rx/a = 5, Ry/b = 5

)
.
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Figure 10. Effect of porosity coefficient on the dimensionless frequencies of various types of coated
shell with softcore

(
SSSS, p = k = e = 2, b = a = 10h, Rx/a = 5, Ry/b = 5

)
.
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Figure 11. Effect of the damping coefficient on the dimensionless frequencies of FG-A coated shell(
SSSS, b = a = 10h, Rx/a = 5, Ry/b = 5, Kw = Ks = 10

)
.
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Figure 12. Effect of the damping coefficient on the dimensionless frequencies of various types of
coated shell

(
SSSS, b = a = 10h, Rx/a = 5, Ry/b = 5, Kw = Ks = 10

)
.
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Figure 13. Effect of the damping coefficient on the dimensionless frequencies of FG-A coated shell
subjected to different boundary conditions
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Figure 14. Effect of the damping coefficient on the dimensionless frequen-
cies of FG-A coated nanoshell for different length-scale and nonlocal parameters(
SSSS, b = a = 10h, Rx/a = 5, Ry/b = 5, Kw = Ks = 10

)
.
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Figure 8 illustrates the effect of the radius of curvature Rx/a and Ry/b on the di-
mensionless frequencies of FG-A tri-coated shell for a constant inhomogeneity index
p = k = e = 2. The augmentation of the radius of curvature Rx/a leads to a decrement in
the dimensionless frequencies.

To demonstrate the action of porosities on the dimensionless frequencies of simply
supported FG-A coated shells, Figure 9 is plotted. Four types of porosity distribution are
examined by changing the value of the porosity coefficient ξ from 0 (perfect shells) to 0.1. It
is clear that the frequencies are influenced by the porosity coefficient ξ, where the inclusion
of porosities leads to a reduction in the shell stiffness; therefore, the frequencies decrease.
By comparison of porosity distribution patterns, the “Porosity I” pattern has a significant
impact, whereas the least impact is noted for the “Porosity II” pattern.

Figure 10 presents the action of various pattern distributions of porosity on the dimen-
sionless frequencies of different schemes of a simply supported softcore coated spherical
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shell. Regardless of the porosity pattern distributions, it is clear that the FG-E shells are
more influenced by the coefficient of porosity than the other shell schemes.

The effect of the viscoelastic foundation on spherical hardcore/softcore FG coated
shell is investigated in detail in Figures 11–14 by varying various material and geometric pa-
rameters. Figure 11 shows the effects of the damping coefficient of the viscoelastic medium
and the material inhomogeneity parameters p, k and e on the imaginary part of the eigenfre-
quency and the real part of the eigenfrequency of a simply supported coated FG spherical
shell. The parameters of the Winkler/Pasternak foundation and the geometric parameters
are taken as Kw = Ks = 10 and b = a = 10h, respectively. As shown in this figure, the
inclusion of the damping coefficient reduces the frequencies in a continuous manner, where
the imaginary part of the eigenfrequency decreases as the damping coefficient increases.
The higher values of inhomogeneity indexes of softcore FG coated shell (or lowest indexes
of hardcore FG coated shell) lead to a smaller critical damping coefficient Cd in which the
shell stiffness degrades, and the dimensionless frequencies decrease. The imaginary part
of the eigenfrequency of the softcore shell becomes zero when the damping coefficient is
Cd
∼= 31, 36, 42 and 47 for inhomogeneity indexes p = 10, 5, 2, 0 (p = k = e), respectively.

For the hardcore FG shells, the imaginary part of the eigenfrequency becomes zero when
Cd
∼= 23.3, 25, 34.8 and 39.2 for inhomogeneity indexes p = 0, 2, 5, 10, respectively.

The effect of the damping coefficient on the dimensionless frequencies of various types
of coated shells is presented in Figure 12. It can be observed that, wherever the FG shell
scheme is, the augmentation of the damping coefficient reduces the stiffness of the shell,
and the imaginary eigenfrequencies degrade until a critical point in which the frequencies
become zero.

Figure 13 shows the action of the damping coefficient on the dimensionless frequencies
of an FG-A coated shell subjected to different boundary conditions. It is seen that the
fully clamped (CCCC) FG coated shell has larger values of imaginary frequency than the
CCSS and SSSS shells. Furthermore, there are three intersections in the real part of the
eigenfrequency for the cases of Cd

∼= 37 for the SSSS shells. Cd
∼= 55 for the CCSS and

CCCC shells. For example, in the first case of simply supported FG coated shells, the
system is under-damped when Cd ≤ 37 and is over-damped when Cd ≥ 37.

In Figure 14, the action of the damping coefficient on the dimensionless frequencies
of a hardcore FG-A coated nanoshell for different length-scale and nonlocal parameters
is plotted. It is seen that as the nonlocal parameter µ increases, the value of the critical
damping coefficient decreases. For more explanation, the rise in the nonlocal parameter
decreases the interaction force between nanoshell atoms; therefore, the nanoshell becomes
softer. On the other hand, the augmentation of the length-scale parameter λ leads to an
increment in the shell stiffness; therefore, the critical damping coefficient increases.

The dimensionless frequencies of hardcore/softcore FG-A coated shells influenced
by the Winkler/Pasternak elastic foundation are illustrated in Figure 15. The inclusion of
the foundation improves the rigidity of the shells, where the increase in the parameters Kw
and Ks lead to an augmentation in the values of the dimensionless frequency. In addition.
the hardcore FG shell is more influenced by the foundation parameters than the softcore
FG shell.

Figure 16 shows the effect of both the nonlocal parameter (µ) and the length-scale
parameter (λ) on the dimensionless frequencies of FG-A coated FG shells. It is observed
that for both the softcore and hardcore coated FG shells, the dimensionless frequencies
become larger as the nonlocal parameter (µ) decrease. This in turn means that the nonlocal
effect has a stiffness-softening effect for both the softcore and hardcore coated FG shells.
However, the dimensionless frequencies become smaller as the length-scale parameter (λ)
decreases. Clearly. the nonlocal effect has a stiffness-hardening effect for both the softcore
and hard-core coated FG shells.
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6. Conclusions

This paper focused on a new tri-coated functionally graded material (FGM) shell
rested on a viscoelastic Winkler/Pasternak foundation. The analysis examined the free
vibration response, taking into account the effects of porosities and microstructure. Two
types of tri-coated FG shells, hardcore and softcore, were studied, and five distribution
patterns were proposed. Additionally, four porosity distributions were analyzed. The
research developed an analytical solution based on the Galerkin approach to cover different
boundary conditions. Furthermore, a parametric analysis was carried out to explore
the impact of various factors on the fundamental frequencies, including the types and
distribution patterns of coated FG nanoshells, gradient material distribution, porosities,
length-scale parameter (nonlocal), material scale parameter (gradient), nanoshell geometry,
and elastic foundation variation. Finally, the study offers valuable insights into the design
of FGM shells and their performance under different conditions:

• When the inhomogeneity indexes p, k and e increase, the hardcore FG shell becomes
stiffer, while the softcore FG shell becomes less rigid.

• For any FG structure scheme, increasing the aspect ratio b/a and radius of curvature
R/a results in a decrease in dimensionless frequencies.

• Including porosities into the FG shell decreases its stiffness, causing a reduction in the
frequencies.

• The inclusion of the damping coefficient reduces the frequencies in a continuous
manner, where the imaginary part of the eigenfrequency decreases as the damping
coefficient increases.

• The inclusion of the Winkler/Pasternak foundations improves the rigidity of the shells,
where the increase in various foundation parameters leads to an augmentation in the
dimensionless frequency.
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Appendix A

Elementary stiffness matrix Kij:

K11 = A11
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K13 =
(

A11
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+ A12
Ry
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∂y Xm

∂Yn
∂y dxdy

−λ

[
a∫

0

b∫
0

∂4Xm
∂x4

∂Yn
∂y Xm

∂Yn
∂y dxdy +

a∫
0

b∫
0

∂2Xm
∂x2

∂3Yn
∂y3 Xm

∂Yn
∂y dxdy

]
)

K22 = A22

a∫
0

b∫
0

Xm
∂3Yn
∂y3 Xm

∂Yn
∂y dxdy + A66

a∫
0

b∫
0

b∫
0

∂2Xm
∂x2

∂Yn
∂y Xm

∂Yn
∂y dxdy

−λ

[
(A22 + A66)

a∫
0

b∫
0

∂2Xm
∂x2

∂3Yn
∂y3 Xm

∂Yn
∂y dxdy + A22

a∫
0

b∫
0

Xm
∂5Yn
∂y5 Xm

∂Yn
∂y dxdy

+A66

a∫
0

∂4Xm
∂x4

∂Yn
∂y Xm

∂Yn
∂y dxdy

]

K23 =
(

A12
Rx

+ A22
Ry

) (
a∫

0

b∫
0

Xm
∂Yn
∂y Xm

∂Yn
∂y dxdy

−λ

[
a∫

0

b∫
0

∂2Xm
∂x2

∂Yn
∂y Xm

∂Yn
∂y dxdy +

a∫
0

b∫
0

Xm
∂3Yn
∂y3 Xm

∂Yn
∂y dxdy

])
−B22

a∫
0

b∫
0

Xm
∂3Yn
∂y3 Xm

∂Yn
∂y dxdy− (B12 + 2B66)

a∫
0

b∫
0

∂Xm
∂x

∂2Yn
∂y2 Xm

∂Yn
∂y dxdy

−λ

[
−B22

(
a∫

0

b∫
0

∂2Xm
∂x2

∂3Yn
∂y3 Xm

∂Yn
∂y dxdy +

a∫
0

b∫
0

Xm
∂5Yn
∂y5 Xm

∂Yn
∂y dxdy

)

−(B12 + 2B66)

(
a∫

0

b∫
0

∂3Xm
∂x3

∂2Yn
∂y2 Xm

∂Yn
∂y dxdy +

a∫
0

b∫
0

∂Xm
∂x

∂4Yn
∂y4 Xm

∂Yn
∂y dxdy

)]

K24 = −C22

a∫
0

b∫
0

Xm
∂3Yn
∂y3 Xm

∂Yn
∂y dxdy− (C12 + 2C66)

a∫
0

b∫
0

∂2Xm
∂x2

∂Yn
∂y Xm

∂Yn
∂y dxdy

−λ

[
−C22

(
a∫

0

b∫
0

∂2Xm
∂x2

∂3Yn
∂y3 Xm

∂Yn
∂y dxdy +

a∫
0

b∫
0

Xm
∂5Yn
∂y5 Xm

∂Yn
∂y dxdy

)

−(C12 + 2C66)

(
a∫

0

b∫
0

∂4Xm
∂x4

∂Yn
∂y Xm

∂Yn
∂y dxdy +

a∫
0

b∫
0

∂2Xm
∂x2

∂3Yn
∂y3 Xm

∂Yn
∂y dxdy

)]
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K31 = −
(

A11
Rx

+ A12
Ry

)( a∫
0

b∫
0

∂2Xn
∂x2 YnXmYndxdy− λ

[
a∫

0

b∫
0

∂4Xn
∂x4 YnXmYndxdy +

a∫
0

b∫
0

∂2Xn
∂x2

∂2Yn
∂y2 XmYndxdy

])
+B11

a∫
0

b∫
0

∂4Xn
∂x4 YnXmYndxdy + (B12 + 2B66)

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy

−λ

[
B11

a∫
0

b∫
0

∂6Xn
∂x6 YnXmYndxdy + (B11 + B12 + 2B66)

a∫
0

b∫
0

∂4Xm
∂x4

∂2Yn
∂y2 XmYndxdy

+(B12 + 2B66)
a∫

0

b∫
0

∂2Xm
∂x2

∂4Yn
∂y4 XmYndxdy

]

K32 = −( A12
Rx

+ A22
Ry

)

(
a∫

0

b∫
0

Xm
∂2Yn
∂y2 XmYndxdy

−λ

[
a∫

0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy +

a∫
0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

])
+B22

a∫
0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy + (B12 + 2B66)

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy

−λ

[
(B22 + B12 + 2B66)

a∫
0

b∫
0

∂2Xm
∂x2

∂4Yn
∂y4 XmYndxdy

+(B12 + 2B66)
a∫

0

b∫
0

∂4Xm
∂x4

∂2Yn
∂y2 XmYndxdy + B22

a∫
0

b∫
0

Xm
∂6Yn
∂y6 XmYndxdy

]

K33 = 2
(

B11
Rx

+ B12
Ry

) (
a∫

0

b∫
0

∂2Xn
∂x2 YnXmYndxdy− λ

[
a∫

0

b∫
0

∂4Xm
∂x4 YnXmYndxdy +

a∫
0

b∫
0

∂2Xn
∂x2

∂2Yn
∂y2 XmYndxdy

⌉)

+2
(

B12
Rx

+ B22
Ry

)( a∫
0

b∫
0

Xm
∂2Yn
∂y2 XmYndxdy− λ

[
a∫

0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy +

a∫
0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

])

−
(

A11
R2

x
+ 2 A12

Rx Ry
+ A22

R2
y

)( a∫
0

b∫
0

XmYnXmYndxdy− λ

[
a∫

0

b∫
0

∂2Xm
∂x2 YnXmYndxdy +

a∫
0

b∫
0

Xm
∂2Yn
∂y2 XmYndxdy

])

−D11

a∫
0

b∫
0

∂4Xm
∂x4 YnXmYndxdy− D22

(
a∫

0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

)
− 2(D12 + 2D66)

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy

−λ

⌈
−D11

a∫
0

b∫
0

∂6Xm
∂x6 YnXmYndxdy− D22

a∫
0

b∫
0

Xm
∂6Yn
∂y6 XmYndxdy

−(D11 + 2D12 + 4D66)
a∫

0

b∫
0

∂4Xm
∂x4

∂2Yn
∂y2 XmYndxdy− (D22 + 2D12 + 4D66)

a∫
0

b∫
0

∂2Xm
∂x2

∂4Yn
∂y4 XmYndxdy

]

K34 = −(C11
Rx

+ C12
Ry

)

(
a∫

0

b∫
0

∂2Xn
∂x2 YnXmYndxdy− λ

[
a∫

0

b∫
0

∂4Xm
∂x4 YnXmYndxdy +

a∫
0

b∫
0

∂2Xn
∂x2

∂2Yn
∂y2 XmYndxdy

])

−
(

C12
Rx

+ C22
Ry

)( a∫
0

b∫
0

Xm
∂2Yn
∂y2 XmYndxdy

−λ

[
a∫

0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy +

a∫
0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

])
− E11

a∫
0

b∫
0

∂4Xm
∂x4 YnXmYndxdy

−E22

(
a∫

0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

)
− 2(E12 + 2E66)

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy

−λ

[
−E11

a∫
0

b∫
0

∂6Xm
∂x6 YnXmYndxdy− E22

a∫
0

b∫
0

Xm
∂6Yn
∂y6 XmYndxdy

−(E11 + 2E12 + 4E66)
a∫

0

b∫
0

∂4Xm
∂x4

∂2Yn
∂y2 XmYndxdy

−(E22 + 2E12 + 4E66)
a∫

0

b∫
0

∂2Xm
∂x2

∂4Yn
∂y4 XmYndxdy

]
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K41 = C11

a∫
0

b∫
0

∂4Xm
∂x4 YnXmYndxdy + (C12 + 2C66)

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy

−λ

[
C11

a∫
0

b∫
0

∂6Xm
∂x6 YnXmYndxdy + (C12 + 2C66)

a∫
0

b∫
0

∂2Xm
∂x2

∂4Yn
∂y4 XmYndxdy

+(C11 + C12 + 2C66)

(
a∫

0

b∫
0

∂4Xm
∂x4

∂2Yn
∂y2 XmYndxdy

)]

K42 = C22

a∫
0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy + (C12 + 2C66)

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy

−λ

[
C22

a∫
0

b∫
0

Xm
∂6Yn
∂y6 XmYndxdy

+(C12 + 2C66)
a∫

0

b∫
0

∂4Xm
∂x4

∂2Yn
∂y2 XmYndxdy(C22 + C12 + 2C66)

a∫
0

b∫
0

∂2Xm
∂x2

∂4Yn
∂y4 XmYndxdy

]

K43 = −(C11
Rx

+ C12
Ry

)

(
a∫

0

b∫
0

∂Xm
∂x Yn

∂Xm
∂x Yndxdy− λ

[
a∫

0

b∫
0

∂3Xm
∂x3 Yn

∂Xm
∂x Yndxdy +

a∫
0

b∫
0

∂Xm
∂x

∂2Yn
∂y2

∂Xm
∂x Yndxdy

])

−
(

C12
Rx

+ C22
Ry

)( a∫
0

b∫
0

Xm
∂Yn
∂y Xm

∂Yn
∂y dxdy

−λ

[
a∫

0

b∫
0

∂2Xm
∂x2

∂Yn
∂y Xm

∂Yn
∂y dxdy +

a∫
0

b∫
0

Xm
∂3Yn
∂y3 Xm

∂Yn
∂y dxdy

])
− E11

a∫
0

b∫
0

∂4Xm
∂x4 YnXmYndxdy

−E22

(
a∫

0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

)
− 2(E12 + 2E66)

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy

−λ

[
−E11

a∫
0

b∫
0

∂6Xm
∂x6 YnXmYndxdy− E22

a∫
0

b∫
0

Xm
∂6Yn
∂y6 XmYndxdy

−(E11 + 2E12 + 4E66)
a∫

0

b∫
0

∂4Xm
∂x4

∂2Yn
∂y2 XmYndxdy

−(E22 + 2E12 + 4E66)
a∫

0

b∫
0

∂2Xm
∂x2

∂4Yn
∂y4 XmYndxdy

]

K44 = −F11

a∫
0

b∫
0

∂4Xm
∂x4 YnXmYndxdy− F22

(
a∫

0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

)
− 2(F12 + 2F66)

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy

+J44

a∫
0

b∫
0

Xm
∂2Yn
∂y2 XmYndxdy + J55

a∫
0

b∫
0

∂2Xm
∂x2 YnXmYndxdy

−λ

[
−F11

a∫
0

b∫
0

∂6Xm
∂x6 YnXmYndxdy− F22

a∫
0

b∫
0

Xm
∂6Yn
∂y6 XmYndxdy

−(F11 + 2F12 + 4F66)
a∫

0

b∫
0

∂4Xm
∂x4

∂2Yn
∂y2 XmYndxdy− (F22 + 2F12 + 4F66)

a∫
0

b∫
0

∂2Xm
∂x2

∂4Yn
∂y4 XmYndxdy

+J44

a∫
0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy + J55

a∫
0

b∫
0

∂4Xm
∂x4 YnXmYndxdy

+(J44 + J55)
a∫

0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XnYndxdy

]
Elementary mass matrix Mij:

M11 =

(
I0 + 2

I1
Rx

+
I3

Ry2

) a∫
0

b∫
0

∂Xm

∂x
Yn

∂Xm

∂x
Yndxdy− µ

 a∫
0

b∫
0

∂3Xm

∂x3 Yn
∂Xm

∂x
Yndxdy +

a∫
0

b∫
0

∂Xm

∂x
∂2Yn

∂y2
∂Xm

∂x
Yndxdy



M13 = −
(

I1 +
I2
Rx

) a∫
0

b∫
0

∂Xm

∂x
Yn

∂Xm

∂x
Yndxdy− µ

 a∫
0

b∫
0

∂3Xm

∂x3 Yn
∂Xm

∂x
Yndxdy +

a∫
0

b∫
0

∂Xm

∂x
∂2Yn

∂y2
∂Xm

∂x
Yndxdy



M14 =

(
I3 +

I4
Rx

) a∫
0

b∫
0

∂Xm

∂x
Yn

∂Xm

∂x
Yndxdy− µ

 a∫
0

b∫
0

∂3Xm

∂x3 Yn
∂Xm

∂x
Yndxdy +

a∫
0

b∫
0

∂Xm

∂x
∂2Yn

∂y2
∂Xm

∂x
Yndxdy
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M22 =

(
I0 + 2

I1
Ry

+
I2

Ry2

) a∫
0

b∫
0

Xm
∂Yn

∂y
Xm

∂Yn

∂y
dxdy− µ

 a∫
0

b∫
0

∂2Xm

∂x2
∂Yn

∂y
Xm

∂Yn

∂y
dxdy +

a∫
0

b∫
0

Xm
∂3Yn

∂y3 Xm
∂Yn

∂y
dxdy


M23 = −

(
I1 +

I2
Ry

) a∫
0

b∫
0

Xm
∂Yn

∂y
Xm

∂Yn

∂y
dxdy− µ

 a∫
0

b∫
0

∂2Xm

∂x2
∂Yn

∂y
Xm

∂Yn

∂y
dxdy +

a∫
0

b∫
0

Xm
∂3Yn

∂y3 Xm
∂Yn

∂y
dxdy


M24 = −

(
I3 +

I4
Ry

) a∫
0

b∫
0

Xm
∂Yn

∂y
Xm

∂Yn

∂y
dxdy− µ

 a∫
0

b∫
0

∂2Xm

∂x2
∂Yn

∂y
Xm

∂Yn

∂y
dxdy +

a∫
0

b∫
0

Xm
∂3Yn

∂y3 Xm
∂Yn

∂y
dxdy


M31 =

(
I1 +

I2
Rx

) a∫
0

b∫
0

∂2Xm

∂x2 YnXmYndxdy− µ

 a∫
0

b∫
0

∂4Xm

∂x4 YnXmYndxdy +

a∫
0

b∫
0

∂2Xm

∂x2
∂2Yn

∂y2 XmYndxdy


M32 =

(
I1 +

I2
Ry

)
I1

 a∫
0

b∫
0

Xm
∂2Yn

∂y2 XmYndxdy− µ

 a∫
0

b∫
0

∂2Xm

∂x2
∂2Yn

∂y2 XmYndxdy +

a∫
0

b∫
0

Xm
∂4Yn

∂y4 XmYndxdy


M33 = I0

[
a∫

0

b∫
0

Xm YnXmYndxdy− µ

(
a∫

0

b∫
0

∂2Xm
∂x2 YnXmYndxdy +

a∫
0

b∫
0

Xm
∂2Yn
∂y2 XmYndxdy

)]

−I2

[
a∫

0

b∫
0

∂2Xm
∂x2 YnXmYndxdy +

a∫
0

b∫
0

Xm
∂2Yn
∂y2 XmYndxdy

−µ

(
a∫

0

b∫
0

∂4Xm
∂x4 YnXmYndxdy + 2

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy +

a∫
0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

)]

M34 = −I4

[
a∫

0

b∫
0

∂2Xm
∂x2 YnXmYndxdy +

a∫
0

b∫
0

Xm
∂2Yn
∂y2 XmYndxdy

−µ

(
a∫

0

b∫
0

∂4Xm
∂x4 YnXmYndxdy + 2

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy +

a∫
0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

)]

M41 =

(
I3 +

I4
Rx

) a∫
0

b∫
0

∂2Xm

∂x2 YnXmYndxdy− µ

 a∫
0

b∫
0

∂4Xm

∂x4 YnXmYndxdy +

a∫
0

b∫
0

∂2Xm

∂x2
∂2Yn

∂y2 XmYndxdy


M42 =

(
I3 +

I4
Ry

) a∫
0

b∫
0

∂2Xm

∂x2 YnXmYndxdy− µ

 a∫
0

b∫
0

∂2Xm

∂x2
∂2Yn

∂y2 XmYndxdy +

a∫
0

b∫
0

Xm
∂4Yn

∂y4 XmYndxdy


M43 = −I4

[
a∫

0

b∫
0

∂2Xm
∂x2 YnXmYndxdy +

a∫
0

b∫
0

Xm
∂2Yn
∂y2 XmYndxdy

−µ

(
a∫

0

b∫
0

∂4Xm
∂x4 YnXmYndxdy + 2

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy +

a∫
0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

)]

M44 = −I5

[
a∫

0

b∫
0

∂2Xm
∂x2 YnXmYndxdy +

a∫
0

b∫
0

Xm
∂2Yn
∂y2 XmYndxdy

−µ

(
a∫

0

b∫
0

∂4Xm
∂x4 YnXmYndxdy + 2

a∫
0

b∫
0

∂2Xm
∂x2

∂2Yn
∂y2 XmYndxdy +

a∫
0

b∫
0

Xm
∂4Yn
∂y4 XmYndxdy

)]

M12 = M21 = 0
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