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1. Introduction

In traditional studies, many researchers have investigated ruin probability problems of
insurers under unidimensional models. For example, ref. [1] studied ruin probability prob-
lems with constant interest force. Other studies about these problems can be found in [2-5].
An assumption behind these models is that the insured businesses homogeneous and can
be described by a unidimensional model; however, this assumption is too strong. Thus,
bidimensional or multidimensional insurance risk models have received growing interest in
recent years, such as [6-8]. Various assumptions have been considered regarding the claim
arrival process and the distribution of claim amounts; see, e.g., [9-12]. Ref. [13] considered
finite-time ruin probabilities for nonstandard bidimensional renewal risk models with
constant interest forces and diffusion generated by Brownian motions; they assumed that
the two Brownian motions {Bj(t),t > 0} and {B,(t),t > 0} are mutually independent.
Similar results were obtained by [14], although they considered dependent subexponential
claims. More papers can be found in [15,16], and the references therein. In this paper, we
consider uniform asymptotics for the finite-time ruin probabilities for several bidimensional
risks models with constant interest force and correlated Brownian motions, meaning that
the businesses of the insurer have a relationship with each other. We introduce risk models
and different types of ruin times with corresponding ruin probabilities as follows.

The bidimensional risk model U(t) = (U;(t), Ua(t))" is the surplus vector of an
insurance company at time ¢ > 0; in this paper, we state this formally as

t t ot
U;(t) = e +/O e"=5)dC; (s) —/0 e"t=9)ds;(s) +Ui/0 e t=9)dB;(s), t >0, (1)

where i = (u7,u;)7 stands for the initial surplus vector and C(t) = (Cy(t),C2(t))7 for
the total premiums received up to time t; here, {Cy(t),t > 0}, {Cx(t),t > 0} are mu-
tually independent. Moreover, r > 0 stands for the interest rate and (S;i(t),Sx2(t)) =
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(Z:ll-ill(t) Xy, Zfizl(t) Xj;) for the total amount of claims vector up to time ¢t. Here, X =
(X1, Xi)%,i = 1,2, -+ denote pairs of claims with arrival times that constitute a count-
ing process vector {N(t),t > 0}, where N(t) = (Ni(t), No(t)), while {N;(t),t > 0},
{N;(t),t > 0} are mutually independent. The process {N;(t),t > 0} is a Poisson pro-
cess with intensity A; > 0, and {X;,i = 1,2,---} is a sequence of independent copies
of the random pair X = (Xj, X5)7 with the joint distribution function F(x1,x;) and the
marginal distribution functions Fy (x;) and F»(x;). For all vectors, the X;s and C consist of
only non-negative components C(0) = (0,0)7. Moreover, each C;(t) is a non-decreasing
and right-continuous stochastic process. The vector B(t) = (By(t), Bo(t))T denotes a stan-
dard bidimensional Brownian motion with a constant correlation coefficient p € [—1,1],
while o7 > 0 and 0» > 0 are constants. For simplicity, we assume that {X},i =12}
{N(t),t > 0} and {C(t),t > 0} are independent and that both of them are independent
of {B(t),t > 0}. To avoid the certainty of ruin in each class, we assume that the following
safety loading conditions hold when r = 0:

ECi(t) — MEX;; >0,i=1,2.

In this paper, we consider the following four types of ruin probabilities. For a finite
horizon T > 0, we define

lpmax(ﬁ/ T) - P(Tmax < T|EI(O) - ﬁ)/ (2)
where
Tmax = inf{t > 0| max{U; (t), Uz(¢t)} < 0};
¢min(ﬁr T) = P(Tmin < T|l_j(0) = ﬁ)r (3)
where
Tiin = inf{t > 0| min{U; (¢), Up(¢)} < 0};
and
Psum (i, T) = P(Tsum < T|U(0) = i), (4)
where

Toum = inf{t > 0|U; (t) + Ua(t) < 0};

Pand (i1, T) = P(Tang < T|U(0) = i), (5)

where T,,q = max{Ty, T»} and
T; = inf{t > 0|U;(t) < Oforsome0 <t <T),i=1,2,

with inf @ = oo by convention.

We remark that the probability in (2) denotes the probability of ruin occurring when
both U; (t) and Uy (t) are below zero at the same time within finite time T > 0, the proba-
bility in (3) denotes the probability of ruin occurring when at least one of {U;(t),i = 1,2}
is below zero within finite time T > 0, the probability in (4) denotes the probability of ruin
occurring when the total of U;(t) and U,(t) is negativ within finite time T > 0, and the
probability in (5) denotes the probability of ruin occurring when both U (t) and U, (t) are
below zero, not necessarily simultaneously, within a finite time T > 0. T,,4 represents a
more critical time than Tinax, and the ruin probability defined by Tsum is reduced to that
in the unidimensional model. The following relation between the four ruin probabilities
defined above holds:

l/)max(ﬁ/ T) S lpand(ﬁ/ T) S l/)min(ﬁ/ T)/ lpsum(ﬁ/ T) S l/}min(ﬁ/ T)/
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and
PYmin(#, T) + Yana (i, T) = P(Ty < T|U1(0) = uy) + P(Tp < T|Uz(0) = up). (6)

The rest of this paper is organized as follows. In Section 2 we review the related results
after briefly introducing preliminaries about heavy-tailed distributions, in Section 3 we
provide several important definitions and lemmas, and the main results and the proof
procedure are presented in Section 4.

2. Review of Related Results

Unless otherwise stated herein, all limit relations are for (u1,u;) — (00, 00). We denote
a Sbanda 2 biflimsupa/b < 1and limsupa/b > 1, respectively, and a ~ b if both,
where, a(-,-) and b(+, -) are two positive functions. Let F; * - - - % F, be the convolution of
the distributions Fj, - - - , F, and let F*" denote the n-fold convolution of a distribution F.

In this section, we review definitions and properties that are relevant to the results of
this paper, considering only the case of the distribution of heavy-tail claims. An r.v. X or
its d.f. F(x) = 1 — F(x) satisfying F(x) > 0 for all x € (—o0,0) is called heavy-tailed to
the right, or simply heavy-tailed, if E[¢7X] = oo for all 7 > 0. In the following, we recall
several important classes of heavy-tailed distributions.

F is a long tailed distribution, written as F € £, if lim Flx—t)
x—oo F(x)

Note that the convergence is uniform over t in compact intervals. If lijn F;%S) = n holds
X—00

(n =2,3,---), then F is a subexponential distribution on (0, o), written as F € S. For

some 0 < t < 1, if lim sup G

F(x)
X—r00
distribution, written as F € D. We call F a consistently varying tailed distribution, written

asFe(C,if

= 1 holds for some t > 0.

< oo holds, F is said to have a dominatedly varying tailed

lim lim inf li(tx) =1, orequivalently if limlimsup li(tx) =1
t|1 x—o0 F(x) Bl 1ooo F(x)

holds. A distribution F is extended regularly-varying tailed, written as F € ERV(—a, —B)

forsome 0 < a < B < oo, ifs P < liminf@
x—oo  F(x)

< limsup E(sx) < s % holds fors > 1.

x0T
It is obvious that the following formula holds:

ERV(—a,—B)CcCCDNLCSCL.

There are many other references to heavy-tailed distributions; readers may refer
to [17-22] among others.

The asymptotic behavior of the finite-time ruin probability of bidimensional or multi-
dimensional risk models has previously been investigated by [23]. They proved that under
the conditions Fi, F, € S, N1 () = N;(t), and 07 = 03 = 0, it is the case that 7 > 0 and the
claim vector X consist of independent components

M) T, 7 Bl
Uy y u

Pmax (il; T) ~ ) Tdy, as (uy,up) — (00,00).
2
Under the conditions Fi, F, € S, r = 0, and Nj(t) = Ny(t), it is the case that C;(-) are
deterministic linear functions, and both the claim vector X and the bidimensional Brownian
motion B consist of independent components. Li et al. [12] found that for each fixed time
T>0,
Pmax (i T) ~ AT(1 4+ AT)Fy (u1)Fa(uz), as (uq,uz) — (00,00).

Chen et al. [11] investigated the uniform asymptotics of ,nq (i, T) and Pmin (i, T) for
an ordinary renewal risk model with the claim amounts belonging to the consistently vary-
ing tailed distributions class for large T. Zhang and Wang [24] considered model (1) with
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r = 0 and assumed that all sources of randomness, { Xy, k =1,2,--- }, {Xor, k=1,2,--- },
{N;y(t) = Nao(t),t > 0}, {B1(t),t > 0} and {By(t),t > 0} are mutually independent. They
obtained that if F;, F, € EVR(—a, —p) for some 0 < o < B < oo, then, for each fixed time
T >0,

Pmax(i; T) ~ AT(1 4+ AT)Fy (ug)Fa(uz), as (uq,uz) — (00,00).

The analogous result for multidimensional risk models can be found in Asmussen and
Albrecher [17].

3. Some Lemmas

Before providing the main results, we first provide several lemmas.
Lemmal. IfF € S, then for each € > 0 there exists some constant C¢ > 0 such that the inequality
F(x) < Ce(1+¢)"F(x)
holds foralln =1,2,--- and x > 0.
Proof. See Lemma 1.3.5 of Embrechts et al. [25]. O

Lemma 2. Let Gy and Gj be two distribution functions. If G; € 8 and Gy(x) = 0(Gy(x)), then
we have Gy * Go(x) ~ Gy(x) as x — oo.

Proof. See Proposition 1 of Embrechts et al. [25]. O
Lemma 3. Consider a unidimensional risk model
Ui(t) = u;j + Ci(t) — Si(t) + oBj(t), t > 0,i =1,2. (7)
If F; € S, then the ruin probability with finite-horizon T satisfies
¢i(u; T) = P(U;(t) < 0 for some t < T|U;(0) = u;) ~ ATF;(u;), u; — oo.

Proof. Clearly, on the one hand,
Yi(ui; T) > P(Si(T) > u; + Ci(T) +0; sup By(t))

0<t<T
_ /Ooo P(Si(T) > u; + Ci(T) + 0;2)dP( sup B;(t)) < z)
0<t<T
B P(Si(T) > u; + I; + 0;2)
- ) [ e AP Bi() <2)
% dP(C;(T) < 1)
~ P(Si(T) > uy), ®)

where we have used the fact that P(S;(T) > u; +1; + 0;z) < P(S;(T) > u;) and the
dominated convergence theorem.

On the other hand,
Pi(ui; T) < P(Si(T)+o0; sup (—B;(t)) > u;)
0<t<T
~ P(S5{(T) > u;), )

where we have used Lemma 2 and the fact that

P(c; OiltlgT(*Bi(t)) > u;) = o(P(S;(T) > u;)).
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Per Lemma 1 and dominated convergence theorem, we have
JR— sl J—
P(S(T) > u;) ~ Fi(u;) Y, nP(N(T) = n) = ATF;(u;), as u; — co.
n=1

The result follows from (8) and (9). O

Lemma 4. Consider a unidimensional risk model
t t t
U;(t) = ue’ + / e"t=5)C;(ds) — / e"(t9)ds;(s) + (Ti/ e’ t=9)dB;(s), t > 0,i =1,2.
Jo 0 0

If F; € S, then the ruin probability with finite-horizon T satisfies
A / ue F(y)
Yy

1pl-(ui; T) = P(Ul(t) < 0 for some t < T|LIZ(0) = l/ll') ~ ;

dy, u; — 0.

Ui

Proof. By simply modifying the proof of Lemma 3, we have

N(T) T
l/Ji(ul‘; T) ~ P< Z Xi]'e_”f > ui> ~ )\/ P(Xpe ™™ > u;)dz, uj — oo,
=1 0

where in the last step we use (28) from [26]. Here, 7; are the arrival times of the Poisson
process N(t). In fact,

z:;logui,
and we have that . . .
B R N R D
dz—d(rlogui) Fy uidy rydy

Then,
ue'T T

A / Fi) g,
u

T
A./o P(Xy > uje’*)dz = L "

Upon a trivial substitution, the required result is implied. O

Definition 1.
(i) Two processes { X1 (t);t > 0} and {Xp(t);t > 0} are said to be positively associated if

Cov(f(Xq(t1), Xa(t2)),g(X1(t1), X2(t2))|X1(0) = x1, X2(0) = x2) >0

for all non-decreasing real valued functions f and g such that covariance exists, all t1,ty > 0,
and all x1,x, € R.
(ii) Two processes {X1(t);t > 0} and {Xa(t); t > 0} are said to be negatively associated if

Cov(f(X1(t1)),8(X2(t2))X1(0) = x1, X2(0) = x2) <0,

for all non-decreasing real valued functions f and g such that covariance exists, all t1,t, > 0,
and all x1,x, € R.

Definition 2. Two processes {Xi(t);t > 0} and {X,(t);t > 0} are said to be positively (nega-
tively) quadrant-dependent if

P(Xl(tl) > ]/1/X2(t2) > y2|X1(0) = X1, Xz(O) = xz)
> (S)P(Xa(t1) > y1]X1(0) = x1)P(Xa(t2) > y2|X2(0) = x2) (10)

forall t1,ty > 0 and for all y1,y2,x1,x2 € R.
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It is well known (cf. Ebrahimi [27]) that (X1 (t), X2 (t)) being positively (negatively) associated
implies that X1 (t) and X, (t) are positively (negatively) quadrant-dependent.

Let B(t) = (B1(t), By(t))T be a standard bidimensional Brownian motion with constant correlation
coefficient p € (—1,1). For notional convenience, for t > 0 we write B;(t) = info<s<; B;(s), Bi(t) =
SUpg«<; Bi(s), i = 1,2. 1t is well known that P(B;(t) < —x) = P(B;(t) > x) = 2P(B;(t) > x)
for x > 0. The following lemma is essential to proving our main results. Moreover, it is of
independent interest.

Lemma 5. Forany x; > 0,x2 > 0,ifp € [0,1), then
P(By(t) > x1,Ba(t) > x2) > P(By(t) > x1)P(Ba(t) > x2), (11)

and
P(By(t) < —x1,By(t) < —x2) > P(By(t) < —x1)P(By(t) < —x2); (12)

Ifp € (—1,0], then

P(By(t) > x1,Ba(t) > x2) < P(By(t) > x1)P(Ba(t) > x2), (13)

and
P(B;(t) < —x1,By(t) < —x2) < P(By(t) < —x1)P(By(t) < —x2). (14)

Proof. For any t1,t, > 0, we have Cov(By(t1), Ba(t2)) = pmin{ty, 5 }. It follows from the
Theorem in Pitt [28] that p > 0 is necessary and sufficient for (B (t), Bo(t))" to be positively
associated, as (Bj(t1), Bo(t2))" is bivariate normal, which implies that (Bj (t), Bo(t))T is pos-
itively quadrant-dependent. Thus, (11) holds. To prove (12), we use (11) and the facts that
— supy,; Bi(s) = info<s<¢(—B;i(s)) and (—By(t), —By(t))" is a standard bidimensional
Brownian motion with correlation coefficient p. Inequalities (13) and (14) can be proved
similarly. This completes the proof.

For r > 0, consider a bidimensional Gaussian process (fot e "dBq(s), fot e "dBy(s))",
where B(t) = (By(t), Ba(t))" is a standard bidimensional Brownian motion with constant
correlation coefficient p € (—1,1). For t > 0, we can write

S S
A;(t) = inf “aBy (1), Di(t) = “dBy(1), i =1,2.
A(t) ot | e 1(1), Ai(t) 08;}; e 2(1), i=1,

The following lemma is an extension of Lemma 5. [J
Lemma 6. Forany x; > 0,x2 > 0,ifp € [0,1), then
P(@(1) > x1,Ba(t) > 12) > P(By(£) > x1) P(Balt) > 12),

and
P(Ay(t) < —x1,89(t) < —x2) = P(A1(F) < —x1)P(By(t) < —x2);

Ifp € (—1,0], then
P(Zl(t) > xl,Kz(t) > .‘)C2> < P(Kl(t) > xl)P(Kz(t) > Xz),

and
P(A; (1) < —x1,89() < —x2) < P(8y (1) < —x1)P(By(F) < —x).

Remark 1. Several distributions of interest are available in closed form (see, e.g., He, Keirstead,
and Rebholz [29]). These include the joint distributions of (X1 (t), X,(t)), (X1(t), X2(t)), (X1 (),
X1 (t)), and so on. However, those closed-form results cannot apply our proofs to the main results.
The results of Lemmas 5 and 6 cannot be obtained from the results of Shao and Wang [30].
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Lemma?7. Let {N(t),t > 0} bea Poisson process with arrival times T, k = 1,2, - -. Considering
N(T) = n for arbitrarily fixed T > 0and n = 1,2, - - -, the random vector (1q, - - - , Ty) is equal
in distribution to the random vector (TU s ), -, TU(y ) ), where Uy ), - -+, Uy, ) denote the
order statistics of n i.i.d. (0, 1) uniformly distributed random variables Uy, - - - , Uy,.

Proof. See Theorem 2.3.1 of Ross [26]. [

Lemma 8. Let X and Y be two independent and non-negative random variables. If X is subex-
ponentially distributed while Y is bounded and non-degenerate at 0, then the product XY is
subexponentially distributed.

Proof. See Corollary 2.3 of Cline and Samorodnitsky [19]. [

The following result is due to Tang [1].

Lemma 9. Let X and Y be two independent random variables with distributions Fx and Fy.
Moreover, let Y be non-negative and non-degenerate at 0. Then,

Fx ye L& Fxel @fx_y(x) ~ Fx(x).

4. Main Results and Proofs

In this paper, we establish new results for the finite-time ruin probabilities. Unlike
the above-motioned articles, we assume that the two Brownian motions {By(t),t > 0}
and {B;(t),t > 0} are correlated with a constant correlation coefficient p € (—1,1). The
following are the main results of this paper.

Theorem 1. Consider the insurance risk model introduced in Section 1. Assume that

Ni(t) = No(t) = N(t), p € (—1,0], r = 0 and that { Xy, k =1,2,-- -}, {Xop, k =1,2,--- },

{C1(t),t > 0}, {Ca(¢),t > 0}, {N(t),t > 0}, {(B1(t), B2(t)), t > 0} are mutually independent.
(a) If i, F, € S, then, for each fixed time T > 0,

$max(i; T) ~ AT(1+ AT)E(ul)E(uz), as (u1,up) — (00,00), (15)

lein(’/_[; T) ~ /\T(E(M]) +f2(u2)), as (ul,u2) — (00, OO) (16)
(b) If Fy x F, € S, then, for each fixed time T > 0,

WYsum (i T) ~ AT (Fy(uy +up) + B (ug +u2)), as ug + up — oo. (17)
Proof. First, we establish the asymptotic upper bound for Pmax (if; T). Clearly,

N(T)
suntir) = o[ E5- (280 )

i=1

e . S o (o1By(T) 7
= EP(N(T) =n)P (gxl Usz(T)) g )
_ %P(N(T)_n)/om/;p(gil € d7)

><P<z’ (22%) > ﬁ). (18)
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Because p € (—1,0], by using (14) we have
- UlBl(T)) ~>
Pl Z— > U
< <(7232(T)
< P(Zl — Ulﬂl(T) > M1)P(Zz — U'ZEZ(T) > Mz). (19)

¢max ( ii; T)

IN

agk

Using the independence of { Xy, k =1,2,--- } and {Xp, k=1,2,- -}, we have

n n n
P(Zii EZ) :P<ZX11' €dZ]>P<Z Xoi 6d22>. (20)
i=1 i=1 i=1

Substituting (19) and (20) into (18) and using the dominated convergence theorem,
we obtain

3
i
o

P(N(T) = I’l)P(i Xy — (Tlﬁl(T) > M1>P<i X5 — D'sz(T) > u1>
i=1 i=1

P(N(T) = n)n”Fy (u1)Fx(up)

e

=
Il
o

AT(1+ AT)Fy (u1)Ex(u2), as (uq,u) — (00,00), (21)

where in the second step we have used Lemma 2 and the fact that

P(UJ sup (—B](t)) 2 u]> = o(P(iXﬂ 2 u]-)>, ] = 1,2

0<t<T

Next, we establish the asymptotic lower bound for max (if; T). Clearly,

N(T) . B
Ymax (i T) > P( Y Xi—C(T) - (Zﬁg) ~ ﬁ)

2
Il
S

I
e
s}
=
3

Il
=

~

7N
[-1=
>

|

7 N

N,

ol

N

j/ SN—

N———

|

/_Ql
=

V

AN

N——

= ) P(N(T)=n)h, 22)
n=0
where I; can be written as
h= /0 /0 P(By(T) € dy1,Bo(T) € dy2)]1]a- 23)
Here,
n
= P(Z Xq; — C1(T) — oyyq > u1>,
i=1
and

n
]2 = P(Z Xzi — Cz(T) — Y2 > le) .
i=1

For large constants 2 > 0 and b > 0, we can further write I; as

([ ) pEn e an Bam) e v

ki + ko + k3 + ky. (24)

I
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First, we consider kj. Then, per Lemma 9, it holds uniformly for all y; € [0, 4] that
J1 ~nF1(u1), asuy — o0 (25)
and it holds uniformly for all y, € [0, b] that
Jo ~ nFy(up), as uy — oo. (26)

Using Lemma 1 and the dominated convergence theorem, we obtain

ki~ 112?1(1/{1)?2(1/{2) /O” '/O.h P(E(T) € dylzgz(T) € d}/z)/ as (ul; uZ) — (oo,oo)

Thus,
k1
lim lim = = 1. (27)
(a,b)— (00,00) (u1,112)—(c0,00) M2 Fq (11)F7(u2)

Now, we consider k;. Using (25), Lemma 1, and the dominated convergence theorem,

k2 ~ I’ZFl Uy / / E dyl,Bz( ) c d]/z)]z
n
< nF1 ul (2 *0’21) > 1/[2) / / E d}/l, Bz( ) S dyz)
~ n*Fy(u1)F / / ) € dy1,B2(T) € dys), as (11, uz) — (00, 00).
Thus,
lim lim 2k—2 =0. (28)
(a,b)—(c0,00) (u1,u2)—(00,00) 12 Fq(17)Fo (1)
Likewise,
. . k3
(a,b)—(00,00) (ug,up)—+(00,00) N=Fq (ul)Fz(uz)
Finally, we deal with ky:

ky < P(Z X1, — C1(T) — oqa > u1>P<Z Xo; — Co(T) — o2b > u2>
i=1
< [T [T P@UT) € dyy, Ba(T) € dy)
~ 2F1 ul Fz u2 / / 6 dyl,Bz( ) S dyz), as (ul,uz) — (00,00),

from which we obtain

ky

(a,b)—(00,00) (1t1,17)—>(00,00) n2F1 (Ml)Fz(uz) )
From (23) and (27)—(30), we obtain
b G31)

lim —_—_— =
(u,2) = (c0,00) n2Fy (1) F2(u2)
Now, it follows from (22), (31), and the dominated convergence theorem that

lim Puax (GT)
(uq,u2)—(00,00) /\T(l + )\T)F1 (ul)Fz(MQ) -

from which, along with (21), we obtain (15).
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Note that
N(T) N(T)
PYand (i T) < P( Y. Xy — 1By (T) > uy, Y Xoi — 2B,(T) > u2>,
i=1 i=1

from which, along with (18) and (21), we have

I Yana(5T) I AT(1+ AT)F (u1)Fo(u2)

= —— — =0.
(u1,1)—(c0,00) Fy (1) + Fp(tp) ~ (u1,u2)—(c0,00) Fi(u1) + F(up)

Thus, it is the case that 9,,,4(il; T) ~ 0, as (11, uz) — (00, 00). From (6), we have
Pmin (0 T) ~ P(Ty < T | U1 (0) = u1) + P(To < T [ Up(0) = w1) = ¢1(u1; T) + o (u2; T).

From Lemma 3, we can obtain (16).
Next, we prove relation (17). Using Theorem 7.2 in Ikeda and Watanabe [31] (and see
Yin and Wen [32]), for all > 0 we have

\/(712 + 02 + 200105 W(£) £ 0By (£) + 03B (8),

where ‘2’ denotes equality in distribution, W is a standard Brownian motion independent
of { X,k =1,2,---}, {Xop k =1,2,--- }, {C1(t),t > 0}, {Ca(t), £ = 0}, and {N(t),t > 0}.
Thus, for all t > 0, U; (t) + Uy (t) can be written as

N(t)
Uy (£) + Un () £ 4y + uy + Gy (£) + Ca(t) — Y (X4 + Xai) + \/012 + 02 + 20010, W(t).
i=1

Applying Lemma 3 to this model, we find that if F; * F, € S, then
Ysum (i; T) ~ ATFy % Fa(ug +up) ~ AT(Fy(uy + up) + Fa(ug +u2)), g + 1z — oo,
where, in the last step, we have relied on the statement in [33] (and see Geluk and Tang [34]) that
Fi x F € Sifand only if P(X] + X3 > x) ~ Fi(x) + F(x).
This ends the proof of Theorem 1. [
Remark 2. Letting {C;(t) = ¢;t,i = 1,2 and p = 0 in Theorem 1, we obtain Theorem 1 in [12].

Theorem 2. Consider the insurance risk model introduced in Section 1. Assume that N1(t) =
t>

Ny(t) = N(t),p € (—1,0],r > Oand that { Xy, k =1,2,--- }, {Xop, k =1,2,- - - }, {C1(2),
0}, {Ca(t),t > 0}, {N(t),t > 0}, {(B1(t), Bo(t)),t > 0} are mutually independent.
(a) If Fi,F, € S, then for each fixed time T > 0,
o AAE D) T R e By)
Y (i)~ ST [ AW gy [P 2y, as (un,1) — (09,00), (32)
r u Y up Y

l[)min(ﬁ;T)N/\< /l'”” Fl;y)dy+./':28 Fzy)dy) as (111,112) — (00,00).  (33)

r \Ju

(b) If Fy x F, € S, then for each fixed time T > 0,

1
Ysum (i; T) ~ /\T/ F B (e (uq + up))dz, as uq + up — oo. (34)
0
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In particular, if there are two positive constants Iy and I such that F;(x) ~ L;F(x),i = 1,2, then
L T v T
PYsum (i; T) ~ AT(/O Fi(e"*(u1 +up)) —i—/o B (e *(uy —i—uz))), as uy + up — oo. (35)
Proof. We can write {max(if; T) as
Pmax (il; T) = P(e " U;(t) < 0,i = 1,2 for some 0 < t < T|U(0) = i).
For t € [0, T] and each i = 1 or 2, we have
ot ot T
u; — / e "%dS;(s) + o; / e "dB;(s) < e "U;(t) < u; +/ e "dC;i(s)
Jo Jo 0
t t
—/ e "%dS;(s) + 01-/ e "*dB;(s).
0 0

It follows that ¥max (if; T) satisfies

B ND o (A (T) 2
Pmax(i; T) < P(, Xie 7 = (UzAz(T)) g u>)

= _ LA —rT; Ué (T) — _
< n:OP(N(T) =n)P (; Xie (chA;(T)) > i|N(t) = n>
< n;OP(N(T) = n)/0 /0 P(j_1 Xie i e df)
<r(z- (aim) > 7) 0

where we have used Lemma 7 in the last steps. Because p € (—1,0], using Lemma 6,

we have
> 018:(T) _,
P(z- (o) =)
< P(z1 —01A1(T) > up)P(z2 — 285(T) > up). (37)

Using the independence of { X1,k =1,2,--- } and {Xp, k =1,2,-- - }, we have

no, 1 1 n n
P (Z Xie T e dZ) = / - / P( Xye TV € dzl> P (Z Xpie T e dzz)
i Jo 0 = !
n

i i=1

j=1

Substituting (37) and (38) into (36) and using
n n
P Z X]ie_rTvi —nA(T)>u | ~P Z X]ie_rTvi > Uy |, U — 09,
i=1 i=1

and

n n
P (Z Xpie 1% — s Ay (T) > u2> ~ P <Z Xpie T > u2>,u2 — oo,

i=1 i=1
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uniformly for (vq,---,v,) € [0,1]", we obtain
(o) n n
lpmax(ﬁ} T) 5 Z P( P Z XlieirTui > Uuq, Z XzieirTu" > Up
n=0 i=1 i=1
[ee]
= Y P(N(T) = n)ks. (39)
n=0

We apply Proposition 5.1 of Tang and Tsitsiashvili [22], which says that for i.i.d.
subexponential random variables { X} } and for arbitrarily 2 and b where 0 < a < b < oo,
the relation

n n
P(Z i X; > X) ~ ZP(CiXi > X)
i=1

i=1
holds uniformly for (c1,---,¢,) € [a,b] X --- x [a,b]. Hence, by conditioning on
(Uy,---,Uy), we find that where
ks ~ nzP(Xne_’Tul > Ml)P(X21€_rTu1 > 1/[2), (40)

by substituting (40) into (39) and using the dominated convergence theorem, we obtain

limsup Pmax (u- 7)

) AA+%) puge™ F1 upe'T Pz(y
(i) (co0) 21D e Bl gy,

<1 (41)

Next, we establish the asymptotic lower bound for {max (if; T). Clearly,
N(T) T . o151 (T)
max (i; > Ko !l — -rs — (712 )
Pmax (I T) > P< ,:Z{ X;e /0 e "%dC(s) <02A2(T) > )
- _ - .,—rTU; _ (7151(’1")) _ T —rs 33 =
) P(N(T) = n)P(Z; Xie ((TZZZ(T) /0 e "%dC(s) > il

=n)l, (42)

Il
=

I
7
=
Z
=

where, for some positive constants c and d,

e ([ L[ L L L L) con s am

Here,
T
lez Ui —/0 e dCy(s) —oqyr > uy |,
and

n T
Js= P(Z Xpje TTUi — /0 e "dCy(s) — opyp > u2>.
i=1

Per Lemma 8, we know that Y} ; X]-ie_rTui €S,j=12asall Xji € S. Then, invoking
Lemma 9, we obtain

J3 ~ nP(Xp1e7"TH > uy), as ug — 00, Jy ~ nP(Xp1e "Y1 > 1) as up — o0

uniformly for all y; € [0,c] and y, € [0,d], respectively. Now, using the same argument by
which we reached (31), we have

L
lim
(u1,u2)1%(oo,oo) n2P(Xne—rTU1 > M1)P(X21€_YTU1 > Mz)

=1 (43)
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Now, it follows from (42), (43), Lemma 1, and the dominated convergence theorem that

lim Ymax (1 T) >1
(uj,up)—>(00,00) /\T(l + )\T)p(Xne—rTlh > Lll)P(X21€_rTu1 > Mz) =
or, equivalently,
lim FTEEEY l/TJn;ax(u- T) = 2 1,
i 00,00 T uye’ use’
(1) = (00,00) L full 1 d f 2 2
from which, along with (41), we obtain (32).
The relation (33) follows from (6) and Lemma 4 because, as above,
lim lpand(ﬁ' T)
(u1,12) —>(00,00) fuullf«"T F(y) d + fuze'T By )L‘ly
A(A;LT) fulerT F(y) d fuze’T Ry
S( 1)11‘1‘1( ) rue P(y uge'T ) :0'
B — (00,00 1 1 2
U112 ful dy + f y dy
From (6), we have
Ymin (1 T) ~ 1 (u1; T) + ¢2(uz; T), as (ug, up) — (00, 00).
From Lemma 4, we have
A uet F
$i(ui; T) ~ */ L) dy, u; — o0, i =1,2.
v Ju; y
Then,
- A Fi(
min (i; T) ~ . (/ i d —I—/ dy), as (uy,up) — (o0, 00).

Thus, we have completed the proof of (33).
Next, we prove relation (34). Similarly, for all > 0, we have

Ui(t) + Wa() £ (ug +u)e’ + /O t e"t=5)d(Cy (s) + Cal(s))

N(s)

—/Ot e0d Y (X + Xai)

t
+\/¢712 + 02 +2p010% /0 e dw (s), (44)

where {W(t),t > 0} is a standard Brownian motion independent of { Xy, k = 1,2,---},
{Xop k=1,2,---},{C1(t),t > 0}, {Ca(t),t > 0}, and {N(t),t > O}
From Lemma 4, we have

o [l BT

. dy, uj + uy — oo.

Ebsum (ﬁ} T

1+u2
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14 0f 18

Lety = (uy + up)e’’?; then, dy = rT(uy + us)e’ *dz. Therefore,

rT(uq + up)eT2dz

R A YE B ((ug +up)e'T?
lpsum(u}T)Nf/O 1Bl 2) )

r (1/[1 + Mz)erTZ

1
= TA/ Fr* B ((u1 + up)e’™)dz,as (uq,up) — (00,00).
0

This completes the proof of (34). The result (35) follows from (34) and Lemma 3.1 in [5].
This ends the proof of Theorem 2. [J

Remark 3. When letting {C;(t) = c;t,i = 1,2, p =0, 01 = 0,02 = 0 in Theorem 2, we obtain
the result in Liu et al. [23].

Theorem 3. Consider the insurance risk model introduced in Section 1. Assume that p € (—1,0],
r=0and {Xy,k=1,2,---}, {Xop, k=1,2,--- }, {C1(t),t > 0}, {Ca(t),t > 0}, {N;(t), t >
0}, and i =1,2, {(By(t), B2(t)), t > 0} are mutually independent.

(a) If F1, F, € S, then for each fixed time T > 0,

Ymax (il; T) ~ MAT?Fy (1) Fa(u2), as (ug,up) — (00,00), (45)

Ymin(i; T) ~ T(AF (u1) + A2Fa(12)), as (uq,up) — (00,00). (46)
(D) If Fex,, 4 (1-¢)xy € S, where ¢ is a random variable z'ndependent of {X1x,k=1,2,---} and
{Xop,k=1,2,---}and P(E=1)=1—-P(=0) = pYETY +A ; then, for each fixed time T > 0,

PYsum (i; T) ~ T (A Fy (uq +u2) + ApFp(ug +u2)), as ug + up — oo, (47)

Proof. As the proof is similar to that of Theorem 1, we only provide the main steps. First,
we establish the asymptotic upper bound for max (if; T). Clearly,

q. L X\ (aBy(T)\ _ [
lpmax(ur T) < P((Zf\izl(n X2i> B (02B2(T>> ” <u2)

Ny (T) Na(T)
= / / ( Z XhEle)P( Z ijEde)

1=

1
z1\ _ (o1B1(T) Uy
XP<<22> (Usz(T) v 49
Because p € (—1,0], using (14), we have
21 UlBl(T)> <u1>)
P — >
<<22> (U2BZ(T) )
< P(z1 — 01B1(T) > u1)P(z2 — 02B5(T) > us). (49)
Substituting (49) into (48), we obtain
Ny(T) Ny(T)
Pmax (i T) < P< Z Xy; — 1By (T) > u1> ( Xo;i — »By(T) > u1>
i=1 i=1
~ /\1/\2’1—‘21:71(”1)?2(”2)/ as (1/[1,1/[2) — (OO, OO), (50)

where in the last step we have used Lemma 3.
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Next, we establish the asymptotic lower bound for {max(if; T). Clearly,

_ L 1( e Ci(T) 01B1(T) Uy
o) > (309 (E0)- (B (2
— Y P(N(T) = n) Y P(Ny(T) = ), 1)
n=0 m=0

where B
=P ( i1 X1z‘) 3 <C1(T)) B (UlBl(T)) - (M1>
Yt Xoi Co(T) 02B,(T) u) |
Using the same arguments as those used to prove (31), we obtain

. I
hm — = = 1/
(111,12)— (00,00) mmFy (1) Fa (i)

from which, together with (51), we have

lim lpmﬁ(ﬁ"jl > 1.
(1,u2)—(00,00) AqART2Fy (u)Fa(up) —

The proof of (46) is straightforward, and is omitted here. Next, we prove (47). Using
the properties of two independent compound Poisson processes and two independent
Brownian motions, for all + > 0 we have

OZ

(t)
WD) + W) L uy+up+Co(t) +Ca(t) = Y (6% + (1 - 8)Xa)

i

—i—\/olz + 02 + 2p010,W(t),

I\
—

where {W(t),t > 0} is a standard Brownian motion, {Ny(t),t > 0} is a Poisson process
with intensity A; + A,, and ¢ is a Bernoulli random variable with P({ =1) =1 — P({ =
0) = x4k Moreover, & {W(t),t > 0}, {No(t),t > 0}, {X1pk = 1,2, }, {Xop k =
1,2,---}, {Ci(t),t > 0}, {Ca(t),t > 0}, and {N(t),t > 0} are independent. Applying
Lemma 3 to this model, we obtain

Psum (i T) ~ (M + A2) TFex, 4+ (1-g)x (H1 + U2), U1 +Ug — 00,

and result (47) follows (c.f. Kaas et al. [35].)

P(¢X11 + (1= 8)Xo1 > uy +up) =

Fi(ug +up) + Fo(uy + up).

1 Ap
AM+ A A+ Ay

This ends the proof of Theorem 3. [

Theorem 4. Consider the insurance risk model introduced in Section 1. Assume that p € (—1,0],
r > 0, and that {Xy, k = 1,2,--- }, {Xor, k = 1,2,---}, {C1(t),t > 0}, {Ca(t),t > 0},
{N;(t),t > 0},i=1,2,and {(By(t), B2(t)),t > 0} are mutually independent.

(a) If Fy, F, € S, then for each fixed time T > 0,

Ymax (i; T) ~ )\:’)\2/ Fl d / dy, as (ug,up) — (00,00), (52)
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1 upe’™
Yin (i5T) ~ - <A1 / W 4y 4 1, / dy), as (i11,11) — (c0,00). (53)
up
(D) If Fex 4 (1-8) Xy € S, where ¢ is defined as in Theorem 3, then for each fixed time T > 0,
1 (ur+up)e'™ Fy (u1+up)e'™ )
Psum (i T) ~ = </\1/ 1 Mdy + A2 Mdy , as Uy + up — oo. (54)
r gy Y ur+uy Y

Proof. As in the proof of Theorem 2, we have

Z?ﬁfn Xy 0181(T)
max (i6; T < P N, B A =
Y1) ((ZET) Xz,-e”f) (Uzéz(T)> !

< ) P(Ni(T) =n) ) P(Ny(T) = m)
n=0 m=0
o Xqe ' 1A (T)
o (B XY (58D
((Z?Ll Xpie T 028, (T)
< Y Y nmP(N(T) = n)P(Ny(T) = m)P(XHe—*TU1 > ul)P(lee—”Ul > u2>
n=0m=0
= AlAzTZP(XHE_VTUI > u1>P<X21E_rTul > u2>.
It follows that
i; T
hmsup rTlpmaX( ) - g 1.
(u uz /\1)\2 fule Fl fuzf Fz

The asymptotic lower bound for max (i; T) can be established similarly.
The relation (53) follows from (6), Lemma 4, and the fact that

. lpand(ﬁ' T)
llm(ul,uz)ﬁ(oo,oo) A f”lf«’r dy A fuzer ) y
AlAz upe’™ e By) g
< hm fF ) fuz T? )y =0.
(00,00) uper™ uze’
(ug,up)— )\ full 1 dy+/\ f 2 2 dy
Finally, we prove (54). Using the same arguments as above, we have
t
W+ L+ + [ () +C(s)
No(t)
—/ rit=s d Z gXlz 1_§)X21)
t
+\/0'12 + 02+ 2p(71(72/ AW (s), >0, (55)
0

where &, {W(t),t > 0}, {No(t),t > 0} are the same as in the proof of Theorem 3. It follows
from Lemma 4 that

dy/ Uy +u2 — 00,

l/)sum(ﬁ' T) -~ M /(u1+M2)ETT f€Xn+(lf§)X21 (y)
u

r 1+u2 Y
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and the result (54) follows, as

- Moo= A
Fexura-0x0 V) = 3 Flv) + 3= Fa(y).

This completes the proof of Theorem 4. []

5. Conclusions

In this paper, we have investigated a bidimensional risk model that describes the
surplus process of an insurer. We provide new results for the different types of finite-time
ruin probabilities under the circumstance of that the Brownian motions are correlated with
a constant correlation coefficient. We remark that the extension to multidimensional models
is more complicated. However, multidimensional models can better describe different
insurance businesses. In addition, we might consider the relationship between different
businesses in the future research, which could be an even more interesting problem.
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