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Abstract: In this study, we extended and improved the oscillation criteria previously established for
second-order differential equations to even-order differential equations. Some examples are given to
demonstrate the significance of the results accomplished.
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1. Introduction

Various real-world application models incorporate oscillation phenomena; we refer
to the works [1,2] for models from mathematical biology where oscillation and/or delay
actions may be expressed using cross-diffusion terms. This paper examined the study of
nonlinear functional differential equations since these equations are relevant to a number
of practical issues, including non-Newtonian fluid theory and the turbulent flow of a
polytrophic gas in a porous media; see, e.g., the papers [3-11] for more details. Therefore,
we were interested in the oscillatory criteria of the quasilinear differential equation of
even-order

" (s) + p()ly(@(s) 1P y((s)) =0, s € [s0,00), 5020, ©)

where 1 > 2 is an even integer, y(/) (s) := (y(j’l))/(s),j =1,2,...,nwith y© (s) := y(s),
B > 0, p(s) and ¢(s) are positive continuous functions on [sg, ), satisfying lims_, ¢(s) = oo,
and ¢(s) := min{s,¢(s)} is nondecreasing on [sy, o). By a solution of Equation (1),
we mean a nontrivial real-valued function y € C![T,o0) with T € [sg, o) such that
yU) € C1[T, ), j = 1,2,...,n — 1 and y(s) satisfies Equation (1) on [T, ). We consider
only those solutions y(s) of Equation (1), which satisfy sup{|y(s)|: s > T} > 0 for all
T € [sp, c0). We shall not investigate solutions that vanish in the neighborhood of infinity.
A solution y(s) of Equation (1) is said to be oscillatory if it is neither eventually positive
nor eventually negative; otherwise, it is said to be non-oscillatory. Equation (1) is said to
be oscillatory if all its solutions are oscillatory, see [12]. In the following, we present some
oscillation criteria for differential equations that will be relevant to our oscillation criteria
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for (1) and expound the fundamental contributions of this paper. Fite [13] constructed an
oscillatory criterion of the linear equation of second-order

y'(s) +p(s)y(s) =0, @
and proved that, if ‘
/S p(u) dp = oo, 3)

750
then (2) is oscillatory. This result was also established by Wintner [14] without making the
assumption that p(s) > 0. Hille [15] improved criterion (3) and obtained that if

. e 1
hslgglfs/s p(u) du > 7 4)

then (2) is oscillatory. Nehari [16] presented the oscillatory behavior of Equation (2) and
obtained that if

1S 1
llsrgglfg/so prp(u) dp > 4, ©®)

then (2) is oscillatory. Erbe [17] generalized the Hille-type criterion (4) to the delay equation

y'(5) +p(s)y(¢(s)) =0, ¢(s) <, 6)
and showed that if ) .
o “Pp
hgg)\fs/s e p(u) du > v (7)
then (6) is oscillatory. Ohriska [18] proved that, if
limsups/Do L(y)p(y) dp >1, 8)
5—00 s H

then (6) is oscillatory.

We direct the reader to the relevant results [19-35] and the references cited there. It
should be noted that the contributions of Fite [13], Hille [15], Ohriska [18], and Wintner [14]
strongly motivated the research in this paper. The aim of this paper was to extend some
oscillation criteria for even-order quasilinear functional differential Equation (1) in the
caseswhen > 1,8 <1, ¢(s) <s,and ¢(s) > s. All subsequent inequalities are implicitly
supposed to eventually hold. In other words, they are fulfilled for all sufficiently large s.

2. Main Results

This section begins with the subsequent preliminary lemmas. The following essential
lemma is attributed to Kiguradze [36].

Lemma 1 (see [36]). Let y(s) be a function whose derivatives up to order (n — 1) inclusive are
all absolutely continuous and have a constant sign. Assume that y (s) is eventually of one sign
and not identically zero. Then, there is an integer m € {0,1,...,n — 1} with m + n odd for
y"(s) <0, or with m + n even for y™ (s) > 0 such that

y(h)(s)>0 forh=0,1,...,m, 9)

and
(=1)"™thyM(s) >0 forh=mm+1,...,n, (10)

eventually.
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Lemma 2. If (1) has an eventually positive solution y(s) and m € {1,3,...,n — 1} is offered
as in Lemma 1 such that (9) and (10) are satisfied for s € [so, 00), then for u,v € [sg,00) and

)

1=0,1,...,m, 7
(0—u)

is strictly decreasing for v € (u,00) and

forv € [u,c0). (11)
Proof. From (9) and (10), we obtain for v > u > s,

v () =y D () + [y () dp
u
which implies that
y" () =y () (0~ u). (12)

By replacing v by u in (12) and integrating with respect to u from u to v, we arrive at

(=2 (v) >y (1) + /v Y () (e = ) dpe >y (”)w

Continuing with this approach, one can easily achieve the desired inequality (11). By virtue

(m=1)
of (12), we have y () is strictly decreasing for v > u > s. Therefore,

v 4,(m—1) _
V(o) 2y D)+ [T > E 00 ),

y("=2)(0)

Consequently, >

is strictly decreasing for v > u > s. Continuing with this ap-

y" (o)
1

v—u)

proach, one can reasonably conclude that is strictly decreasing for v > u > s.

(0—u)
The proof is complete. [

Following that, we present the following notations:

(1, if 0<p<1,
{5 i psh "

and for any s € [so,o0) and for m € {1,3,...,n — 1}, the functions p;(s), j = n -1,
n —2,...,m,are defined by the following recurrence formula:

. — p(s)’ ]:nr 14
pils): {fs pi+1(p) dp, j=12,..,n-1, (14)

provided that the improper integrals converge.

Lemma 3. If (1) has an eventually positive solution y(s) and m € {1,3,...,n — 1} is offered
as in Lemma 1, such that (9) and (10) are satisfied for s € [sg, o), then for s € [sp, 00) and
l=mm+1,...,n—1,

pi(s) <oo and (=1)"yD(s) > pi(s)yP (9(s))- (15)

Proof. By using Lemma 1, we obtain that y(s) is strictly increasing on [sg, o). Hence,
from (1) we get for s € s, o),

—y ™ (s) = p(s)yP(¢(s)) = pa(s) ¥P(9(s)). (16)
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Replacing s by p in (16), integrating from s to v € [s, c0), and by (10), we have

[

Y () > _y(”—l)(y)+y("_l)(5)2/s pu(p) P (p(p) du
> P(o(s)) [ pa) dp.

Therefore, let v — oo; we can deduce that
y(s) > yﬁ((P(S))A pa(i) dpe = pua(s)yP (9(s)),

which implies p,,_1(s) = fsoo pn(p) dp < oo. Integrating again from s to v, and using (9)
and (10), we get

v
) = D)=y D) = [ () vPlo() dn
[
> 1(e(s) [ pualw)
Hence, as v — o0, we have

—y"7D(s) > paa(s)yP(0(s)),

which implies p,_»(s) = |. :o Pu—1(pt) dp < oo. Continuing with this approach, one can
easily achieve the desired inequality (15). Therefore, the conclusion holds. [

The first theorem is a Fite-Wintner-type oscillation criterion for the Equation (1).

Theorem 1. If
/S p(u) dp = oo, (17)
0

then (1) is oscillatory.

Proof. Assume that (1) has a non-oscillatory solution y on [sp, c0). Without loss of generality,
let y(s) > 0 and y(¢(s)) > 0 on [sp,00). From Lemma 1, it follows that there is an odd
integer m € {1,3,...,n — 1} such that (9) and (10) are satisfied for s € [s1,00) for some

(0]

s1 € [so,00). Inview of Lemma 3 with | = n — 1, we see that p,_1(s) = [ p(u) dp < o0
on [s1,00). This contradicts (17); therefore, the proof is complete. [

1
Example 1. Consider the quasilinear differential equation of even-order (1) with p(s) = —, a < 1.
It is easy to see that (17) holds. Therefore, by Theorem 1, (1) is oscillatory if « < 1.

In the next results, we will assume that the improper integrals are convergent. Other-
wise, we see that (1) oscillates in accordance with the preceding theorem.

Theorem 2. If for each an odd integer m € {1,3,...,n —1},

o B m
lim sup sm/ <(P (Ary)> Pmt1(p) dp > m, (18)
S—r00 s ‘le

then (1) is oscillatory.

Proof. Assume that (1) has a non-oscillatory solution y on [sg, co). Without loss of generality,
let y(s) > 0 and y(¢(s)) > 0 on [sp, o). From Lemma 1, it follows that there is an odd
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integer m € {1,3,...,n — 1} such that (9) and (10) are satisfied for s € [s1,00) for some
s1 € [sp,0). In view of Lemma 3 with | = m + 1, we obtain that for s € [s1,0),

Y (s) < —pusa (5) ¥ ((5))- (19)
Integrating (19) from s to v, we obtain
| P () ¥ (9 (0)) di <y () =y (0) <y (5) 0)
% is strictly decreasing
— 51

on [sp, ) for some s; € (s1,00). If B <1, we get for s € [sp, ),

From Lemma 2 with | = m, v = s, and u = s;, we have that

yﬁ}(/f(/;()s)) _ y((p(sss ]yﬁ 12511
- ( ! ] )y )
g—1
N <¢S ) <<sz(ssl>>m)
= () )

whereas if f > 1, using i/ (s) > 0 on [sp, ), we get for s € [sp,0),

v vais—)s_fl)mryﬂl(”

(=) e

Now, setting | = m, v =s,and u = s in (11), we have for s € [sp, ),

<
=
—
<
—
¥2)
~—
~—
V

v

y(s) = Loy )

Let 0 < ¢ < 1 be arbitrary. There exists a sufficiently large s € [sp, 00) such that for

s € [s¢,00),
v (9(s)) PP (s)\"
and .
y(s) = ¢ "), (22)
It follows from (21) and (22), and ¥’ > 0 that
B " m B "
Pz ¢ (L0 wo = 3 (20 yme), @)

for y € [T,0) and T € [s¢, 00). Using (23) in the inequality (20), we achieve that

2om [* q)ﬁ(l’l) "
Gs / (7> Pm1(p) dp < m !,
s H
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By means of 0 < ¢ < 1 is arbitrary, we get
v/ P m
S’"/S (qoy(f)) Pm1(p) dp < m L.
Letting v — oo, we have
0 B m
S’”/S (W) Pt (p) dp < m !,

and so

© B m
limsupsm/ (W) P (p) dp < m L.
S—>00 S ‘u’}’

This contradicts (18); therefore, the proof is complete. [J

The next result deals with the Hille-type oscillation criterion of (1).

Theorem 3. If for each an odd integer m € {1,3,...,n — 1},

e (9P m!
liminfs /S () Pm+1(ﬂ)dﬂ>T/ (24)

s5—00 uy
then (1) is oscillatory.

Proof. Assume that (1) has a non-oscillatory solution y on [sg, c0). Without loss of generality,
let y(s) > 0 and y(¢(s)) > 0 on [sp, o). From Lemma 1, it follows that there is an odd
integer m € {1,3,...,n — 1} such that (9) and (10) are satisfied for s € [s1,00) for some
$1 € [s0,00). Define

w(s) = : (25)

Hence,
_ymGs)  y(s)y'(s)
y(s) ¥2(s)

In view of Lemma 3 with [ = m + 1, we see that

Yy (s) < —puia () Y (9(5))-

Hence,

W(s) < —pmms)yﬁf/‘fjf” ~(s)

Setting | =m —1,v = sand u = s in (11), we have for s € [sp, ),

vis), (26)

- m—1
v(s) > (f’(m 5_1)1) v (s).

As demonstrated in the proof of Theorem 2, for each 0 < ¢ < 1, thereis a s¢ € [s1,00) such
that for s € [sc, ),

w(s), (27)

and

Vo) | (ws))”ﬁ o8
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Substituting (27) and (28) into (26), we get for s € [s¢, ),

B m m—1
(9 < =6 (L02) pmin(s) — ¢ (o pyyee) 29)

Now, for any € > 0, thereisa T € [s., o) such that

s™w(s
m'( ) >B—e¢ fors € [T, ), (30)
where .
B liminf S8 g<p<1
$—00 m!
In view of (29) and (30), we have
B S " m
w'(s) < —¢ (4’55 )> Pm+1(s) —¢m!(B— 6)2W. (31)

Integrating (31) from s to v, we deduce that
v B m v/ 1\’
w) - ) < ~¢ [ (L) gt dn—gmi-? [*(3) an

Considering the fact that w > 0, and taking to the limits as v — oo, we get
) B m 1
7 (Z) pria e < () — g mi(B— e @)

m
Multiplying both sides of (32) by %, we find that

m 0 ﬂ m m
g%/s <<py(yy)) pmi1 (i) dp < %w(s) —¢(B—e)

Taking the lim inf of the previous inequality as s — oo, we obtain

© /B m
i.ﬁmi“fsm/s (q)(m) pur1(n)dp < B—¢ (B—e)>.

m! s—oo ],{’Y

By means of € > 0 and 0 < ¢ < 1 being arbitrary, we conclude that

| R (A 2
—'11m1nfs/s ——=) pms1(p)du <B-—B".

m! s—oo ‘uW

We can easily achieve the desired result,

liminfsm/oo Lﬂ(ﬂ) " () d <ﬂ
5—>00 s ‘u'y Pm+1\}) Af = 4

This contradicts (24); therefore, the proof is complete. [J

As a direct result of Theorems 1, 2 and 3, we can find oscillation criteria for the
Equation (1) when n = 2, i.e., for the second order equation

y'(s) + p(s)[y(¢() 1P y(¢(s)) = 0. (33)
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Corollary 1. The Equation (33) is oscillatory, provided one of the following conditions holds:

@ [ p(p) dp = oo

Y
(b) limsup, s [; g”;f‘)p(ﬂ) dp >1;

p
o w 9P (1) 1
(0) liminfs s o p(u)du > T

Example 2. Consider a second-order quasilinear differential equation,

y"(s) + %ﬁe/yw) =0 fors € [so,), (34)
s
1 «
where A, > 0. Here, n =2, = 3 p(s) = T and ¢(s) = As. Now,
00 4B co
limsups/ Mp(ﬂ) dy = a VAlimsups / d—g =ua VA,
5—00 s uv 5—300 Js Y

and . g
hmsups/ WP p(p) du = o limsups/ ;T;; =a.
S S

55— 00 S—00

Employment of Corollary 1, Part (b) means that (34) is oscillatory if

1
—, i A<1
ws{ g F0<Ast

1, if A>1
For the Equation (1) with n > 4, we get further oscillation criteria as seen below.

Corollary 2. Let

either / Pn-1(p)dp =00  or / Pu—2(p) dp = o0. (35)
EN) 50
Then, (1) with n > 4 is oscillatory provided one of the following conditions holds:

i i1 oo 9P\ d —1t
(a) limsup,_ """ [ p(p)du>mn—-1)1

) D\ ! —-1)!
(b) liminfseos" 1 ] (%) p(p) du > (n 1 ) )

Proof. Assume that (1) has a non-oscillatory solution y on [sp, c0). Without loss of generality,
let y(s) > 0 and y(¢(s)) > 0 on [sp, o). From Lemma 1, it follows that there is an odd
integer m € {1,3,...,n — 1} such that (9) and (10) hold for s € [s1, ) for some 51 € [s¢, ).
We claim that (35) yields thatm =n — 1. If 1 <m <n — 3, then fors > s;

y"(s) <0, y"V(s) > 0, y"2(s) <0, y"I(s) > 0. (36)

Since y(s) is strictly increasing on [s1, 00) then for sufficiently large s, € [s1,0), we have
y(¢(s)) >y (¢(s)) > L > 0 for s > s,. Thus, the Equation (1) becomes

—y"(s) = p(s)ly(@(s) 1P y(9(s)) = LPp(s) = L pu(s)-

Integrating the above inequality from s to v € [s, 00) and then letting v — oo, we get

v (s) = 2P [ pal) dp = LPpaa (o). @)
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It is known from Theorem 1 that p,,_1(s) < oo.
Let f;: pn—1(p) dp = oo. By integrating (37) from s to s € [sp, o), we obtain

YD (s) =y (sy) > LP / pn-1(p) dpt,
52

which implies that lims_,y("~2)(s) = co, which contradicts y("~2) < 0 on [sy, ®).
Let fszo Pn—2(pt) du = co. By integrating (37) from s to v € [s,0) and letting v — o0 and
using (10), we obtain

—y"=2(s) > L’S/S pu—1(p) dp = LPpy_o(s).

Again integrating from s, to s € [sp, %), we have
S
v (s2) =y (s 2 1P [ pap) dp,
2

which implies that lims_,y" %) (s) = —co, which contradicts y("~3) > 0 on [s, o). This
shows that if (35) holds, then m = n — 1. The remainder of the proof is the same as those
for Theorems 2 and 3 when m = n — 1 and so can be omitted. O

Example 3. Consider a fourth-order quasilinear delay differential equation

y®(s) + 5—3 V/y2(s/2) sgny(s/2) =0  fors € [sp, ), (38)
Heren =4, = %, p(s) = i—;},and P(s) = % Now

/ Pn—2(p) dp = / (/ - d5> du = oo,
S0 So u S

liminf n—1 0 q)ﬁ(y) " d 61i 3 Ood]’l 2
imints /5 (W) p(p) dp = lrsis;lps/s ur e

and

Employment of Corollary 2, Part (b) means that (38) is oscillatory.

3. Discussions and Conclusions

e  Several Fite-Wintner-Hille-Ohriska-type criteria that can be applied to even-order
quasilinear functional differential Equation (1) are presented in this paper. These
results extend prior contributions to second-order differential equations with deviating
arguments and cover the extant classical criteria for ordinary differential equations.
For more details on how our findings extend known relevant thoughts to the second-
order differential equations, see the details below:

(1) Condition (24) reduces to (4) in the case wheren =2, 8 =1, and ¢(s) = s;

(2) Condition (24) reduce to (7) in the case whenn =2and = 1;

(3) Condition (18) reduces to (8) under the assumptions that n =2 and § = 1.

e It will be important to derive the Nehari-type oscillation criterion (5) of the even-order
differential Equation (1).
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